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e, π, χ · · ·α?

LUCIAN M. IONESCU

Abstract. Feynman amplitudes are periods, and also coefficients of the QED par-
tition function with a formal deformation parameter the fine structure constant α.
Moreover, this truly fundamental mathematical constant is the ratio of magnetic
(fluxon) vs. electric charge, as well as the grading of the decay lifetimes telling apart
weak from strong “interactions”.

On the other (Mathematical) hand e is the “inverse” of π, another deformation
parameter (no ordinary period), as Euler’s famous identity exp(2πi) = 1 suggests.

In a recent work, Atiyah related α and the Todd function. But Todd classes are
inverses of Chern classes, suggesting further “clues” to look for conceptual relation-
ships between these mathematical constants, in an attempt to catch a a Platonic
and Exceptional Universe by the TOE.
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1. Introduction

Feynman integrals are scattering amplitudes from the physics side, and algebraic
integrals, called periods on the mathematical side [1, 2, 3, 4]. There are exact methods
[5], which at least at tree-level obtain these periods as integrals on the moduli space
[22], analogs of Veneziano-Virasoro amplitudes.

The class of periods extends algebraic numbers, and are naturally graded by the
degree of π, as a signature of the real numbers R = Q∞ [7] (see Gauss-Bonnet vs.
Poincare-Hopf Theorems), the completion of Q at the prime at infinity in the “wrong”
direction, making it an amorphous / no grading number system 1

In what follows the articles adopts a comparison approach, pondering about the
various Math-Physics aspects involved, theories well developed and tested, as well
as modern mathematical models used, in connection with the above four important
“numbers” (they in fact are trademarks of notable theories, having them at their
core), from the point of view of theory of periods, renormalization (Riemann-Hilbert
Problem) and TQFTs from subfactors, as a few examples.

1In a Quantum Universe, the continuum is no friend of mine ... and luckily not needed.

2



L. M. Ionescu e, π, χ...α

Overall, the article aims to extract pertinent information from the recent “tele-
graphic communications” of Atiyah [8]1, while placing them in the context of the
new paradigm of Quantum Physics: Quantum Information Dynamics and the Qubit
Model.

What we are looking for here, is sensing “mental resonances” that please the re-
searcher, invitingly, to search and research deeper and in detail 2. If the digressions
seam out of place to the reader (memos to one self), please skip ahead ...

It is comforting to find out ([9], p.1) that all great mathematicians, e.g. Weil [10],
valued “ dim analogies” since they “... are essential to research and discovery”3

These are of course “sugestions” for investigations, and not definite claims (sort of
“food for thought”); and to apologize one more time for being imprecise as a rule,
the author’s opinion is that we need more such brainstorming “craizy” claims4, than
comforting numerology coincidences leading nowhere conceptually. And if what is
claimed helps, it is a step forward; if the reader understands it’s wrong, it is another
step forward; being silent about the difficult problems, yet crucial for our progress,
fearing we might be “not even right”, is counter-productive and takes us nowhere 5...

2. Periods everywhere!

That is in mathematics and Physics (and chemistry, and astronomy, and in your
Google calendar6 ... yes, everywhere!).

2.1. e and π: inverse periods? Moreover 2πi is the period of the fundamental class
of C× = C − {0} over the basic homology cycle S1 (see [11], p.63; [12], p.67):

P = 2πi =

∫ 1

S

dz/z, (Fundamental Period : Log “value′′).

It is represented as a product of other more elementary periods 2π, as an Archimedian
measure of the circumference of the unit circle 7, and the algebraic number i, whether
as a rotation matrix

[
0 −1/1 0

]
(representation theory), or via the standard formal

approach x̂ ∈ Z[x]/(x2 + 1), reflecting the historical development of number systems
(See the Annex “Is π wrong?” for additional comments on π).

2Looking for final answers? “Lasciate ogni speranza, voi ch’entrate ...” the “right” questions are
targeted here!
3The converse may not hold!.
4Are these “crazy enough to eventually work”!?
5Play to win, not not to loose!
6From finite and algebraic to pro-finite and transcendental
7Conform Archimedes computation, it is in the analytic closure of the maximal cyclotomic extension,
hence in QAb; moreover in the constructible numbers subfield of Gauss-Wantzel extensions, involving
only Fermat primes! (F−∞ = 2 [13], p.22; TB-continued elsewhere ...)
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Now log as a path integral (Integral Calculus) is more fundamental in the theory
of periods, then the power series approach (Differential Calculus), exhibiting ez =∑
zn/n! as an eigenfunction of d/dz 8

While logα can be represented as a period corresponding to the divisor D = 1, α
[12], p.67), its definition via integration is also used in Calculus I courses for defining
the natural logarithm, and hence its natural basis e.

Indeed, building the Riemann surface to represent the path integral (multi-valued
function) as the inverse of a branched covering map, yields the exponential (Picard
approach for solving DE, like the above eigenfunction problem: d/dzf(z) = f(z)):

exp : (C,+)→ (C×, ·).
Then it is not surprising that exponentiating this 1x1 matrix [P ] of the period iso-
morphism of this Riemann surface yields 1 9:

Euler′s relation : exp(

∫ 1

S

dz/z) = 1.

So, we could say that e = Exp(1) is the “inverse period” of P = 2πi, in the sense that
“it is determined by the period isomorphism in the path integral framework”, and not
multiplicatively, as a real number, in the framework of number systems “a la” Cauchy
10.

2.2. α as a grading. What we call “alpha” is context depending, with a good amount
of correlation ... The basis for various studies and interpretations, whether it’s nu-
merology [14], conceptual [15] or philosophical [16], is provided by the following defi-
nition:

α = e2/hc,

and then the argumentation may proceed in quite many different directions: honestly,
we believe we don’t have a real “clue” ... or do we [8]!

Initially the fine structure constant was introduced by Sommerfeld, Pauli’s advisor
[17], in the process of computing the fine structure of the spectral lines of the Hydrogen
[18].

It rightfully became Pauli’s obsession, as Feynman later agreed as its explanation
is the most important problem in Physics 11.

In the QED (U(1)-gauge theory) partition function α plays the role of a grading.
When comparing with experimental amplitudes (compare with power series represen-
tations of meromorphic functions), it acquires a “magnitude” α ≈ 1/137.

8It is also the generating function of the groupoid of Sets:
∑

[n]∈Spec(Sets) 1/|Aut([n])zn [19].
9... except for the expert, who definitely knows better who to explain this!
10Will you!? Note: p-adic numbers are pro-algebraic: Deformation Theory [20], it’s not a “Cauchy
story” ... and there 2πi = 1!
11... and will be solved only when the “other” most importamnt problem, the elementary particles
mass spectrum will be solved.
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2.3. α as a running constant. One objection for being fundamental is that it is a
“running constant” [15]; but this really depends on the renormalization approach to
QED, or the other (renormalizable) Gauge field Theories within the Standard Model.

By now we know there are other ways around to compute scattering amplitudes
[5], related to the so called associahedron [21, 22] etc.

Alternatively, the Motonen-Olive duality [23, 24] in the 1970s, following the work
[25], led to S-duality between QFTs which relates weak and strong couplings, provid-
ing exact methods for developing the theory (see more recent work by Witten a.a.
[26] 12).

