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EDITOR’S NOTE
The HELLENIC OPEN BUSINESS ADMINISTRATION Journal is
concerned with theory, research, and practice in business administration and
economics (in its wider sense encompassing both private and public sector
activities of profit-seeking ventures, as well as of governmental, private nonprofit, and cooperative organisations) and provides a forum for academic
debate on a variety of topics which are relevant to the journal’s central
concerns, such as:

















Administration of Businesses and Organizations
Marketing
Public Administration and Policy
Accounting
Financial Management
Total Quality Management
Law and Administration
European Business
Tourism Business Administration
Cultural Organisations Management
Health Care Management
Environmental Management
Industrial Organization
Economic Analysis and Policy
Money and Capital Markets
Quantitative Methods
7

The HELLENIC OPEN BUSINESS ADMINISTRATION Journal



Labour Economics

The HELLENIC OPEN BUSINESS ADMINISTRATION Journal also
publishes special issues. A special issue focuses on a specific topic of wider
interest and significance, which is announced through relevant call for papers.
The journal was established in 2014 following the completion of the
HELLENIC
OPEN
BUSINESS
ADMINISTRATION
International
Conference.
The HELLENIC OPEN BUSINESS ADMINISTRATION Journal (The
HOBA Journal) is published two times a year, in January and July. These two
issues constitute one volume. One or more issues may focus on a specific topic
of wider interest and significance, which is announced through relevant call for
papers.
The editorial process at The HOBA Journal is a cooperative enterprise. Articles
received are distributed to the Editor for a decision with respect to publication.
All articles are first reviewed to be judged suitable for this journal. The Editor
arranges for refereeing and accepts and rejects papers or, alternatively, forwards
the papers to a member of the Board of Editors. The member of the Board of
Editors, then, arranges for refereeing and accepts or rejects papers in an entirely
decentralized process. In any case, each submission is sent to two referees for
blind peer review and the final decision is based on the recommendations of the
referees. The referees are academic specialists in the article’s field of coverage;
members of the Board of Editors and/or members of the Editorial Advisory
Board may act as referees in this process. Only when a paper is accepted for
publication it is sent again to the Editor. Subsequently, the Editor sends the
finally accepted paper to The HOBA Journal office for final editing and
typesetting.
The Editor or the member of the Board of Editors who coordinates the decision
with respect to publication of an article may send an article for refereeing to
member(s) of the Editorial Advisory Board or cooperate with one or more of
them to jointly assign referees who have some substantive knowledge of the
topic and research in the relevant field and, finally, to jointly decide whether to
accept or reject a paper.
The Editor, the members of the Editorial Board, and the members of the Editorial
Advisory Board come from a breadth of fields designed to cover the largest
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substantive areas in economics and business administration from which we
expect to receive submissions.
The above outlined co-editing process has major advantages. First, it is helpful in
the assignment of referees and in the decision whether to publish a submission.
Second, it avoids the apparent conflict of interest that results when an Editor
handles a colleague’s article. As a general rule the Editor and the members of the
Board of Editors never assign papers written by authors at the same institution.
Finally, it provides an efficient way to handle about 200 submissions annually.
The editorial structure and process is reviewed annually.
While the Journal seeks to publish papers, which are academically robust, hence
the rigorous review process (double blind peer review), it also seeks to publish
papers that communicate effectively. It is interesting, well written and, therefore,
readable papers that really contribute to the area of interest. Articles submitted
should, therefore, keep technical jargon and statistical formulae within papers to
a minimum and always aim to present material, however complex, simply and
clearly.
As a forum, the Journal invites responses to articles that are published and is also
willing to publish controversial articles to stimulate debate. To facilitate this, in
addition to standard articles, the Journal also publishes “viewpoints” and
