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Abstract
Expanding the root form of a polynomial for large numbers of roots
can be complicated. Such polynomials can be used to prove the irrationality of powers of π, so a technique for arriving at expanded forms
is needed. We show here how roots of polynomials can generate regular polygons whose vertices considered as roots form known expanded
polynomials. The product of these polynomials can be simple enough
to yield the desired expanded form.
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Introduction

The author of a recent paper on irrationality and transcendence proofs
posed a challenge: use z 5 − (πi)5 to show π 5 is irrational. In the paper
the author shows the j = 1, 2, 3, and 4 cases of proving π j is irrational.
The j = 5 case is more difficult as a polynomial with as many as thirtyone roots needs to be generated. These thirty-one roots are derived
from
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(1 + erk ),
(1)
k=1

where rk , k = 1 . . . 5, are the roots of z 5 −(πi)5. These new exponents,
designated by Rk , will be given by the sums of the rk roots taken one
through 5 at a time: thirty-one roots. To follow the pattern as in the
earlier cases we need to find these roots and plot their coordinates. We
will see that six pentagons are formed. The polynomials associated
with each of these pentagons are easily discerned. The product of such
polynomials reduces nicely to the expanded form desired. These tasks
can be done with a spreadsheet such as Excel. We show this here.
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The rk roots

Figure 1: The roots form the vertices of a regular pentagon.

Figure 2: Excel calculates the coordinates for the vertices of the rk roots.
The polynomial z j − (πi)j will have j roots. The constant π j can
be ignored for the time being. The roots, then, of g(z) = z j − ij
depend upon j mod 4. Our particular case gives the five roots:
[cos(π/2 + 2kπ) + i sin(π/2 + 2kπ)]1/5

(2)

with 1 ≤ k ≤ 5. These roots, designated as rk , form a regular pentagon, see Figure 1, inscribed in a unit circle; using Excel numerical
values for these five roots can be calculated; the results of such calculation are given in Figure 2.
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The Rk roots

Figure 3: The formula for cell J16 shows Excel functions giving the sum of
the roots named “d” and “e”.
Per the transcendence proof for π, we need to find the exponents
of e in
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These exponents are designated with Rk . As multiplication goes to
addition in exponentiation, we need to find all the sums of rk roots
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taken one through five at a time. We can use Excel to do this in
a particularly elegant way. The technique uses a combination of the
indirect function and cell naming: our rk roots are named a, b, cc,
d, and e; these references are used in a list of all the combinations of
roots. The number of Rk roots is a function of the number of rk roots,
in our case we have 25 − 1 = 31 roots. The reasoning is the same as
the more familiar sums of products taken one through n at a time in
forming polynomial coefficients. These roots are given in Figure 3.
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Plotting the roots

Figure 4: The Rk roots shown are rk roots summed one through five at a
time.
It is an easy matter to plot these roots using Excel’s scatter plot
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graphing capability. We seek to find patterns in the regular pentagons
that are formed. This can be done by using different series for each
of the five natural groups of the roots: one at a time, two at a time,
etc.. Figure 4 shows all roots and Figure 5 shows the three decagons
that are formed from the six pentagons generated. One root is zero.
Note: Excel by default uses different units for the x and y axis. This
can be adjusted with a macro.

Figure 5: Connecting the roots yields three regular decagons.
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Expanding the polynomial

If one attempted to expand
30
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(z − Rk ),

(4)

in Maple, say, the task would be laborious and the results uncertain.
The author tried such using Maple and was unable to obtain an answer. Can we use the six pentagons formed from the roots to phantom
the expanded form of this polynomial? The answer is yes.
The six pentagons have vertices that are the roots of five degree
polynomials of the form
z 5 − (ri)5 ,
(5)
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where r is the radius of the circle that inscribes each pentagon. We
need to find the radius for each of the three cases. One case is simple:
the radius is 1. The other two cases are
√
√
5+1
5−1
and
,
(6)
2
2
the first is known as the golden mean or ratio. Multiplying pairs of
these pentagons that have the same radius yields three polynomials of
degree ten. Although these are not difficult hand calculations, using
Maple’s expand function the result can be built up in three phases:
form the polynomials associated with the decagons and multiply all of
them. The final result is given, via Maple’s expand function, in Figure
6.

Figure 6: The desired expanded form.
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