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I.1 Introduction.

IN1984L NBI R Ay (KS 22daNyIlf b{OAS
V. Uspensky "nofStandard analysisThere i was introduced in
consideratiorthe hyperreal numbersAnd, already somewdre in
June 1984, | thought "There was a time when they were not
known about. And now learned. So maybe there are other
numbers that we don't know now, and then we'll find odind is

it possible not to wait fotthis, but somehow to find out about
these unknowmow numbersby myself.

[.2 The help of dialectics.

Dialectics says, that the subject should be studied in development.
In this case, the subject is numbers. And their development can
be traced back to mgwn experience what numbers, and in what
order | studied at schoal

[.3 Numbers studied at school.

First we studied numbers: 1, 2, 3-they are called natural. Then
zero and negative numbers. Natural, zero and negative are called
integers.

Then here were fractional numbers. Integers and fractional
numbers are called rational numbers.

After themwe studied the irrational numbers. Rational numbers
together with irrational numbers are called real numbers.

They were followed by imaginary numbers. Reambers
together with imaginary numbers are called complex numbers.

.4 The direct operations, studied in school.



There are many erations, studied irthe school. But the main
ones are addition, multiplication, exponentiation. They will be
called "direct operations".We introduce the following notation:
[1] ¢ addition, [2]¢ multiplication, [3]- exponentiation.Also, we
will introduce the conventional symbols of these three "direct
operations": [1]¢ "+", [2] ¢ "*", [3] ¢ "".

[.5 The first direct opeation.

Take any twaatural numbes. a, b. And apply to them the first
direct operation. The result is alsoatural numbeg c: a[l]b=c
(a+b=c)l5.1)

[1112]2(3|4]|b

1 |2|3|4|5

2 |3]4]|5]6

3 |4]|/5]|6]|7

4 |5|6|7]|8

a c
Tablel.1

I.6 The second direct operation.

Take any two integers: a, b. And apply to them the second direct
operation. The result will also be anintegerc: a[2lb=c(a*b=
c).(1.6.1)
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Tablel.2

.7 The third direct operation.



Take any two natural numbers: a, b. And apply to them the third
direct operation. The result is also a natural numbera [3]b=c
@”b=c)(.7.1)

Bl ]1]2] 3 b
1[1]1]1
2 |[2/48
3 3|9]27
a C
Tabe 1.3

1.8 The definition of inverse operations.

Let a direct operation n be defined on some set of numbers:
aln] b=c;l8.1)
(Here a, b are numbers from this set. They are called operands.)

If in (.8.1) we rearrange the first operand "a" with the résic",
we get:

c[n[1]b =a; 8.2)

This is the definition of the first inverse operation for n direct
operationg [n]1].

If in (.8.1) we rearrange the second operand "b" with the result
"c", we get:

a[n2]c=Db;18.3)

This is the definition of theecond inverse operation for n direct
operationg [n]2].

1.9 The first inverseoperation for the first direct operation.

Now for [1]1]we build Tablel.4 from Tabld.1 (using [.8.1) and
(1.8.2))



[1]1]11(2|3|4]|b

2 1

3 21

4 3121

5 43|21

6 4132

7 413

8 4

c a
Tablel.4

We sedfrom Tablel 4, that [1]1] coincides with-". That is:
a=c[1]1] b=c-b; (1.9.2)

But not all the cells in Tablet are filled in yet. Let's try tdrfd
such natural numbefsandb, so thatatoo was a natural number.
And that's what we get:

2|3(4|b

L §
=
=

OO WIN|F
QR WIN|F
AWIN|F

O N|OO|MWIN
N OO IWIN|FFP

Tablel.5

There are no numbers in the upper right corner dbl€&5 among
natural numbers. Thee numbers: 2- 2, 3-3, 4-4, 2-3, 3-4, 2-

4. That is, operation [1] is not equal to operation [1] on the set
of natural numbers. To achieve equality with operation [1], it is
necessary to move to a wider range ofnmoers than natural
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numbers. To integers. These are natural numbers, zero, and
negative numbers. Then any pair of integeendb for operation

[1]1] gives an integer. And for operation [1] any pair of integers
and b also gives an integer. And then optoas [1]and [1]1]
become equal. And empty cells in Table 5 can be filled with new
numbers: 0;1,-2. Then we get Table6:

i l1[2[3 4 |b
2 |1]ol1]-=2
3 |2]1]o]1
4 |3|2[1]0
5 |4|3[21
6 |5|4|3 |2
7 |6|/5|4 |3
8 |7/6|5 |4
C a

Tablel.6

1.10The second inverse operation for the first direct operation.

Now, for [1]2], let's buildhe Tablel.7 fromthe Table l.1 (using
(1.8.1) and (8.3)):

[1]12112|3|4|5|6|7|8|cC

1 11234

2 12|34

3 11234

4 11234

a b
Tablel.7

From (.8.2), (.8.3), Tabld.4, and Tablé.7, we see that
b=a[l]2]c=c[1]1] a=e; (.10.1)



To populate the Tableé7 completely, you have numbers a, ¢ be
taken from the integers. Then b will also be integer. And
operation [1]2] becomes equal with operation [And then we
get Tabld.8:

12112 |3 |4|5|6|7|8]|cC

1 112 1(3|4|5|6]|7

2 0|1|2|3|4|5|6

3 110 |1|12|3|4|5

4 2|-1/0|11|2(3|4

a b
Tablel.8

We now have:

x[1]y =x +vy; (1.10)2

x[1]1]y =xy; (.10.3

X [1]2] y = ¥ Xx; (.104)

[.11 Connection of operation [1] with operation [2].

The operation of addition is taught at school first. Then move on
to the study of the second operaticrmultiplication. L&s look at
some examples of these operations.

3+3=3*2=6/.11.1)
3+3+3=3*3=9;11.2)
2+2+2+2=2%4=81(.3)

We rewrite these examples in the new notation:
3[113=3[2]2=6].41.4)

3[1]3[1]3=3[2] 3 =9.115)
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2[1]12[1] 2[1] 2 = 2 [2] 4.11.6)

The multiplication operation is formed as follows: to the left of the
multiplication operation, the summand is written, and to the right
of it, the number of these summands is written.

[.12 The firstinverse opeation for the second direct operation.

Second direct operation [2]:
a2l b=c(l.12.1)

From (.8.2) for n = 2 we obtain a definition for [2]1]:
c[2]1] b =a(l.12.2)
Using Tablé.2, we obtain Tabl&9 for [2]1]:

Riyl172]3b

1 1

2 |21

3 |3 1

4 2

5

6 32

7

8

9 3

C a
Tablel 9

Tablel.9 shows that [2]1] is a divisiod € Y
a=c[2]1]b=c/ b; (.12.3)

But not all the cells in Tabl® are filled in yet. Let's look farand
b among integers so Ht ais also integer. And we get Tabl&0:



[2]1]

3

OO OINOUAIWIN|F
O[NNI WINF|F

Tablel.10

For empty cells in TablelO there were no numbers among
integers. That is, operatiof2]1] is not equal to operation [2] on
the set of integers. Equality of these operations can be achieved
by introducing new fractional numbers. Then all empty cells in
Tablel.10 can be filled with new fractional numbers. And we get

Tablel.11:

R 1]2

1/2

1/3

1

2/3

3/2

2

4/3

5/2

5/3

3

7/2

7/3

4

8/3

9/2

3

OO ONO|UARWIN|F
OO NG| IWINF|F-

Tablel.11

Integers together with fractional numbers are called rational
numbers. And for any pair of rational nla@rsa, bin (1.12.1) there
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will be a rational numbec. Also for any pair of rational numbers
c and b in (.12.2) here will be a rational numbea. That is,
operations [2]and [2]1] became equal on the set of rational
numbers.

.13 The second inverse opation for the second direct
operation.

Second direct operation [2] of.8.1) at n = 2:

a[2] b=c;l(13.1)

From (.8.3) for n = 2 we obtain a definition for [2]2]:
a[2]2] c = b;1(13.2)

Using Tablé.2, we obtain Tablé12 for [2]2]:

212 |1/2|3|4|5]|/6|7|8|9]|c

1 1123

2 1 2 3

3 1 2 3

a b
Tablel.12

This table shows thdi = c / a;(13.3)

But not all the cells in Tablel2 are filled in yet. Let's look far
anda among integers sohiat b is also integerAnd we get table
1.13:

212 11/2|3|4|5|6|7|8|9]|c

1 1/2|3|4|5|6|7|8|9

2 1 2 3 4

3 1 2 3

a b
Tablel.13
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For empty cells in Tablel3 there were no numbers among
integers. Thais, operation [2]2] is hot equal to operation [2] on
the set of integers. Equality of these operations can be achieved
by introducing new fractional numbers. Then all empty cells in
Tablel.13 can be filled with new fractional numbers. And we get
Tablel.14:

[2]12] | 1 2 |3 |4 |5 |6|7 |8 |9 |c
1 1 2 |3 |4 |5 |6|7 |8 |9
2 1/2 |1 3/2 |2 5/213|7/12|4 9/2
3 1/3|2/3|1 |4/3|5/3|2|7/3|8/3|3
a b

Tablel.14

Integers together with fractional numbers are called rational
numbers And fa any pair of rational numbes bin (.13.1) here
will be a rational numbec. Also for any pair of rational numbers
a andc in (.13.2) there will be a rational numbdy. That is,
operations [2]and [2]d became equal on the set of rational
numbers.

Given (12.3) (1.13.2) (1.13.3)we obtain:
b=a[2]2]c=c/a=c[2]1] 418.4)
We now have:

X[2]y =x *y;I(13.5)

X [2]1] y = x [ y;1(13.6)

x[2]2]y =y ! x;1(13.7)

I.14 Connection of operation [2] with operation [3].
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The operatiom of exponentiation- [3] is studied in school after
multiplication ¢ [2]. These operations are closely related to each
other. Here are some examples of this connection:

3*3=32=09;(14.1)
3*3*3=313=27/14.2)
2*2*2*2=2"4=@;(.14.3)

We rewrite these examples in the new notation:
3[2]3=3[3]2=9].14.4)
3[2]13[2]3=3[3]3=2714.5)
2[212[2]2[2]2=2[3] 4 = 164.6)

The exponentiation operation is formed as follows: the factor is
written to the left of the exponentiation operation sign, and the
number of these factors is written to the right of this sign.

[.15The first reverse operation for the third direct operation.

Now we will build for [3]1] Tablél5 from the Table 1.3 (using
(1.8.1) and 8.2)):

[B11]1112|3|b

1 1111

2 2

3 3

4 2

8 2

9 3

27 3

c a
Tablel.15
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Tablel.15 shows that [3]1] coincides with the root:
a=root of degreé of c; (1.15.1)

Not all cells in Tablel5 are occupied. Let's try toccupy them
with rational numbers. Then we get Talbl&6:

[B]11] |1 |2|3|b

1 1|11

2 2

3 3

4 4 |2

8 8 2

9 9 |3

27 27 3

c a
Tablel.16

Not all the cell®f the Tabld.16were filled with rationahumbers.
That is, operdon [3]1] is not equal to operation [3] on the set of
rational numbers. We have to introduce new numbers hethe
square root of 2, the root of the third degree of 2, the square root
of 3, the root of the third degree of 3, and so on. These numbers
are alled irrational. They together with rational numberg are
called real numbersAnd now all the empty cells in Tahl&6 are
filled.

And now we will build Tablel7:

Bl ]1 23 b

1 1] |1

1 111

C a
Tablel.17

One cell in theop row of Tabld.17 could not be filled not only
with a rational, but even with a real number. That is, operation
14



[3]1] is still unequal to operation [3] even on the set of real
numbers.

Let's introduce another numberthe root of the second degree
from-1. It is called "imaginary unit", and is usually denoted by the
letter i

-1[3]1] 2 =i; (1.15.2)
in2=1<Q (.15.3)

If the imaginary unit is multiplied by the real number b, you get
another new imaginary number. That s, if it is raised toseond
degree, it will also be a negative number:

(i*b)~2=(b*b)<0; (15.4)

If real numbers are added with imaginary numbers, then complex
numbers will be obtained.

Now we can fill an empty cell in the top row of Tabl& with the
imaginary uit i and get Tabl&18:

[B11] 11 (2|3 |b

-1 (N I e

1 1111

o a
Tablel.18

And now ¢ after the introduction of irrational numbers, and
imaginary numberg operation [3]1] became equal to operation
[3]: For any complex numbers b for operation [3]1] there is
always a complex numbea. And for any complex, b for
operation [3] there is always a complex numioer

15



[.16 The second reverse operation for the third direct operation.

From (.8.1), (.8.3) for n = 3 we have definitions of [@hd [3]2]
operations:

a[3]b=c;l(16.1)
a[3]2] c = b;1(16.2)

Based on these definitions and Tab® we construct a Tablel9:

Bl2]1/2[3]4]8]9]27]c¢
1 |1

2 1 2|3

3 1 2|3
a b

Tablel.19

Table 1.L19 shows that operation [3]2] coincides with the
logarithm:

b = logarithm (tfor base a;1(16.3)

Let's try to fill in the empty cells in Tabld9 using complex
numbers. The result is presented in Tahkd:

[B]12]1]2(3|4|8|9|27|c

1 1(?2(?2|?2?2|?2|?

2 O|1|+|2|3|+]|+

3 O|+|1|+|+|2]|3

a b
Tablel.20

The "+" sign marks the cellsshere the known numbers are
locatedc the real numbers, only the cells are too small to fit these
numbers. But zero fit, and's standing irtwo cells.
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Those cellswhere no known complex number can starate
marked withsing"?". It is possiblethat there is a new class of
numbers.

.L17b dzY 0 SNBA A (K aKEé o

We introduce into consideration the new numbers through Table
1.21:

Bl2l1]/2 [3 [4 [8 ]9 [27 |¢
1 17?2 73|7?4| 78| 79| ?27
2 O|1 |+ |2 |3 |+ |+
3 O+ |1 |+ |+ |2 |3
a b

Tablel.21

Numbers ?2,73,?4, and so eare defined through operation [3]
as follows:

1[3]?72=122=217.1)
1[3]?3=1"73=3172)
1[3]?4=1"24=417.3)
1[8]a=1"2=a (.17.4)

Hereais any complex number. And the number ?a will be called
a "question number".

1.18 Operation[1] for the two question numbers.

Let's define the addition operation [1for any two queton
numbers ?a?b:

2a + ?b =2¢{(8.1)

17



17 (?a+?b)=(17?a)* (L2 ?b)=a*b=1"2(at18:2)
2a + ?b= ?(a * b); (18.3
2a [1] ?b = 2(a [2] B) 2¢ (.18.4)

According to this formula, we build a Talb22:

[1]]?1]?2|?3|b
?1|?1(?2| 73
?2 | ?2|7?4| 7?6
?3(?3]76| 79
a c
Tablel.22

1.19 The first inverse opetion [1]1] for the first direct operation
[1] on the set of question numbers.

For the question numbersa??b,?c for operation [1] in Table22,
construct operaibn [1]1 and display it in Table3:

[1]1] | ?1|?2|?3| b

?1 ?1

?2 ?2|?1

?3 ?3 ?1

?4 ?2

?6 ?23| ?2

?9 ?3

c a
Tablel.23

Let's define the subtraction operation -*" [1]1] for any two
question numbers € ?b:

1A (2-2)= (172 * (17 (-?b)) =/ (1 A ?b) /b =
= 172¢/ b); (19.1)
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2c-?b = 2% /b); (1.19.2)
2c[1]1] = T- 2= 2€/ b); (.19.3)

According to this formula for operation-"" [1]1], we fill in the
empty cells in Table23 and get Tabll.24:

[l21[22 [23 b
21 | 21| 21/2) | 2(1/3)
22 |?22[?21  |2@/3)
23 | 23[2@2) | 71
24 | 2422 |2(4/3)
26 | 76|23 | 22
29 | 29]2(9/2)| 23
C a
Tablel .24

.20 The second inverse operation [1]2] for the first direct
operation [1] onthe set of question numbers.

