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“It is the spirit that quickeneth; the flesh profiteth nothing: the words that I speak unto you, they are spirit, and they are life.” - John 6:63.

ABSTRACT. I deduce some relations for the g-Pochhammer symbol, the g-binomial
coefficient, g-bracket, g-factorial and g-Gamma function.
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1. INTRODUCTION

In this paper, I proved the recurrence relation for the g-Pochhammer symbol:

(@;@=(1+q—aqd" Na;q)1— (1 —agd“ Dqa; @)

the recurrence relation for the g-binomial coefficient:

1+q q n-1|__ (=¢"N [n-2],
m=1] (=g "H1-gm |m=2]"

the relation for the g-bracket:

+1
—q["]f[fq ]q=(1+q—q”+2)-lnzllq—(l—q%-[”gzlq;

the recurrence relation for the g-factorial:

k-1
(1—Q)[k]q!=(1+q—qk)[k—1]q!—<ll_qq >q[k—2]q!;

and the recurrence relation for the g-Gamma function:

k-1
(1-g"T(k)y=(1+g— qk)(%)D(k -D
k 2

(I-¢)

~(1-¢* 1)[ ]qu(k—Z)-
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2. THE RECURRENCE RELATION FOR THE g-POCHHAMMER SYMBOL

Theorem 2.1. If |a|< 1, |g|<1 and k >0, then

(@ qh=(1+q—aq""Na;q-1—(1 —ag" *)q(a; q)i-2,
where (a; q); denotes the q-Pochhammer symbol, defined [1] by
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Proof. Step 1. I consider the finite product representation for the g-Pochhammer symbol

k—1

(@ qn=]] (1 -ad).
j=0

provided £ > 0.
I suppose that

a-(a;Qg2=P - (@17 - (A; )y

Substituting the right hand side of (2.3) in (2.4), I obtain

k+1 k k—1
a-[[ 1 -agh=p-T] (1 —agh+r-[] (1 —ag)
j=0 j=0 j=0

Lo o=a)  To(=ad)
[To(1-ag) =~ TTZ,(1-ag)
Sa-(1-agy(1-agd"N=p-(1-ag")+y
:‘»a-(l—aq"”—aqk+a2q2k+l)=ﬂ-(l—aqk)+y
=>a—aad"™ —aagt + ad® ¢? = p+y — pagt
>a—(1+g—ag"Vaag*=p+y— pag-.

Comparing the coefficients in (2.5), I conclude that

a=p+y N y=—(—-ag"aq
(1+g—agd"Ha=p \ p=(1+g—aqa.

Replace f by (14+g—ag" "a and y by —(1 —ag")ag in (2.4) and encounter

a-(@;Qir2=(14+qg—ag" Na-(a;q)s1 — (1 —ag"aq-(a;q)
=>(;Qr2=(1+g—ag"*Ya; @)rs1 — (1 —aghq(a; @i

(2.3)

2.4)

(2.5)

(2.6)

2.7



Replace k by k —2 in both members of (2.7)

(@@ =(1+qg—aq" " Na;q)i-1 — (1 —ag"Hg(a; g, (2.8)

which is valid for k£ > 3.
Step 2. I prove (2.8) for k=0. Set k=01in (2.8)

(@ @o=(1+g—aq Na;q)-1—(1-ag Hq(a;q) -, (2.9)

By (2.2), I have

(a;q)=1, (2.10)
@)1= @.11)

and I
(@:9) = C— 2.12)

From (2.9) at (2.12), it follows that

1 a 1
1= 1+q—3>—a—<1——>q : (2.13)
(e (Fhimi

The expansion for the right hand side of (2.13) give me

= U ey
g a __2 a a
9)1-7 q (1_3)<1_?>

¢ )1-27 912

g+q°—a\ q q
—< 7 >q_a—qq_a (2.14)
_gq+q*—a ¢
 g-a g-a
_g+g*-a-¢’

q—a
_4q—-a__
e

Note that the right hand side of (2.14) is equal to the left hand side of (2.13). This
completes the proof for k£ =0.
Step 3. I prove (2.8) for k=1. Set k=1 1in (2.8)

