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Abstract : 
 

The natural numbers divisible by the Prime Factors 2, 3, 5, 11, 13 and 17  lie on defined spiral-graphs, which 
run through the Square Root Spiral.  And a mathematical analysis shows that these spiral graphs are 
defined by specific quadratic polynomials.  
 

Basically all natural number which are divisible by the same prime factor lie on such spiral-graphs.         
And these spiral-graphs can be assigned to a certain number of “spiral graph systems”  which have          
a defined spatial orientation to each other. 
 

This document represents a supplementation to my detailed introduction study to the Square Root Spiral, 
and it contains the missing diagrams and analyses for the distribution of the natural numbers divisible by  
2, 3, 5, 11, 13 and 17 on the Square Root Spiral.   My introduction study can be found in the ArXiv–archive : 
 

Title of the study :    “ The ordered distribution of the natural numbers on the Square Root Spiral ” 
 

( This study also contains diagram & analysis for numbers divisible by 7  not included in this study here ! )    

 
 

Introduction : 
 

The Square Root Spiral ( or “Spiral of Theodorus” or “Einstein-Spiral” ) is a very interesting geometrical 
structure, in which the square roots of all natural numbers have a defined (spatial ) position to each other.  
 

The Square Root Spiral develops from a right angled base triangle with the two legs ( cathets ) having the 
length 1, and with the long side ( hypotenuse ) having a length which is equal to the square root of 2. 
The Square Root Spiral is formed by further adding right angled triangles on this base triangle. 
In this process the longer legs of the next triangles always attach to the hypotenuses of the previous 
triangles. And the longer leg of the next triangle always has the same length as the hypotenuse of the 
previous triangle, and the shorter leg always has the length 1. 
 

In this way a spiral structure is developing in which the spiral is created by the shorter legs of the triangles, 
which have the constant length of 1, and where the lengths of the radial rays ( or spokes ) coming from 
the centre of this spiral are the square roots of the natural numbers ( sqrt 2 , sqrt 3, sqrt 4, sqrt 5 …. ). 
 

The most striking property of the Square Root Spiral is surely the fact, that the distance between two 
successive winds of the Square Root Spiral quickly strives for the well known geometrical constant  π   !!  
 

But there are many more interesting interdependencies between the natural numbers, which can be 
discovered in this amazing geometrical structure.  For example all numbers divisible by the same prime 
factor always lie on defined spiral-graphs, which run in a clear order through the Square Root Spiral.               
And the square numbers  4, 9, 16, 25, ...  form a highly three-symmetrical sytem of three spiral-graphs, 
which divide the Square Root Spiral into three equal areas. 
 

It is the same with Prime Numbers.    Prime Numbers also clearly accumulate on defined spiral-graphs. 
 

A mathematical analysis shows, that all these spiral graphs represent special quadratic polynomials.  
 

Even the famous Fibonacci Numbers play a part in the structure of the Square Root Spiral.  Fibonacci -
Numbers divide the Square Root Spiral into areas and angles with constant proportions, which are linked 
to the “golden mean” ( or golden section ). 
The Square Root Spiral ( or Einstein Spiral ) shows the interdependencies between the natural numbers in 
a visual way.  Therefore it can be considered to be a kind of visual representation of number theory ! 
 

Through pure graphical analysis of this amazing structure, the higher logic of the ( spatial ) distribution of 
the natural numbers ( and special sub-groups like square numbers or prime numbers ) comes to light and 
is very easy to grasp, because it is visible ! 
 

Please have a read through my more detailed introduction about the distribution of the natural numbers 
on the Square Root Spiral.  This introduction gives a good insight into the interdependencies between the 
natural numbers,  which exist in this amazing geometrical structure. 
 

  Titel : “The ordered distribution of the natural numbers on the Square Root Spiral” 

Germany

http://front.math.ucdavis.edu/0712.2184
http://front.math.ucdavis.edu/0712.2184
http://front.math.ucdavis.edu/0801.1441


The distribution of numbers divisible by 2 on the square root spiral : 
 
 
If I am talking about the arrangement of numbers divisible by 2 on the square root spiral, I am actually 
referring to the square roots of these numbers, which appear as radial rays on the square root spiral.      
The natural numbers divisible by 2 themselves, can be seen as imaginary square areas staying vertical on 
these radial rays.  
 

(  explanation see in my detailed introduction study :    “ The ordered distribution of the natural numbers   
       on the square root spiral”    )    
 
 

 

FIG  1 

 
 
 
From the image FIG 1  it is evident that the numbers divisible by 2 ( marked in yellow ) lie on defined spiral 
graphs which have their starting point in or near the centre of the square root spiral.   
 