According to Table22, movingb andc, we get Tablé.25:

[1]2] [ ?1] 22] 73] ?24] ?26] 29 ¢
21 | 71| 72|73

?2 ?1 ?2| 7?3

?3 ?1 22173

a b
Tablel.25

From the comparison of Tabl5 with Tablel.23 (where the
differenceis: ?c-?b = ?a) Table25 shows the difference:

?c-?a = ?b;1(20.1)
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From (.19.2)¢ after replacement ?b on ?awe get:
?c-?a =?{c/a)R0.2)
?b = ?a[1]2] ?c = ?c [1]1] ?a =?a = ?(c / a)].20.3)

And row we can fill inhe Tablel.25 empty cells and get the Table
1.26:

[1]12] | 71 ?2 ?3 ?4 ?6| ?9 2

?1 ?1 ?2 ?3 ?4 ?6| ?9

?2 21/2) | ?1 ?2@3/2) | ?2 ?3| ?(9/2)

?3 ?2(1/3)| ?2@/3) | ?1 ?2(4/13)| ?2| ?3

?7a b
Tablel.26

So we have:

x[1] %y =?&*y); (.20.4)

[1]1] %y =7/ y); (.20.5)

?2x[1]2] = ?¢/ x); (.20.6)

[.21 Operation [2] for the two question numbers.

We define the multiplication operation [Zpr two any question
numbers ?a?b:

?a[2] ?b 2a* ?b =7¢;1(21.1)

117 (?a[2] ?b)= (1" ?a)A?b=a” W'=2(a” ?b) £~ 2¢(1.21.2)
2¢ = 24~ ?b); (21.3)

c=a”"?b;lR1.4)

2a[2] ?b = 2(a [3] ?b):q1.5

According to the formula.1.5, we build a Table27:
20



[2] | ?1 ?2 ?3 ?b

?1 |21 2 ?3

?2 | ?2(2[3] ?1) ?(2[3] ?2)| ?(2[3] ?3)

?23 | ?2(3[3] ?1) ?(3[3] ?2)| ?(3 [3] ?3)

?a ?c
Tablel.27

?2 increases 1: 1 [3] ?2 = 2;

?(1/2) reduces 1: 1 [3] ?(1/2) = 1/2;

?1lsaves 1:1[3]?1=1;

What follows?1=1; (.216)

With this in mindthe Tablel.27 becomeshe Tablel.28:

[2] | ?1| ?2 ?3 ?b

?21|?1| ?2 ?3

?2 | ?2] ?2(2[3] ?2)| ?(2[3] ?3)

?23 | ?3| ?2(3[3] ?2)| ?(3[3] ?3)

?a ?c
Tablel.28

Let's introduce al:
alb =a” ?b;21.7)
alb = a[3] ?b;1(21.8)

After that, the Tablel.28 will take the form othe Tablel.29:

[2] | 71| ?2 ?3 ?b
?11?1| ?2 ?3
?2 | ?2| 22|12) | 22|3)
?3 | ?3| 2(3|2) | 23]|3)
7a ?c
Tablel.29
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Here's a useful formula:

(?a) * b = 4" b); (.21.9)

(?a) [2]1b="?@[3] b); (.21.10)

We'll get itout.:

1M(B*b)=(1"3a)*"b=a”b=1"74"b); (1.21.11)

Got. We'll be using it soon. In the meantime, build a logarithm:
a=b”"log(b|a); (.21.12)

a =b " {log (a) base b}

For complex bd we have: d * (?b) = (?b) * d;41.13)

But this formulag (1.21.13) we have not checked for correctness.
And here is another useful formula:

ab=b|a (.21.14)

We will deal with its conclusion:

(21.7) + (21.12) @2113) + (219) = (.21.14)

ab=a”?b=b" {(Logb| &) * ?b} =(1.2113) =

=b " {(?b * Log(bla) } 4.19) =

=b " ?(b " Log(bla)) =

=b " ?a=Dbla;

Apply to Tabld.29 equation [(21.14), and we obtain

Tablel.30:
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[2] | ?1| ?2 ?3 ?b
?117?1|?2 ?3
?2 | 221 ?2(212) | ?(2]3)
?23 2?31 7?@|3) | A3|3)
?a ?c
Tablel.30

[.22 The first inverse operation [2] 1] for the second direct
operation [2] on the set of question numbers.

(1.21.1): 2[2] D=7

?a=T[2]1] %; (.22.1)

(1.21.4):.c=a” ?b;

From here we have:

a=root of degree?bfromc; (1.22.2)

(1.22.1) +(22.2) = (22.3):

?a= ?c [31] ?b = oot of degree?bfrom c); (.22.3)

Let's switch places in Taldl80?aand?cand get Tablé.31:

[211] [?1]7?2|?3| D

71 71

2 2|71

3 3 71

?@2 2) 2

?@2|3) 23|72

?@3[3) 3

?c 7a
Tablel.31

Next, consider the three empty cells (?b = ?1 = 1):
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?a = ?(root of degree tdm 2| 2); (.22.4)
?a = ?(root of degree 1 from 2J; (.22.5)
?a = ?(root of degree 1 from 3); (.22.6)
Tabk 1.31 takes the form of Table32:

211 |21 [22]23][

?1 1
72 2 1
23 23 1

?(2|12) | ?(2]2) | ?2

?(2|13) | ?@I3) | ?3| ?2

?(3|3) | ?@3|3) ?3

7c 7a
Table 32

(1.22.3)?a= ?c [2]1] ?b = Rgot of degree?bfrom c);
Substitute(1.22.3) in Tablé.32 and get Table33:

[2]1] |71 ?22|1?3|7b
?1 1 1+ | 2+
?2 ?2 1 |3+
?3 ?3 4+ | 1
?(212) | ?(2|2) | ?2 | 5+
?(213) | ?(2]|3) | ?3| ?2
?(3I13) | ?(3|3) | 6+ | ?3
m 7a
Tablel.33

Because of the closeness | had to enter the symbols:
1+ = ?(root of degre@2 of 1); (22.4)
2+ = ?(root of degree ?2 of 1)2@.5
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3+ = ?(root of degree ?2 of 2)22.6)
4+ = ?(root of degree ?2 of 3).22.7)
5+ = ?(root of degree ?2 of 2§2(.22.8)
6+ = ?(root of degree ?2 of 3|3);42.9

1.23 The second inverse operation [2]2] for the second direct
operation [2] on the set of question numbers.

(1.21.1): &a2] b =%;

2= 2a[2]2] x; (1.23.1)

?b=lag ) on the basis of; (1.23.2)

?a [2]2] ?c = log) on the basis o ="?b; (1.23.3)

Let's move?band?cin Tablel.30. Then we get Table34:

21211211221 23] 2@2) [ 2@13) | 2@3I3) | ¢
21 | ?1[22] 73

2 ?1 ?2 ?3

23 ?1 ?2 ?3

?7a ?b
Tablel.34

Let's look at the three empty cells in the top row of Tald:
Substitute in 23.3):

a=1; c=2; and we get?b = ?(22); (.23.4)

To verify the correctness of this, raise 1 to the powa3(3) and
use (.23.4):
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17 (log (2|2) base 1) =1 ?@)=22;

a=1; c=2}; and we get?b = ?(23); (.23.5)

a =1; ¢ = 3|3; and we gefb = ?(3B); (.23.6)
Substituting this into the Table34 to get a Tablé35:

2121121221 23] 2@12) [ 2@3) | 2@[3) | ¢
21 | ?1]22] 23] 2@2) | 2213) | 23I3)
22

2 ?1 : ?3

23 ?1 ?2 ?3

?7a ?b
Tablel.35

The remaining six empty cells in TabBs are filled with numbers
using (.23.3), and we get Table6:

[2]12] | 71| ?2| ?3| 22|12 | ?2|3 | ?3|3 | %

?1 1 |?2|?3|?22 | ?2|3 | ?3|3

?2 1+ 1 |4+] ?2 ?3 6+

?3 2+ |3+ |1 |5+ ?2 ?3

?7a ?b
Tablel.36

Here, the numbers that do not fit in these six cells are indicated
by the numbers with the plus sigo the right of the number:

?a [2]2] ?c = log (c) on the basis of a = ?&3.3)

1+ =logarithm (1) for base 2 = 028.7)

2+ = logarithm (1) for base 3 = 028.8)

3+ = logarithm (2) for base 3;23.9)

4+ = |ogarithm (3) for base 2;23.10)
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5+ =logarithm (2/2) for base 3.23.11)

6+ = logarithm (3/3) on base 2;23.12)

Given (23.7) and [(23.8) we obtain Table37:

[2]2] | ?1| ?2| ?3| ?2|2 | ?2|3 | ?3|3 | 7

?1 1 |?22] 723|722 | ?2|3 | ?3|3

?2 0O |1 |4+]?2 ?3 6+

?3 O [3+|1 |5+ ?2 ?3

?7a r)
Tablel.37

|.24 Operation[3] for the two questionnumbers.

2a[3] D =c; (.24.1)

0o

—

o hpHXITOM O &

m

X

[3]

?1

?2

?3

b

?1

1

2

3

?2

?2

22[3] 72

22 3] 73

?3

?3

23[3] 72

231[3] 73

7a

Tablel.38

1.25 More about question numbers.

Let us return to the definition of question numbers.alis any

number (complex or question),

1[3]?a=1"7a=4d:35.1)

?(a) = log (a) on the basis of 12%.2)
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It can be seenthat the question mark is the operator:
?() = log (pn the basis of 1(1.25.3)

It can be applied to the same number multiple times:
b =?(?(a)); ¢ = ?(?(?(0)))2%.4)

And more ¢ from (1.25.1) it follows that at a > 1?a is one of
infinitely large numbers. And at a <23 is one of infinitely small
numbers.

Question numbers can be used in formulas along with complex
numbers. They can be multiplied by the imaginary unit.

Here is an example when the question number is represented as
the sum of the imaginary question, and the actual question
summands:

2(:2) = ?6) * i * PI+?2(2); (25.5)

Check this formula by raising 1 to the powerIdg.5):
1[3]1?(2)=1[3]{?(e) *i*PI+?22}
2={1[3]8[3](*P)}*(1[3]72
2={e[3](i*Pl)}*2

2={1}*2

-2 =-2

Here Pl = 3.14, and i is the imaginary unit, and e = 2.7.

[.26 Building new direct operations.
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So we traced the process of the emergence of new numbers,
starting with natural to complex. And found thditety aroseat the
introduction of reverse operations to direct operations. The
introduction of subtraction gave zero and negative numbers.
Introduction of division gave thefractional numbers. The
introduction of the root gave irrational and imaginary nunnbe
Their addition gave complex numbers. This pattern was confirmed
for all numbers. And if someone wants to build new numbers, you
can use this pattern. But the fact is that all reverse operations
have already been used. And all direct operations haveadir
been used.

If we were given a new direct operation, we would build a pair
of inverse operations for it, and then apply the found pattern to
build new numbers. Let us turn to dialectics ag#tisays that the
subject should be studied in developmt. In this case, the subject
is direct operations. And their development can be traced back to
our own experience what direct operations, and in what order
were studied at school.

At the very beginning, we have already mentioned all the
currently known direct operations, and numbered them in the
following order: addition ¢ [1], multiplication ¢ [2],
exponentiation¢ [3]. In this order thg have been studied in
school. We are now interested in the rules of building new direct
operations on the bsis of previous direct operations.

In pointl.11 the construction of multiplication operation?2]
by addition operatiorg [1] is considered. And at the end of this
paragraph, this rule is summarized. Here it is:

"The multiplication operation is foned as follows: to the left of
the multiplication operation, the summand is written, and to the
right of it, the numier of these summands is writtem.
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In paragraph 14 we consider the constructadrthe operation
of exponentiationg [3] by operationof multiplication [2]. And at
the end of this paragraph, this rule is summarized. Here it is:

"The exponentiation operation is formed as follows: the cofactor
is written to the left of the exponentiation operation sign, and the
number of these cofactorsi g NA G GSy G2 GKS NA:

These two definitions can be summarized as follows:

Operation [n+1] is formed by operation [n] as follows: operand for
operation [n] is written to the left of [n+1], and the number of
these operands is written to theght of [n+1].

[.27 Construction of the fourth direct operation[4].
Let's build some examples to obtain [4] by [3]:
2[4]12=2[3]2=4|27.1)
3[4]2=3[3]3=27127.2)
2[4]14=2[3]2[3]2[3] 2% (.27.3)

In the last formula there i@ two options¢ the account in the
right-hand side of the equation to lead a lgé-right (get 256), or
from right to left (get 65 536). How to choose the right option?

Shall we use the question number ?2. Is it an infinitely large
number (1 [3] ?2 = 2:

H ®n8 KH ' HI20®HB H wo® H woB X

In this formula, there is only one optianfrom left to right. The
second option (from right to left) is not possible because the
number of operands on the right side(7.4) is infinite and there
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is no rightoperand. Of course, this is a special example, but the
right option should be universal. Therefore, the equatibB7.3)
takes the form:

2[4]4=((2[312)[3]2)[3] 2 = 2521.3)

Now the fourth direct operation [4] is uniquely determined. And
we'll be filling out the Tablé39 for it:

4]172]3b

1

2

3

a C
Tablel.39

In this table we will put the formula:
af4]b=c; (1.27.4)
1[4]1=1;K27.5)

To the right of [4] is 1, whiameans that after the equal sigthere
is only one operand 1 and no operation [3].

2[4]1 = 2;1(27.6)

3[4]1=3;127.7)
1[4]2=11[3]1=1107.8)
1[4]13=(1[3]1)[3]1=1[3] 1=127.9)
2[4] 2 =2[3] 2 = 4/.27.10)
2[413=(2[3]2)[3]2=4[3] 2 = 1627.1])
3[4] 2 = 3[3] 3 = 27.27.12)
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3[4]3 = (3[3] 3) [3] 3 = 27 [3] 3 =A@8B; (.27.13)

411112 |3 b

1 (1]1 |1

2 |24 |16

3 |3|27|19683

a c
Tablel 40

So we filledn the Tablel.39. And now it is called theablel.40.

And now ve show a shortened method of recording the fourth
direct operation [4] through the third direct operation [3]. Take
the formula (.27.4):

af4]b=c;

And let b = 5. By definition of the fourth operation, we write this
formula as:

c=af4]5=((a[3)43] a) [3] a) [3] &;IR7.14)
Since the properties [3] and [2] we have:
(a[3]la)[3]la=al3] (a[2] a)27.15)

Then (27.5) will look like this:
c=af4]5=(a[3](a[2]a)[3]a)[3]a=

= (@[3l (@l2]a[2] &) [3] a=

=a[3](a[2] a[2] &2] a) = a [3] (a [3] 4)I.87.16)
This example shows the following formula:

a4l b=al3] (a[3] (A)); (.27.17)
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This conclusion is suitable for natural b. But perhaps the final
formula (.27.17) is also true for a wider class of numbers.

