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investigate other arithmetic problems, some of them possibly still open. An 
example may be the Jeśmanowicz’ conjecture recalled before. 

Our main result, that is, Theorem 2.1, is in Section 2. Moreover, in the 
same section, an immediate consequence (Theorem 2.2) and a geometrical 
interpretation are pointed out, as well as a table of Pythagorean triples, with 

,23...,,1=x  is reported (see Example 2.1). 

2. Results 

Let x be an integer with .1≥x  We define 

( ) { }.ofdivisorandthatsuch 2xdxddxD ≤∈= N  

Let N∈x  be now with x even, that is, 

,2 kx n=  

with N∈n  and 1≥k  odd fixed. We define 

( ) { andofdivisorwith,2thatsuch 2xllddxP s=∈= N  

{ }}.12...,,2,1 −∈ ns  

Finally, let N∈x  and we define 

( )
( )
( ) ( )
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We have the following theorem: 

Theorem 2.1. ( )zyx ,,  is a Pythagorean triple if and only if there exists 

a unique ( )xCd ∈  such that 

.22,22,
22 d
d

xzd
d

xyxx +=−==  (2.1) 

Proof. Let us suppose that ( )zyx ,,  is a Pythagorean triple, that is, 

,222 zyx =+  so that 
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( ) ( ),222 yzyzyzx +−=−=  (2.2) 

that we can write also in the following way: 

( ) ( ) ,
2

2 2xyzyz =
+

−  

from which, setting 

,yzd −=  (2.3) 

we obtain 

.22

2

d
xyz =+

 (2.4) 

We prove that xd <  and moreover if x is even, then d must be divisible 

by s2  with { }.12...,,2,1 −∈ ns  

In fact, from (2.2) and (2.3), we obtain 

( ),2 yzdx +=  (2.5) 

from which we have ,d
x

x
yz =+

 and taking into account that ,xyz >+  

that is, ,1>+
x

yz
 we obtain ,1>d

x  so that .xd <  

Moreover, if x is even, then we can write 

,2 kx n=  with k odd and .1≥k  

If, on the contrary, ,2 lyzd n=−=  with 1≥l  and l odd divisor of ,2k  

then from 

( ),2 222 yzdkx n +==  

we obtain that l
kyz

2
=+  is odd, which is a contradiction because if yz −  

is even, then yz +  is even. We obtain that if x is even, then it must be 
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divisible by s2  with { }.12...,,2,1 −∈ ns  In this way, if ,2 lyzd s=−=  

then yz +  is even. 

Obviously, if we choose ,xd =  by (2.1), we obtain the trivial triples 

.,0, xzydx ===  

Now we prove that dyz =−  is unique. In fact, from (2.1), we consider 

the following system: 







=+−

=−+

,02

,02
22

22

xzdd

xydd
 (2.6) 

from which we obtain, respectively, 

,22 zyxyyd ±−=+±−=  

,22 yzxzzd ±=−±=  

from which it results yzd −=  the unique solution that satisfies system 

(2.6). 

Now we prove that, fixed any N∈x  and any ( ),xCd ∈  every 

Pythagorean triple is given by (2.1). In fact, from (2.4), once subtracting 

22
dyz =−

 and summing once in both members, we obtain, respectively, 

,2222

2 d
d

xyzyz −=−−+  and then ,22

2 d
d

xy −=  

,2222

2 d
d

xyzyz +=−++  and then .22

2 d
d

xz +=  

Since (2.4) is true for every Pythagorean triple, the assertion is proved. 

Finally, we prove that (2.1) gives us every Pythagorean triple. Fixed each 
N∈x  and each ( )xCd ∈  and in this order, let us observe that 
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xd
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is true for all N∈x  and for each ( ).xCd ∈  ~ 

Moreover, based on the previous results we have proved before, the 
following theorem holds: 

Theorem 2.2. Each N∈x  can be found as cathetus in at least one 
Pythagorean triple. Every N∈x  can be represented in the form =x  

22 yz −  with ., N∈zy  

Theorem 2.2 has also one geometrical interpretation for N∈x  and 
.2>x  We consider a circumference F with diameter ,zMN =  xAB =  a 

chord of F perpendicular to MN in H, N∈x  and 2>x  (see Figure 1). 

 

Figure 1 

In point A, we consider the chord yAC =  parallel to MN and, because 

the triangle ABC has been inscribed in one semi-circumference, it results          

that ABC is right and .MNBC =  Considering 22
dyzMH =−=  and due             

to second theorem of Euclid ,2

2

d
xHN =  we have 

22

2 d
d

xy −=  and =z  

.22

2 d
d

x +  
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Taking into account all the conditions, we have given in the previous 
section, (2.1) represents the measures of the sides related to the right triangle 
ABC expressed by integer numbers in which there is a predetermined 
cathetus .ABx =  Finally, noticing that ,SNMH =  ,MNBC =  ACMN −  

dSNMH =+=  and that in one triangle ,xABACMN =<−  we obtain 

that .xd <  Therefore, this completes the geometrical interpretation. 

To prove the completeness of (2.1), we consider the following example. 

Example 2.1. To demonstrate our method, we give the following table 
for .231 ≤≤ x  Obviously, the table can be extended for each cathetus 

,N∈x  obtaining all right triangles whose sides have integer measures and 

one cathetus is given. 