These spiral graphs have either a positive or a negative rotation direction.  
 

A spiral graph which has a clockwise rotation direction shall be called negative (N) and a spiral graph 
which has an counterclockwise rotation direction shall be called positive (P). 
 

The green spiral-graphs show the highly three-symmetrical arrangement of the three spiral-graphs which 
contain the square numbers 4, 9, 16, 25, 36, 49, …. ( drawn for reference only ! ) 
 
Here now a listing of the most important properties of the found spiral graphs : 
 

• The numbers divisible by 2 lie on 10 spiral-graph-systems with a negative rotation direction and 
on 9 spiral-graph-systems with a positive rotation direction. 
From the 10 spiral-graph-systems with a negative rotation direction only the system N1 is drawn in 
light grey color. And from the 10 spiral graph systems with a positive rotation direction only the 
systems P1, P3, P5 and P8 are drawn in more detail ( drawn in the colors pink, orange, blue and 
yellow ).  From the other spiral graph systems with a positive rotation direction P2, P4, P6, P7 and 
P9 only one spiral arm for each system is drawn in favour of clearness. These spiral arms are 
drawn in light grey and they lie between the other four spiral graph systems which are drawn in 
color.  
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• The 10 negative spiral graph systems N1 – N10 are arranged in an angle of around 36° to each 

other, whereas the 9 positive spiral graph systems P1 – P9 are arranged in an angle of around  
360°/9  =  40° to each other  ( in reference to the centre of the square root spiral ) 

 

From the negative Spiral Graph Systems the systems  N1 and N6,  N2 and N7,  N3 and N8, N4 and 
N9 as well as N5 and N10, form pairs of spiral graph systems which lie approximately point-
symmetrical to each other ( in reference to the centre of the square root spiral ).  
However the positive spiral graph systems P1 – P9 don’t form such point-symmetrical pairs. 

 
• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 

then further calculating the differences of these differences, results in the constant value of 18  
for the spiral graph systems with a positive rotation direction ( P1 – P9 ), and it results in the 
constant value of  20  for the spiral graph systems with a negative rotation direction( N1 – N10 ). 

 
( The result of this repeated difference calculation shall be called 2. Differential ) 
 

 see difference calculation for 10 exemplary spiral arms ( one spiral arm per system )     
     in FIG 1  beside the names of the spiral graph systems P1 to P9 and N1.  
    (  systems  N2 to N10  not shown ! ) 
 
These 10 exemplary spiral arms are defined by the following quadratic polynomials :  
 
Quadratic Polynomials of exemplary spiral arms : 
 
  9x2 + 21x +  8     belongs to P1 - system 
  9x2 +  5x  + 2     belongs to P2 - system 
  9x2 +  7x  + 6     belongs to P3 - system 
  9x2 +  9x  + 4     belongs to P4 - system 
  9x2 + 11x + 2     belongs to P5 - system 
  9x2 + 13x + 6     belongs to P6 - system 
  9x2 + 15x + 6     belongs to P7 - system 
  9x2 + 17x + 14     belongs to P8 - system 
  9x2 + 19x + 12     belongs to P9 - system 
   

10x2 + 14x + 2     belongs to N1 - system 
 

 
Note :  The positive (P) and the negative (N) spiral graph systems of the natural numbers, divisible         

by 2 ,  have a  2. Differential which is not identical ! 
 

 
 
 
 



The distribution of numbers divisible by 3 on the square root spiral : 
 
 
 

 

FIG  2 

 
 
 
The numbers divisible by 3 ( marked in yellow ) lie on defined spiral graphs which have their starting point 
in or near the centre of the square root spiral.  
These spiral graphs have either a positive or a negative rotation direction.  A spiral graph which has a 
clockwise rotation direction shall be called negative (N) and a spiral graph which has an anticlockwise 
rotation direction shall be called positive (P). 
 