[.28 The frst inverse operation [4]] for the fourth direct
operation [4].

Let's look at item.8. The formulal8.1) for n = 4 has the form:
a[4] b =c;l(28.1)

And the formulal(8.2) for n = 4 has the form:

c [4]1] b = a;1(28.2)

Let us rearrange in Tabld0 a and c, and we get Talblé1:

[41] [1]2]3]b

1 111

2 2

3 3

4 2

16 2

27 3

19 683 3

C a
Tablel .41

Using [.28.1) and (28.2) we will try to fill in the empty cells in
Tablel.41:

c=4; b=1,; from (28.We obtain: a = 4;128.3)
c =16; b =1, from (28.1) we obtain: a = 1@8(4)
c=27;b=1; from (28.1) we obtain: a = 228(5)

c =19 683; b = 1; from (28.1) we obtain: a = 19 4&8.6)
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And then the equations for a are not included in thelxelf the
table, and we will indicate these equatioby anumberwith a
plus(we will use 27.17)):

l+=ac=2;b=2;a[4] 2&[3]a=c=2 (1.28.7)
2+=a;c=2;b=3;a[4]af3] (a[3] 2=c=2 (1.28.8)
3+=a;c=3;b=2;a[4¥2a[3] a=c=3 (.28.9)
4+=a;c=3;b=3;a[4] a3 (a[3] 2 c=3 (1.28.10)
5+=a;c=4;b=3;a[4] a3 (a[3] 2=c=4 (1.28.11)
6+=a;c=16;b=2;a[4] 23] a=c= 16 (.28.12)
7+=a;,c=27,b=3;a[4] af] (a[3] 2= c= 27 (.28.13)
8+=a;c=1683;b=2;a[4] 2&[3] a= c= 19683, (1.28.14)

The completed dblel.41 is now calledablel.42:

41 |1 2 [3 |b
1 1 1|1
2 2 1+ 2+
3 3 3+ | 4+
4 4 2 |5+

16 16 6+ 2
27 27 3 |7+
19 683| 19683| 8+| 3

Tablel.42

1.29 The secondinverse operation [4]2] for the fourth direct
operation [4].

Formula (I. 8.1) at n = 4 gives:
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a[4]b=c(l.291)

Take the formula (1. 8.3) at n = 4:

a [4]2]c=b; (129.2)

Let's changé andcin the Tablel.40, and get the Table. 43:

[412] | 1 2(3|4(16|27]19683|c

1 1,2, 3

2 1 2|3

3 1 2 |3

a b
Tablel.43

Here we are again faced with a new type of numbers: numgers
strings. Ircell b, where a=1, ¢ = 1 of Tab48 are just 3 numbers:

1, 2, 3. And, if some formula will meet this number b, it is unclear
which of its three values (1, 2, 3) to take for calculations. We have
seen this in Tablel9 and in Tablé20. But there wavere silent
about this feature. The only thing we can do now is to develop a
special designation for such numbestsings, so that it is entirely
placed in one cell. If the first value of the numitiee denote-

"m", the number of values in the numbdine denote "N", and
additiveto move to the next value denote "n", and as a separator
of these symbols to take a vertical line"|", we get such a record:

m|N| n (.29.3)

In our example (1, 2, 3) it will be written as:

13| 1 (.29.4)

Now fill in the empty cedl in Tabld.43 and get Table44:

[42] | 1 2 [3 4 [16 [27 [19683]c
1 [1,2,3[3+ [4+|5+ |6+ |7+ |8+
2 |1+ |1 Jo+|2 [3 |10+|11+
3 |2+ |12+]1 [13+]14+|2 |3
a

Tablel.44
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a=2;c=1;2[4]b=1;2[4]2] 1 = b =(l29.5)
a=3;c=1;3[4]b=1;3[4]3]1=b=P296)

In equations 1+ and 2+, the valadbe reduce 2 and 3 to 1. That
means they are infinitely small.

a=1;c=2;1[4b=2; 1[4]2] 2 =3+ (29.7)
a=1,c=3;1[4b=3;1[4]2] 3=b=4+;[29.8)
a=1;c=4;1[4b=4;1[4]2] 4 b=5+; (29.9)

a=1;c=16; 1 [4p=16; 1[4]2] 16 b= 6+; (29.10)
a=1.c=27:1[4p=27;1[4]2] 27 b= 7+, [29.11)
a=1;c=19683; 1 [4]b = 19683; 1 [4]2] 1983 =b = 8+ (1.29.12)

In equations from 340 8+, the valuesb¢ enlargethe 1 to 2, or to
even larger numbers. So the valui are infinitely large.

a=2;c=3;2[4]1b=3;2[4]2] 3=b =0829(13)
a=2;c=27;2[4]b=27;2[4]2] 27 = b = 1®@9.14)
a=2;c=1683;2[4] b =1883; 2[4]2] 1983 = b = 11+].09.15)
a=3;c=2:3[4]b=2;3[4]2] 2=b = 1R29.(16)
a=3;c=4;3[4]b=4:3[4]2] 4=b = 1B39.017)
a=3;c=16;3[4] b=16; 3[4]2] 16 = b = 1429.08)

In equations from 9+ to 14+ valuesg increase or decrease the
original valus, but neither the original nor the final values are
equal to 1. So the valué® d&n these equations are also finite.

1.30 Question numbers. Extension of the concept to new direct
operations.
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Remember the definition of question numbers in paragraph
1.17:

1[81?a=1"?a=4d;17.4)

Here a is any complex number. And the number ?a will be called
a "question number".

Now that the fourth direct operation has appeared, this
definition can be generalized to any direct operation with number
n:

1 [n] n?a=3a;l30.1)

Here a is any complex or question number. And number n?a will
be called a "question number".h& connection of the old
"question numbers'?a and new "question numbers" a?sthis:

3?a = "?a;/30.2)

1[3]3?a=2a;l30.2)

And for the fourth direct operation [4] definition.80.1) gives:
1[4] 4?a = a;130.3)

For a = 2 we obtain the equation:

1[4] 4?2 = 2;1(30.4)

Herethe number 4?2 increases 1 to 2. So this is an infinitely large
number. Number 4?3 it turns out, too, endlessly large number.
Also infinitely large numbers are 4?4, 4?16, 4?27, 4?19683, and so
on.

For a = 1/2, we obtain the eqtion:

1 [4] 4?1/2 = 1/2;1(30.5)
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In this example, the number 4?1/2 reduce 1 to 1/2. So it's an
infinitely small number. Number 4?1/3 is also an infinitely small
number. Also infinitesimalumbers are 4?2/5, 4?3/7, 4?1/X2all,
which have a <1.

And number 4?1 gives the equation:
1[4] 471 = 1;130.6)
It stores 1 and thus is itself equal to 1:

471 = 1;1(30.7)

1.31 Operation [4] for question number8a (37a).
From pointl.27 we take the formula:
a[4]b=al3] (a[3] ()); (.27.17)

For the brevity of the formulas, we will use the old notation. Recall
that ?1 = 1.

?1[4]?1 =21 [3] (?1 [3] (}11))=1[3] (1 [3] (1¢ 1)) =
=1[3](1[3]0)=1[3]1=13L.1)

?1[4]?2="71[3](?1[3] (BA)) =1[3] (1 [3] (?2 1)) =
=1BI(1[B]?2)[2] 1 [BF)) =1[3](2[2] 1) =
=1[3]2=1]81.2)

?1[4]?3=1[3] (1 [3] (W31))=1[3] (1 [3] ?3) [2] (1 [31Y) =
=1[3](3[2] 1) =1[3] 3 = 131.3)

?2[4]?1="72[3] (7?2 [3] (1)) = ?2[3] (?2[3] ¢1)) =
=22[3] ((?2[3] 1) / (22 [3] 1)) = 22 [3] (?2/ ?2) =22 [3] 1 =
= 22; (31.4)
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?3[4] ?1 =723 [3] (?3 [3] (1)) =73 [3] (?3[3] @ 1)) =
=23 [3] (?3[3] 1) / (?3[3] 1)) = ?3 [3] (?3/ ?3) =
=23 [3] 1 = 23/.81.5)

22 [4] 22 = 22 [3] (?2][8?2¢ 1)) =
(o "% T124:22-1=22[1]1] 71 = ?2)
= 72 [3] (?2 [3] ?2)1.31.6)

?2[4] 73 =22 [3] (?2[3] (83)) =
=72 [3] (22 [3] ?3); (1.3).7

23[4] 72 = 23 [3] (?3 [3] (22L)) =
=23 [3] (?3 [3] 72)].818)

23 [4] 73 = 23 [3] (?3][8?3¢ 1)) =
=23 [3] (73 [3] ?3); (1.32.9

These results are summarized in Table 45:

[4] | ?1] ?2 ?3 b

2111 |1 1

?2 1?2 ?2[3](?2[3]?2] ?2[3](?2[3] ?3

?3 | ?3| ?3[3](?3[3] ?2] ?3[3](?3[3] ?3

a c
Tablel .45

Tablel .45 containghe formula: a [4] b = ¢; (1.31.10
A little note. From1(30.4) we have:

1[4]4722=2;

And from(1.31.2) should (given 3?2 =)?2
1[4]3?2=1;

Thatmears4?72 > 372;1(31.11)
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[.32 The first inverse operation [4]1] for the fourthdirect
operation [4] for question numbers ?a ( 3?7a).

Let's look at item.8. The formulal8.1) for n = 4 has the form:
a[4] b =c;I(32.1)

And the formulal(8.2) for n = 4 has the form:

c [4]1] b = &;1(32.2)

We introduce the following notations:

22 [3] (22 [3] ?72) = "222"; 22 [3] (22 [3] ?3) = "22B32(3)

23 [3] (?3 [3] ?2) = "332"; ?3 [3] (?3 [3] ?3) = "33B2(4)

If we rearrange'a” and "c" in Tablel.45, we get Tablé.46 for
operation [4]1] applied to the numbers ?a (37a):

[4]11] | ?1|?2|?3| Db

1 1 (1 |1

?2 ?2

?3 ?3

222 ?2

223 ?2

332 ?3

333 ?3

c a
Tablel .46

Using the formulal@32.1) set b = 1 and obtain a = c. Tab#é
takes the form of a Table47:
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[41] [?1 [22]23[Db
1 |1 |1 |1
22 | 22
23 | 23
222 | 222 72
223 | 223 22
332 | 332|723
333 | 333 23

Tablel .47

Fill the empty cells in the Tabld7 with icons¢ 1+, 2+, ..., 7+, 8+
-and get Tablé.48:

[411] |21 [22]23]b
1 1 |1 [1
22 |22 |1+ 2+
23 |23 |3+ 4+
222 | 222|225+
223 | 2236+ 72
332 | 332 23| 7+
333 | 333] 8+ 73

Tablel.48
af4]b=c;
Give the icons their corresponding values:
c=7?2;b=72;a[4]?2="72;1++326)
c=72;b="?3;a[4] ?3 = 222+ = a;1(32.6)
c=73;b="7?2;[4] 22 =?3; 3+ =a.32.7)
c=7?3b="7?3;a[4] ?3 =734+ = a;1(32.8)
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c =222; b="?3;a[4] 23 = 222; 5+ +.32.0)

c=223;b = ?2;a[4] ?2= 223; 6+ = a].82.10)
c=332,b="73;a[4] ?3=332; 7+ = a].82.11)
c = 333; b =?2; a [4] 22333; 8+ = a].82.12)

1.33 The second inverse operation [4]2] for the fourth direct
operation [4] for question numbers ?a ( 3?a).

The formula8.1) for n = 4 gives:

a[4] b =¢;I(33.1)

Take the formulal8.3) for n = 4:

a [4]2] c = b;1(33.2)

Weintroduce the following notations:

22 [3] (72 [3] ?2) = "222"; 22 [3] (?2 [3] ?3) = "22B3(3)
23 [3] (73 [3] ?2) = "332"; 23 [3] (?3 [3] ?3) = "33B3(@)

Let's rearrange b andin Tablel.45 and get Table49:

[4]2] |1 | ?2| ?3| 222 | 223| 332|333 | C
7?1 1+

?2 1 ?2 | 7?3

?3 1 ?2 | 7?3

a b

Tablel.49
Here 1+ is a numbestring: 1+ = 1,72, ?3.33.5)

Fill the remaining empty cells of the TathiO with icons 2+, 3+,
..., 14+, 15+ and gé¢the Tablel.50:
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[4]2] |1 | ?2 | ?3 |222| 223|332 | 333

1 1+ 4+ |5+ |6+ |7+ |8+ |9+

?2 2+ |1 11+ ?2 | ?3 | 14+ 15+

?3 3+ 10+| 1 12+ 13+ | ?2 | ?3

Tablel.50
Give the valuefor the new icorsin the Tabld.50:
(al[dlb=cjal4]2lc=Db)
a="72;c=1;7?2[4] 2+ =1133.6)
a=73;c=1; ?234] 3+ = 1;1(33.7)
a=1;c=?72; 1 [4] 4+ = 72.33.8)
a=1;c=?3; 1 [4] 5+ = 73.33.9)
a=1;c=222;1[4] 6+ =2223%.10)
a=1;¢c=223;1[4] 7+ =2233%8.1)
a=1;c=332;1[4] 8+ = 333%.12)
a=1;c=2333;1[4] 9+ = 33133%.13)
a=7?3c="72;?3[4] 10+ =?23B.14)
a=7?2;c=73;?2[4] 11+ = ?8.33.15)
a= ?3;c= 222; ?234] 12+ = 222;1(33.16)
a= ?3;c= 223; 234] 13+ = 223:I(33.17)
a="?2;c=332; ?44] 14+ = 332;1(33.18)
a = ?2; c = 333; 72 [4] 15+ = 333319)
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1.34 Operation [4] for question numbers 4?a.
a[4] b =c;I(34.1)

From (.30.7) take the equation: 4?1 =1;
Then we will get:

471 [4] 471 = 11.84.2)

471 [4 472 = 2;1(34.3)

471 [4] 423 = 3].84.4)

472 [4] 471 = 4221.34.5)

473 [4] 471 = 473{.34.6)

For the formulal(34.1) willbe the Tblel.51.:

[4] | 4?1 4722 473 b

4?1 1 2 3

4722 | 4?22 | 4?2 [4] 4?2 4?2 [4] 4?3

4?23 | 4?3 | 4?3 [4] 4?2 4?3 [4] 4?3

a c
Tablel.51

.35 The first inverse operation [4]1] to the fourth direct
operation [4] on the set of question numbers 47?a.