“notes”. These are short papers (up to 2,000 words), that explore, or comment
on, an issue in a way which is useful, interesting, worthwhile, relevant and,
ideally, provocative.
It will contain book reviews, and review essays designed to bring relevant
literatures to the attention of a wider readership.
For libraries subscribed to the Journal, all printing or photocopying fees or any
royalty payments for multiple internal library use are waived. Special
arrangements exist for subscribers in low-income countries.
All articles must be submitted in WORD format to:
theHOBAjournal@gmail.com
Dimitrios A. Giannias, Editor
School of Social Sciences
Hellenic Open University
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COMPLEXITY IN A MONOPOLY MARKET
WITH NON LINEAR DEMAND AND COST
FUNCTIONS
Georges Sarafopoulos
University of Thrace, Greece.
Abtract
In this paper the equilibrium state of a bounded rational monopolist model is
studied. It is assumed that the entire demand and cost functions are nonlinear.
The equilibrium of the model is equal to the level of price that maximizes
profits, as can be seen in the classical microeconomic theory. However,
complex dynamics can arise and the stability of equilibrium state is discussed.
The complex dynamics, bifurcations and chaos are displayed by computing
numerically Lyapunov numbers and sensitive dependence on initial conditions.
Keywords: Monopoly, Difference Equation, Equilibrium, Stability, Sensitive
dependence on initial conditions, Chaotic Behavior.
JEL Classification: C61, C62, D42
Introduction
In recent years, many researchers have demonstrated that economic agents may
not be fully rational. Even if one tries to do more efforts to perform things
correctly, it is important to utilize simple rules previously tested in the past
(Kahneman et al,1986; Naimzada and Ricchiuti, 2008). Efforts have been made
to model bounded rationality to different economic areas: oligopoly games
(Agiza, Elsadany, 2003, Bischi et al, 2007); financial markets (Hommes, 2006);
macroeconomic models such as multiplier-accelerator framework
(Westerhoff,2006). In particular, difference equations have been employed
extensively to represent these economic phenomenons (Elaydi, 2005; Sedaghat,
2003).
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Oligopolistic market structures have a distinguishing feature that is the
output, pricing and other decisions of one firm affect, and are affected by, the
similar decision made by other firms in the market. Indeed, game theory is one
of the important tools in the economists' analytical kit for analyzing the
strategic behavior of this market (Gibbons, 1992, Webb, 2007). Various
empirical works have shown that difference equations have been extensively
used to simulate the behaviour of monopolistic markets (Abraham et al., 1997;
Elaydi, 2005; Sedaghat, 2003).
The canonical approach of the monopoly theory is essentially static and
the monopolist has full rationality: both perfect computational ability and large
informational set in such a way that she can determine both quantity and price
to maximize profits. However, in the real market producers do not know the
entire demand function, though it is possible that they have a perfect knowledge
of technology, represented by the cost function. Hence, it is more likely that
firms employ some local estimate of the demand. This issue has been
previously analyzed by Baumol and Quandt (1964), Puu (1995), Naimzada and
Ricchiuti, (2008). Naimzada and Ricchiuti evaluate a discrete time dynamic
model with a cubic demand function without an inflexion point and linear cost
function. In this paper, the equilibrium state of a bounded rational monopolist
model is studied. It is assumed that the entire demand and cost functions are
non linear. The stability of equilibrium state of the model is discussed. The
complex dynamics, bifurcations and chaos are displayed by computing
numerically Lyapunov numbers and sensitive dependence on initial conditions.

The model
The inverse demand function has a general form, it is downward sloping
and concave:

p = a − bq 3

(1)

where p indicates commodity price, q indicates the quantity demanded,
and a and b are positive constants. The downward sloping is guaranteed if:

dp
= −2bq 2 < 0
dq
That is if b>0.
14
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The quantity produced, q, is positive and non-negative prices are
achieved if

q<

3

a
b

(3)

We suppose that the cost function is quadratic
(4)

C(q)=cq 2

Moreover, we assume the general principle of setting price above
marginal cost, p - c > 0, for each non negative q; that is, a > c. The main aim of
the firm is to maximize the following profit function:
(5)