The green spiral-graphs show the highly three-symmetrical arrangement of the three spiral-graphs which 
contain the square numbers 4, 9, 16, 25, 36, 49, …. ( drawn for reference only ! ) 
 
 

Here now a listing of the most important properties of the found spiral graphs : 
 

• The numbers divisible by 3 lie on 7 spiral-graph-systems with a negative rotation direction ( only 
two of these spiral graph systems are drawn in orange and yellow ) and on 6 spiral graph systems 
with a positive rotation direction ( Note : only three of these spiral graph systems are drawn in 
pink, yellow and orange ). 
The 7 negative spiral graph systems are named N1 – N7 and the 6 positive systems are named   
P1 – P6 ( only the two negative spiral-systems N1 and N2 and the three positive spiral systems      
P1 to P3 are drawn ! ). 
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• The 6 positive spiral graph systems P1 – P6 are arranged in an angle of around 60° to each other, 
whereas the 7 negative spiral graph systems N1 – N7 are arranged in an angle of around     
360°/7  =  51.43°  to each other ( in reference to the centre of the Square Root Spiral ).  
From the positive spiral graph systems, the systems P1 and P4,  P2 and P5 as well as P3 and P6 
form pairs of spiral graph systems which lie approximately point-symmetrical to each other            
( in reference to the centre of the square root spiral ).   
However the negative spiral graph systems N1 – N7 don’t form such point-symmetrical pairs. 
 
 
 



 5

 
 
• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 

then further calculating the differences of these differences, results in the constant value of  18  
for the spiral graph systems with a positive rotation direction ( P1 – P6 ), and it results in the 
constant value of  21  for the spiral graph systems with a negative rotation direction( N1 – N7 ). 

 
( The result of this repeated difference calculation shall be called 2. Differential ) 
 

 see difference calculation for 5 exemplary spiral arms ( one spiral arm per system )     
     in FIG 2  beside the names of the spiral graph systems N1, N2 and P1, P2, P3 .  
    (  systems  N3 to N7  and  P4 to P6  not shown ! ) 
 
These 5 exemplary spiral arms are defined by the following quadratic polynomials :  
 
Quadratic Polynomials of exemplary spiral arms : 
 
  10.5x2 +  34.5x  + 24    belongs to N1 - system 
  10.5x2 +  37.5x  + 27    belongs to N2 - system 
  9x2 +  12     belongs to P1 - system 
  9x2 +  21x  + 12    belongs to P2 - system 
  9x2 +   6 x  + 9     belongs to P3 - system 
 

 
Note :  The positive (P) and the negative (N) spiral graph systems of the natural numbers, divisible         

by 3 , have a  2. Differential which is not identical ! 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



The distribution of numbers divisible by 5 on the square root spiral : 
 
 
 

 
 

FIG  3 

 
 
 
The numbers divisible by 5 ( marked in yellow ) lie on defined spiral graphs which have their starting point 
in or near the centre of the square root spiral. 
 

The green spiral-graphs show the highly three-symmetrical arrangement of the three spiral-graphs which 
contain the square numbers 4, 9, 16, 25, 36, 49, …. ( drawn for reference only ! ) 
 
 
Here now a listing of the most important properties of the found spiral graphs : 
 
 

• The numbers divisible by 5 lie on 4 spiral graph systems with a negative rotation direction ( drawn 
in orange, yellow, blue and pink ) and on 4 spiral graph systems with a positive rotation direction 
( only one system ( P1 ) drawn in light gray lines ! ). 
The 4 negative spiral graph systems are named N1, N2, N3 and N4 and the 4 positive systems are 
named P1, P2, P3 and P4 ( only two spiral arms of P1are drawn ! ). 

 
• The spiral graph systems N1, N2, N3 and N4 as well as P1, P2, P3 and P4 are arranged in an angle 

of around 90° to each other. And two at a time of these spiral graph systems are located to 
each other in a point-symmetrical manner ( in reference to the centre of the square root spiral ).  
For example the two systems N1 and N3 , as well as the systems N2 and N4 seem to lie           
point-symmetrical to each other. 
The same applies to the spiral graph systems P1 / P3 and P2 / P4 ( only P1 drawn ! ) 
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• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 

then  further calculating  the differences of  these differences,  results  in the constant value  
of  20  for the positive as well as the negative rotating spiral-graphs. ( 2. Differential  = 20 ) 

 
 see difference calculation for 5 exemplary spiral arms ( one spiral arm per system )     

     in FIG 3 beside the names of the spiral graph systems N1, N2, N3, N4 and P1.  
    (  systems P2 to P4 not shown ! ) 
 
These 5 exemplary spiral arms are defined by the following quadratic polynomials :  
 
Quadratic Polynomials of exemplary spiral arms : 
 
  10x2 +  45x  + 25    belongs to N1 - system 
  10x2 +  30x  + 5    belongs to N2 - system 
  10x2 +  55x  + 45    belongs to N3 - system 
  10x2 +  40x  + 15    belongs to N4 - system 
  10x2 +  15x  + 15    belongs to P1 - system 

 
 
 

 
 

 
 



The distribution of numbers divisible by 11 on the Square Root Spiral  
 

 

 
 

FIG  4 

 

The numbers divisible by 11 ( marked in yellow ) lie on defined spiral graphs which start in or near the 
centre of the square root spiral. These spiral graphs have either a positive or a negative rotation direction.  
 