To obtain the first inverse operation [4]1] to the fourth direct
operation [4] it is necessary to rearrge "a" and'c" in Tablel.51:

c [4]1] b = a;1(35.1)

And then we get a Table2:
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[4]11] 471|472 4?3 | b

1 1

2 1

3 1

472 472

473 473

4?2 [4] 4?2 472

4?2 [4] 4?3 4722

4?3 [4] 4?2 473

4?3 [4] 4?3 47?3

c a
Tablel.52

Using the formulasl82.1), (.30.7) andhe Tablel.52 (a [4] 1 =)
, we fill in a few more cells, and get Tab&S:

[4]1] 4?1 4721 4?3| b

1 1

2 2 1

3 3 1

472 472

473 4723

472 [4] 4?2| 4?2 [4] 4?2 4?2

4722 (4] 43 | 4?2 [4] 4?3 472

473 [4] 4?2| 4?3 [4] 4?2 47?3

4?3 [4] 4?3| 473 [4] 4?3 473

c a
Table 53

In the remaining empty cells full expressions will not fit. So we'll
fill them with short icons and then match the icons toeth
expressions. Table with icons will be callatble].54:
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1+ [4] 472 = 1)835.2)

2+ [4] 4?3 = 1185.3)

3+ [4] 4?3 = 2185.4)

4+ [4] 4?2 = 3]135.5)

5+ [4] 422 = 472|.85.6)

6+ [4] 4?3 = 472|.85.7)

7+ [4] 422 = 423/.858)

8+ [4] 423 = 473/.85.9)

9+ [4] 4?3 = 422 [4] 472;35.10)

[4]11] 4?1 47?2 | 4?3
1 1 1+ | 2+
2 2 1 3+
3 3 4+ |1
4722 4?2 5+ | 6+
4?3 4?3 7+ | 8+
47?2 [4] 4?2| 472 [4] 4?2 4?2 | 9+
47?2 [4] 4?3| 472 [4] 4?3 10+ | 4?2
4?3 [4] 4?2| 4?3 [4] 4?2 4?3 | 11+
4?3 [4]4?3 | 4?3 [4] 4?3 12+ | 4?3
c
Tablel.54

10+ [4] 472 = 422 [4] 4?335.11)

11+ [4] 423 = 423 [4] 472,35.12)

12+ [4] 422 = 423 [4] 473;35.13)
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1.36 The second inverse operation [2] to the fourth direct
operation [4] onthe set of question numbers 4?a.

To obtain the second inverse operation [4]2] to the fourth direct
operation [4] it is ecessary to rearrange "b" and™m Tablel .51,
and we gethe Tablel .55:

42112 [3 [422[4?23]2272]237[3272] 337 ¢
421 | 1] 42473

472 4?1 4722 | 473

473 4?1 472 | 4?3

a b
Tablel.55

a[4]b=c;l36.1)

a [4]2] c = b;1(36.2)

In Table 5%here areapplied the reductior
"227"="472 [4] 472", "237?"= "472 [4] ¥? (1.36.3)
"327"="473 [4] 4?2"; "33?"="47?3 [4] 4?3'36.4)
From (.30.7)it istaken the equation: 4?1 = 1;

Let's set "a" = 4?1 = 1 and we will substituteli@g.1) different
"c". We will get different equations for &b

Cc=472; 1[4p=472b = 4?(4?2)bl =b; (1.36.5)
c=4723; 1 [4b = 4?3 = 42(4?3)b2 =D; (1.36.6)
c=227: 1 [4b = 222}b = 4?2(22?)b3 =D; (1.36.7)
c=23?; 1 [4b = 23?2}b = 4?(23?)b4 =D; (1.36.8)
c=327; 1 [4p = 322:b = 47(32?)b5 =b; (1.36.9)
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c=33?; 14] b= 33?}b = 42(33?)b6 =b; (1.36.10)

Let's put into a Tablé55 the values: bl, b2, b3, b4, b5, b6 in
appropriate placesand get a Table56:

42112 [3 [422[4?23]227]237[3272] 337 ¢
4721 | 142|473 bl |b2 |b3 |b4 |b5 | b6

472 1 472 473

473 1 472 473

a b
Tablel.56

Let's fill the remaining empty cellyyindexes: 1+, 2+, ..., 11+, 12+
and get a Table57:

412111 |2 3 472 473]22?|23?|32?33?|cC

4?1 |1 | 472|473 bl |b2 [b3 |b4 | b5 | b6

472 |1+ 3+ |5+ |1 8+ | 472|473 | 11+| 12+

473 |2+ |4+ |6+ |7+ |1 9+ | 10+| 4?2 4?3

a b
Tablel.57

Now let's compare its value to each index:
(a[4]b=c) (a[4]2]c=b)
a=472c=1;4?2[4b=1; 1+ b; (.36.11)
a=47?3c=1; 4?3 [4b=1; 2+ b, (1.36.12)
a=47?2,c=2; 4?2 [4b=2; 3+ b; (1.36.13)
a=4?3c=2; 4?3 [4b = 2; 4+ b; (.36.14)
a=472,c=3; 4?2 [4b = 3; 5+ ; (.36.15)
a=473,c=3; 4?3 [4b=3; 6+ b; (1.36.16)
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In these six formulathe indexes 1+, 2+, 3+, 4+, 5+g8einfinitely
small.

a=473;c=472; 4?3 [4] b =47?2; 7+ £38.07)
a=472; c = 473; 422 [4] b = 423; 8+ £38.(8)
a=473; c = 22?; 4?3 [4] b = 227; 9+ £38.(9)
a=473;c=234?3[4] b =237?; 10+ = b36.20)
a=472; c = 327; 422 [4] b = 32?; 11+ £36.21)
a=472; ¢ = 33?; 472 [4] b = 33?; 12+ £36.22)

In the last four formulasthe indexes 9+, 10+, 11+, 1&te
infinitely large.

1.37 The onstruction of the ffth direct operation- [5].

ParagrapH.26 describes thgeneral rule of constructing a [n +
1] direct operation by [n] direct operation. Here it is:

Operation [n+1] is formed by operation [n] as follows: the
operand for operation [n] is written to the left of [n+1], and the
number of these operands is written to the right of [n+1].

You can look at paragrapl27 - it describes the construction of
the fourth drect operation [4]. It obtains ageneral rule of
parenthesis arrangements; so, that the calculations are
performed from left to right. In our case, n = 4. Let's look at some
examples:
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a[5]b=c; (1.37.1)

2[5]2=2[4] 2 = 4].87.2)

2[5]13=(2[4R) [4] 2 =4 [4] 2 = 4 [3] 4 = 25637.3)
3[5]2=3[4] 3 =1683; (.37.4)

3[5] 3 =(3[4] 3) [4] 3 = BB3 [4] 3; (:37.5)
1[5]1=1;1[5]2=1;1[5]3=137.6)
2[5]1=2;3[5]1=337.7)

Let us summarize them in TablBg8:

G112 3 b
1 (1)1 1

2 |24 256

3 | 3]19683]19683[4] 3
a C

Tablel.58

Then you should act as in the case of the fourth operation.
And then build the sixth operation, and so on. This concludes
Chapterl.

18.08.2018
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(CHAPTER I



[1.1 Summary of Chapter

LY mMpynZ L NBIR Ay (KS 22dNY I f
V. Ouspensky "neBtandard analysis'The hyperreal numbers
wereintroduced in consideratiom it. And, already somewhere in
Jure 1984, | thought " There was a time when they did not know
about. And now learned. So maybe there are other numbers that
we don't know now, and then we'll find out. And is it possible not
to wait for this, but somehow to find out about these unknown
numbers now?".

Dialectics says that the subject should be studied in development.
In this case, the subject is numbers. And their development can
be traced from my own experienaghat numbers, and in what
order | studied at school.

First, we studied thenumbers: 1, 2, 3, .- they are called
natural. Then zero and negative numbers. Natural, zero and
negative are called integers.

Then there were fractional numbers. Integers and fractional
numbers are called rational numbers.

Then irrational numbers wergtudied. Rational numbers together
with irrational numbers are called real numbers.

They were followed by imaginary numbers. Real numbers
together with imaginary numbers are called complex numbers.

The @erations, studied in schoaye many. But themain ones
are addition, multiplication, exponentiation. They will be caled
"direct operations”. We introduce the following notations: [d]
addition, [2]¢ multiplication, [3]¢ exponentiation. Also, we will
introduce the conventional symbols of thesiree "direct
operations": [1]¢ "+", [2] ¢ "*", [3] ¢ """
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Let a direct operation n be defined on some set of numbers:
aln] b=c;l8.1)

(Here a, b are numbers from this set. They are called operands.)

If in (8.1) we rearrange the first operand™with the result "c",

we get:
c [n]1] b = &;1(8.2)

Thisis the definition of the first reverse operatior[n]1] to the
direct operation n.

If in (8.1) we rearrange the second operand "b" with the result "c",
we get:

a [n]2] c = b;1(8.3)

This is the diinition of the second inverse operatidn]2] for n
direct operation

So we traced the process of the emergence of new numbers,
starting from natural to complex. And found that they occurred
with the introduction of reverse operations to direct opions.
The introduction of subtraction gave zero and negative numbers
The introduction of divisiorgave the fractional numbers. The
introduction of the root gave irrational and imaginary numbers.
Their addition gave complex numbers. This pattern wasicoatl
for all numbers. And, if someone wants to build new numbers, you
can use this pattern. But the fact is that all reverse operations
have already been used. And all direct operations have already
been used.

If we were given a new direct operationg would build a pair
of inverse operations for it, and then apply the found regularity to
construct new numbers. Let us turn to dialectics agiisaid that
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the subject should be studied in development. In this case, the
subject isthe direct operatiors. And their development can be
traced back taour own experience what direct operations, and

in what order studied at school.

At the very beginning, we have already mentioned all the
currently known direct operations, and numbered them in the
following order: addition ¢ [1], multiplication ¢ [2],
exponentiation¢ [3]. In this order thg have been studied in
school. We are now interested in the rules of building new direct
operations on the basis of previous direct operations.

The multiplcation operation is formed as follows: to the left of
the multiplication operatiorsign the summand isvritten, and to
the right of the sigrthe number of these summands is written.

The exponentiation operation is formed as follows: the
cofactor is witten to the left of the exponentiation operation sign,
and the number of these cofactors is written to the right of this
sign.

These two definitions can be summarized as follows:

Operation [n+1] is formed by operation [n] as follows: the
operand foroperation [n] is written to the left of [n+1], and the
number of these operands is written to the right of [n+1].

2[4]4=2[3]2[3]2[3] 2 = X27.3)

In the last formula there are two options the account in the
right-hand side of the equatiorotlead a lefito-right (get 256), or
from right to left (get 65 536). How to choose the right option?

We dall use the question number ?2 Is an infinitely large
number (1 [3] ?2 = 2):
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2[4]?2=21[3]2[3] 2[3] ..:27.4)

In this formula there i®nly one optiong from left to right. The
second option (from right to left) is not possible because the
number of operands on the right sid# (1.27.4) is infinite and
there is no right operand. Of course, this is a particular example,
but the right opion should be universal. Therefore, the equation
(1.27.3) takes the form:

2[4]14=((2[812)[8]12) [3] 2 = 2521.3)

Recall the definition of question numbers in paragraf:
1[3]?a=1"?a=4;17.4)

Here a is any complex number. And the number ?a will be called
a "question number".

Now that the fourth direct operation has appeared, this
definition can be generalized to any direct operation with number
n:

1[n] n?a=3a;l30.1)

Here a is any complex or question number. And the number n?a
will be called a "question number". Connection of old "question
numbers"?a and the new "question numbers" asthis:

37a = ?a;1(30.2)
1[3] 37a = a;130.2)
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And nowwe show a shortened method of recording the fourth
direct operation [4] through the third direct operation [3].

af[4lb=a(3] (a[3] (H)); (.27.17)

This conclusion is suitable for natural b. But perhaps the final
formula (.27.17) is also true forwider class of numbers.

[412] | 1 213|4|16|27|19683|c

1 1,2,3

2 1 213

3 1 2 |3

a b
Tablel 43

Here we are again faced with a new type of numbers: numgers
strings. In cell b, where a = 1, & of Tabld.43 are just 3 numbers:

1, 2, 3. And, if some formula will meet this number b, it is unclear
which of its three values (1, 2, 3) to take for calculations. We have
already seen this in Tabld9 and Tablé.20. But there we were
silent about his feature. The only thing we can do now is to
develop a special designation for such numbsrigs, so that it
fits entirely in one cell. If the firstalue of the numbetine we
denote"m", the number of values in the numbéne denote "N",
and addiive to move to the next value denote "n", and as a
separator of these symbols take a vertical line "|", we get such a
record:

m|N|n (1.29.3)
In our example (1, 2, 3) it will be written as:

1/ 3|1 (.29.4)
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[I.2 Determination ofdirect zero [0] anddirect negative [-m]
operations.

Chapterl establishes a connection between direct operation [n]
and direct operation [n + 1]. Here are a couple of examples of this
connection:

3[n+1]12=3[n]3; (Il.2.1)
2[n+1]3=(2[n] 2)[n] 2; (Il.2.2)

If we taken =0, we can determine by the known direct operation
[1] (addition) a new direct operation [0]. And then, by direct
operation [0] build a new direct operationl]. Thus we can
construct all direct operations with negative numbers.

So the number of the direatperation can take the value of any
integer.

I1.3 Zero direct operation [0].
Taken=0.Use also2 [1] 2 =2 + 2 =4, (11.3.1)

In the sample (11.2) replace 3 with 2, and then we get the
equation for 2 [0] 2:

4=2[1]2=21[0]2; (11.3.2)
Further2 1] 3=2+ 3 =5; (1.3.3)
Apply the sample (11.2)2nd obtain the equation for 4 [0] 2:
5=2[1]3=(2[0]2)[0] 2 =4[0] 2; (11.3.4)
Now, considering (11.3.4), we construct the equation for 5 [0] 2:
6=2[1]4=(21[0]2)[0]2)[0] 2 = (4 [0]®@)2 = 5 [0] 2; (II.3.5)
And now, considering (11.3.5), the equation for 6 [0] 2:
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7=2[1]5=(5[0]2) [0] 2 =6 [0] 2; (I1.3.6)

Next, we get a couple of equations:
8=2[1]6=(6[0]2)[0]2=7[0] 2; (11.3.7)
9=2[1]7=(7[0] 2) [0] 2 =8 @](II. 3.8)

The equations obtained are generalized by the formula:
a[0] b=c; (11.3.9)

Now let's build five more equations, but with b = 3:
5=3[1]2=31[0] 3; (11.3.10)
6=3[1]3=(3[0]3)[0]3=5][0]3; (I.3.11)
7=3[1]4=6[0]3; (ILR)

8=3[1]5=7[0]3; (1.3.13)

9=3[1]6=81[0] 3; (11.3.14)

And now four more equations with b = 4:
6=4[1]2=41[0]4; (11.3.15)
7=4[1]13=(4[0]4)[0]4=610]4;(11.3.16)
8=41[1]14=71[0]4; (1.3.17)
9=4[1]5=8]0] 4; (ILBB)

We construct three equations with b = 5:
7=5[1]2=5]0]5; (11.3.19)
8=5[1]3=(5[0]5)[0]5=710]5; (11.3.20)
9=5[1]14=8[0]5; (1.3.21)

Now let's build two equations with b = 6:

8 =6[1]2=61[0] 6; (11.3.22)
9 =6[1] 3 = (60] 6) [0] 6 = 8 [0] 6; (11.3.23)
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And finally, the last equation (with b = 7):

9=7[1]2=7[0]7; (11.3.24)

af0] b=c;(ll.3.9)

All these equations are prested in the form of Table 1l:1

2

3

4

5

6

7

b

4

5

6

6

7

7

7

N[O |0

8

8

8

QJ\IG)U'I-bOJI\)E

Table 1.1

It is impossible to make formulas for empty cells. It remains only
to speculate. If you try to make it logical, balanced and ti&du

you will get the Table 11:2

012 |3 |4 |5 |6 |7 |b
2 |4 |45|5 |5 |5 |5
3 |45|5 |55|6 |6 |6
4 |5 |55/6 |65|7 |7
5 |6 |6 |65|7 |75]|8
6 |7 |7 |7 |75|8 |85
7 |8 |8 |8 |8 |85|9
a c
Table 11.2

Here is an extended table for [O]:
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0|2}-1(0,1|2|3|4|5|6|7]|b
201051 (11|11 ]1]|1]|1
1105|1152 | 2|2 |2 |2]|2]|2
0|1 |15/ 2 |25/3|3|3|3|3]3
12| 2|25 3 (35| 4|4 | 4| 4] 4
2|1 3| 3|3 |35/4 |45 5|5|5]5
3| 4|4 | 4| 4|45 5|55/ 6|66
4| 5|5 | 5|5 |5 |55 6 |657]|7
5|6 | 6 | 6| 6| 6|6 |65 7|75 8
6|7 |77 | 7|7 |71 71|75 8|85
7|18, 88| 8| 8| 8] 8| 8/|85|9
a c
Tablell.2.1

I1.4 The first inverse operation [0]1] to the zero direct operation

[0].