But there is a deeper conceptual level of understanding it, since computationally
speaking α seems to play a similar role to the residue of the pole z = 1 for an
L−function, and again, recall the BCFW recursion method using an analog method
for computing MHV amplitudes [5].

2.4. α as an exact value. In [27] p.4, the author rightfully treats the fine structure
constant as a “physics constant”, asking (implicitly) what it means to be exact.

Recall that QED can compute the anomalous moment of the electron in terms of
the QED coupling constant αQED, and compering with the experimental value to asses
a value for α. It is consistent with a measurement via quantum Hall effect, with of
course a theoretical model for that.

Wigner and physicists in general, were astounded by the “unreasonable effectiveness
of mathematics” to explain reality; but this was at “phylosophical level” ...

Recently this “effectiveness” starts to aquire a more “literal” value: “Is really an
Informational System”, “The Universe is a Quantum Computer” etc.

In contrast, as a fact, the new 2019 redefinition of the International System of Units
[28] adopts exact values for the Planck constant, speed of light and electric charge.

h = 6.62607015× 1034 kg ·m2 · s−1, c = 299792458 m · s1, e = 1.6021766341019 A · s.

This of course is meant to fix the macro units we use in terms of the fundamental
ones, but shows a tendency to view the above “constannts” as indeed mathematical;
what we measure is in fact what a “meter” is, what a “second” is etc.

This point of view implies that the relation between the above basic constants h, c, e
is consistent with the overall “culture” regarding the fine structure constant: it is a
running constant in renormalizable QFTs, but “one day”, when we’ll figure all out
(about this particular, yet important aspect), would turn out to be a mathematical
constant!

2.5. α and Hodge structure. The magnetic charge usually refers to Dirac’s mono-
pole, as an analog of the electric charge. yet magnetism (yes, a “relativistic effect”),

12Note the tight connection with geometric Langlands programme, hence with periods motives via
Weil’s “turntable” and Grothendieck work on anabelian geometry [29], p. 1010-04.

5



L. M. Ionescu e, π, χ...α

is “3D” theory (think magnetic vector potential) 13, and the correct concept is the
fluxon, defined by a line integral (closed period).

In terms of quantum Hall effect, the fine structure constant can be “split” as follows:

gM = h/e, gE = e/c, gE/gm = e2/hc = α.

Since electric and magnetic permitivities ε and µ are a simplified version of the full
duality tensor (E,B,H,D etc.), i.e. a Hodge duality, the “other” deformation param-
eter 1/c =

√
ε0 · µ 14, plays the role of an external manifestation of the ratio between

“electric” and “magnetic” aspects of the full SU(2)-theory (Quantum Information Dy-
namics).

2.6. α and S-duality. Alternatively, as mentioned briefly above, the electric-magnetic
duality understood as a symmetry between electric and magnetic charge, was gener-
alized as Motonen-Olive duality and led to a reciprocity between the weak and strong
coupling constants [24, 25, 29, 26] we now call S-duality.

It is interesting, in view of the above Hodge structure/duality discussion, to ponder
on the role of the combined complex coupling constant used to develop the GNO-idea
of a dual group and MO-duality [30], p.2:

τ = θ/A(S1) + i1/fracg2A(S2), A(S1) = 2π,A(S2) = 4π,

when the S-duality is extended with the introduction of a “vacuum angle” θ.
To the author the above relation suggests a deeper reason for relating “electric” and

“magnetic” Lie generators: the mechanics of the point particle S0 was extended to the
dynamics of a string S1, and later to D-branes, but the only other “extended objetc”
needed is the qubit SU(2), with its Bloch sphere S2 as a “closed brane”, part of the
Hopf fibration S1 → S3 → S2, instrumental in the theory of solitons, skyrmions and
of course, Quantum Computing.

Then Poincare / Hodge duality seams to be the way to relate the physics of strings
and baryons.

3. Internal vs. External: what is mass?

This is relevant here, since the fine structure constant grades also the decay life-
times of the elementary particles, whether in “strong” or “weak” interactions [31],
as separated historically in the course of development of the Standard Model [32],
Ch.2 (see §3.3 for additional details); hence the structure of the mass spectrum and

13... and we know that EM cannot be practically explained without extending U(1)→ SU(2), as in
Tesla work, torsion waves, a.k.a. scalar waves [33] etc, as the Electro-Weak Theory starts to catch
up at a tentative fundamental level.
14Lorentz group may be associated to a deformation of the Galilei group; or c can be viewed as
“central charge” of quaternions, as the infinitesimal deformation of the Lie algebra (R3,×).
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its stability theory is directly related to the fine structure constant, as “The Master
Constant” e2/hc 15.

Mechanical aspects (energy-momentum etc., space-time dependent), are referred
to as “external”; quantum numbers refer to internal aspects (Wigner modeled them
via irreducible representations). The hint towards unification is implicit in Einstein’s
relation (E/c)2 = p2 + (m0c)

2, and requires an understanding of what mass really is:
a measure of the amount of structure, e.g. representation of a group of symmetry,
consisting of the internal states.

How the electro-magnetism (as an SU(2), or better SL2(C) theory, to include
boosts etc.) are separated at “low energies”, is encoded in α, as a Hodge structure and
its associated theory of the period matrix ... When a resolution is used to represent
the structure, in the sense of deformation theory (Kodaira etc .), it should exhibit
the formal series in this deformation parameter, a mixture of h and 1/c ... somehow!

Note that, looking at the generalized momentum P = mv+eA, mass m is internal,
and e external, yet they cross-couple to the corresponding flows.

Alternatively one can “split” the fine structure constant as

α = h/e2 · c, σHall = α
1

c
,

where e2/h is the quantum Hall conductivity (“internal”?), while c corresponds to the
the quantum information transfer “externally” (explaining why any “classical compu-
tation” is limited in its rate of change) ...

3.1. What about χ? The Euler characteristic measures the “ratio” between relations
and degrees of freedom in an exact sequence, i.e. when we “resolve” a structure into its
generators and relations. For example, in Poincare-Hopf Theorem a vector field has
sources and sinks, as constraints regarding how the flow may branch-out, otherwise
freely (think a traffic problem on a network instead). In Gauss-Bonnet, intuitively
the geodesics (or whatever flows) curve to close “freely”, except for the topological
relation of the ambient manifold.

What and how much of the above “imagery” carries-over to an SU(2)-quantum
information flow, which when split into U(1) → SU(2) (rather considering the Hopf
bundle), yields at the level of a generating function, the fine structure constant (Hodge
structure with two deformation parameters), as a grading parameter? 16

3.2. ... and Todd classes. Now classification of vector bundles is governed by
Chern classes. Dirac monopoles as instantons are controlled in this way [34].

15It is the 1:3 quark strength ratio, if we count the leptons as a 4-th color, following Barut [35];
R,G,B are of course the 3D frame basis of a baryon ... at least in the Qubit Model [36]
16The first step would be to try to make this statement precise; the second: to succeed; 3rd:
conjecture; 4th: prove!
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But here we advocate that magnetic charges are periods for a different type of
divisor then electric charges (Gauss Theorem).

Todd classes are “inverse” to Chern classes perhaps similar to how 2πi is inverse to
e for C×, or more general Riemann Surfaces (more to be said later on §4.3).

But one would need additional “room”: 3D Thorston’s classification of manifolds
built out of trinions, or an SU(2)-network version of Chen Classes ... ?