Π (q) = (a − bq 3 )q − cq 2

This function is concave and given the following first order condition:

dΠ
= a − 2cq − 4bq 3 = 0
dq

(6)

The marginal profit is strictly decreasing with range in the
interval (−∞, a] , therefore Eq. (6) has a unique solution q* in this interval and
the profit has a maximum at q* . Assuming
production is guaranteed.

q* > 0 a positive equilibrium

To achieve increasing profits, it is assumed that locally the monopoly
firm, using a gradient mechanism, looks at how the variation of quantity affects
the variation of profits. A positive (negative) variation of profits will induce the
monopolist to change the quantity in the same (opposite) direction from that of
the previous period. No changes will occur if profits are constant. This
mechanism can be represented as follows:

q (t + 1) = q(t ) + k
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where k>0 is the speed of adjustment to misalignments. Substituting Eq.
(6) in (7), we obtain the following cubic one-dimensional nonlinear difference
equation:

q (t + 1) = q(t ) + k[a − 2cq(t ) − 4bq 3 (t )]

(8)

Dynamical analysis
If

f (q) = q + k (a − 2cq − 4bq3 )

(9)

The fixed points of Eq. (8) are the solutions of the equation f (q) = q ,
and then the fixed point is the solution of Eq.(6)

q = q*

(10)

df *
( q ) = 1 − 2k (6bq*2 + c)
dx

(11)

Since

The steady state is locally stable if:
1 − 2k (6bq*2 + c ) < 1

(12)

Or, equivalently,

0<k <

1
*2

6bq + c

(13)

It follows that:
Proposition. Map (8) has a unique steady state which is exactly the quantity
1
that maximizes profits. It is locally stable if 0 < k <
*2
6bq + c
16
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Numerical simulations
The previous result indicates that a limited reaction of the monopolist to
changes in profits can stabilize the quantity produced. On the other hand
turbulences in the market are generated by an overreaction. To shed some light
on what really happens in the market we employ a numerical analysis. Fixing
the other parameters of the model as follows: a = 4, b = 0.6, c = 0.5 , then
q* 1.0689 and k * 0.2167 . The dynamic map (8) satisfies the canonical
conditions required for the flip bifurcation (Abraham et al., 1997) and there is a
period doubling bifurcation if k = k * . When k < k * the fixed point is attracting,
when k > k * it is repelling. Therefore, there is a change in the nature of
dynamics when k = k * , a unique asymptotically stable period two-cycle arises.
We graphically show how the behaviour of the map (8) changes for different
values of the reaction coefficient, k. ( Kulenovic, M., Merino, O., 2002). In Fig.
1, we show the map (8) when k = 0.2. From Eq. (13), the steady state is
asymptotically stable. In particular, there is an oscillatory convergence. In Fig.
2, we show the particular set of parameters that determines a period two-cycle,
actually, with k = 0.22. Further growth of k leads the attractor to follow a
typical route of flip bifurcations in complex price dynamics: a sequence of flip
bifurcations generate a sequence of attracting cycles in period 2n, which are
followed by the creation of a chaotic attractor. In Fig. 3, a cycle of period four
is shown. To clarify the dynamics depending on k, we have reported a
bifurcation diagram in Fig. 4. It shows different values of quantity for different
values of k, particularly between 0.10 and 0.35. It is easily illustrated that we
move from stability through a sequence of a period doubling bifurcations to
chaos. In figure 4 are represented also the Lyapunov numbers of the orbit of
0.01, for k = 0.3, versus the number of iterations of the map (8). If the
Lyapunov number is greater of 1, one has evidence for chaos. To demonstrate
the sensitivity to initial conditions of Eq.(6), we compute two orbits (60
iterations of the map) with initial points q0 = 0.01 and q0 + 0.001 ,
respectively.
The results are shown in Fig.5. At the beginning the time series are
indistinguishable; but after a number of iterations, the difference between them
builds up rapidly.
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Fig.1. Oscillatory convergence for a =4,b=0.6, c= 0.5 and k=0.2

