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1 Division by zero calculus
In order to state the new results in a self-contained way, we will recall the
simple background on the division by zero calculus for analytic functions.

As the number system containing the division by zero, the Yamada field
structure is perfect ([7]). However, for applications of the division by zero to
functions, we need the concept of the division by zero calculus for the sake
of unique determination of the results and for some deep reasons.
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We will introduce the division by zero calculus. For any Laurent expan-
sion around z = a,

f(z) =
−1∑

n=−∞

Cn(z − a)n + C0 +
∞∑
n=1

Cn(z − a)n, (1.1)

we define the identity, for n > −1

f (n)(a) = n!Cn. (1.2)

Apart from the motivation, we define the division by zero cal-
culus by (1.2). With this assumption, we can obtain many new results
and new ideas. However, for this assumption we have to check the results
obtained whether they are reasonable or not. By this idea, we can avoid any
logical problems. – At this point, the division by zero calculus may be con-
sidered as a fundamental assumption like an axiom. We consider that
the division by zero calculus is over convention. We already have many and
many applications.

In addition, we will refer to an interesting viewpoint of the division by
zero calculus.

Recall the Cauchy integral formula for an analytic function f(z); for an
analytic function f(z) around z = a and for a smooth simple Jordan closed
curve γ enclosing one time the point a, we have

f (n)(a) =
n!

2πi

∫
γ

f(z)

(z − a)n+1
dz.

Even when the function f(z) has any singularity at the point a, we assume
that this formula is valid as the division by zero calculus.

We define the value of the function f (n)(a) with the above Cauchy inte-
gral.

2 We can divide the numbers and analytic
functions by zero

In the division by zero like 1/0, 0/0 the important problem was on their
definitions. We will give our interpretation.
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The meaning (definition) of

1

0
= 0

is given by f(0) = 0 by means of the division by zero calculus for the function
f(z) = 1/z. Similarly, the definition

0

0
= 0

is given by f(0) = 0 by means of the division by zero calculus for the function
f(z) = 0/z.

In the division by zero, the essential problem was in the sense of the
division by zero (definition) z/0. Many confusions and simple history of
division by zero may be looked in [16].

In order to give the precise meaning of division by zero, we will give a
simple and affirmative answer, for a famous rule that we are not permitted to
divide the numbers and functions by zero. In our mathematics, prohibition
is a famous word for the division by zero ([28]).

For any analytic function f(z) around the origin z = 0 that is permitted to
have any singularity at z = 0 (of course, any constant function is permitted),
we can consider the value, by the division by zero calculus

f(z)

zn
(2.1)

at the point z = 0, for any positive integer n. This will mean that from the
form we can consider it as follows:

f(z)

zn
|z=0 . (2.2)

For example,

ex

xn
|x=0=

1

n!
.

This is the definition of our division by zero (general fraction). In this
sense, we can divide the numbers and analytic functions by zero. For z ̸= 0,
f(z)
zn

means the usual division of the function f(z) by zn.
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Surprisingly enough, Brahmāgupta said 0/0=0 in 628, thirteen hundred
years ago. However, our world history shows that his result is wrong and we
have still in confusions on the division by zero.

However, his result and idea was right.
For many applications, see the original survey paper ([25]) and the refer-

ences in this paper.
In order to show the importance of our division by zero and division by

zero calculus we obtained many applications and many examples over 1000
items from an elementary mathematics. However, with the results stated in
the references, we think that the importance of our division by zero calculus
may be definitely stated already and clearly.

3 Division by zero calculus for differentiable
functions

For a function y = f(x) which is n order differentiable at x = a, we will
define the value of the function, for n > 0

f(x)

(x− a)n

at the point x = a by the value

f (n)(a)

n!
.

For the important case of n = 1,

f(x)

x− a
|x=a = f ′(a). (3.1)

We will give its naturality of the definition.
Indeed, we consider the function F (x) = f(x)−f(a) and by the definition,

we have
F (x)

x− a
|x=a = F ′(a) = f ′(a).