3.3. Weak or Strong interactions: what’s the difference!? Another objection
for α not being “The” fundamental coupling constant is the argument that there are
“other” such coupling constants, overunity in the Strong Interaction, hence “prov-
ing” that “worst things can happen” (not just energy dependence: being “variable
constants”).

The history of the Standard Model (see [32] Ch.2), shows clearly that physicists
did not accept quarks as elementary particles, in spite of the success of the quark
model in classifying reasonably (at that stage of overflow of new particles discovered:
“there should be a fine ... ” not a Nobel prize ...). Heisenberg (the “Master of us
all” in physics [110]) new it does not make sense to talk about “particles” between
I/O of a process, advocating the S-matrix approach: Quantum Computing, before
the classical era of computing really started!

In brief, the separation of interactions as “weak” vs. “strong” comes from phe-
nomenology of the lifetimes, where two quite distinct regions exist: 10−10 decays
(roughly) vs. 10−22 resonances.

The gauge paradigm was an easy solution 17, already well developed: adapt the
gauge group! Yet even for weak decays, the distances involved rule out the idea
of space or time, especially after Einstein’s implementation and confirmation of the
philosophical lesson given by Mach, and after Heisenberg’s Uncertainty relations,
proving that “space-time indeed does not physically exist in Quantum Physics; it’s
not that “ “we” can’t measure them” ...

The internal quantum states are in fact modeled as Wigner pointed out represen-
tations in an ‘internal space”; together with Weinberg’s approach it is the Point Form
of Quantum Mechanics (still used to this very day; usually avoiding principle bundles
and monodromy etc. [34]).

Of course String Theory maps “internal” to “external”, a la Kaluza-Klein, and, in
view of Commutative Algebra and Sheaf Theory, or Gelfand-Neimark-Segall Theorem,
one can go, in principle, back-and-forth between internal and external ...

Yet the new milenium’s paradigm is Quantum Information Processing / Computing
/ Topologically etc., and it relies on Category Theory language (Turaev’s Graphical
Calculus generalizes Feynman’s, and SM’s quark line diagramatic approach).

17... at first! having to confine quarks turned harder than initially estimated! Introduction of color
points again that three quarks form a qubit frame etc.
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Returning to the main point to be developed elsewhere [36], the concept of “force”
(implicitly appealing to energy-momentum and time-position), is adequate only for
a QED gauge theory approach, to be extended as Electro-Weak Theory just because
the “correct” gauge group is U(1) → U(2) (filtration; in fact it’s the Hopf qubit /
quaternionic bundle).

The weak decays, involving quark flavor transitions, change the “Klein geometry” of
the baryons (finite “vertical gauge groups”), corresponding somehow to crystalographic
groups (including binary Platonic, with their relation to exceptional Lie groups, al-
ready observed to be instrumental in TOEs as an alternative to GUts appraoch to go
beyond SM).

The “strong decays” are indeed resonances of quantum networks, and can be thought
of as discrete “vibrations”, e.g. Wytoffian operations [37], i.e. changes of nodes, lines
etc. (homological complex and its periods), in a similar way drum modes are used in
Schrodinger’s orbital theory.

In both cases, no “force” is adequate for their description. The final argument will
be a deduction of the mass spectrum out of the corresponding group theory, once the
concept of mass is well established, as hinted above.

3.4. Alpha grading Mass and Time. Back to the role of the “fine structure con-
stant” gE/gM ≈ 137: related to the 3 : 1 dimensions ratio of Hopf qubit bundle
(somehow), phenomenological it is related to a fundamental unit of mass and a grad-
ing of the time scale.

3.4.1. The Unit of Mass: amount of structure. The 70MeV ′s, either as fraction of
mmu orme, the muon or electron mass, was advocated by several researchers: Nambu,
Barut, Mac Gregor, Palazzi, Varlamov ... [38]. How mass is associated to internal
symmetries remains to be understood, yet there are already several “clues” this is
related to the above α (TBA).

An earlier attempt of the author involved primes (finite irreducible strings, or
rather finite cyclotomic quantum phase) and Riemann zeros, as a dual spectrum [39],
p.19, [13], p.6-8, 22, [40]. It recently became clear that 2D and 3D finite groups lurk
underneath this idea [36, 41], as geometry of baryons.

3.4.2. The Time Scale Grading. Elementary particles, or rather the associated de-
cays18, cluster according to their lifetimes, as analyzed by MacGregor [31].

Note that lifetimes τ = ~/Γ are inverses of mass-widths Γ; for example for the
charged pion19, τπ = 2.6033 × 10−8 sec. corresponds to an energy band width of
Γ = 2.528× 108eV .

18Per Heisenberg’s principle.
19Quarkonium states are a totally different “ball-game”.
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Figure 1. α-quantization of lifetime of particle (Fig.2.6.2 loc. cit.)

In U(1)-electronics at low energies “RLC-Theory”, this corresponds to the quality
factor of the corresponding resonant circuit; a parallel here as “infotronics” [42] is
of conceptual value for understanding the “internal theory” (again, “forces” are not
adequate at this point; rather it is Harmonic Analysis).

Fig. 1 reproduces here Fig. 2.6.2 [31], showing the α-grading of lifetime τ , relative
to the muon’s lifetime taken as the base time-unit: ξ = τ/τπ. As explained in loc. cit.
“The α-quantization of the 36 threshold-states particles to the left of the zeptosecond
boundary” (weak interaction, not the “strong” sector), “... extends over 11 powers of
α, or 23 orders of magnitude, with no “rogue” particle lifetime in evidence.”.

The fact that the pions can be used as “ground level” (mass and lifetime) is an
indication of the existence of a “tensor form ⊗” of the Balmer Law for the spectrum
of Hydrogen: E(n → m) = Rydberg(1/n − 1/m) [111], where the “quark flavor”
transitions correspond to qubit Klein geometries (and their Γ→ SU2 and SU3 finite
subgroups representations theory), in a similar way the crude theory of principal
quantum number n labeling electronic shells enter in the above formula.

The weak decays lifetimes αx, x = −1..6 probably correspond to the genus of a
Riemann surface blow-up of the Klein singularity of the corresponding finite subgroup
[112], with a grading similar to the loop order of Feynman diagrams in QED.

10
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As mentioned upfront in the introduction, these are of course “sugestions” for in-
vestigations, and not definite claims (sort of “food for thought”).

3.5. What about Gravity!? ... and of course “Gravity” is not fundamental, and
it can be derived from the Electro-Weak Theory (fractional complex charges), if an
expert would take the hints from [43] seriously.

4. Todd map and more chirilic leters: Ж (“Zhe”) and Ч (“Che”)

In [8] Atiyah is making use of the Todd map T = t−1
− ◦ t+ (p.5) and Hirzebruch

formalism (p.3)20, involving the Functional Analysis of von Neuman algebras, within
the framework of renormalization.

In view of Connes and Kreimer work on renormalization [44], renormalization is
“just” a Riemann-Hilbert Problem, solved via Birkchoff’s decomposition of the type
apparent in the definition of Todd map. The docomposition is infact based on a
graded Hopf algebra structure, as a solution of a convolution equation (Mautrer-
cartan?), using of course the anti-pode (inverting Green’s kernel?).