(a;9=(1+g—a)a;q)—(1—aq "q(a;q)-;. (2.15)

By (2.2), I have
(a;gh=1-a, (2.16)
(a;q)=1 (2.17)
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and
1
(a;9)-1= — (2.18)
q
From (2.15) at (2.18), it follows that
1—a=(1+q—a)—(1—aq")q1 - (2.19)
q
The expansion for the right hand side of (2.19) give me
1
(1+g-a)-(1-aq )41~z
q
- —g—[(4=%)\, _49_ 2.20)
=l+g—a (
0-a- (2 o7t
=l4+g—a—q
=1—a.

Note that the right hand side of (2.20) is equal to the left hand side of (2.19). This
completes the proof for k=1.
Step 4. I prove (2.8) for k=2. Set k=2 1in (2.8)

(a;@)r,=(1+g—aq)(a;q)— (1 —a)q(a; q). (2.21)

By (2.2), I have

(@;9)2=(1—a)(1-aq), (2.22)
(a;qh1=1—-a (2.23)

and
(a;q)o=1. (2.24)

From (2.21) at (2.24), it follows that
(I1-a)(l—-aqg)=(1+g—aq)(1 —a)—(1—a)q. (2.25)

The expansion for the right hand side of (2.25) give me

(1+g—ag)(l-a)—(1-a)qg
=(1+g—aq—q)(1—a) (2.26)
=(1-a)(1-agq).

Note that the right hand side of (2.26) is equal to the left hand side of (2.25). This
completes the proof for k=2.

Step 4 (Conclusion). With the step 1, I proved that (2.8) is valid for k > 3; with the
step 2, [ proved that (2.8) is valid for k£ =0; with the step 3, [ proved that (2.8) is valid for
k = 1; with the step 4, [ proved that (2.8) is valid for k =2. Thus, I completed the proof
that the equation (2.8) is valid for k>0, which is the desired result. ]

Remark 2.2. Obviously, when k& — oo, the equation (2.1) becomes

(@ q)=lim(1+¢ —ag*"(a;9)e —lim(1 —aq*")q(a; @) (2.27)



Note that
I}im(1+q—aqk")=1+q—k1im(aqk")=1+q, (2.28)
since klimq"‘l =0, because |g| < 1.
Notice also that

klim(l —ag-*=1 —klim(aqk‘z)= 1, (2.29)
since klimq"‘2= 0, because |g| < 1.
From (2.27) at (2.29), I conclude that
(@; @)oo =(1+ )@@ 0 —4(a; @) o- (2.30)

The expansion of the right hand side of (2.30) give me
(1+ )@ D)0 = 4(a; @)oo = (a3 Do + 9(a; D)oo = 4(a3 ) o0 = (@3 @) o (2.31)
Observe that the right hand side of (2.31) is equal to the left hand side of (2.30) and
this completes the proof, when k — 0.
Corollary 2.3. If |a|< 1, |g|< 1 and k >0, then

(@3 Q2= (A5 Pyt
(@; Qr+1— (@5 )

where (a; q); denotes the q-Pochhammer symbol, defined [1] by

=q(1-aq), (2.32)

(k-1
I a-ag).itk>0
j=0
1,ifk=0

. L

(a; @) = 1—[(1_6“1_j)_1,ifk<0 (2.33)

j=1
H(l—aqj),ifk:oo.
gj=0

Proof. Expand the right-hand side of the Theorem 2.1 as follows:

(1+g—agd" " YNa;q)1—(1—aq* Hqa; @)

=[1+g(1 —aqd" Ha; @1 — (1 —ag" Hg(a; ) (2.34)
=(a; @)1+ (1 —ag"Hq(a; @)1 — (1 —aq")q(a; ¢ .
=(a; -1+ [(@; Qo1 — (@3 Qr—21g(1 — ag" ™).

From (2.1) and (2.34), I conclude that

(a; 9= (a; Qi1+ [(@; @1 — (@3 @—2lg(1 —ag*™?)