Permute a and c in Table I.2 and get Table 11.3 for the first inverse
to zero:
c[0]1] b =a; (11.4.2)

[0]2]12|3|4|5|6|7|Db

4 2

45 |32

5 413|122 |2)|2

55 4|3

6 5/5/413|3|3

6.5 5|4

7 6/6|6|5/4|4

7.5 6|5

8 71771765

8.5 716

9 888889

a c
Table 11.3
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The contents of the empty cell®wjectures logical and simple.
The resulisin the Table 11.3.1:

o2 [3 |4 |5 |6 |7 |b
4 |2 |1 |1 |1 |1 |1
45 |3 |2 |15|15|15|15
5 |4 |3 |2 |2 |2 |2
55 |45|4 |3 |25|25|25
6 |5 |5 |4 |3 |3 |3
65 |55|55|5 |4 |35|35
7 |6 |6 |6 |5 |4 |4
75 |65/65/65|6 |5 |45
8 |7 |7 |7 |7 |6 |5
85 |75|75|75|75|7 |6
9 |8 |8 |8 |8 |8 |9
a C
Table 11.3.1

.5 The second inverse operation [0]2] to the zero direct
operation [0]. Part 1.

Swap the c and b in Tibll.2 and obtain the Table 1.4
a[0]2] c =b; (11.5.1)

41455 |55|6 [65|7 |[75]|8 [85|9]|cC

2123 1+

3 2 |3 |4 |2+

4 2 |13 |4 |5 |4+

5 3+|4 |5 |6 |7

6 5+|5 |6 |7

7 6+|6 |7
a b

Table 11.4 [0]2]
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1+=4,5,6,7,2+=5,6,7; 4+ =6, 7; (11.5.2)
3+=2,3;5+=2,3,4,6+=2,3,4,5; (1.L5.3)

In this tablewe again met the numbelines. 1+,..., 6+. We will
write them down in the designations defined in paragraph 29:

If the firstvalue of the nmber-line denote"m", the number of
values in the numbeline denote "N", and additive to move to the
next value denote "n", and as a separator of these symbols take a
vertical line "|", we get such a record:

m|N|n (29.3)
First, do this with the formuladi(5.2):
1+ =44|1; 2+ = 53| 1; 4+ = §2| 1; (11.5.4)

Let's look at Table 11.2 again

o2 [3 [4 [5 [6 |7 [b
2 |4 |45]5 [5 |5 |5
3 |45|5 |55(6 |6 |6
4 |5 |55|6 |65|7 |7
5|6 |6 |65/7 |75|8
6 |7 |7 |7 |75|8 |85
7 |8 |8 |8 [8 |85|9
a C

Table 1.2

When a = 2 after the number of 4.5 and up to the border of the
Table 11.2 there is a continuous row of fives. The first of these is
bordered by a number of 4.5 and has b = 4irSbt for m we get

b = 4. The number of these fives from 4dbthe right border of

the table = 4. Therefore, for N we took 4. The first five has b = 4.
The second five has b = 5. Additive = 1. The third five has b = 6.
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Supplement, too, = 1. The fourflve has b = 7. Supplement, too,
= 1. Thereforen = 1. And we hae for a series of four fives:

1+ = m|N|n = 44| 1; (11.5.5)

For a series of three sixes at a = 3 we have after the number 5.5
the first six with b = 5. 9o 2+ for m, we get b = 5. The number of
these sixes from the number 5.5 to the right border of thble =

3. Therefore, for N we took 3. The first six has b = 5.s€kend

six has b = 6. Additioto the first six = 1. fie third six has b =7.
Additiveto the second six = 1. So n = 1. And we have for a series
of three sixes:

2+ =mN|n=953|1; (Il.5.6)

For a series of two sevens at a = 4 we have the number 6.5 on
the left as the boundary. The first seven to the right of 6.5 has b =
6. Therefore, in 4+ we took m = 6. The number of these sevens
from 6.5 on the left andto the right border of Table.R is equal
to 2. ThereforeN = 2. The first seven has b = 6. Téwpad seven
has b = 7. Additioto the first seven = 1. Therefore = 1. And for
a series of two sevens we have:

4+=mN|n=§2|1; (1.5.7)

For Table 11.2 we have taken for its rightbdary b = 7. If it were
not for the size limit of Table 11.2 for the zero direct operation [0]
of the page frames in this book, then from tigeneral view of
Table I1.2 it is clear that the row of fives at a = 2 continues to the
right endlessly. That is\ = ?2. (Question number ?2 coincides
with the number of natural numbers.) And then for 1+ we have:

1+ = 4]?21; (11.5.8)

The same reasoning is true for the row of three sixes. And we have
for 2+:
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2+ =5|?2|1; (11.5.9)
The same thing happens with a rowta sevens at a = 4:
4+ = 6|?2[1; (11.5.10)

Now let's move on to the formulas (11.5.3). Let's start with 3+ in
Table 1l.4Thereare two sixesta =5 in Table 11.2 to the left of the
number 6.5.The left border of the Table Ili8located to the Ié
of them. And to the leftof it hides an endless series of sixes.
Therefore, it is possible to start the numbering ofesixn the
numberline 3+ only fronthe right ¢ with the number b =3: m =
3. The number of sixes is infinite: N = ?2 (humber of pesit
integers). The six to the left of the@dt has b = 2. So the addition
is-1, n =-1. And then we have:

3+ = mN|n= 3|?2|-1; (11.5.11)

Continue 5+ in Table Il.Zhereare three sevenst a = 6 in
Table 1.2 to the left of 7.5The left border ofthe Table Il.2s
located to the left othem. And to the left of this border hides an
infinite number of sevens. Therefore, it is possible to start the
numbering of sevens onlyom the right¢ with a seven having b
=4: m=4. N =7?2. The second sewethhé numbetline 5+ has b
= 3. So the additiois-1, n =1. And then we have:

5+ = mN|n = 4]?2]-1; (11.5.12)

Now is the turn to the 6+ in Table II'Phereare four eightsat
a =7 in Table II.2 to the left of 8.%0 the left of them out of a
border of theTable Il.4s an infinite number of eights. Then N =
?2. And the rightmost eight hds= 5: m =5. The nexight to the
left of it has b= 4. Therincrement=-1, n =1. And we now have:

6+ = mN| n = 5?2|-1; (11.5.13)
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Let us introduce in Tab 11.4 four more numberstrings:
7+ = 2|?21; 8+ = 1|?2}1; 9+ = 7|?21; 0+ = 8|?2|1; (11.5.14)
And get the Table II:5

4 |45|5 |[55|6 |65|7 |75|8 |85|9 |c
212 |3 1+
3(8+|2 |3 |4 |2+
4 7+|3 |4 |5 |4+
5 3+|4 |5 |6 9+
6 5+|5 6 |7 |0+
7 6+| 6 7
a b

Table 1.5 [0]2]

Now let's explain where from did these four numberines
appeared The single five is placed tine Table Il.2vith a = 4,at
the left border.And on the other side of the border there is an
endless row of fives. And the beginning of all thesesfigethe
right five with b = 2: m = 2. N = ?2. To the left of it (just abroad) is
a five with b = 1. Then increme=-1, n =1. Here is the result

7+ =m||N = 2|?22|-1; (11.5.15)

In Table I1.2 aa = 3 and b = 1 (just beyond the left border) is 4. To
the right of itthere isthe number 4.5, and to the lefif it there is

an infinite number of fours. Thatis, m=b =1 and N = ?2. The fours
extend tothe left in descending order of b. Additive & n =-1.

And we got:

8+ = mN| n= 1|?2|-1; (11.5.16)

In Table 1.2, with a=5 and b = 7 is 8itJft is the number 7.5.
To its right is the right border of Table 11.2, and just over the border
- an endess series of figure eights. Som =b =7. N = ?2. Eights are
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numbered in ascending order b. It means that supplement= 1.
And we have:

9+ =mN|n= 7?2 1; (1.5.17)

In Table II.2 for a = 6 and b = 8, 9 is located (to the right of 8.5
just beyond he right border of Table II.2). It is followed to the

right by an infinite number of nines with an increment of 1: n = 1.
Also we have m = b =8. N =?2. And as a result:

0+ =mN|n= 8|72 1; (1.5.18)

1.6 The second inverse operation [0]2] to the zerdrett
operation [0]. Part 2. Floor 1st.

Let us reproduce the final results obtained in Part 1:

4 |45|5 |55/6 |65|7 |75|8 [85]|9 |c
212 |3 1+
3/8+(2 |3 |4 |2+
4 7+13 |4 |5 |4+
5 3+|/4 |5 |6 |9+
6 5+|5 |6 |7 |0+
7 6+| 6 7
a b

Table 1.5 [0]2]

1+ = 422|1; (11.5.8)

2+ = 522|1; (11.5.9)

4+ = §22|1; (11.5.10)

9+ =m| N| n=7|22|1; (11.5.17)
0+ =m| N| n = 8|?2|1; (I1.5.18)
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8+ =m|N|n = 1|?2| -1; (1.5.16)
7+ =m|N|n = 2|?2|-1; (I.5.15)
3+ =m| N|n = 3|?2|-1; (I1.5.11)
5+ =m| N| n =4[?2| -1; (11.5.12)
6+ =m|N|n = 5/?2| -1; (11.5.13)

The numbetlines. What to do with them? In what order to extract
numbers from them?

Let's assume that all initial values of the row numbersiarthe
plane of Table I11.5. And all the others are above them. Each
consecutive number from the numbdine is on its floor. All the
second numbersows from 1+ to 6+ are on the second floor of
the threedimensional Table 11.5. All third numbers of alvr
numbers are on the third floor of Table 11.5. And so on.

Let's look at the first floor of Table3i.

4(45(5|/55/6(65(7]75[/8[85|9|cC
2123 4
3112 3|4 5
4 213 415 6
5 3|4 5|6 7
6 4/5 |6|7 |8
7 5|6 7
a b

Table Il.5 [0]2] 1-stfloor

This turned out to be the "skeleton" of the table. This is what
is obtained from formulas relating operations [0] and [1]. We must
to dream (most likelyand build on thisskeleton"everything else.

If you look closely at the" skeleton”, you can see this feature of
the" skeleton™: horizontal numbers are parts of integer seKes
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they can be extended to the left and to the right of the" skeletal "
middle.

If you look at ths "skeleton" again, you can see its second feature:
vertical numbers are parts of integer seriesthey can be
extended up and down from the "skeletal" middle.

There is also a third feature: the horizontal addition of integers
does not interfere with thevertical addition of integers. And
vertical additions of integers also do not interfere with horizontal
additions of integers.

After these obervations grow on the "skeletdi'meat" and get
Table 11.6

4 145|5 |55/6(65|7|75|8 |85|9 |c
2(2 |3 |45 |67 |8|9 |10|11 |12
3(1(2 |34 |5|6 (7|8 |9 |10 |11
4/0|1 (2|3 |45 |6|7 |8 |9 |10
5(-1{0 |12 |3|4 |5/6 |7 |8 |9
6(-2|-1 |01 |2|3 |4|5 |6 |7 |8
7(-3|-2 |-1]0 |12 |34 |5 |6 |7
a|l-4/-3 |-2|-1 |0|1 |2|3 |4 |5 |6 |b

Table 1.6 [0]2] 1-stfloor

II.7 The second inverse operation [0]2] to the zero direct
operation [0]. Part 2. Floor 2nd.

Now let's go to the second floor. Insert in the cells of Table 11.5 the
second numbesof the corresponding numben®ws and get the
"skeleton" of Table IT:

68



4145|5(55|6|65|7|75|8[85|9]|c
2123 |5
3/0/2 |3|4 |6
4 1|3 4|5 7
5 2|4 |5|6 |8
6 3|5 |67 |9
7 416 7
a b

Table Il.7 [0]2] Floor 2nd

If you look at this "skeleton", you caee that it has no horizontal
ordering. At least there is no horizontal integer order.

A vertical ordering may be present. Where "c" is sentgger,
integer ordering is possible. And where" ¢ " is an integer, an even
or odd ordering is possible.

Nothingelse comes to mind, so let's increase our vertica¢at'
on this "skeletoti and getthe Table 1.8

4 145|5 |55|/6 |65|7 |75|8 [85|9 |c
212 |3 515 8 |7 1119 14|11 | 17
3|02 |34 |6|6 |9 |8 |12|10 |15
4(-2]1 1|3 4 |5 7 |7 109 13
51410 12 2 14 516 8 |8 11
6(6|-1 |-3|/1 |03 |3 |5 |6 |7 |9
7/8|-2 |-5/0 |-2(2 |1 |4 |4 |6 |7
a b

Table 11.8 [0]2] Floor 2nd

1.8 The second inverse operation [0]2] to the zero direct
operation [0]. Part 2. The 3rd floor.
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Now let's go to thehird floor. Insert in the cells of Table I1.5 the
third numbers of the corresponding mbersrows and get the
Table 11.9

4 |45|5/55(6|65|7|75|8[85|9 |c
2|2 |3 |6
3|1-1]2 314 |7
4 0|3 |4|5 |8
5 14 |5/6 |9
6 2|5 |67 |10
7 3|16 |7
a b

Table 1.9 [0]2] The 3rd floor

There is no horizontal ordering in this "skeleton". While the
vertical ordering is present. Where "c" is senteger, integer
ordering is possible. And whe"c" is an integer, the numbsgare
locatedwith step 3.