The grading of Connes-Kreimer Hopf algebra of rooted tree is essential, guaran-
tying the existence of an antipode the moment a bialgebra structure is present (and
hence one can write the basic equation of deformation quantization: Maurer-cartan
Equation; see [45, 46]).

Remark 4.1. It is interesting that the prime spectrum Spec(Z) has a POSet structure
corresponding to the Hopf algebra of rooted trees (foundational structure for hierarchy
in any theory), while being dual to the “other” primordial God given structure: the
zeros of the Riemann Zeta Function ζ, or better, the poles of the fermionic Zeta
Function ζ− = DT (µ) = 1/ζ(s), the Dirichlet (Discrete Melin) transform of the
Mobius function [40, 47, 48].

Now von-Neumann algebras (factors) are instrumental in building TQFTs [49], a
categorical version of Feynman’s diagramatic approach, via a graphical calculus (see
Turaev’s work; and Reshetikhin’s).

Thus the technical discours revolves in the same circle of ideas ... Is it “la meme
Jeanette autremaen ... categorifier”!?

4.1. On Hirzebruch formalism. Here we just “puzzle” upon some similarities, for
a lack of expertise, and the time to acquire it 21

The use by Hirzebruch of “formal algebraic process of multiplicative sequences” is
reminiscent of formal groups in the spirit of Tate, Liubin etc., which are a general-
ization of Lie Theory as an early stage of Deformation Theory.

20Which are not the author’s comfort zone ...
21We must publish or perish, right? So, not too “idle” philosophical research for now: we must retire
first!
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The whole“adelic theory” is in fact part of the Deformation Theory of finite fields
(p-adic numbers) [20], in the context of the Algebraic Quantum Group of Rational
Numbers Q [50, 51].

Since (loc. cit.) “Todd exponential, whose generating function is the Bernoulli
function ...” places this in the context of a the inverse of a discrete derivative Dex =
(ex−e0)/x, which can lead in so many directions: Riemann branching covers, algebraic
ramification theory, Drinfeld’ associator and ZK-equations etc.

4.2. Чas the Todd map inverse of π. And now, why the Todd inverse of π,
denoted by Ж=T (π), would be a renormalized version, hence a possible series in
alpha, or even the fine structure itself? (Think, maybe, of Teichmuler digits as an
example of re-coordinatizing formal deformations).

The Todd map T = t+ ◦ t− is defined as a change of coordinates (loc. cit. §3.4),
reminiscent of a gluing of two open charts, the two embeddings of the center Z(A)
of the hyperfactor A = ⊗NM2(C) 22. It also appears as a Birkhoff decomposition
as in the process of renormalization (Riemann-Hilbert Problem; the grading via the
Hopf algebra makes gives a direct solution via the unique antipode, once the bialgebra
structure is specified).

But while π, or rather the fundamental period 2πi =
∫ 1

S
dz/z, has a clear algebraic-

geometric conceptual meaning in the context of the “Hodge structure” Z[i] → C (or
better embedding into CP 1, to view the residue as extracting a finite part of the real
integral on the “real equator” gluing the two half-spheres of the Riemann sphere), the
author can’t say the same about T (π): what is the analogous “extraction” / residue,
a “non-commutative period” (algebraic cohomological duality pairing in the contex of
hyperfatcors; the quantum dimension is a trace of the identity IA ...)?

Claiming Ж=T (π) as a renormalized value of the Euclidean circle half circum-
ference (as explained above, on the analysis side, not topological), suggests such a
transfer from CP 1 to some modular tensor category (see [49, 52]).

On the other hand, one could look at a different Math-habitat for such a non-
commutative fundamental period, analog of π: could be an adelic Veneziano ampli-
tude:

Jacobi sum : J(c, c′) = g(c)g(c′)/g(cc′), g(c) = gauss sum,

as p-adic analogues of Euler’s Gamma and Beta integrals. These are directly related
to periods on moduli spaces and the associahedron [22].

Remark 4.2. Note “en passant”, the “correct” zeta function can be introduced via
Melin transform of the Gaussian distribution and Fourier eigenfunction e−x

2/2! (see
Garrett [53]), which exhibits the

√
(π) = Γ(1/2) together with ζ = DT (1).

22Habitat: braided tensor category SU(2)−Mod.
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The actual calculation of Жand Чwith its heavy use of base 2 (F2), makes one
think of some amazing coincidences involving Bernoulli numbers and regular primes,
with counting binary digits ... maybe even with Galois group ring elements like
Stickelberger’s, instrumental in the study of Gauss sums and their arguments:

g(ξP)n = Pθ, θ =
∑
Z/p×

aσ−1
a .

4.2.1. Euler’s constant. On the other hand the use of Euler’s γ constant to define
Ч=T (π) as the Todd inverse of the “Euclidean coupling constant” (loc. cit. p.2),
and “Abel integral formula difference of logarithms” (continuous and discrete), cycles
back to the same larger context of adelic mathematics and ramification (algebraic vs.
geometric) theory ...

Finally, the equality

T (γ)

γ
=
T (π

π
= · · · dg

g

exhibits the pattern of a gauge term g−1dq (see e.g. [57], p.7):

A 7→ g−1Ag + g−1dg, g : M → G,

in perfect “resonant harmony” with the other voices of this polymath composition of
Sir Atiyah ... The toy example is the 1-form dz/z and the associated period frm−eπi.

Now Feynman Path Integrals in a gauge theory (Chern-Simons Theory, e.g. loc.
cit.) can be computed via equivariant localization (Duistermaat-Heckman principle
[54]), as a sum of indexes (residues) at finite fixed points of a vector field: it’s “just” an
application of the equivariant integration formula of Atiyah-Bott (1984) [55] for the
stationary phase approximation. Then, presented in this way, are these still genuine
periods, or a pro-algebraic generalization? And in what sense the Todd map gives
such a renormalized (“extracting the finite”) value of a classical period (via some
deformation quantization?)? And what is this T (π)/π “in general”, for other periods?
Partial “clues” will be collected in §5.

4.2.2. ... and Chern classes. But if a traditional cohomological pairing of d and
∫

is
reasonably clear to understandt, what is the “other” non-linear operator besides T?
Maybe the Chern classes? From [113] we learn that “Todd class acts like a reciprocal
of a Chern class, or stands in relation to it as a conormal bundle does to a normal
bundle.

The Todd class plays a fundamental role in generalizing the classical Riemann-
Roch theorem to higher dimensions, in the Hirzebruch-Riemann-Roch theorem and
the Grothendieck-Hirzebruch-Riemann-Roch theorem.”
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4.3. Todd and Chern Classes: “inverse” to one another ... But these “mental
resonances” are too volatile (short lived, perhaps), to be reliable in chasing α ...

The analysis of how e is the inverse of the “periods coupling constant” π (uni-
formizer), in the sense of a larger theory (Riemann branching covers), while recipro-
cal in the analytic realm (EulerвҐЄs formula in “char 0”), justifies perhaps to look at
how similarly, the Todd and Chern classes (Principal and associated bundles realm
of gauge theories) are dual with “global period” Ξ the Euler-Poincare characteristic in
the “discrete” (graded) case of formal groups (Lie exponential vs. Riemann Surface,
e.g. log and exp : (C,+)− > (C∗, .) etc.).