Fig. 2. Cycle of period 2, for a =4,b=0.6, c= 0.5 and k= 0.22
18
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Fig. 3. Cycle of period 4, for a =4,b=0.6, c= 0.5 and k= 0.28

Fig.4. Bifurcation diagram with respect to the parameter k against variable q,
for q0=0.01 and 550 iterations of the map (8) (left) and Lyapunov numbers of
the orbit of 0.01, for k =0.3, versus the number of iterations of the map (8)
(right).
19
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Fig.5. For sensitive dependence on initials conditions: q plotted against the
time, parameter value k=0.3 and initial condition q0 = 0.01 (left), q0 = 0.011
(right).
Conclusions
In this paper, we have analyzed the effects on the equilibrium of a
monopoly when the monopolist has bounded rationality. Particularly, the
monopolist, not knowing the entire demand function, employs a rule of thumb
to produce the quantity that guarantees the largest profits. The steady state of
the map is exactly the level of production that maximizes profits, as can be seen
in the classic microeconomic theory. However, complex dynamics can arise.
For some values a parameter there is a locally stable equilibrium which is the
value that maximizes the profit function. Increasing these values, the
equilibrium becomes unstable, through period-doubling bifurcation. The
complex dynamics, bifurcations and chaos are displayed by computing
numerically Lyapunov numbers and sensitive dependence on initial conditions.
We achieve these results employing a discrete time dynamical model such as
that used by Naimzada, Ricchiuti, (2008); however, we use a non linear cost
function.

20

The HELLENIC OPEN BUSINESS ADMINISTRATION Journal

References
Abraham, R., Gardini, L., Mira, C., 1997, Chaos in Discrete Dynamical
Systems: A Visual Introduction in Two Dimensions. Springer, Berlin.
Agiza H.N., Elsadany A.A., 2003, Nonlinear dynamics in the Cournot duopoly
game with heterogeneous players. Physica A, 320: 512–24.
Baumol, W.J., Quandt, R.E., (1964), Rules of thumb and optimally imperfect
decisions, American Economic Review 54 (2): 23–46.
Bischi, G.I., Naimzada, A.K., Sbragia, L., (2007), Oligopoly games with local
monopolistic approximation, Journal of Economic Behavior and Organization
62 (3): 371–388.
Elaydi, S., (2005), An Introduction to Difference Equations, third ed., SpringerVerlag, New York.
Gibbons, R., 1992, Game Theory for Applied Economists. Princeton University
Press, US.
Hommes, C.H., 2006, Heterogeneous agent models in economics and finance,
in: L. Tesfatsion, K.L. Judd (Eds.), Handbook of Computational Economics,
Agent-Based Computational Economics, vol. 2, Elsevier Science B.V: 1109–
1186.
Kahneman, D., Slovic, P., Tversky, A., 1986, Judgment under Uncertainty:
Heuristics
and Biases, Cambridge University Press, Cambridge.
Kulenovic, M., Merino, O., 2002, Discrete Dynamical Systems and Difference
Equations with Mathematica. Chapman & Hall/Crc.
Naimzada, A.K., Ricchiuti G., 2008, Complex dynamics in a monopoly with a
rule of thumb, Applied Mathematics and Computation 203: 921–925
Puu, T., The chaotic monopolist, 1995, Chaos, Solitons & Fractals 5 (1): 35–
44.
Sedaghat, H., 2003, Nonlinear Difference Equations: Theory with Applications
to Social Science Models, Kluwer Academic Publishers (now Springer).
Webb, J., 2007, Game Theory: Decisions, Interaction and Evolution. SpringerVerlag.
Westerhoff, F., 2006, Nonlinear expectation formation, endogenous business
cycles and stylized facts, Studies in Nonlinear Dynamics and Econometrics 10
(4) (Article 4).

21