Let's build on thisskeleton""meat" and get Table W0:

4 |45|5 |55|6 |65|7 |75|8 |85|9
2(2 |3 |6 |5 |10|7 |14|9 |18|11 |22
3(-1 (2 |3 |4 |7 |6 |11}8 |15|10 |19
4,4 11 |0 |3 |4 |5 |8 |7 [12|9 |16
5(-7 |10 |3 |2 |1 |4 |5 |6 |9 |8 |13
6(-11(-1 |6 |1 |-2|3 |2 |5 |6 |7 |10
7(-14(-2 |9 |0 |52 |14 |3 |6 |7
al-17|-3 |-12|-1 |-8|1 |43 |0 |5 |4

Table 11.10 [0]2] The 3rd floor

1.9 The second inverse operation [0]2] to the zero direct
operation [0]. Part 2 Floor 4th and above.
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Now it is cleamwhat the orderingis on the 4th floor and above.
Where "c"is halfinteger, there theinteger vertical alignmenis
possible And where'c" is an integer, the numbewertically go in
increments equal to the floor nund.

[1.10 Zero direct operation [0] on the set of question numbers ?a.
Wewill now fill in Table 11.11
?a[0] ?b =c; (11.10.1)

[0] [ 21] 22] 23] 24| ?b
21
22
23
24
?a Cc
Table I1.11

21[0]?1=11[0]1=1[1] 2=+ 2 = 3; (1.10.2)
22[0]?22=22[1]2=22 [N =2 [1] D[1]1=
=22[1] 1 = ?2; (11.10.3)

23[0]?3=73[1]2=23 [N =3[ D[1]1=
=23[1] 1 = ?3; (1.10.4)

2401?24 =24 [1]2="24 [1][A] 1) = @4 [1] I [1] 1=
=24[1] 1 = ?4; (11.10.5)

22 [0] 71 = 22 [0] 1 = ?2; (11.10.6)

23 [0] 71 = 23 [0] 1 = ?3; (11.10.7)
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24 [0] ?1 = 74 [0] 1 = ?4; (1.10.8)

21[0]?2=1[0] 2261 [1] ) [ 1) [y D) [1]1X T

=((@[O]2[1]1)F1]1)m 6
Use Tabldl.2.1 (expansion of Table .2
=(B-5[F1]1)H]1) w8
Use Table 11.26

=@FD[wme

M

X

M

I.I

M X T

X T

Use Table 11.26 and (11.13.78) times:

=4[1]1..=44]1 .. =4 (1.10.9)

That is: ?1 [0P2 = 4; (11.10.9)

Similarly (?3 times):

21[0?3=1[0]?3=@(-1] D) [1] 1) F1] 1) fm &

=@[0] 1w

on &@wme Xm.20.10)

Also (?4 times):

21 [0] ?4 = 4;(10.11)

We did the Table I1.22

[0]

?1

?2

?3

?4

?b

?1

3

?2

?3

?4

?2

?2

?22

?3

?3

?3

?4

?4

?4

?a

Table 11.12
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Let's continue filhg the cells in Table 11.12

22[0]?3= (@2 11?2 1] ?2) 1] ?2) fM 6 KH X T
=((P2[0] 2 [[1]1?2) [1]?2)fm& Ku X T
Remember the definition of 21

1[3]?1=1;

Here as ?1 any natural numhbis good. Including 2. Advantage of
this:

=((P2[0]?3[11]?2) 1] ?2) M8 Ku X T

And now we have the right to replace ?1 on 1 since as ?1 any
natural number is good. Including 1.

=((P2[0] D [1]?2)[1]1?2)m& KH X T
=((P2F1) [[1]1?2)[1]?2)m& KH X T
=(P2[-1]?2)[1]?2)MB& Ku X T
We took one step. D83 steps and get:
=22:(1.10.12)
That way ?2 [0]?3 = ?2; (11.10.12)
In the same way but making already ?4 steswve will get:
22 [0] 24 = 22§1(10.13)
And, by doing ?2 aned stepswe get a couple more formulas:
23 [0] ?2 = 23]1(10.14)
23 [0] ?4 = ?3]1(10.15)
And theresult is Table 11.123
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[0] | ?1|?2|?3|7b
21|13 |4 |4
?2 2272|722
?3|?3|7?73|?3
7a c
Table 11.13

K ®@né Ko I' KIFAZolo:El nEs XTI I L)
Looking at the expanded Table 11.2.1 for [0] we will see (?1 = 1):
1[0] 0 = 2.5;1{:10.17)

0[0] 0 = 2;(.10.18)

0[0] 1 = 2.5;1(.10.19)

0 [0] 2 = 3;1(.10.20)

0[0] 3 = 3;|(.10.21)

0[0] 3= (041] 0) F1] 0 = (0 [0] 2J-1] O = 3 {1] O; (1.10.22)

(11.10.21) +1.10.22) =I(.10.23):

3[1]0=3;(.10.23)

0[0]?22=@Q[1]0)[-1]0)fm8& nOR]AM-1]®)fpm8 n X T
=@[-1]0) F1] 0 ... =8[-1] 0 ... = ... ?2 times dr=3; (11.10.24)

That is 0 [0]?2 2; (11.10.24)

0 [0]?3 =...?3 times and = 3; (I1.10.25)

Insert these values into Table 11.13 and get Table 11.13.1:
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010 |72 | 22?237

0O |2 |25|3 |3

711253 |4 |4

7a C
Table 11.13.1

Two cells are not cé how to fill, so let's limit ourselves to Table
11.13.

[1.11 The first inverse operation [0]1] to the zero direct operation
[0] on the set of question numbers ?a.
Rearrange "?a" and "c" in Tablel3 and get the Table 11.14

[0]1] | ?1|?2|?3|?b
3 ?1
4 ?1]?1
?2 ?2|?2| 7?2
?3 ?3|?3| 7?3
c ?7a
Tablell.14

2a[0] 71 = 2[0] 1 = 4; (.11.1)

If you look at Table 11.2.1 (expanded to Table 11.2) then we'll see
that ?a = 3. That is 4 [0]1]?1 = 3; (11.11.2)

?a [0]?2 = 3; according to Tahl.13.1 see:?a = 0; (11.11.3)
3[0]1]?2 = 0; (11.11.4)

?a [0]?3 = 3; according to Table 11.13.1 see:?a = 0; (11.11.5)
3[0]1]?3 = 0; (11.11.6)
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Tablell.14 will become Table 11.15

[0]1] | ?1|?2| ?3|?b

3 1 (010

4 311 |1

?2 ?2|?2| 7?2

?3 ?3| ?3| 7?3

c 7a
Table 11.15

And as a resuk for the first inverse operation [0]1] to the zero
direct operation [0] for numbers 2awe have Table I1.15.

.12 The second inverse operation [0]2] to the zero direct
operation [0] on the set of question nonbers ?a.

Let's see in detail how numbestrings are born. Consider the first
row in Table Il.1&nd leave it in Table I1.16

[0]|?1|?2|?3|7b
2113 |4 |4 |c
?2
?3
7a

Table 11.16

Rearrange thec" and"?b". Get Table 11.16.1:

0121 |3 |4 |4 |c
?1 ?11?2|7?3| 7D
?2
?3
7a

Table 11.16.1
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The column headings should be different, so let's combine the
columns with the same headings in Table 11.16.2:

[0]12] |3 |4 c
?1 ?1| ?2 7?3 ?b
?2
?3
7a

Table 11.16.2

Considethe second row in Table Il.Ed leave it in Table 11.16.3:
[0]|?1]?2|?3|?
?1
?21?2|7?2|?72|c
?3
?a
Table 11.16.3

Rearrange the "cand"?b". Get Table 11.16.4:

[0]2] | ?2| ?2| ?2|c
?1
?2 2117?22?23 |7
?3
7a

Table 11.16.4

Again, the same column headings. Again, combine the contents of
these columns under a common name and get Table 11.16.5:

[0]2] ?2 c
?1
?2 ?1,?22, 7?3 ?b
?3
7a

Table 11.16.5
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Congder the third row in Table 11.13 and leave it in Table 11.16.6:

[0] [ ?21] 22] 23] 2
21
22
23|23 23] 23] ¢c
2a

Table 11.16.6
Rearrange thec¢" and"?b". Get Table 11.16.7:

[012]] 23] 23] 23] ¢
21
22
23 | ?1[22] 23] 7b
2a

Table 11.16.7

Again, the same column headings. Again, combine the contents of
these columns under a common name and get Table 11.16.8:

[0]2] ?3 C
?1
?2
?3 ?1L, 7?72?37
?a

Table 11.16.8

Combine the Tables: 11.161216.5,11.16.8 and get Table 11.20

[012] |3 |4 ?2 ?3 c

?1 ?11| ?2,73

?2 ?1,?22,?73

?3 ?1,?22,?73

7a ?b
Table 11.20
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Numberslines denote as follows:
1+=72,73; 2+ =71, ?2,?3; 3+ =71, ?21.23;1)
Table 11.20 will take the form of Table 11.20.1:

[012] |3 |4 |?2|?23]|c

?1 ?1| 1+

?2 2+

?3 3+

7a ?b
Table 11.20.1

For numberdines, there is still a variant of record:

1+ =?2|2|?+1;.12.2)

2+ = ?1|3|?+1; (.12.3)

3+ =12|3|?+1; (1.12.4)

Before tte first vertical line "|" ¢ the first number in the number
line is specified. It is followed by the number of numbers in the
numberline. Then comes the second vertical line. It is followed by
the step between the numbers ithé numbetrline. In this case, for
quantities beginning with the sign "?", specified index step
following sign "?".

We introduce the floors above the table.
The very first value in alumberslinesis located on the fst floor
in Table 11.21

[012]1 |3 |4 | 2| ?3|c
?1 ?1]?2

?2 ?1

?3 ?1

?7a ?b

Table 1l.211st floor

On the second floor of operation [0]2] for ?a each numlies
contains its second value. Tigsshown in Table 11.22
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[0]12]1 |3 |4 [?22|?3]c
?1 ?1] 7?3

?2 ?2

?3 ?2
7a ?b

Table 11.222nd floor
The third floor contains the third value of numbédiges. Once in
anumberline 1+ only two valueghen the lastA (v&ue- ?3¢ is
taken The result is @msented in Table 11.23

0121 |3 [4 |?22] 23] ¢
?1 ?11] 7?3

?2 ?3

?3 ?3
?7a ?b

Table 11.233rd floor and above
The fourth floor contains in each cell the fourth value of numbers
lines. In those cellsvhere the number of values in the number
line is less than four, the most recent valudstitese numbers
lines are located. Get again Table 11.23. It is also true for higher
floors.

We got three "skeletal" Tables: 11.21, 11.22, 11.23.'sLéty to
increase them "meat"lt is not clear how to fill in the first two
Tablesg 11.21 anl 11.22, anchere is the third @ble- 11.23, which
forms itself in Table 11.24

[012] | 3 4 | ?2|7?3| c
?1 ?1 ?3 | ?5|?7
?2 | ?(1)| ?1 |?3|?5
?3 | ?2(3)| ?¢1) | ?1| ?3
?7a ?b
Table 11.2 3rd floor and above
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[1.13 Direct operation {1].

In Chapter Il, paragraph 2, itigitten, how to define an unknown
operaton [-1] by a known operation [0

3[nN+12=3n]3;(ll.2.)
2[n+1]3=2[R) ] 2; (1.2.2
At n=-1we obtain:

3[0] 2 = 3{1] 3; (11.13.1)

2[0] 3= (241] 2) 1] 2; (11.13.2)

Values for operatin [0] will be taken from Table I1.2. If the desired
value lies outside the boundary of Table 11.2, then you can push
the boundaries of Table Il.1 as far as you need, by entering new
rows and new columns, and filling them with new values, and then
on the pinciple of symmetry fill the remaining empty cells. In
further calculations, the values for operation [0] are taken from
such an extended Table2.1

1=-2[0] 2 =2 [1]-2; (1.13.3)

1=-2[0]3= [1]-2) [1]-2 = 1 1] -2; (1.13.4)
1=-2[0]4=11]-2; (1.13.5)

X

The repeats are endless, so

1+ = 1|?2|0; in cell 141] -2; (11.13.6)

2=-1[0] 2 =1 [-1] -1; (11.13.7)

2=-1[0]3=¢1[1]-1) [1]-1 = 2 f1] -1; (11.13.8)
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2=-1[0]4=21]-1; (11.13.9)

X

The repeats are endlesso

2+ = 2|?2|0; in cell 2{1] -1; (11.13.10)

3=0[0] 2 =04]0; (I.13.11)
3=01[0]3=(0-1]0) F1] 0 = 3 1] 0; (1.13.12)
3=01[0]4 =3]]0; (11.13.13)

X

The repeats are endless, so

3+ = 3|22|0; in cell 3{1] 0; (11.13.14)
3.5=1[0p =1f1]1; (11.13.15)
4=11[0]3=(1-1]1)F1] 1 =3.5{1] 1; (1.13.16)
4=11[0]4=410]1; (1.13.17)
4=11[0]5=41]]1; (11.13.18)
4=11[0]6=41]]1; (11.13.19)

X

The repeats are endless, so

4+ = 4]22|0; in cell 4{1] 1; (11.1320)
4=21[0]2=2-{] 2; (11.13.21)
45=2[0]3=(21]2) F1] 2 = 4{1] 2; (11.13.22)
5=21[0] 4= ((21] 2) F1] 2) F1] 2 = 4.5{1] 2; (11.13.23)
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5=2[0]5=5]] 2; (11.13.24)
5=2[0] 6 = 5] 2; (11.13.25)
5=2][0] 7 = 5-1] 2;(11.13.26)

X

The repeats are endless, so

5+ = 5|?2|0; in cell 5{1] 2; (11.13.27)
4.5=31[0] 2 =31] 3; (11.13.28)
5=3[0] 3= (31] 3) F1] 3= 4.5{1] 3; (11.13.29)
5.5=31[0] 4 = 51] 3; (11.13.30)
6=3[0]5=5.51] 3; (11.13.31)

6 = 3[0] 6 = 6 1] 3; (11.13.32)
6=31[0] 7 = 6] 3; (11.13.33)

X

The repeats are endless, so

6+ =6?20; in cell 6 {1] 3; (11.13.34)
5=4[0] 2 = 41] 4; (1.13.35)
5.5=4[0] 3 = 5{] 4; (1.13.36)

6 =4[0] 4 = 5.51] 4; (1.13.37)
6.5=4[05 = 6 1] 4; (11.13.38)
7=41[0]6=6.5] 4; (1.13.39)
7=41[0]7 = 7-1] 4; (11.13.40)
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7=41[0]8=7-1]4; (1.13.41)

X

The repeats are endless, so

7+ =T77?20;in cell 7 {1] 4; (11.13.42)
6=51[0] 2 = 5] 5; (11.13.43)
6=5[0] 3 =6¢-1] 5; (11.13.44)

6.5 =5 [0] 4 = 6] 5; (I1.13.45)

11+ =6, 6.5; in cell 6] 5; (11.13.46)
7=5[0]5 = 6.5]] 5; (11.13.47)
7.5=51[0] 6 = 7{] 5; (11.13.48)

8 =5[0] 7 = 7.51] 5; (11.13.49)

8 =5 [0] 8 = 8] 5; (11.13.50)

8 =5 [0]9 = 8 f1] 5; (11.13.51)

X

The repeats are endless, so

8+ =872 0; in cell 8 f1] 5; (11.13.52)
7=6[0] 2 = 61] 6; (11.13.53)
7=61[0] 3 =7-1] 6; (11.13.54)

7 =6[0] 4 = 7-1] 6; (11.13.55)
7.5=61[0] 5= 7-1] 6; (11.13.56)