While searching for further connections, one may think of the algebraic realm of
number fields (and Hirzebruch Q algebras), in parallel with the p-adic version of
the theory (Weyl Conjectures, where the Riemann Hypothesis was proved), since
such “numbers” are in fact deformations of finite fields (from the trivial formal series
Fp[x] to Zp, together with their unique Galois extensions) in the “right” direction of
the carry-over 2-cocycle; think of finite fields as tangent bundles / Lie objects, and
Teichmuller-Witt vectors as 1-parameter formal groups (dynamics).

Then, what are Todd-Chern classes here? What convolution algebras are we talking
about?

5. Other lessons from QFT, CFT, TQFT and beyond

QED relates the anomalous magnetic moment of the electron g − 2 (Lande g-
factor) and a perturbation series of Feynman integrals in a formal parameter αQED
as a coupling constant, identified as Somerfeld’s fine structure constant. Otherwise it
cannot explain it, hence predict its value; it is a parameter in the SM too.

The (T)QFT framework, via fields or diagrams, or generalized cobordisms (CFT,
[56] etc.) allows to define a partition function of the theory, whose coefficients are
periods [11, 57, 2, 3] 23, which plays a similar role to the (toy model of a ) partition
function of the category of finite sets ex =

∑
[n] z

n/|Aut([n])|. More generally see [58],
p.8 (τ is a graph in a given class, e.g. Feynman diagram):

Path Integral :

∫
P e

λ−1S(φ)Dφ∫
P e

λ−1S0(φ)Dφ
=
∑
γ∈Γ

λ−χ(τ)

Aut τ
w(τ), λ : Planck′s constant.

The weights w(γ) are periods as for example in Kontsevich’s formula for the coef-
ficients of the Formality Theorem [45] (for some category of admissible graphs and
propagators), determined by the action functional 24.

Now in deformation quantization (loc. cit.), which is another approach to quanti-
zation, in the context of Chern-Simons Theory (e.g. [57] Zk, p.7-8), similar “players”

23See the period quasi-isomorphism of operads [11], p.20.
24These are a sort of poly-logarithms, defining multidimensional analogs of e, perhaps ...
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to center of the Hirzebruch’s hyperfinite factor A(Q), Todd map T = t−1
− ◦ t+, cen-

ter C → A(Q), Todd exponential with generating function the Bernoulli function
Q(x) = x/(1 − e−x) [8] occur in connection with the center of the UEA U(g) of the
gauge Lie algebra g (better a U(1)→ U(2) analysis, perhaps), via the Duflo-Kirillov
isomorphism IDK [11], p.43., with its decomposition:

I−1
alg ◦ IT = IPBW ◦ Istrange,

where Istrange is an invariant operator on Sym(g) associated to “... a power series on
g at zero, reminiscent of the square root of the Todd class”:

Istrange : γ 7→ exp(
∑

B2k/4k(2k)! Trace(ad(γ)2k)

and the r.h.s. is det(q(ad(γ)), with q(x)−2 equivalent to the above Bernoulli function,
... and also related to the “Tomita-Takesaki flow of weights for von Neumann

factors” (whatever that may mean! author’s emphasis) ...
There are too many “coincidences” here, in the two apparently different presenta-

tions, not to deserve a closer look for a deeper “motive” 25 ...

Geniuses like Grothendieck and other contemporaries, could see “... all the incar-
nations of a given object” (or may be Meta-Pattern, like ADE-Correspondence, or
Ramification Theory in Alg. NT and Complex Analysis etc.) ”through their various
ephemeral cloak.” [59], p.373.

Is this the case too, of a “meta-pattern” in a non-commutative analog of the π and
e “reciprocity”? One of course would immediately think of motives and (perhaps)
Grothendieck-Teichmuller group 26

6. Chern-Weil Homomorphism and Todd classes

The “true” extension of theories from EM to EW via the gauge group extension
U(1) = Z(SU(2)) as the center of G = SU(2) (see footnote 9), and with Chern-Weil
homomorphism for the corresponding Lie algebra g = su(2) and Chern / Todd classes
of associated Chern-Simons Theory,

Alpha side : CW : C[g]G → H•deRham(M) : Periods side,

25[8] is perhaps in “telegraphic mode”, half-dismissed by “journalists” and reporters, but [45] is “rock
solid”: to build on it (but how?) ... and hard to understand! (for the present author)
26There is perhaps a collective subconscious insight that the absolute / Cosmic Galois Group is at
work here ... Pauli got help from Jung to decipher his actual dreams [16], in desperate” chase of
his dream; if a Mersenne search can do so much with a network of computers, imagine a network
of Mathematicians and Physicists brainstorming in a quantum random search to maximize the
relational value of these concepts!
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seams to be the correct framework for the details “lifting” (the veil of the) analog of
Euler-Hamilton formula from [8]:

U(1) side : e2πi = 1 · · · → [eЖ]4πα = 1 SU(2) side.

Here 4πα is the 3D-analog of the fundamental 2D-period 2πi, and the Chern character:

ct(E) = det(I−t Ω

2πi
) = e−Tr(

t
2πi

Ω), ↔ [eЖ]w = 1, Ж = Tr(2πiΩ−1), w ↔ α (?)

of a principal bundle with curvature Ω = dA+A∧A, as the partition function of the
theory (compare with gauge theory partition function, e.g. QED, with its coupling
constant α; or S(e

γ→ e) probability amplitude?).
Now α−1, is claimed to be a candidate for T (π) [8], §2.5, p.4. This is to be compared

with the reciprocal to the Todd exponential/character, since the classes are reciprocal
(see [113] for sheaf version):

dim(M)∑
i=1

dimC(H i
deRham(E)) = χ(M) =

∫
Ch•(E) ∧ Td•(TM),

where the Todd class Td(E) =
∏
Q(αi) is defined via Bernoulli function Q(x) =

x/(1− e−x and Chern roots αi (loc. cit.).
Is this perhaps a discrete (adelic) algebraic-geometry analog of building a Riemann

surface covering map via path integration (the e and π “C-story”)? The presence of
roots, Bernoulli numbers (Galois groups and covers: algebraic and analytic ramifica-
tion theory), is perhaps a mark we are on the right trail: Hirzebruch-Riemann-Roch
Theorem (Tate: adelic version? ... a tale of primes and zeros?) ...

A connection with the U(g) − mod theory (abstract algebraic / category theory
framework / TQFTs), would perhaps clarify the role of the center (Harish-Chandra
isomorphism) and its connection with the Todd map T = t−1

− ◦ t+.
Now in what sense Ж = T (π) is a “renormalized” real number version of π [8],

§4, p.4, is unclear to the author (as expected), but let’s remember that “most good
numbers” are at least “functions” [58], if not trademarks for entire theories! (like 2π
or e).

An intermediary (small) step between the two formulas above is via de Moivre
formula for quaternions [60]:

||(x, y, z)|| = 1, e2π(xσx+yσy+zσz) = 1 SU(2) Pauli matricesσx, σy, σz,

where ~r = (x, y, z) is a pure unit quaternion, determining a “90◦ rotation” via conju-
gation (SU(2)− >> SO(3) 2:1 covering map), similarly to the complex analog i in
2D.
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It is related to the Lorentz group (or Mobius transformations and spinors, if needed
[5]) via the hermitean model[61]: [

z − ct x+ iy
x− iy z + ct

]
.