( ) { }11 == xCx  

for 1=d  then 1,0,1 === zyx  
 
( )1,0,1  

( ) { }22 == xCx  

for 2=d  then 0,0,2 === zyx  
 
( )2,0,2  

( ) { }3,13 == xCx  

for 1=d  then 5,4,3 === zyx  

for 3=d  then 3,0,3 === zyx  

 
( )5,4,3  
( )3,0,3  

( ) { }4,24 == xCx  

for 2=d  then 5,3,4 === zyx  

for 4=d  then 4,0,4 === zyx  

 
( )5,3,4  
( )4,0,4  

( ) { }5,15 == xCx  

for 1=d  then 13,12,5 === zyx  

for 5=d  then 5,0,5 === zyx  

 
( )13,12,5  
( )5,0,5  

( ) { }6,26 == xCx  

for 2=d  then 10,8,6 === zyx  

for 6=d  then 6,0,6 === zyx  

 
( )10,8,6  
( )6,0,6  

( ) { }7,17 == xCx  

for 1=d  then 25,24,7 === zyx  

for 7=d  then 7,0,7 === zyx  

 
( )25,24,7  
( )7,0,7  
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( ) { }8,4,28 == xCx  

for 2=d  then 17,15,8 === zyx  

for 4=d  then 10,6,8 === zyx  

for 8=d  then 8,0,8 === zyx  

 
( )17,15,8  
( )10,6,8  
( )8,0,8  

( ) { }9,3,19 == xCx  

for 1=d  then 41,40,9 === zyx  

for 3=d  then 15,12,9 === zyx  

for 9=d  then 9,0,9 === zyx  

 
( )41,40,9  
( )15,12,9  
( )9,0,9  

( ) { }10,210 == xCx  

for 2=d  then 26,24,10 === zyx  

for 10=d  then 10,0,10 === zyx  

 
( )26,24,10  
( )10,0,10  

( ) { }11,111 == xCx  

for 1=d  then 61,60,11 === zyx  

for 11=d  then 11,0,11 === zyx  

 
( )61,60,11  
( )11,0,11  

( ) { }12,8,6,4,212 == xCx  

for 2=d  then 37,35,12 === zyx  

for 4=d  then 20,16,12 === zyx  

for 6=d  then 15,9,12 === zyx  

for 8=d  then 13,5,12 === zyx  

for 12=d  then 12,0,12 === zyx  

 
( )37,35,12  
( )20,16,12  
( )15,9,12  
( )13,5,12  
( )12,0,12  

( ) { }13,113 == xCx  

for 1=d  then 85,84,13 === zyx  

for 13=d  then 13,0,13 === zyx  

 
( )85,84,13  
( )13,0,13  

( ) { }14,214 == xCx  

for 2=d  then 50,48,14 === zyx  

for 14=d  then 14,0,14 === zyx  

 
( )50,48,14  
( )14,0,14  

( ) { }15,9,5,3,115 == xCx  

for 1=d  then 113,112,15 === zyx  

for 3=d  then 39,36,15 === zyx  

for 5=d  then 25,20,15 === zyx  

for 9=d  then 17,8,15 === zyx  

for 15=d  then 15,0,15 === zyx  

 
( )113,112,15  

( )39,36,15  

( )25,20,15  
( )17,8,15  
( )15,0,15  
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( ) { }16,8,4,216 == xCx  

for 2=d  then 65,63,16 === zyx  

for 4=d  then 34,30,16 === zyx  

for 8=d  then 20,12,16 === zyx  

for 16=d  then 16,0,16 === zyx  

 
( )65,63,16  
( )34,30,16  
( )20,12,16  
( )16,0,16  

( ) { }17,117 == xCx  

for 1=d  then 145,144,17 === zyx  

for 17=d  then 17,0,17 === zyx  

 
( )145,144,17  
( )17,0,17  

( ) { }18,6,218 == xCx  

for 2=d  then 82,80,18 === zyx  

for 6=d  then 30,24,18 === zyx  

for 18=d  then 18,0,18 === zyx  

 
( )82,80,18  
( )30,24,18  
( )18,0,18  

( ) { }19,119 == xCx  

for 1=d  then 181,180,19 === zyx  

for 19=d  then 19,0,19 === zyx  

 
( )181,180,19
( )19,0,19  

( ) { }20,10,8,4,220 == xCx  

for 2=d  then 101,99,20 === zyx  

for 4=d  then 52,48,20 === zyx  

for 8=d  then 29,21,20 === zyx  

for 10=d  then 25,15,20 === zyx  

for 20=d  then 20,0,20 === zyx  

 
( )101,99,20  
( )52,48,20  
( )29,21,20  
( )25,15,20  
( )20,0,20  

( ) { }21,9,7,3,121 == xCx  

for 1=d then 221,220,21 === zyx  

for 3=d  then 75,72,21 === zyx  

for 7=d  then 35,28,21 === zyx  

for 9=d  then 29,20,21 === zyx  

for 21=d  then 21,0,21 === zyx  

 
( )221,220,21

( )75,72,21  
( )35,28,21  
( )29,20,21  
( )21,0,21  

( ) { }22,222 == xCx  

for 2=d  then 122,120,22 === zyx  

for 22=d  then 22,0,22 === zyx  

 
( )122,120,22  
( )22,0,22  

( ) { }23,123 == xCx  

for 1=d  then 265,264,23 === zyx  

for 23=d  then 23,0,23 === zyx  

 
( )265,264,23

( )23,0,23  
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