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Abstract:

This paper presents the derivation of numerous dynamics for the Special Theory of
Relativity kinematics for three spatial dimensions. It is a continuation of the paper, in which
numerous STR dynamics for one-dimension have been derived. It is shown that from each one-
dimensional dynamics unambiguously results three-dimensional dynamics.

Discussion on the right angle lever paradox has been presented and the paradox of vector
non-parallelism. The explanation of paradoxes under different dynamics can be a method of their
theoretical examination and assessment.
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1. Introduction

The paper [6] presents an original method that enables to derive numerous dynamics for
STR kinematics for one spatial dimension. Five examples of specific dynamics have been
presented. This paper is a continuation of that research and presents a method of extending any
dynamics for one spatial dimension to three spatial dimensions. For each of the five examples of
one-dimensional STR dynamics derived in the paper [6], three-dimensional dynamics were derived
(transformation of perpendicular force and equations of motion for perpendicular force).

2. Selected properties of STR kinematics

The determinations shown in Figure 1 have been adopted.
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Fig. 1. Relative motion of inertial systems U; and U, (|va;1| = [Vi12])
as well as body acceleration m seen from these systems.
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The inertial system U, moves in relation to the inertial system U, at the velocity of v,/ The
inertial system U; moves in relation to the inertial system U, at the velocity of vi;,. In STR, it is
[V/1] = [vi2|. The body with rest mass my rests temporarily in U, system. This body performs an
acceleration. In U, system, in which the body was resting temporarily, the acceleration has a value
of a,,. The acceleration in relation to U, system, has a value of ay/. Index i/j will mean that it is
a body resting in i system and is observed from j system.

In the STR kinematics the following equations are derived from the Lorentz transformation [3]:

- transformation of dimensions parallel to velocity v,/ (Lorentz—FitzGerald contraction)
L., =yL,, (1
- transformation of dimensions perpendicular to velocity vz
€L
=L, ()

- transformation of acceleration parallel to velocity vz,

LL

2/2

ab,, =r’ay, (3)
- transformation of acceleration perpendicular to velocity vz

aj/z = 722‘;/1 4)

The symbol || indicates the component parallel to velocity v,/, while the symbol L indicates
the component perpendicular to velocity vy, where vy is the velocity of body in relation to the
observer.

3. One-dimensional dynamics for STR

The STR dynamics for one spatial dimension were derived in the paper [6]. In accordance
with the designations adopted there, the following equations apply to STR dynamics:
- equation of motion in the own body system U, (Newton’s second law of motion)

[ E— I I 1
F,,=mya;, ~ ¥, =ma;, (5)

- equation of motion of the body resting temporarily in U, system for the observer from U, system
(these equations represent the generalized Newton’s second law of motion)

F2H/1 =m, fH(VZ/l)aHZ/l A F;/l =m, fL(VZ/I)a;/I (6)
- definition of momentum

dv,,
dt,

dp,, =F,, dty =myf'(v,,)a,, dt, =m,f(v,),) dt, = myf' (v,,)dv,,, (7)
In Newton’s dynamics f l(va) = f*(v21) = 1, while in Einstein’s STR dynamics / l(vy) = 7,
) =7
The dynamics derived in the paper [6] were parameterized by the parameter x € R. In the
five dynamics derived in that paper the following equations for momentum and kinetic energy
apply:
- Dynamics {x} = {0}, in which for each observer F'//as; = mq f'(v211) = mo = constans:

0y _ . m  _
Pyt =P2yi =MV, (8)

- Dynamics {x} = {1/2}, in which for each observer F!//dvy; = mof'!(vo)/At = constans:
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/2y _ _min _ - Vo _ arcsin(v,,, /¢)
P21 =Py = mycarcsin =MmyVy, )
c v,,/c

- Dynamics {x} = {1}, in which for each observer Ap = constans:

C
m,c. [ c+v c+v Zvan
p{zl/}l = p§71 = ; h{ Z/IJ =My Vy, ln( Z/IJ (10)

C=Vy C=Vy

- Dynamics {x} = {3/2}, Einstein’s dynamics, in which for each observer F!' = constans:
3

1
3/2y _ F
P2y =Payi =My Vyyy (11)
J1=(v,, /c)

- Dynamics {x} = {2}, in which for each observer F!//At = constans:

3 +
21/€) C=Von

; 1 1 c+v,, |2
p{zz/}l =plzw//1A =m, V2/1§ 1—(v ln[ 2/1} (12)

The force transformation for the component parallel to velocity v, in dynamics {x} has a
form of [6]:

B =y""F, (13)

The equation of motion (6) for the component parallel to velocity v, in dynamics {x} has a
form of [6]:

B =m, y*a, (14)

4. Derivation of three-dimensional dynamics for STR

For each dynamic, the momentum equation in dynamics {x}, e.g. (8), (9), (10), (11) or (12),
has a form of

p;x/}l(vzn):mo V2/1g{x}(V2/1) (15)

where g™ (v,1) is a dimensionless function.
If the velocity vector of body changes, then the momentum vector of this body changes. This
is shown in Figure 2.