The green spiral-graphs show the highly three-symmetrical arrangement of the three spiral-graphs which 
contain the square numbers  4, 9, 16, 25, 36, 49, …. ( drawn for reference only ! ) 
 
Here now a listing of the most important properties of the found spiral graphs : 
 

• The numbers divisible by 11 lie on 2 spiral graph systems with a negative rotation direction            
( drawn in orange and pink ) and on 2 spiral graph systems with a positive rotation direction         
( only one system with positive rotation direction drawn in light gray lines ! ).  The 2 negative spiral 
graph systems are named N1 and N2 and the 2 positive systems are named P1 and P2.   
(  only P1 is drawn ! ). 
 

  Note :    Not all spiral arms of the described spiral graph systems are drawn ! 
 

• The spiral graph systems N1 and N2 as well as P1 and P2 lie approximately  point-symmetrical to 
each other ( in reference to the centre of the square root spiral ) 

 

• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 
then further calculating the differences of these differences,  results in the constant value of  22  
for the positive as well as the negative rotating spiral-graphs.  

 

( The result of this repeated difference calculation shall be called 2. Differential ) 
 

 see difference calculation for 3 exemplary spiral arms ( one spiral arm per system )     
     in FIG 2  beside the names of the spiral graph systems N1, N2 and P1.  
    (  P2-system not shown ! ) 
 

These 3 exemplary spiral arms are defined by the following quadratic polynomials :  
 

Quadratic Polynomials of exemplary spiral arms : 
 

  11x2 + 44x + 22     belongs to N1 – system 
 

  11x2 + 33x + 11     belongs to N2 – system 
 

  11x2 + 22x + 44     belongs to P1 - system 
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The distribution of numbers divisible by 13 on the Square Root Spiral  
 

 

FIG  5 

 
 

The numbers divisible by 13 ( marked in yellow ) lie on defined spiral graphs which start in or near the 
centre of the square root spiral. These spiral-graphs have either a positive or a negative rotation direction.  
 

The green spiral-graphs show the highly three-symmetrical arrangement of the three spiral-graphs which 
contain the square numbers 4, 9, 16, 25, 36, 49, …. ( drawn for reference only ! ) 
 
Here now a listing of the most important properties of the found spiral graphs : 
 

• The numbers divisible by 13 lie on 2 spiral graph systems with a negative rotation direction             
( drawn in pink and orange ) and on 1 spiral graph system with a positive rotation direction           
( drawn in blue ). The 2 negative spiral graph systems are named N1 and N2 and the positive 
system is named P1.    

 
• The spiral graph systems N1 and N2 lie axis-symmetrical to each other ( in reference to an 

imaginary axis running approximately from sqrt 116 to sqrt 152 ) 
 

• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 
then further calculating the differences of these differences, results in the constant value of 13  
for the spiral graph system with the positive rotation direction ( P1 ), and it results in the constant 
value of  26  for the two spiral graph systems with a negative rotation direction ( N1 and N2 ). 
 

 ( The result of this repeated difference calculation shall be called 2. Differential ) 
 

 see difference calculation for 3  exemplary spiral arms ( one spiral arm per system )     
     in FIG 3  beside the names of the spiral graph systems N1, N2 and P1.  
 

These 3 exemplary spiral arms are defined by the following quadratic polynomials :  
 

Quadratic Polynomials of exemplary spiral arms : 
 
  13x2 +  52x +  39    belongs to N1 – system 
 

  13x2 +  39x +  13    belongs to N2 – system 
 

  6.5x2 +  6.5x +  26   belongs to P1 - system 
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The distribution of numbers divisible by 17 on the Square Root Spiral  
 
 
 

 
 

  FIG 6 

 
 
The numbers divisible by 17 ( marked in yellow ) lie on defined spiral graphs which have their starting point 
in or near the centre of the square root spiral. These spiral graphs have either a positive or a negative 
rotation direction.  
A spiral graph which has a clockwise rotation direction shall be called negative (N) and a spiral graph 
which has an anticlockwise rotation direction shall be called positive (P). 
 
