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Beal Conjecture & Equivalent Beal Conjecture Proved
"5% of the people think; 10% of the people think that they think; and the other 85%would rather die than think."----Thomas Edison

"The simplest solution is usually the best solution"---Albert Einstein

Abstract

The author proves both the original Beal conjecture and the equivalent Beal conjecture. The
original Beal conjecture states that if AX + BY = C?, where A,B,C,X,Y,Z are positive integers and
X,Y¥,Z>2 ,then A, B and C have a common prime factor. The equivalent Beal conjecture states
that if A,B,C,X,y,z are positive integers and A, B, and C are coprime (have no common prime

factors), and X,Yy,z> 2, then the equation A* + BY = C? has no solutions. The principles applied in
both proofs are based on the same properties of the factored Beal equation. However the proof of
the equivalent conjecture is by contradiction. The main principle for obtaining relationships
between the prime factors on the left side of the equation and the prime factor on the right side of
the equation is that the greatest common power of the prime factors on the left side of the equation
is the same as a power of the prime factor on the right side of the equation. High school students
can learn and prove this conjecture as a bonus question on a final class exam.
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Option 1
Beal Conjecture Proved

(Original conjecture)

Preliminaries

Introduction
The following is from the first page of the author's high school practical physics note book:
Science is the systematic observation of what happens in nature and the building up of body of
laws and theories to describe the natural world. Scientific knowledge is being extended and applied
to everyday life. The basis of this growing knowledge is experimental work. To prove Beal
conjecture, one will be guided by the observational properties of the factored Beal equation.

Observation 1:

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

23423 =24

23+423=2%02
231+ =23e2
N — —
k L M P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side..

Note above that the greatest common power
of the prime factors on the left of the equation
is the same as a power of the prime factor on
the right side of the equation.

Note also, the following
. K 23
The ratlom—2—3—l .
K
If V:I,then K=M
.. P 2
Similarly, T=151° 1.

IfE:I,then P=L

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C respectively, where
D, Eand F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXrX + EYsY = F4*
r=s=t=2
X=3y=3,z=4
(D=1LE=1F=1)
[*[D* + EYsY er~*]=tXt* *F?
K L M P
K=M, P=1L




Observation 2: [7°+77 =983
Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

7°+77 =983

76 +7007=(4902)3

70 +7%07=75023

79(1+7)=76 23

75(1+7)=76 @23

— e -

K L M P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following

A
The rat10m=7—6= 1.
3
Similarly, E = 13_—7 =1.

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where
D, Eand F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXrX + EYsY = F4*
r=s=t=7
X=6,y=7,z=3
(D=1L,E=1,F=14)
IX[DX + EYsY er ] =Xt *F?
K U M P
K=M, P=1L

Observation 3:

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

P +6°=3°

3P +(3e2)3=3°

33 4+3% 023 =3

3¥A+23)=33e32

33(1+8)=3%e32

] e

K L M P
Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following

. kK33
The ratlom:3—3: 1.
2
Similarly, E = 13+_8 =1.

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where
D, Eand F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXr* + EYSY = F42
r=s=t=3
x=3,y=3,z=5
(D=1,E=2,F=1)
rX[DX + EYsY e r~X] = tXtZ XF*
[ [ S —
K U M P
K=M, P=L




Observation 4:

Identify the greatest common factor.of all
three terms of the equation and factor it
out on the left side.

29 +83=4°
2% +(12°)% = (121
29429 =210

290 +1)=2%e2

2°(1+1)=2°e2

SN == =<

k L M P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side
of the equation equals the factor, P, on the
right side.

Note the following

. k2
Theratlom=2—9=l.
Similarly,Ez%:l.

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where
D, Eand F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXr* + EYsY = F4Z
r=s=t=2
X=9,y=3,z=5
(D=1L,E=4,F=2)
rX[DX + EYsY er X] = tXt* XF2
—— S
K U M P
K=M, P=1L

Observation 5: |34 +514 =854
Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

34° +514 =854

(1702) +(173)* =(17¢5)*
17° 025 +17% 034 =174 5%
174(172° +3%)=17% 054
174(1702° +3%) =174 o 5%

k L M P
(Note: 172 +3% =17 32 +81=625;
54 =625)

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side
of the equation equals the factor, P, on the
right side.

Note the following

. K174
The I'at10m—F— 1.
- P 54
Slmllarly, t = m =1

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where

D, Eand F are positive integers, such

that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXrX + EYsY = F4*
r=s=t=17
Xx=5y=4,2z=4
(D=2,E=3,F=5)
IEY + DXr*sY]=tVt*VF?
K L M P
K=M, P=1L

Note above that one factored out sV .