This can also be related with the Standard Model via the separation of rotations and
boots (reductive group setup):

0→ SU(2)→ SL2(C)→ m→ 0↔ SU(2)L ⊕ SUR
2 .

7. Todd Map and Adelic Deformation Quantization

In [8] Ж=T (π) is defined via the Todd map, which “maps Euler’s formula to the
Euler-Hamilton formula”. Let us try to “decode” this ...
eЖw = 1 is not the quaternionic version e2π~r = 1, as explained above using de

Moivre formula, but spelling out the definitions:

t+(w) = it−(w), i ∈ C, t+(Ж) = πt−(Ж)

looks like a Birkhoff factorization in a quantum group, i.e. a deformation of a (hope-
fully graded) Hopf algebra. So let us review what hyperfactors are, then taking the
p-adic numbers as a well understood example of deformation of algebraic numbers
Zp = (Fp[x], ?) (as well as their field extensions) [20], use the Birkhoff decomposition
type in the context of Baker-Campbell-Hausdorf series, the “mother of all deformation
quantizations”.

But recall that p-adic numbers are deformations [20], and occur as weights in the
context of hyperfinite factors [8] §4 ...

7.1. Hyperfinite factors, Birkhoff decomposition and Chern-Weil Homo-
morphism. Type II1-factors [62] are like the von Neumann group algebra of a count-
able discrete group, e.g. SL(n, Z) (and its congruence subgroups, towards Chevalley
groups and ADE-classification), have the right properties to implement Quantum Me-
chanics of states and transitions, as in the context of C∗− algebras. But these group
algebra structure is better “upgraded” to Hopf algebras, leading to the framework of
Quantum Groups and associated modular categories (what’s “wrong” with finite “ver-
tical gauge groups”!), used in CFT, TQFT, VOAs modern approach to quantization.

Type II1 factors have finite trace, playing the role of quantum dimension in the
modern frameworks of quantum groups and their category of representations. Jones
tower, as the closure of a union of subfactors of this type, exhibits the Temperley-Leib
relations, a fundamental structure in recoupling theory and Topological Quantum
Computing.

“... the von Neumann group algebra of the infinite symmetric group of all the
permutations of a countable set that fix all but a finite number of elements give the
(unique) hyperfinite type II1 factor.” [62].
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But by now it is clear that we need braided categories (categorical framework
corresponding to the punctured Riemann surfaces models in CFT), to account for
Feynman amplitudes as periods (see [7]).

Remark 7.1. The need for more general braided categories, not necessarily symmet-
ric, explains the role of the cosmic Galois group, embeded in the Grothendieck-
Teichmuller group which acts on the braided categories [63], p.3, as studied by Drin-
feld in the 1990s [64] (see also [114], explaining its role in the framework of operads).

The main physics role of braidings, with its 3-strings braiding relations, is to im-
plement the Galois action of SU(3)-color on the SU(2)−Mod (Qubit Model). Quan-
tization yielding mass as a quantum invariant, amounts to considering their finite
subgroups.

The Birkhoff factorization/decomposition plays the role of a non-commutative
Cauchy Residues Theorem, and may be thought as the “mathematically precise
content of renormalization” (tip of the iceberg?). The prototype can be derived
from Baker-Capbell-Hausdorf formula [89](universal deformation quantization), in
the presence of a Rota-Baxter operator (“gluing” the two halves). This is a frame-
work similar to Yang-Baxter Equation satisfied by the R-matrix, providing a braiding
(Yangians and Drinfeld associator etc.) compatible with a duality (essence of Hopf
algebras and associated categories of representations: a model for creation and anni-
hilation operators in QFT).

Now in this quantum context (geometric or categorical), we have to deal with equi-
variant periods, not just de Rham period isomorphism, to compute amplitudes, that
is equivariant de Rham cohomology (geometric framework of gauge field theory); and,
“probably”, the algebraic equivariant de Rham period isomorphism is somehow di-
rectly related to the Chern-Weil homomorphism in the Chern-Weil theory computing
invariants of principle bundles (compare with Witten’s Zk invariants in Chern-Simons
Theory [57]).

How to translate from the Hirzebruch and von Newmann language to the Chern-
Simons gauge theory, and then to modern multiple-zeta values [65, 66, 67, 22], looks
for the present author like a “champolionic task” ...

Recall that the main goal is to find the “right” modular category, so that the Tu-
raev’s Graphical Calculus (Topological Quantum Computing) for vacuum-to-vacuum
amplitude (particion function) would define the “fine structure constant” as a formal
parameter, and together with the categorical duality (interpreted as external/internal:
gE/gM), would yield the “ratio” ≈ 1/137.

7.2. From Topologic and Analytic to Algebraic ... and beyond! Then, “One”
(can’t say “we” at this stage!) would “just” go from Abelian Algebraic Number Theory
(cyclotomic numbers as group rings of finite subgroups of U(1) and Complex Analysis
as U(1)-equivariant functions) to Anabelian Number Theory, or equivalently Algebraic
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Geometry of Moduli spaces ([2], remembering that Riemann surfaces correspond to
number fields via Belyi’s Theorem; the non-commutative side of Galois Theory [68]),
right into Grothendieck’s dessin d’enfant [69], period isomorphisms and motives ...
and of course aiming to understand the Cosmic Galois group ...

Now this is deeply related to finite subgroups of SU(2) (binary point groups /
Chevalley groups and Galois theory, of number fields or Belyi surfaces of Fuchsian
triangular groups) and another mysterious “meta-pattern”, the ADE-correspondence
(Klein singlarities, blow-up Riemann surfaces, McKay correspondence, Coxeter-Weyl
and Lie, VOAs and all that jazz) ...

8. Additional comments on Atiyah’s article regarding α

The said news [70] we will just record a few additional comments, and close, to
take more time to think and ask around, since, unfortunately, direct feedback on these
thoughts are no longer an option27...

8.1. Weights and Bernoulli. The involvement of p-adic numbers suggests the dis-
crete groups could be SL2(Fq), together with their deformations (when passing to
F (G), or better U(g)) Fq− > Zp[θ] (p-adic extensions).

The weights are related to the “quantum dimensions”, and a candidate of a partition
function to be investigated in this context is Verlinde’s formula.

The multiplicative sequences “tool”, e.g. Todd polynomials, associated to formal
groups (Tate, Liubin, etc. ... Deformation Theory), seam a “algebraic topologic”
analog to Witt vectors in “finite characteristic” (extension to adeles just places the
investigation in the “correct” setup of “graded Algebraic Quantum Groups”, e.g. van
Daele [50]).

Now the prominent role of π and Euler-Mascheroni constant γ seams to steam out
of their relation to Riemann Zeta Function values:

ζ(1) =
∑

1/n“ =′′
∏

p∈Spec(Z)

(1− 1

p
), ζ(2) = π2/3!.

Hence working with 2 as a grading in the computation of α, or equivalently as claimed,
with another prime p, places the main formula [8], (8.11), p.13:

Ж = lim
n,j→∞

Bn
k(j)/2

2n

in the realm of adelic mathematics (as it should: “The Ultimate Physics Theory is
Number Theory” [71]). But how is this related to the Hirzebruch context is not famil-
iar to the author (Tate: Riemann-Mangoldt exact formula as “just” Adelic Riemann-
Roch Theorem!?).