Here now a listing of the most important properties of the found spiral graphs : 
 

• The numbers divisible by 17 lie on 1 spiral graph system with a negative rotation direction              
( drawn in pink ) and on 1  spiral graph system with a positive rotation direction ( drawn in blue ). 
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• Calculating the differences of the successive numbers lying on one of the drawn spiral arms, and 
then further calculating the differences of these differences, results in the constant value of  17  
for the spiral graph system with the positive rotation direction ( P1 ), and it results in the same 
constant value of  17  for the spiral graph system with the negative rotation direction( N1 ). 

 

 (   2. Differential = 17 ) 
 

 see difference calculation for 2 exemplary spiral arms ( one spiral arm per system )     
     in FIG  4  beside the names of the spiral graph systems N1 and P1.  
 
These 2 exemplary spiral arms are defined by the following quadratic polynomials :  
 
Quadratic Polynomials of exemplary spiral arms : 
 
  8.5x2 +  76.5x  + 51    belongs to N1 - system 
   

8.5x2 +  8.5x  + 34    belongs to P1 - system 
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Please also have a read through my more detailed introduction study about the distribution of the   
natural numbers on the Square Root Spiral.  This introduction gives an overall view of the “Spiral-Graphs” 
belonging to the numbers divisible by the prime factors 2, 3, 5, 7, 11, 13, and 17, as well as an 
mathematical explanation of the underlying rules which determine the existence of these spiral-graphs. 
 

    Titel :        “The ordered distribution of natural numbers on the square root spiral” 
 
       (   This study can be found under my author-name in the arXiv – data bank ) 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

http://front.math.ucdavis.edu/0712.2184


 12

References 
 
 

The ordered distribution of natural numbers on the square root spiral 
Authors : Harry K. Hahn,  Kay Schoenberger 
 

http://front.math.ucdavis.edu/0712.2184    -     front side / description 
aps.arxiv.org/pdf/0712.2184   -     download window
 
 
The Distribution of Prime Numbers on the Square Root Spiral 
Harry K. Hahn,  Robert Sachs 
http://front.math.ucdavis.edu/0801.1441  -   frontside 
aps.arxiv.org/pdf/0801.1441   -   download 
 
 
Constant of Theodorus ( pdf-document ) 
Author : Steven Finch 
April 9, 2005 
weblink  :     http://algo.inria.fr/csolve/th.pdf 
 
 
www.numberspiral.com    
Author : Robert Sachs 
  

analysis  of  the ( spatial )  position  of  the  natural   
numbers on  a special Number Spiral.  
 
 

The spiral of Theodorus 
Author : W. Gautschi 
special functions, and numerical analysis, 
in Davis, op ci., pp. 67-87 
MR1224447 ( 94e:00001 )  
 
 

http://kociemba.org/themen/spirale/spirale.htm    
mathematical analysis of the Square Root Spiral 
( in german language ) 
 
 

The Spiral of Theodorus 
The American Mathematical Monthly : 111 (2004) 230-237  
Author :  D. Gronau 
MR2042127 (2005c:51022) 
 
 

Spirals: From Theodorus to Chaos 
Author : P. J. Davis 
A.K. Peters , Wellesley, 1993, pp. 7-11, 37-43, 220 
MR1224447 (94e:00001) 
 
 

Gleichverteilung und Quadratwurzelschnecke  
( uniform distribution and Square Root Spiral )  
Author : E. Hlawka 
Monatsh. Math. 89 (1980) 19-44; Engl. transl. In Davis, op cit., pp. 157-167;  
MR05666292 ( 81h:10069 ) 
 
 

The functional equation of the square root spiral 
Author : Daniel S. Moak & Blake Boursaw ( joint paper ) 
Functional Equations and Inequalities, 111-117,chapter in a book edited by Theistocles Rassias(Athens, 
Greece), 2000 
Kluwer Academic Publishers, the Netherlands 
MR1792078 (2001k:39033) 
 
 

Generalization of functional equation for the square root spiral 
Author : Zhihua Wang; Xiaofeng Chen; Bing Xu 
Applied mathematics and computation. 182, no. 2, (2007): 1355 
New York, Elsevier (etc.) 

http://front.math.ucdavis.edu/0801.1441
aps.arxiv.org/pdf/0801.1441
http://front.math.ucdavis.edu/0712.2184
aps.arxiv.org/pdf/0712.2184
http://algo.inria.fr/csolve/th.pdf
http://www.numberspiral.com
http://kociemba.org/themen/spirale/spirale.htm