One will apply the switch from r* to sY
in the conjecture proof.




Observation 6: |3° + 543 = 3!!

Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

39 +543 =3l

39+ (3% e2)’ =3I

3% +3% 23 =31

3%1+23)=3%32

39(1+23)=3 32

T OmM P
Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side

Note the following
. K3
The ratlom—3—9— 1.

2
Similarly, E: 7 3

+23:1

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where
D, Eand F are positive integers, such
that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)?
DXrX + EYsY = F4*
r=s=t=3
Xx=9,y=3,z=11
(D=1L,E=18,F=1)
IX[DX+ EYsY er™] = tXt*"*F?
K U M P
K=M, P=1L

Observation 7: [33° +66° = 339]
Identify the greatest common factor of all
three terms of the equation and factor it
out on the left side.

33% +66° =336

(11033 +(1102e3)°> =(1103)°

11903 +11° 2% 03> =11%3°

1535 +2°e3)=11"01103°

11°5(3° +2°e3%)=11011036

% 1 mM P

Observe that the factor K on the left side
equals the factor M on the right side of the
equation, and the factor L on the left side

of the equation equals the factor, P, on the
right side.

Note the following

11°

—5:1.

11

_ 11e3%
S 3P 4273

The ratio % =

Similarly, E

Corresponding relationship formula
Let r, sand t be prime factors of

A, B and C .respectively, where
D, Eand F are positive integers, such

that A=Dr, B=Es, C=Ft.
(Dr)* + (Es)Y = (Ft)*?
D*r* + BYSY = F4*

r=s=t=11

X=5,y=5,2=6
D=3,E=6,F=3
rX[DX + EYsY e r—*] = tXtZ XF?
—— [ ——
K L M P
K=M, P=1L

6 Back to Options



Summary of Observations 1-7

The most important and useful observation in the above examples is that the greatest common
power of the prime factors on the left side of the equation is the same as a power of the prime
factor on the right side of the equation. This observation will be useful in proving Beal conjecture.

23 +23 =24 P+63=3 70 +77 =98°
L23ip=23e2 2. 3(1+8)=33 032 3. 761 47)=70023
N N - e - =~ e - =
K L M P K L M P K L M P
29483 =45 345 +514 = 85* 3% +543 =311
2= ST 43 =170 |6 2042 =P e
K L M P K L M P K L M P
335 + 665 = 336 Corresponding relationship formulas
7. 11535 +2503%) = 115011036 IX[D*+ BV er X=Xt XF2 K=M, P= L
K T M p K L M P
or
SY[EY + DXrXes Y] =tYtZYF4,K=M, P= L
= N
K L M P

Properties of the Factored Beal Equation
Letr, sand t be prime factors of A, B and C respectively, such that A=Dr, B=Es,
C = Ft. where D, E and F are positive integers; and the equation becomes (Dr)* + (Es)Y = (Ft)~.
Step 1: Factor out '™ on the left side of the equation and on the right side of the equation, replace
tZ by t* etz X (Note t* etz X =t2)
(Dr)* + (Es)Y = (Ft)?
DXr* + EYsY = F42
rX[DX+ EYsY er X]=t*t“ *F%, K=M, P= L
—— —_

K L M P
For the factorization r*[D* + EYSY er~*]=t*tZ*FZ with respectto I'*, r*=t* (K=M)
K r M P

Step 2: Factor out SY on the left side of the equation and on the right side of the equation, replace
tZ by tYetZY  (Note tY etz Y =tZ)
(Es)Y + (Dr)*+ = (Ft)*?
EYsY + DXr*X = F#4*

SY[EY + DXr*es Y] =tYt?YF? ;K=M, P=L
- N
K U M P
For the factorization SY[EY + D*r* es¥]=tYt? YFZ with respectto &Y, & =t¥Y (K=M)
K ’ M B
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Proof of Beal Conjecture

(Original Conjecture)
Given: A*+BY =C?, AB,C,X,y,z are positive integers and X,y,z>2.
Required: To prove that A, B and C have a common prime factor.

Plan: Let r, sSand t be prime factors of A, B and C respectively, such that A=Dr, B=Es,

C=Ft. where D, Eand F are positive integers, The proof would be complete after
showing that r =s=t

The main principle for obtaining relationships between the prime factors on the left side of
the equation and the prime factor on the right side of the equation is that the greatest
common power of the prime factors on the left side of the equation is the same as a power
of the prime factor on the right side of the equation. Two main steps are involved in the

proof. In the first step, one will determine how r and t are related, and in the second
step, one will determine how sandt are related.
Proof:
Step 1: One will factor out r*
(Dr)* + (Es)Y = (Ft)?
DXr* + EYsY = F4Z
rX[DX + EYSY er X] = tXt? XF2
—— [ —
K L M P
K=M, P= L (Properties of factored Beal equation)
From above, r* =t%;

If rX=t*, thenr=t. (logr*=1logt*; xlogr = xlogt; logr =logt; r =t)
Step 2: One will factor out ¥

(ES)Y + (Dr)*+ = (Ft)?