27Access to Sir Atiyah’s manuscripts, would be an invaluable help ... (any Research Journal!?).
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Still, the basis 2 is special, since quadratic extension towers build constructible
numbers (Gauss-Wantzel Theorem28 (loc. cit. p.8), for which the Local-to-Global
Principle holds), with π a profinite limit, and possibly 1/α“=”Ж= T (π) too.

Indeed, citing from [8], §9.1, p14: “The arithmetic version of the algebraic structure
in [6] built from the group of order 1” (finite field with one element? as a philosophy
relating permutations to their linearized version, representation theory, as in passing
from the modular arithmetic to cyclotomic numbers, perheps ...) ”... is an infinite
tower of extensions of Q(ρ) leading to Ж.”.

On the other hand using only cyclotomic numbers, even the maximal Abelian
extension QAb places the computation outside of the Anabelic Geometry, and within
the context of finite (quantum phases) subgroups of U(1) (quantum phases), rather
then in the context of binary point groups E6..E8 of TOEs, and non-abelian Galois
groups, which are related to the Feynman amplitudes (integrals on moduli spaces
[22]) ... and MZVs, Feynman integrals as periods etc. fall within the homotopical
analog of de Rham theory, via Chen integrals (associahedron).

8.2. On the computation of α. Regarding the actual computation, based on the
definition of Ч[8] Eq. (7.1):

2Ч = lim
n→∞

j=n∑
j=1

2−j(1−
∫ j

1/j

log2 xdx,

which together with Eq. (1.1) Ч/γ = Ж/π, should yield α = 1/Ж, was checked in
a direct-verbatim way by others [117, 116], without providing a confirmation at this
stage.

Recasting the equation in terms of the fundamental period 2πi (residue), Abel’s
summation formula [72] relating log(x) =

∫ x
1
dx/x and Log(x) =

∑n
1 1/j (in view of

Mascheroni constant), with applications to the representation of the Riemann Zeta
Function (because of the Prime Number Theorem like summation), together with
the Cauchy principal part of the improper integral (residue), could perhaps provide
a further clue for understanding it conceptually, irrespective of a numerical error or
“mising” factor 29.

The other computation based on Bernoulli / Todd polynomials Eq. (8.11), and its
relation to the above computation, is unfortunately not clear to the author at this
time.

8.3. On “Further Comments”.
28The role of Fermat primes in conection with quark flavors, as being the simplest primes was stated
in [13], p.22, together with a conjectural formula for the fine structure constant.
29... or “missing” exponent! see Chebysheff function and prime counting in terms of logarithms
[73]), since the fine structure constant has to be related to the prime spectrum (finite strings) and
Riemann zeros (some “mass spectrum”) somehow ...
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8.3.1. The four historical interactions. The role of the four division algebras as un-
derlying (somehow) the four fundamental interactions is a theme quite often present
in the modern articles on “beyond the SM” models (GUts and TOEs).

But as explained earlier in connection with mass and lifetimes of elementary parti-
cles (measured in energy units), these are “separate” interactions due to the historical
development of the SM. In fact, mass and lifetimes have a natural quantum unit of
energy which is a power of the fine structure constant: 70 MeV ≈ 1/αme for mass
and τ = αkτπ± , k = ... − 1,−2, 0, 1, 2, 3... for lifetimes (see [31]; Fig. 1, p.9 in this
article). The “weak” vs. “strong” correspond to two ranges: k = −1..6 for weak de-
cays which, in the author’s Qubit Model correspond to a change of symmetry group
of the qubit frame modeling baryons (flavor changes), while the “strong interaction”
is just a resonant phenomenon (think band filters and resonant circuits), with range
k = 7, 8. The U(1)→ U(2)→ U(3) from loc. cit. §9.4 has a different interpretation
in the context of the Qubit Model.

... and α is not “only related to electro-magnetism.”, unless we use the term in
the extended sense of Electro-Weak Theory (updated in the context of the Qubit
Model), as anticipated by various other authors claiming that EM is an SO(3) or
SU(2) theory (e.g. Tesla, torsion fields etc.).

Regarding the current “study of α” (loc. cit. §9.10) in the light of latest experimen-
tal data, we should be aware of the fact that the “theoretical lense” through which we
“look” at the data is biassed by a mandatory historical tren (Gauge Field Theory),
followed due to its successes, but also because the formalism was already in place:
“One more range of phenomena to model? No problem: fit it in the GFT box!!” 30

8.3.2. Energy and Information: what’s the difference anyways!? In §9.7 the role of
entropy as determining energy, and conversly, was remarkably mentioned, but it was
limited to theory “true in model but not in physical world”. This just reflects the
limitations of current physical models, not the physical world.

Indeed, Einsteins mass-energy relation is the tip of the iceberg, that mass is a
measure of the amount of internal states and possible transitions (“geometry jumps”;
think Quantum Turing Machine), hence of internal symmetry, as started to be inves-
tigated by the present author before, on “philosophical grounds” (conceptuology and
formulae-logy [74]).

8.3.3. Renormalize e or π? The “renormalization” of π or e, in fact related as recip-
rocal, is a Deformation Theory business. The bicharacter zs of the Dirichlet series,
Riemann included, is the larger framework, involving both Fourier and Melin trans-
form. Now deform this in the adelic context of the Algebraic Quantum Group Q
...

30We know how the grant funding system works ... and yes, we need continuity in developments,
stability etc., until a paradigm shift happens.
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It is interetsting that Atiyah also finally thinks of α as a ratio e/Ж, possibly re-
lated to an electric vs magnetic ratio of coupling constants, corresponding to the
dichotomy external/internal. Since “external” (e.g. Mechanics viewpoint) is associ-
ated with “classical” (description/computing/logic etc.), while “internal” is associated
to “quantum” (discrete/superpositions/symmetry), it could be such a ratio, charac-
teristic 0, ungraded / continuum Mathematics models, vs. characteristic p, graded /
discrete Mathematics models based on p-adic numbers (see e.g. [48, 75]), which are
deformations of finite fields [20].

Euler discoverd how π is ubiquitous in commutative mathematics (loc. cit. §9.9),
which we interprete as the theory of cyclotomic numbers (Abelian Algebraic Number
Theory; quantum phase), as the 2D-finite geometry (apposed to Complex Analysis
and full U(1) quantum phase).

It is expected that α (hence Ж) to be ubiquitous in non-commutative mathematics
(§9.9), of 3D-finite subgroups of SO(3) or SU(2) (and beyond: vertical gauge sub-
groups of SU(N)). Rather replacing n! by p(n), let us remember the role of quantum
integers [n]q, with q formal or a root of unity ...

8.4. Understanding the electron ... and proton! In Atiyah’s article there are
so many “seeds” of deeper clues regarding not only alpha, but Math and Physics in
general (especially at a second reading!), that it is worth “decoding” and translating
the von Neumann-Hirzebruch (Atiyah-Singer Index Theory) in the modern fremework
of deformation theory, adeles and Categorical Models (Quantum groups, Frobenius,
Lefschets, periods and motives etc.) 31.

Einstein is known to have many “big catchy claims”, one of which refers to electrons
“I would just like to understand the electron.”; but he also implicitely said the same
about the photon ... But we can’t understand “external” independently of “internal”:
we have to understand the proton too, at the same time!