10+ =7,7,7.9n cell 7 F1] 6; (11.13.57)
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8=61[0] 6 =7.5]] 6; (11.13.58)
8.5=6[0] 7 = 81] 6; (11.13.59)
8=71[0]2=71]7; (1.13.60)

8=7[0]3=81]7;(11.13.61)

8=7[0]4=81]7; (11.13.62)

8=7[0]5=81]7; (11.13.63)

8.5=7[0]6=8F1] 7; (11.13.64)

9+ =28, 8, 8, 8.5; in cell 8] 7; (11.13.65)

All the above 65 equations are considered and the results are
summarized in Table 11.26 @] b = c¢):

[1]]-2]1]o 1 [2 [3 [4 [5 [6 [7 [b
2 |1

-1 2
0 3
1 |1+ 35
2+ 4
3 3+ 4.5

N

4 4+ | 4.5 5

5 5+ |55|55|6

6 6+ | 65|11+ |7

I 7+ |75 |10+| 8

8 8+ |85 |9+

Table 11.26

In the Table 11.26 there are the following numbstrings:
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1+=122/0;2+= 222, 0; (11.13.75)
3+=3722/0;4+=4?20; (11.13.76)
5+=47?20;6+=6?20;7+=77?20;8+=8?20; (1L113.77)
9+=8, 8, 8,8.510+=7,7, 7.511+= 6, 6.5; (11.13.78)

For simplicity, let us leavia the Table 11.26 only lines withteger
headings. Get Table 11.27

[(1](-2]|-1(0 |1 |2 |3 |4 |5 6 7 | b
2 |1

-1 2

0 3

1 1+ 3.5

2 2+ 4

3 3+ 4.5

4 4+ | 45 5

5 5+ |[55|55|6

6 6+ | 65|11+ |7

7 7+ |75 | 10+| 8

8 8+ |85 |9+
a c

Table 11.27

Now consider the "skeletorfor the first floor. To do this, take the
first value from each numbdime and place it in the appropriate
cell. Instead of 11+ will be the number 6. Instead of 10+ will be 7.
Insteadof 9+ will stand 8. Anébr the rest of the numberdinesit

will be enough to remove the sign"+". And we ghe Table 11.28
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[(1]|-2|-1|0{1 |2 [3 |4 |5 |6 |[7]|b

2 |1

-1 2

0 3

1 |1 3.5

2 2 4

3 3 4.5

4 4 |45 5

5 5 [55|/55|6

6 6 |65(6 |7

7 7 |75|7 |8

8 8 |85|8

a C
¢CFofS LL®PHY Mad Ff22NJ

Now, afterthinking, let's increase thenfieat" on this"skeleton".
Andwe getthe Table IR9:

[1]]-2]-2]o] 1 [ 2 [ 3 [4[5]6[7]b
212|335 4 [45|5 |6 ]| 7 |8
112|335 4 |[45|5 |6 ]| 7 |8
0 |1|2|3[/35| 4 |45| 5|6 7|8
1 |1[2|3]35] 4 [4a5] 5|6 | 7|8
2 223375 4 |45 5| 6| 7 |8
3 333 4 [425/45| 5|6 7|8
4 |4 4lal 4 |45(475| 56| 7 |8
5 5|/5|5/ 5| 5 | 55|55/ 6| 7|8
6 | 6/6|6/ 6 | 6 | 6 |65/ 6| 7|8
771717 7 7| 7 7|75/ 7]|s
8 |8/8|8] 8| 8| 8 | 8| 8858
a C

Table 11.29 1st floor
Now consider the "skeleton" for the second floor. To do this, from
each numbeiline take the second valdeom the left and put it in
the appropriate cell. Insteaaf 11+ will stand the numbe8.5.
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Instead of 10+ will be 7. Insteadl9+ will stand 8. Antbr the rest
of the numberslines it will be enough to remove the sign"+".
After all, they get the second value by adding O to the fiedtie.
And we gethe Table 11B0:

[ ]-2]1]of1 [2 [3 [4 [5 [6 [7]b

2 |1

1 2

0 3

1 |1 35

2 2 4

3 3 45

4 4 |45 5

5 5 |55|55]|6

6 6 |65|65]7

7 7 |75]7 |8

8 8 |85|8

a C
Table .30 YR Tt 22 NJ aalSts

[1]]-2]-2]0o] 21 [ 2 | 3 [4][5]6[7]b

2112|335 4 |45 5|6 | 7|8

112|335 4 |45 5|6 | 7|8

0 |1|2[3/35| 4 |45|5]| 6| 7 |8

1 123 35] 4 |45 56| 7 |8

2 |2]2[3(375| 4 |45 5| 6| 7 |8

3 |3[3[3| 4 |425/45|5]| 6| 7 |8

4 |4 4lal 4 |45|475/ 5| 6| 7 |8

5 |5|/5|5/ 5| 5 |55|55/ 6| 7|8

6 | 6|/6|6|/ 6 | 6 | 6 |65/65| 7 |8

77717 7 | 7 | 7 | 7|75/ 78

8 |8|8|8| 8| 8| 8 | 8| 8858

a C

Table 11.31  floor
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Now consider the "skeleton" for the third floor. It coincides with
the skeleton for the second floor, but instead of 10+ is ndiu,
7.5 and we get the Tablé32 and Table 11.33

[(1]]-2|-1]/0|1 |2 |3 |4 |5 |6 |7|b

2 |1

-1 2

0 3

1 |1 3.5

2 2 4

3 3 4.5

4 4 |45 5

5 5 |55[55(6

6 6 |65(65(7

7 7 |75|75/|8

8 8 |85|8

a C
Tab6 L L doH oNR Fft22N) daa

[(1]]-2|-1|0] 1 2 3 14|56 ]|7|b

211[2(3|35| 4 |45 5|6 | 7 |8

-1 /1(2(3|35| 4 |45 5|6 | 7 |8

0 |[1|2|3|/35| 4 |45| 5|6 | 7|8

1 |1]2|3|/35| 4 |45/ 5| 6| 7 |8

2 |2|2(3[375] 4 |45| 5|6 | 7 |8

3 (3[3[3| 4 |425/45| 5|6 | 7|8

4 4|44 4 | 45|475( 5| 6| 7 |8

55|55 5 5 | 55|55 6| 7 |8

6 |6|6[6| 6 6 6 |65/65] 7 |8

707177 7 7 7 | 7|175/75]|8

8 |8/8[8] 8 8 8 | 8| 8[85]|8

a C

Table 11.33 3 floor
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Now consider the "skeleton" for the 4th floor. It coincides with the
skeleton for the 3rd floor, but insteadf 9+ is not 8put 8.5, and
we get Tablell34 and Table 11.35

[(1]]-2|-1|0|1 |2 |3 |4 |5 |6 |7 |b

2 |1

-1 2

0 3

1 |1 3.5

2 2 4

3 3 4.5

4 4 |45 5

5 5 |55|55/|6

6 6 |[65]|65]|7

7 7 |75(75]|8

8 8 [85|85

a Cc
¢rofS LL®om nitK FE22NJ FyR

[(1]]-2|-1|0] 1 2 3 4|56 |7]|b

2|1(2|3|/35| 4 |45|5 |6 | 7| 8

-1[1(2|3|/35| 4 |45|5 |6 | 7| 8

0 |1]/2|3[/35| 4 |45|5 |6 | 7| 8

1|{1]2|3|35| 4 |[45|5 |6 | 7| 8

2 |2|2[3[375| 4 |45| 5| 6| 7| 8

3 /3[3|3| 4 |425/45|5 |6 | 7| 8

4 |4|4|4| 4 | 45|475| 5|6 | 7|8

5 |5|5|5| 5 5 | 55|55/ 6| 7|8

6 |6|/6|6| 6 6 6 [65/65| 7 | 8

7 1717|7] 7 7 7 | 7|75/75]| 8

8 /8/8[8| 8 8 8 | 8| 8 (85|85

a Cc

Tablell.35 4h floor and above

Table 11.34 and 11.35 are correct and for all overlying floors.
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[1.14 Direct operation {1] for question numbers ?a.

Let's fill the diagonal in Tabledl(:

[-1] | ?1] ?2| ?3| ?4| ?b
?1
?2
?3
?4
7a C
Table 11.40

In the meantime, let's discuss one rule of computation witfint
1 operand We may do so in the course of filling in the Table 11.40.
Proceed:

?21F1]?1=1{1]1=

There are two possible ways:
=1[0] 2 = 3.5; (11.14.1)
=1[-2] = 1; (11.14.2)

It is difficult to justify logically my choice, but from my practice of
computing | choose the first way. Resume:

22 [1] 22 =72 [0] 2

Remember the definitiof ?1.

1[3]?1 =1; (1.14.3)

Here as ?1 any natural number is goodluding the number 2.
Let us use this anithe Table 1113;

=22 [0]P1 = 22; (11.14.4)
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23 }1] 7?3 = 23 [0] 2 = 23 [O]L = ?3; (11.14.5)
24 1] 74 = 24 [0] 2 = 24 [O]L = ?4; (11.14.6)

The diagonal is full, and vget a Table 11.41

[[1] |71 | ?2| ?3| ?4| ?b

7?1 |35

?2 ?2

?3 ?3

?4 ?4

7a c
Table 11.41

22 F1] 21 = 2241} 1 =22 [2] =22; (11.14.7)
23 F1] 21 = 23] 1 =73 [2] =23; (11.14.8)
24 1] 21 = 241 1 =74 [2] =24; (11.14.9)

Now we have Table 11.42

[(1] | ?1 | ?2| ?3|?4| ?b

?1 | 35

?2 | ?2 | 7?2

?3 | ?3 ?3

?4 | ?4 ?4

7a c
Table 11.42

Let's continue our calculations:

21[1]72 =141 72 = (@ 1] D) [1] 1) F1]2) F1 1) F1] 1 ... =
Apply the formula (11.14.1)
=(@S[FIDHIDR]E]L.. =

Apply Table I26:
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3.5F1] 1 =4;(1.14.10)
=@FRIDAIDR]L..=

Apply Table 11.26 and (11.13.76):

4 [-1]11 =4; (1.14.11)
=@-11)m1..=

Again apply (11.14.11):
=4f]1..=..==%

We will apply (11.14.11)2 times and get:
=4; (1.14.12)

That is: ?1-{1]?2 = 4, (11.14.12)

Further

?1H]?3=1{1]23=(C [ D] ] D] L. =
Apply (11.14.1):
=(@S[FIDRIDHIDH]L.. =
Apply (11.1410):
=@FRIDAIDR)L..=

Apply (11.14.11):

@11 m1..=

Again apply (11.14.11):
=4[]1l..=..=..=

We will apply (11.14.1133 times and get:
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= 4; (1.14.13)

That is: ?1-[L] 23 = 4; (11.14.13)
Similarly, we obtain:

?1[-1] 24 = 4; (11.14.14)

And now we have filled thremore boxes inthe Table 11.42, and
gotthe Table 143

[(1] |71 | ?2| ?3|?4| ?b
?1 |135|4 |4 |4
?2 | ?2 | ?2
?3 | ?3 ?3
?4 | ?4 ?4
7a c
Table 11.43
Let's continue our calculatian

?2F1]1?3=®R2[F2] ?2 [-2] ?2) 2] ?2 ... =
=((?2 F1] 2) [-2] ?2) f2] ?2... =
Apply the words following (11.14.3):
=(P2F1]?) [-2] ?2) f2] ?2 ... =
Apply here (11.14.7):

?2 F1]1?1 =72; (11.14.7)
=(?2[-2]?2)[-2] ?2 ... =

By doing?3 such steps, we will get:
=?2; (11.14.15)

That is: ?2-1] ?3 = ?2; (11.14.15)
Similarly, we obtain:

22 [1] 74 = 22; (11.14.16)
23 [1]72 = ®3[2] ?3 [2] ?3) [2] 23 ... =

=(3F1] 2 [2]?3)[2] ?3 ... =
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=(P3FL]1?D) [-2] ?3)[2] ?3 ..~

Apply (11.14.8)

?3 F1]?71 = ?3{1] 1 =73 2] =73; (11.14.8)
= (3[-2]?3) 2] ?3 ... =

By doing ?2 such steps, we will get:
=23; (11.14.17)

That is: 23] 22 = ?3; (11.14.17)
Similarly, we obtain:

?3 F1]?4 = ?3; (11.14.18)

Similarly, we obti a couple of formulas:
24 [1] 22 = ?4; (11.14.19)

24 [1] 23 = ?4; (1.14.20)

So we filled in the empty cells the Table 11.43 and receivdtie
Table 11.44

[[1] [ ?1 | ?2| ?3| ?4| ?b
?1 |135|4 (4 |4
?2 | ?2|?2|7?2]| 7?2
?3 | ?3 | ?3|?3| ?3
?4 | ?4 | ?4|?4|?4
?a c
Table 11.44

Recd that Table 11.44 represents ttddrect operation {1] for the
question numbers ?a.
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[11.2 Summary of Chapter II.
In paragraph Il.Xhere isa summary of Chapter I.

In paragraph Il.2he principle of construction of zero and negative
direct operations is described:

Chapter | establishes the connection between direct operation [n]
and direct operation [n + 1]. Here are a couple of examples of this
connection:

3[n+1]12=3[n]3; (Il.2.1)

2[n+1]3=(21[n] 2) [n] 2; (1.2.2)

If we take n = 0, we can determine a new direct operation [0] by
the known direct operation [1] (addition). And then (at R13, by
direct operation [0] construct a new direct operatiofi]. Thus,

we can construct ladirect operations with negative numbers.

So the number of the direct operation can take the value of any
integer.

In paragraph 11.30y the known operatiori1l] ¢ addition ¢ built
"skeleton" of the zerodirect operation[0]. This is what was
possible to alculate by the formulas of connection of these
operations:

All these equations are presemtén the form of Table II:1

213|4|5|6|7]|b
4

5

6 7
7
888 9

~
(e0]

N[O O

QJ\IOUU'IhOOI\)E

Table 111
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It is impossible to make formulas for empty cells. It remains only
to speculate. If you try to make it logical, balanced aedutiful,
you get Table 11:2

O[2 [3 [4 [5 [6 |7 |b
2 |4 |a5|5 |5 |5 |5
3 |45|5 |55|6 |6 |6
4 |5 |55|6 |65|7 |7
5 |6 |6 |65|7 |75|8
6 |7 |7 |7 |75|8 |85
7 |8 |8 |8 |8 [85|09
a C
Table 1.2

In paragraph 1.4t is considered the reverseperation [0]1] for
the zero direct operatiof0].

Rearrange a and c in Table 1.2 and get Table 11.3 for the first
reverse operation to zero operation:
c[0]1] b =a; (11.4.2)

[0]11] |2|3|4|5|6|7|b

4 2

45 |32

5 4132|222

5.5 413

6 5(5/4|3|3]|3

6.5 54

7 6/6|6|5|4|4

7.5 6|5

8 71/7|7|7|6]|5

8.5 716

9 8/8(8|8|8]|9

a c
Table 11.3
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The contents of empty cells think logically and simply. Result in
Table 11.3.1:

o2 [3 |4 |5 |6 |7 |b
4 |2 |1 |1 |1 |1 |1
45 |3 |2 |15|15|15|15
5 |4 |3 |2 |2 |2 |2
55 |45|4 |3 |25|25|25
6 |5 |5 |4 |3 |3 |3
65 |55|55|5 |4 |35|35
7 |6 |6 |6 |5 |4 |4
75 |65/65/65|6 |5 |45
8 |7 |7 |7 |7 |6 |5
85 |75|75|75|75|7 |6
9 |8 |8 |8 |8 |8 |9
a C
Table 11.3.1

In paragraphs from 11.5 to Il.¢he second inverse operation [0]2]
to the zero direct operation [0] is coiaered. A significant part is
the description of the work with numbegstrings. The concept of
“floors" is introduced.