P21(van)
dp2n(van)

P21(Van+dvan)

Fig. 2. Change of body momentum resting temporarily in U, system seen by an observer from U, system.
Based on the definition of momentum (7) and (15) the following is obtained

) _ dp{z);}l(VZ/l) _dmyv,, g{x}(vz/l)) _ Ay d(g{X}(vz/l))
F = = =m, g vy ) +v,y,
dt, dt, dt, dt,

(16)
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X X d tx) \Z dv
Fz{/i =m0{(a|2/1+a§/l)g{ }(V2/1)+V2/1 (gd ¥21)) 2/1} (17)
Von dr,
{x}
Fz{ﬁ =m, g{)‘}(vz/l)aj/l +m g{X}(Vzn)a”z/l + (g (Vo)) 4V, Von (18)
dv, dt,
Because
Vol ag/l (19)
thus, it follows from (18) that
FzL/{lx} =m, g{x}(VZ/l)a;l (20)
. . d(g™ (v dv
E5 =m,| g™ (v,,)a), + (g (vy)) vy v (2D

dv,,, dr, "

The equation (20) can be derived directly from (16), if it is observed that a force acting on
the body perpendicular to its velocity v,/ does not change velocity value vy, but only its direction.
In this case g™ (v21) = constans. On this basis, the following is immediately obtained (20).

The equation (20) is an equation of motion for the force perpendicular to the velocity of
body v/1. For the five dynamics derived in the paper [6], the explicit forms of equations of motion
are based on (8), (9), (10), (11) and (12) as follows:

- Dynamics {x} = {0}

FzL/{lo} = FzL/T =m a;/l (22)
- Dynamics {x} = {1/2}

arcsin(v,,,/c) |

1 = =m, ), (23)
v, /c
- Dynamics {x} = {1}
2vy )
F =F =m, h{c T J ay,, (24)
C—=Vyp
- Dynamics {x} = {3/2}, Einstein’s dynamics
F;{lz/z} = Fj/f = mO;a;l (25)
VI=(v /ey’
- Dynamics {x} = {2}
1 1 c+v,, |>n
B =K1 =m,— +In 21 a, 26
2/1 2/1 02 1—(V2/1/C)2 C_V2/1 2/1 ( )

Now the transformation of force perpendicular to velocity v, will be determined. The
equations of motion (5) are replaced by (3) and (4). Then the following is obtained

F!/zzmofauz/] A FzL/zzmo7za§/1 (27)
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If to divide the motion equation (14) by the first equation (27), then for dynamics {x} the
already known transformation of force for the parallel component (13) is obtained. If the equation
of motion (20) is divided by the second equation (27), then for dynamics {x} the force
transformation for the perpendicular component is obtained in a form of

X A%
in/{l b — g ( 2/1) 2/2 (28)

2

The calculations presented in this chapter show that the dynamics for three spatial
dimensions result unambiguously from the dynamics for one spatial dimension.

5. STR dynamics paradoxes

The explanation of various paradoxes occurring in the dynamics of STW can be a method of
theoretical study and assessment of these dynamics. Two paradoxes will be presented below, but
will not be explained. Their explanation may be the subject of another article.

5.1. Right angle lever paradox

Papers [1], [2], [4] and [5] present the right angle lever paradox, Figure 3. The lever is fixed
to the ground at R point by means of a rotary support.
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! Ft ! Fio — (Vz/l)
| 2/2 ! Va/1 "= 2/2
I [ Ly
2/21 2/1 1
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s A SEh oo : o
Ly, Ly =Ly,

Fig. 3. Right angle lever paradox.
a) lever seen from the own system U,, b) lever seen from the moving inertial system U;.