In other words, the electron-proton is the unit, and phisicists like Barrutt under-
stood that the electron plays the role of a forth “color”. Moreover, fermions and bosons
are aspects unified by the network approach to quantum physics (super-symmetry is
just a formal attempt for unification); but this is another story ...

8.4.1. The Rainbow Bridge: Physics and Mathematics. The pot of gold is, perhaps,
what mass is (and Riemann zeros?).

A classical bridge was envisioned by Manin and explained by Atiyah [9], not to
mention many others working at its construction (too many to list).

It needs being developed to the point where we see that “reality is mathematical”,
close to the Platonic view [41], finally explaining Wigner’s “unreasonable effectiveness
of mathematics”, who roughly started the whole approach (particles as irreducible
representations).
31The Standard Model is also “ready to be Categorified”, e.g. Topological Quantum Computing,
Qubit Model etc.; but waiting for that “green light” called funding ...
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So, the “quantum bridge” aluded to by Atiyah, from QFT to Laglands, is being
developed, but it is more of a loom of theories, due to various “schools”, developers
and independent studies ... 32

The human limitations are by far not approached yet, in Science; working in isola-
tion is the culprit, specialization and “upgrading” (unifying the gauge groups in GUTs
is not major progress: just “simplification” and reorganizing data). Indeed “we need
the collective wisdom of all branches of science.” (loc. cit. §10) 33.

In conclusion, [8] is a wonderful source of ideas, to be read at least twice!
Unfortunately the access to the listed bibliography is more difficult than expected

... at least for now ... 34 Atiyah’s mathematical-physics final swan dance may turn
out comparable with Ramanujan’s notebooks, but on the other side of the spectrum:
conceptually loaded, to be deciphered, and then proved right ...

9. Conclusions

There is a fuzzy “feeling” that e, π on one hand, and χ, α are related in a meaningful
way ...

... and that really is really mathematical, thus one should be able to prove α =
e2/hc, once the theory would be able to explain what mass really is.

If The Universe is really quantum, it is locally finite, and quatum phase is cyclo-
tomic, while qubits have Galois groups as “vertical gauge groups” (which must also
be “horizontal”).

Thus a study of how quark flavor can be modeled as Platonic TOY Geometry
(notation from [76]), as SU(3)-bounded Galois groups, and dynamics governed by
the corresponding exceptional Lie algebras, full circle to VOAs would be a place to
start: The Beauty and The Monster: an ADE-Classification Story! 35

Ultimately, there should be “Finite String Theory” (“Integral Conformal Field The-
ory”): the parallel between the Algebraic Geometry in the non-graded case of complex
numbers and that of graded case of Q̄p is well know to go quite deep.

Once the role of α = gE/gM as a Hodge structure related concept (to play safe!) is
clarified, the goals to achieve in this “Graal Quest” should become apparent.

An speaking of “String Theory”, upgrading Mechanics from point particles to 1D-
strings, why stop there!? The “vibrating think” (“brane”), is S3, the qubit, a central
concept in ... everything: instantons (Hopf bundle), gauge theory (SU(2) is The
group; SU(3) just changes qubit frames: baryons), so:

32Diversity is good, but a clear formulated new paradigm is needed: not axiomatic, but rather as
an Expert System.
33... “and beyond”, what Science chooses not to study openly, yet!
34Please share, if you have some of Atiyah’s unpublished recent papers; a memorial website, maybe?
35Why ADE only? because the Universe is constructible ;)
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S0 Mechanics→ S1 String Theory → S3 Quantum Computing!

The octonions should model morphisms / channels of quantum information (mesons).
Mathematically are a natural step beyond quaternions, but physically they have a
different role.

In conclusion, we have partition functions of gauge groups (Lie type in QFT or
quantum groups in TQFT) with periods as coefficients and a formal parameter (gen-
erating functions), associated to certain generalized cobordism categories.

In view of the “extension” EM → Eletro −Weak theories U(1) ∼= Z(SU(2)) →
SU(2)36, the “fine structure constant”, or better 4πα 37 as a mathematically com-
putable number, could be in fact a ratio:

Math : αU(1)/αSU(2) = · · ·?

because in fact, from a physical point of view, it is an internal quantum structure
(“mass from symmetries”) to external change behaviour (“conserved forces”) ratio
[77]38:

Physics : 4πα = e2 1

hcε0
= e2µ0c

h
=
gE
gM

=
Z0

R0

,

Z2
0 =

µ0

ε0
, R0 = 1/G0 = e2/h,

where the last step is an “RLC-analog” in quantum computing. The conductance
quantum G0 through QI-channels, e.g. transit time of an electron39), can be derived
from Heisenberg’s uncertainty principle as (eV )/(e/I) ≈ h 40.

So, finally, what is the fine structure constant!? I don’t know, yet, but, “yippee-ki-
yay”, we will not give up ... [78]

(to be continued 41 ...)

36Not the SM’s tilted product U(1)⊗ SU(2)L ⊗ SU(2)R ⊗ · · · ...
37From Gauss-Bonnet / Descartes angular defect, to Chern-Weyl homomorphism and Chern-Todd
classes ...
38Noether Theorems in the context of external/internal degrees of freedom, modeling classical in-
formation/quantum information Master-Slave Paradigm.
39Dual to the transition time of a photon between two electrons, related to the transition probability
(Fermi Golden Rule), and hence to the square of the fine structure constant: Feynman, QED [115].
40The role of Heisenberg uncertainty principle is that of a cut-off of when “external space-time based
concepts are no longer adequate for modeling internal aspects, exhibiting quantum behaviour and
properties.
41The baton of the challenge has been passed successfully, Dr. Hooft!

24



L. M. Ionescu e, π, χ...α

10. Acknowledgements

The author would like to thank for the opportunity to research the topic of periods
at IHES, and the patience of the professors listening to his opinion during the talk.

Comments regarding the above ideas will be much appreciated ...
Some additional references consulted by the author but not cited in this article,

were nevertheless left part of the bibliography, for the reader to consult, if needed.

Annex - Is π “wrong”!?

Some tangential comments were triggered by [79] and [80]. I hope they might help.
Math is an “ecosystem”, concepts support one another, and some go way out of

their natural habitat ... π is not “wrong”, but a “running constant” of geometry for
areas A(r)/r2, at zero curvature, while 2π is the length analog. Both reflect a measure
theory approach, as an L − norm, while the oriented (Riemann integral/de Rham)
version is the period 2πi, which incorporates the “curvature (Lie) generator” i.

2π is connected to e in the algebraic differential forms setup, as explained at the
beginning of the article, or introducing e first via Differential Calculus, with ex as
eigenfunction of d/dx (natural shift basis xn/n!, or graph differential for bamboos), or
the Integral / convolution algebra point of view via real Fourier transform (duality),
and the Gaussian eigenfunction f(x) = e−x

2/2!.
The volume of the sphere relative its radius (a conformal geometry constant):

V ol(Sn)/rn = n · π
n/2

(n/2)!
,

or in terms of some other “Gamma function”, e.g. using the Mellin transform of the
Gauss distribution Γf (s) [53], p.5, to account for πn/2 factor via a hidden 2π rescaling
of the real axis.

Remark 10.1. The debate could continue relating Haar measure of (R+, ·, dx/x) and
that of the unit circle via a Cayley transform, with the arithmetic counting measure
and the natural quotient Z → R→ S1 ...
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