:’(cz; q)k)— ((E ; q)k)_1 =[(a; Q-1 — (@3 @)2lg(1 —ag™)
A~ q)-1 _ k=2

(a;Q)k—l_(a;CI)k—Z_q(l aq).

(2.35)
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Replace k£ by k+2 in (2.35)

(@; Q2= (A5 @ir1
(@; Q1 — (@39

=q(1—ag"),

which is the desired result.

3. THE RECURRENCE RELATION FOR THE ¢-BINOMIAL COEFFICIENT

Theorem 3.1. If |g| <1 and 2<m<n, then

[n l _ 1+q—q”.[n—1 l (1-¢g""Yyg ln—Z l

- 1 _m — T om0 _ ) —
m| ~— 1-g m=1] (=g H(1-gm |m=2]

where [ 21 l denotes the q-binomial coefficient, defined [2, (1)] by
q

n| __ (@
m |, @Dn@Dnm
Proof. Replace a by g and k by nin (2.1)

(@ D=1+ =¢)NG; Dn-1— 1 =q""Nq(q;@)n-2.

Divide both members of (3.3) by (¢;9)(q; 9 and encounter

(F;9)n (95 Pn—-1 -1 (5 Dn—
=(1+g—¢" —(1=qg" )
(@ D@ Dn—m (I+g-q )(q;q)m(q;q)n_m (I=q )q(q;q)m(q;q)n_m
The manipulation of the right hand side of (3.4) give me
(@5 9)n—1 _1 (@5 Pn—
l+g9—-q" —(1=g"
(1+q q)(q;q)m(q;q)n_m (I1=q )q(q;q)m(q;q)n_m
(@ Dm-1(q; D1
=(14+g—-q"
(1+q q)(q;q)m(q;q)m_l(q;q)n_m

(1 — -1 (4 Din—2(G; Dn—2
(1-¢ )q((q;q)ﬁn(q;q)m_z({[;q);_m
— _n q;Qm—l_ q:9)n-1
(1 — 1 q;9)m-—2 . q:9)n—2
_1+t9-9" @@
1—q¢" (@ Dm-1(q; Dn-m
_ (0=¢"NY (@D
(1=g" A =g™ (@ DG D’

THE g¢-

3.1

(3.2)

(3.3)

(3.4)

(3.5)



From (3.2), (3.4) and (3.5), I conclude that

n| _1+g-q" |n-11 _
m| = T=q" |m-1] TU-g" D¢

which is the desired result.

(1—¢"" g

4. A RELATION FOR THE g-BRACKET

Theorem 4.1. If |g| <1 and 0< n, then

_(1=-¢»U+g=¢""? |n+1
[n],= (1—q"*Ng [ 2 l

_(1=-1-¢) [n+2
(1 _qn+l)q

where [n], denotes the g-bracket, defined [2, (5)] by

i) -
q

l—q
l-q

n
K

here [ 2 l denotes the g-binomial coefficient, defined as (3.2).
q

Proof. Replace n by n+2 and m by m+2 in (3.1)

n+2
m+2

_ 1+q—q”+2_ln+1 ]

ST md

Replace m by 1 in (4.3)
n+2| _14+9=¢"" [n+1
3 - 1-¢° 2

From (4.2) and (4.4), I obtain

=T =g

which is the desired result.
Corollary 4.2. If |q| <1 and 0< n, then

qlnl,[n+1],

— _ 412y,

_(1-¢)U+q-q"? [n+ll
2

n+1
2

(1-¢""Yq

__(-g"Yg
, =P —0)

q

q_ (1 _qm+l)(1 _qm+2) )

(1= =¢)

(I-¢"*"q

~(1-¢°)-

where [n], denotes the q-bracket, defined [2, (5)] by

]
q

n

l—g¢g
1—-qg°

n+2
3

3

|

|

n
m

|

|

il

n+2

q

3

_ln—Zl
my | m—2 q’

|

4.1

4.2)

(4.3)

(4.4)

4.5)

(4.6)
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here [ 2 l denotes the g-binomial coefficient, defined as (3.2).
q

Proof. Replace n by n+1in (4.2)

_ o+l
[n+1]q;=[”‘gll _1=q"
q

The manipulation of (4.1) give me

1-q 1+ , +1
[n]q: — g 'Tq'(l_"q_q +2)'[n2 l

1 qn+1 .
l-g 1+4g¢ 3 | n+2
TTog g 4T3 q

From (4.7) and (4.8), I conclude that

a q

gln+1], gln+1],
glnl [n+1] way | 1 n+2
:»—f+q I=(l+q- 2)-[ 2 L—(I—CP)-[ 3 L,

which is the desired result.