For the observer from U, system (resting system), both lever arms have the same length, i.e.
L, =Ly, (29)

The lever is subject to two forces applied to the ends of arms in directions perpendicular to
these arms and two reaction forces applied at the support point R. In U, system, the lever is in
equilibrium, i.e. the sum of torques is 0. That is

Il st
Lya=Ly)s

LHz/z FzL/z = LLz/z F!/z = an/z = FzL/z (30)

For an observer from the inertial system Uj, the lever moves in a straight line at a constant
velocity vy, parallel to one arm. According to the transformation of dimensions (1), (2) and force
transformations (13), (28), for the observer from U, system, two moments of force act on the lever:

o gM )
L, B =g7—L'F (31)
Liz/lF!{/:} = 72Y 3LLz/zeu/z (32)
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The moments of force (31) and (32) are equal only in such dynamics {x}, in which due to
(29) and (30) there is an equality of

{x}
\Z xX— X X
: ;32/1) = 7/2 SRS g{ }(Vz/l): 7/2 (33)

From the paper [6] (equation (126)) and from (15) it follows that

Va1

X 1 X
g{ }(Vzn) = .[72 v, (34)
0

2/1

On this basis, condition (33) takes the form of

— [y dv,, =y (35)
Vo o
j?’zxdvzn =Von 7/2X (36)

2x dVZ/l 2x d7/
=—=>y 4y, —— 37

4 dv, . /4 2 9 (37)

d 2x
0=v,,~— (38)

dv,,

Equality must be true for every velocity v,/;. This is only possible if

y > =constans(v,,) = x=0 (39)

It follows that only for one dynamics {x} = {0} for the observer from the moving inertial
system U;, the moments of force applied to the lever are balanced. So only in this one dynamics
right angle lever paradox does not occur. For all other dynamics, including Einstein’s, moments of
force in the system of moving observer are not balanced. Therefore, it might seem that, according to
the moving observer, the lever should rotate. The right angle lever paradox is that if the lever does
not rotate in the resting system, it does not rotate for an observer from any other inertial reference
system. The right angle lever paradox in Einstein's dynamics, as well as other dynamics {x} # {0},
can be explained if you notice that in these dynamics for the moving observer the torques (31) and
(32) do not have to be equal for the body to be in static equilibrium.

5.2. Paradox of vector non-parallelism

In dynamics {x} # {0} the vector of acceleration may not be parallel to the force vector
causing the acceleration. Then the body accelerates in a slightly different direction than the
direction of force. This is shown in Figure 4. In the inertial system U,, in which the body
temporarily rests, the force F,; and acceleration a, are parallel to each other. This must be the case
in own body system, because the STR should meet the correspondence principle in relation to
Newton’s mechanics. But for the observer from inertial system U, the force F,; and acceleration
ay; are not parallel to each other.

This can be shown in the following way. As in our own body system the force F,, and the
acceleration a, are parallel to each other, thus the following occurs
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£, _ alz‘L/z (40)

I
Fy,  ay,

From the transformation of forces (13), (28) and the transformation of accelerations (3)-(4)
the following is obtained (assuming that the vector F», is not perpendicular to velocity vy;)

L (x} L L L 2 L

F,_g ) )y _ D _ a,,y _ . %

gay = plT e g N g, = A (41)
2/1 e 2/2 Ay Aynly s

The angles of force slope and acceleration will be the same in the moving inertial system U},
only in dynamics {x}, which meet the condition

{x}
v X X
: ;/gle/l)' =y = g{ }(VZ/I) = 72 (42)

Calculations (33)-(39) show that such a dynamic is only {x} = {0}.

yi,zih Usl vy Y2, 22|
—
| n 1
: a, a,, ), 4,/
|
| 1
1 F
: Ei K 2/2 F,,,
|
! I I I I
: F2/1 a, X1 Fz/z a5, X2
Uy, 1 —)VZ/I Us, t

Fig. 4. In dynamics {x} # {0} the acceleration vector may have a different direction than force.
This illustration refers to the dynamics{x} > {0}.

It is important to note that the force vectors F,; and F,, represent the same force, but
measured from different reference systems. The acceleration vectors ay; and ay, represent the same
acceleration, but measured from different reference systems. For the observer from U, system, the
acceleration vectors and forces are parallel. Nevertheless, in dynamics {x} # {0} for a moving
observer, these vectors are not parallel. For the moving observer, one line (direction in space) is
divided into two different lines (two directions in space). This seems to be impossible and in
dynamics {x} # {0} requires special explanation.

6. Conclusions

The paper shows that from each STR dynamic for one spatial dimension, there is a clear
dynamic for three spatial dimensions. The equations for the perpendicular force transformation and
the equation of motion for the perpendicular force to body speed have been derived.

It was shown that only in one STR dynamics {x} = {0} there is no right angle lever paradox
nor the paradox of vector non-parallelism. These paradoxes occur in all other STR dynamics, and
needs clarification.
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