Meanwhile, by the definition, we have

lim
x→a

F (x)

x− a
= lim

x→a

f(x)− f(a)

x− a
= f ′(a).
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The identity (3.1) may be regarded as an interpretation of the differential
coefficient f ′(a) by the concept of the division by zero. Here, we do not use
the concept of limitings.

In the expression (3.1), the value f ′(a) in the right hand side is represented
by the point a, meanwhile the expression

f(x)

x− a
|x=a (3.2)

in the left hand side, is represented by the dummy variable x− a that repre-
sents the property of the function around the point x = a with the sense of
the division

f(x)

x− a
.

For x ̸= a, it represents the usual division.
Of course, by our definition

f(x)

x− a
|x=a =

f(x)− f(a)

x− a
|x=a, (3.3)

however, here f(a) may be replaced by any constant. This fact shows that
the function

1

x− a

is zero at x = a.
When we apply the relation (3.1) in the elementary formulas for differ-

entiable functions, we can imagine some deep results. For example, in the
simple formula

(u+ v)′ = u′ + v′,

we have the result

u(x) + v(x)

x− a
|x=a =

u(x)

x− a
|x=a +

v(x)

x− a
|x=a,

that is not trivial in our definition.
In the following well-known formulas, we have some deep meanings on

the division by zero calculus.

(uv)′ = u′v + uv′,
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(u
v

)′
=

u′v − uv′

v2

and the famous laws
dy

dt
=

dy

dx

dx

dt
and

dy

dx
· dx
dy

= 1.

Note also the logarithm derivative, for u > 0

(uv)′ = uv

(
v′ log u+ v

u′

u

)
.

4 l’Hôpital’s theorem versions
As a version of l’Hôpital’s theorem, we obtain the following idea.

We assume that f and g are differentiable of n orders at x = a and we
assume that

g(a) = g′(a) = ... = g(n−1)(a) = 0, g(n)(a) ̸= 0.

Then, we define
f(x)

g(x)
|x=a :=

f(x)/(x− a)n|x=a

g(x)/(x− a)n|x=a

=
f (n)(a)

g(n)(a)
.

The function
f(x)

g(x)

is not defined at x = a in the usual sense, because g(a) = 0. The denominator
g(x) has not to be zero. The initial non-vanishing value is g(n)(a). Therefore,
in order to catch the value we consider

g(x)

(x− a)n
|x=a.

Therefore, in a natural sense, we can obtain the above desired definition.
We gave the natural reason. This is our interpretation for the l’Hôpital’s
theorem. We gave the definition of f(x)

g(x)
|x=a in the case g(a) = 0.

In this idea, we obtain
1

x
|x=0 =

1′

x′ |x=0 =
0

1
= 0.
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5 Remarks
The representation of the higher order differential coefficients f (n)(a) is very
simple and, for example, for the Taylor expansion we have the beautiful
representation

f(a) =
∞∑
n=0

f(x)

(x− a)n
|x=a · (x− a)n.

Further

f(x)

(x− a)2
|x=a =

f ′′(a)

2

= lim
x→0

f(a+ x) + f(a− x)− 2f(a)

2x2
.

Of course, our definition of

f(x)

g(x)
|x=a

and the limit
lim
x→a

f(x)

g(x)

are, in general, different.
For example,

1 + (x− 1) log x

sin2(x− 1)
|x=1 = 1,

but
lim
x→1

1 + (x− 1) log x

sin2(x− 1)
= ∞.

Furthermore, note that

lim
x→0

x+ 2x2 sin(1/x)

x
= 1,

but
x+ 2x2 sin(1/x)

x
|x=0

is not defined in our new sense. However, with the division by zero calculus
for analytic functions in the sense of Section 1, we have the value 3.
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However, for some complicated statements of l’Hôpital’s theorem, we can
apply our definition and method for many cases in order to derive the same
results. In our method it is necessary to consider only the point at x =
a, meanwhile, in the l’Hôpital’s theorem, we consider the behavior of the
function on a neighborhood of the point x = a except the point x = a. They
are different concepts.
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