5. A RECURRENCE RELATION FOR THE ¢-FACTORIAL

Theorem 5.1. If |g| <1 and 2Lk, then

k=1
(1—q)[k]q!=(1+q—q’~’>[k—1]q!—<ll_qq )q[k—z]q!,

where [k],! denotes the g-factorial, defined [3] by

_ (@9
[k]q!._(l_q)k.

Proof. Replace a by g in (2.1)

(@ D=14+q— g @1 — (1= ¢ Na(g; @i

Divide both members of (5.3) by (1 —g)* and with a bit of manipulation obtain

(@D _ INCHS (q Di—2

(ogr (= —(1=47a (=)

_ @) =<1+q q>(q,q)k_1 =47 9
(I-g* =g jJd-p" [(0-¢ ] A=)

4.7

(4.8)

(5.1)

(5.2)

(5.3)

(5.4)



Replace k by k—11n (5.2)

k—1],!= —((lq;_";;;_ll .

Replace k by k-2 in (5.2)

T (—gF

From (5.2), (5.4), (5.5) and (5.6), I conclude that

[k —2]4! _ (95 Di—

k |
[k]q!=<1?+qq>[k — 11,1 - [1_—qqlq[k ~2],!

_ k-1
:’(I_Q)[k]q!:(l“Lq—qk)[k—11q!_<11i1q >Q[ -

which is the desired result.

6. A RECURRENCE RELATION FOR THE ¢g-GAMMA FUNCTION

Theorem 6.1. If |g| <1 and 3Kk, then
3 VA
(l—q)Fq(k)=(1+q—q)<ﬁ>rq(k—1)
| 1—¢q
—(1- k—1
(1-a )[(1—@2

where I'y(k) denotes the g-Gamma function, defined [4] by

k—2

l qly(k=2),

Proof. In [5, p. 300, (12.1.3)], I have the identity

(@5 Qoo

S Py e

Replace k by k—11in (6.3)

(@5 Qoo

a,q)_|=———=2—
@D = Gt

Replace k by k—2 in (6.3)

(@; P

D g

(5.5)

(5.6)

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)
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From (2.1), (6.3), (6.4) and (6.5), it follows that

(@5 @)oo
(@qd*'q)

(@5 @)oo

(ad9)w ~(1-ag D e (66)

=(14+g—ag"!
(1+g=aq™) (aq"2q)

Replace a by ¢ in (6.6) and with a bit of manipulation obtain

R N ) PR S N )
@hoa D G-
(Do (45D —(1+q—¢ Do @ 5D

(@5 Do (@ Do o @ Do (@D
-G G

e T ()
G G
0D 0. <(q'~ q)f; =(I+a-a ""k_l)<q(g-;'cf)q°§m

R e

Multiply both members of (6.7) by (1 —¢)'~* and with a bit of manipulation, I find

_ k=1 .
( )(q CI)oo( —Q)l_k:(l'i‘q_qk)(ll_qq > (q’Q)oo /l_q)Q—k

(@D (@5 Di-1 6.7
(@ Do (@ Di—2 ©7

(¢~ (1)00 o @9 68)
I NG 99D 1 _ N3k
=G T2 ™9
Replace k by k—1in (6.2)
T,k —1):= ((kq f’)°; (1—gy™*. (6.9)
Replace k by k-2 in (6.2)
T,(k—2): %a — gy, (6.10)
From (6.2), (6.8), (6.9) and (6.10), it follows that
1— qk—l
(l—qk)Fq(k)=(1+q—q"’)< =g >Fq(k—1)
g2
—(1—g* 1)l(1 )qurq(k—Z),
which is the desired result. ]
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