EYSY + DXr* = F42

FIEY+DXrXesV]= gw

K L M P

K=M, P= L (Properties of factored Beal equation)

From above, &Y =tY;

If s¥=tY,thens=t. (logs’ =logtY; ylogs=ylogt; logs=1logt; s=t)
It has been shown in Step 1 that r =t, and in Step 2 that, S=t; therefore, r =s=t.

Since A=Dr, B=Es, C=Ft and r=s=t, A, Band C have a common prime factor,
and the proof is complete.

Back to Options
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Option 2

Proof of Equivalent Beal Conjecture

The equivalent Beal conjecture states that if A,B,C,X,y,z are positive integers and A, B, and C
are coprime (have no common prime factors), and X,Y,z> 2, then the equation A* + BY = C* has

no solutions. Here, one will assume at the beginning of the proof that A, B, and C do not have any
common prime factors. The proof would be constructed by contradiction.

Given: A B,C,X,y,z are positive integers and A, B, and C are coprime, with X,y,z> 2.
Required: To prove that the equation A* + BY = C? has no solutions.

Plan: Let r, sand t be prime factors of A, B and C .respectively, such that A= Dr, B= Es,

C = Ft where D, E and F are positive integers, and [I #ZS# ], The proof would be
complete after showing that r = s=t, which would be a contradiction to the
assumption that r #S#t.

The main principle for obtaining relationships between the prime factors on the left side of
the equation and the prime factor on the right side of the equation is that the greatest
common power of the prime factors on the left side of the equation is the same as a power
of the prime factor on the right side of the equation. Two main steps are involved in the

proof. In the first step, one will determine how r and t are related, and in the second

step, one will determine how sandt are related. The steps here are the same as those in

original conjecture proof, except that the end of step 2 would conclude by contradiction.
Proof:

Step 1: One will factor out r*
(Dr)* + (Es)Y = (Ft)?
DXr* + EYsY = F4?
rX[DX + EYsY e r—*] = tXtZ XF?
— -
K L M P
K=M, P= L (Properties of factored Beal equation)
From above, r* =t%;

If rX=tX, thenr=t. (logr*=1logt*; xlogr = xlogt; logr =logt; r =t)
Step 2: One will factor out ¥

(Es)Y +(Dr)*+ = (Ft)*

EYSY + D*rX = F4?

SY[EY + D*rXes Y] =tYtZ YF?

K— 1 WP
K=M, P= L (Properties of factored Beal equation)
From above, &Y =tY;

If s¥=tY,thens=t. (logs’ =logtY; ylogs=ylogt; logs=1logt; s=t)
Since it has been shown in Step 1 thatr =t, and in Step 2 that, s=t; r =s=t.
This result. is a contradiction to [l ZS#T]. of the hypothesis, and therefore, the

equation A* + BY =C? (= (Dr)* +(Es)Y = (Ft)?) is not true and has no solutions.
The proof is complete.

Back to Options



Discussion

It is interesting that to prove the equivalent Beal conjecture from the original conjecture proof, all
one had to do was to assume at the beginning of the proof that A, B and C do not have any

common prime factors and then produce a contradictory result that A, B and C have a common
prime factor. The principles upon which relationships between the prime factors on the left side of
the equation and the prime factor on the right side of the equation are sound, since they are based
on numerical sample problems research. The results in this paper may encourage those who have
already proved the equivalent conjecture to prove the original conjecture, which stresses positively
on the common prime factor, and such a proof may make Honorable Beal feel better about his
conjecture.

Conclusion

Both the original Beal conjecture and the equivalent Beal conjecture have been proved in this
paper. The principles applied in both proofs are based on the properties of the factored Beal
equation. However, the proof of the equivalent conjecture is by contradiction. The main principle
for obtaining relationships between the prime factors on the left side of the equation and the prime
factor on the right side of the equation is that the greatest common power of the prime factors on
the left side of the equation is the same as a power of the prime factor on the right side of the
equation.

PS: Other proofs of Beal Conjecture by the author are at viXra:2001.0694; viXra:1702.0331;
viXra:1609.0383; viXra:1609.0157;

Adonten
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