In paragraph Il.1@ve consider the zero direct operation [0] on the
set of question numbers ?a.

And the result is Table 11.13

[0] | ?1|?2|?3| 7
2113 |4 |4
?2 | ?2| 72| 2
?3 | ?3| 73|73
7a c
Table 11.13
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In paragraph Il.11the first inverse operation [0]1] to the zero
direct operation [0] on the set of question numbef& is
considered

Rearrange "?a" and " ¢ " in Tlabl.13 ad get Table 11.14

[0]1] | ?1|?2|?3|?b
3 ?1
4 ?1| 7?1
?2 ?2| 72| ?2
?3 ?3|?3| 7?3
c 7a
Table 11.14

2a[0] 71 = a[0] 1 = 4; (.11.1)

If you look at Table 11.2.1 (expanded to Table 11.2) then we'll see
that ?a = 3. Thatis 4 [0]2] = 3; (11.11.2)

?a [0]?2 = 3; according to Table 11.13.1 see:?a = 0; (11.11.3)
3[0]1]?2=0; (1.11.4)
?a [0]?3 = 3; according to Table 11.13.1 see:?a = 0; (11.11.5)
3[0]1]?3 = 0; (11.11.6)

Table 1114 will become Table 11.15

[0]1] | ?1|?2|?3|?b
3 1 (0|0
4 311 |1
?2 ?2|?2| 7?2
?3 ?3|?3| 7?3
c 7a
Table 11.15
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And as a resuk for the first inverse operation [0]1] to the zero
direct operation [0] for numbers ?ave have Table I1.15.

In paragraph Il.12he second inverse operatio®R2] to the zero
direct operation [0] on the set of question numbef& is
considered. The birth of numbetimes and floors is considered in
detalil.

In paragraph I.13he direct operation {1] is considered.

All the above 65 equations are considered &hd results are
summarized in Table 11.26 @] b = c):

[(1]}-2]-1|0] 1 2 31| 4 5 6 71b
2|1

-1 2

0 3

1 |1+ 3.5

2 2+ 4

3 3+ 4.5

35 4

4 4+ | 45 5

4.5 5 5

5 5+ | 55|55| 6

55 6 6

6 6+ | 65|11+ | 7

6.5 7 7

7 7+ | 75| 10+| 8
7.5 8 8

8 8+ | 85| 9+
a c

Table 11.26
There are numbes-strings inTable 11.26:

1+=1?2|0; 2+= 2|?2|0; (1.13.75)
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3+=3[22|0; 4+= 4[22|0; (11.13.76)
5+=5[?22|0; 6+= 6|?22|0; 7+= 7|?22|0; 8+= 8|?2|0; (I.13.77)
9+=8, 8, 8, 8.510+= 7, 7, 7.511+= 6, 6.5;(.13.78)

For the first four floors of Table 11.26 "skeletal" tables weudt,
and "meat"” was built ohhem.

In paragraph Il.14he direct operation {1] on the set of question
numbers?ais considered:

So we filled in the empty cells in Table lla#@lderived Table 11.44

[(1] | ?1 | ?2][?3|?4|?b
?1 |35|4 |4 |4
?2 | ?2 | ?2|?2| 7?2
?3 | ?3|?3| 73|73
?4 | ?4 | ?4|?4|?4
?a o
Table 11.44

[11.2 Numbers N1 and n1.

Back in 1984, | tried to extract new numbers from new
equations.Also ltried the equation

x+1=x; (lll.2.1)

But then | couldn't find a use for iAnd it wasn't until a few years
later, that | realizedthat this equation describes an infinitely large
number. And designated it as N1:

N1+ 1=N1; (ll.2.2)
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From this definition it follows:

N1-N1=1;(lll.2.3)

N1 *(1c 1) = 1; (I11.2.4)

We introdu@ a new value nl as follows: N1 * n1 = 1; (11l.2.5)
It follows: n1 =1/ N1; (111.2.6)

That is, nl is an infinitely small number.

(I11.2.5) + (11.2.4) = (11.2.7)

nl=1c1; (11.2.7)

[11.3 Numbers N2 and n2.

Using the number N1 we construct a new ity large number
N2:

N2 =27 N1=2[3]N1; (I1.3.1)

N2 > N1; (111.3.2)

We construct a new number n2 as follows: n2 = 1/ N2; (111.3.3)
It is an infinitesimbnumber, and it is less tharin

n2 < nl; (111.3.4)

This follows from (111.2.6), (111.3.3)).812)

[11.4 Numbers N3 and n3.

Using the number N2 we construgtnew infinitely large number
N3:

N3 =2 A N2 =2 [3] N2; (IIl.4.1)
N3 > N2; (111.4.2)
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We construct a new number n3 as follows: n3 = 1/ N3; (111.4.3)
It is an infinitesimbnumber, and it isess than &

n3 < n2; (111.4.4)

This follows from (111.4.3), (111.3.3), (111.4.2)

[11.5 Numbers NA and nA.

Let's take a series of integers A3,-2,-1, 0, 1, 2, 3, ...) and build
a series of infinitely large numbers NA (based on the already
construd¢ed numbers N1, N2, N3):

N (A+1)=2"NA=2[3] NA; (Il.5.1)

N (A + 1) > NA; (111.5.2)

When A = 3, we obtain a definition for N4:

N4 = 2 [3] N3; (111.5.3)

For A = 4, we obtain a definition for N5 through N4:
N5 = 2 [3] N4; (I11.5.4)

When taking incresing indicesA, increasing numbers NA are
obtained.

Now let's take A = 0 and get:
N1 = 2 [3] NO; (I11.5.5)

This equation defines NO by N1.
Take A =1 and get:

NO = 2 [3] N-0); (111.5.6)

Here N(-1) is defined by NO.
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When A =2, we obtain the definitiorof N ¢2) by N(-1):
N(-1) = 2 [3] N-®); (I11.5.7)

Taking A =3, -4, -5, ... will produce new positive infinitely large
numbers N(-3), N(-4), N(-5), ... and all of them will fit in the
interval from N1 to 1.

Now let's build a series of infinitesitaumbers nA:
nA=1/NA (l1.5.8)
n(A+ 1) <nA (11l.5.9)

[11.6 Topology of the numerical line for-ANumbers.

The representation of a number line is usually given as follows:

Iy I
¥ .

S0 B R A
i/]otm/gr Line

P ' I\
L
-

™

b~

Figure 1

Given the infinitey large and the infinitely small NAnd nA
numbers give the following two figuse

S b t -t ;
- ; e
Ny h3 nz2 n7 ot Ml 2 M3 /W?

positive  numlere

4

—
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\

Figure 2
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Figure 3
From (I11.(2.7) should:n1 .=-(1¢1)=-1+1 =X 1=n1; (1l.6.1)
-nl =n1; (111.6.2)
Physically, n1 andnl lie on different number lines, but
topologically they coincide. In other words, these two numeric
lines intersect at this point. The residtin Figure 4.
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Figure 4
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(1.2.5): N1*n1=1;

(11.6.2)-nl = n1;

(-N1) * n1 = (N1 * n1) = N1 *-01) = N1 * n1; (111.6.3)
It follows:- N1 = N1; (lll.6.4)

So these two very large numbers is also topologically identical. In
some multidimensional space,dhe two numerical "lines" bend
to intersect at this point. Result in figure 5:

)

Vit

A}

Wi-

M i
A Ly |

i<y

Figure 5
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((1M1.3.1): N2 =2~ N1; (11.3.3): n2 =1/ N2; (Ill.6M): = N1;
N2=2~N1=22N1)=1/(2~N1)=1/N2n2; (ll.6.5)

N2 =n2; (111.6.6)

So an infinitely large number coincides with an infinitely small
number! (opposites coincide the main law of dialectics). The
numbers N2 and n2 lie on the same straight line of positive
numbers, but in different placesAnd so they coincide
topologically, this "direct" line need to curve in some
multidimensional space that they are superimposed on each

other. The result is figure 6.
A
ny t
h3 t+
et '} n‘z
Ay M W2
'(/1 i ¥ 23N
/IR SR 7 A PR 4
=h4 4
#I’)f
-n2t
-n3+
,nt/.; 5
Vi
Figure 6
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If the equation (111.6.6) is milied by-1, we get:
-N2 =-n2; (11l.6.7)

This pair of numbers- N2 and-n2) lies on one direct line" of
negative numbers at its different ends. But they are topologically
the same. To do thjghe "direct lin¢ of negative numbers should
be curvedm a special multidimensional space so that it has a self
intersection. The resulsin figure 7.

nt
nir
e L
M4
M
-7 -1
-1 7
ne
—,'/2 s 9N
-0y -n3 -y
—/113..
Wyl —_
il
Figure 7

It is possible to obtain new pairs of topologically coinciding

different numbers infinitely. Eacmew pair is based on the

previous pair. But it is increasingly difficult to display these
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intersections and selhtersections of numericaldirect lines" in
flat drawings. Therefore, here are some pairs of topologically
matching numbers without their grdgical representation in two
dimensional space (thredimensional space is required here):

N3 =2 [3N2 = 2 [3]n2 =e[3] (2 * In(2)) =

=1+2*INd0H0 W6 T 0

N3=1/N3=1¢n2*IN6H0O MWB6KX T o
-N3=-1-n2*In6H0 B6.1X) T O

-n3=-1+n2*In(2)-X IT6.14)
N4=2[3]N3=2[31¢n2*Ind H 0)=b X

=2*2[3](*In6 HO)=R*e3](IN(2)*@*INO HV))H X

' W F 6mM b yH F fyoHO F fYyoHO
' W b yYyH F H F fyéun0 F fYyoHO b
Nd=2+n2*280H0 Ff fYyoOo6HO BB X T 6LLL
nd=1/N4=1/2n2*1/2*In2)*In2rX T O6LLL ®c dmo
-N4=2¢n2*2*In2)*In2QyX T OLLL®c dmnuov

-n4d =-1/2+n2*1/2*In(2)*INn6 H O B6.18) T o

We now see that such a simple numerical line hagegy
complex topological structure that requires the introduction of a
multidimensional space for its complete representation.

1.7 how to travel on a numerical line using its topological
structure.
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The simplest journey (figure 5): move from point ft] point
[(N1) € N1)]. Stop at this point. And turn your face to the left. Then
move forward to {1] and (nonstop) to [¢ n 1) (n 1)]. Here you
should stop and turn to the left. Then move straight to the point
[1]. So you will make a simple journey ameturn home.

If at each intersection of the numeric line you choose the middle
path, or just do not stop at all, then you will move along a-one
dimensional straight line.

[11.8 The connection of Nnumbers with 2numbers.

The construction of Mumbers legins with the definition of a
positive infinitely large number N1 through the equation:

x+1=x; (1ll.8.1)
x = N1, (I11.8.2)

Consider humber ?2. In th&ablel.22the operation[1] is given
for 2-numbers'. From this table you can extract the equation:

22 [1]71 = ?2; (111.8.3)

Here ?1- any natural number, we choose ?1 = 1.
We rewrite equation (111.8.3) in the form:

22 +1=72; (111.8.4)

It coincides with the equation (111.8.1). And the solutions of these
two equations also coincide:

N1 = 22; (11.8)5

The linkof n1 with O issuch:
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nl=1¢1=0; (ll.8.6)

Let's do a little check on the connection ofnNmbers with ?
numbers. There is an equation forridmbers:

N1[2] n1=N1*nl=1;(lll.2.5)

For 2 the numbers it must match the equation:
?2[2]0=22*0=1; (11.8.7)

From the definitiorof ?- numbers such ratios follow :
1[3](?2[2]0)=17(?22*0)=(17?2)~0=2~0=1;(Il.8.8)

We raised 1 to a power equal to the left side of the equation
(111.8.7) and received 1. Now raise 1 to pgmver equal to the right
side of equation (111.8.7):

1[3]1=171=1;(lll.8.9)
The results matched (1 = 1). The test is completed.

All Nnumbers constructed with N1 are now constructed with
?-number ?2. And the resulting topological structucé the
numerical line is also obtained ianimbers.

But other than that “humbers have their own topological
properties. Here's one example:

- ?2 this is a negative infinitely large number. From (111.8.5) should:
-?2 =-N1 =N1="7?2; (111.8.10)
-?2 =72; (11.8.11)

This topological property of ?-number follows from the
topological properties of the Mumber. And now consider the
following calculations:
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1[8](-?2) =17 ?2)=1/(A"?2)=1/2=1[3]?(1/2); (111.8.12)
It follows:
-?22 =?(1/2)(111.8.13)

There is no such relation amongmdmbers. Ratio (111.8.13) is
easily generalized to the:

-?n = ?(1/n); (111.8.14)

Where n is any positive integer.
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V.1 Summary of Chapter .

In paragraph Ill.Ja summary of Chapter Il is provided.

In paragraph Ill.2he numbers N1 and nl are determined.
In paragraph 1ll.3he numbers N2 and n2 are determined.
In paragraph Ill.4he numbers N3 and n3 are defined.

In paragraph Ill.5he numbers NA and nA are deteimed.

In paragraph lll.6the topology of the numerical line for-N
numbers is described.

In paragraph lll.7an idea of how to travel along a numerical line
using its topological structure is given.

In paragraph l11.8s the connection of Miumbers with Znumbers.

V.2 Results.

A direct jump on the construction of a new 4th direct
operation, and its two inverse operations, with the expected
subsequent detection of insolubility in known numbers, was
unsuccessful. Operations builiut new numbers notdund. The
same result withthe zero direct operation and its two inverse
operations. But this is not a complete defeatit too little practice
with these new operations. The same imaginary numbers found
too not at once.

The brmation of ?-numbers ad numbersstrings were a side
effect. But 2numbers are the same infinitely large and infinitely
small numbers, only with a new way of constructiBgt what are
the numbes-rows is still not clear. It is also unclear where to apply
them. And they pull theoncept of “floors".
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And quite independentlyhave been introduced the N-
numbers. These are not new numbers eithethey are the same
infinitely large and infinitely small numbers, only with their own
way of construction. But at least they have fouadise for the
manifestation of a complex topological structure of a simple
numeric line.

An important result was the establishment of an explicit
connection of Nnumbers with Znumbers.

Interesting was the fact that the 3rd direct operation
(exponentiation) was not completely exhausted. Its second
inverse operation [3]2]- (logarithm) - gave rise to question
numbers (?humbers.)

Here | will make a small remark. In the course of work on the text
each signhas a mental pronounce. With the appearanof
question numbers | was tormented by the mental pronunciation
of "question mark". Over time, | replaced this phrase with one
word: "question”. And then spontaneously became to callb®"
the simple word 'XI'. At first | resisted it because | knewais the
name of one Greek letter. But since | didn't have Greek letters in
the text, | accepted it. Maybe someone in reading of my text will
come in handy this replacement pronunciation.

15.10.2018
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