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Abstract This paper is the third paper of the cycle devoted to the theory of essentially adequate quaternionic differentiability. It is
established that the quaternionic holomorphic (H -holomorphic) functions, satisfying the essentially adequate generalization of Cauchy-
Riemann’s equations, make up a very remarkable class: generally non-commutative quaternionic multiplication behaves as commutative
in the case of multiplication of H -holomorphic functions. Everyone can construct such H-holomorphic functions by replacing a complex
variable as a single whole by a quaternionic one in expressions for complex holomorphic functions, and thereafter verify their commuta-
tivity. This property, which is confirmed by a lot of H-holomorphic functions, gives conclusive evidence that the developed theory is true.
The rules for quaternionic differentiation of combinations of H-holomorphic functions find themselves similar to those from complex
analysis: the formulae for differentiation of sums, products, ratios, and compositions of H-holomorphic functions as well as quaternionic
power series, are fully identical to their complex analogs. The example of using the deduced rules is considered and it is shown that they
reduce essentially the volume of calculations. The base notions of complex Maclaurin series expansions are adapted to the quaternion case.
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1 Introduction

The sections and subsections of this paper are given as follows: 1. Introduction — (p.1); 2. Rules for differentiating combi-
nations of H-holomorphic functions — (p.3); 2.1 The rule for multiplying by a constant — (p.3); 2.2 The sum rule — (p.4);

2.3 The linearity rule — (p.5); 2.4 The product rule — (p.5); 2.5 The chain rule — (p.7); 2.6 The quotient rule — (p.8); 2.7 The
example of efficiency of the sum, product and chain rules - (p.8); 3 Differentiation of quaternionic power series - (p.11);
4 Conclusions — (p.16); References - (p.16); Appendix A - (p.16).

This paper is a continuation of papers [1] and [2], in which we were building the mathematically coherent theory of qua-
ternionic differentiation based upon the concept of essentially adequate differentiability [1]. In this paper we will now show
that such a theory is fully similar to complex one.

We denote an independent quaternionic variable, asin [1] and [2], by p = x + yi + zj + uk = a + bj € H, where i,j, k
are quaternionic basis vectors; x,y, z, u are real values; a = x + yi, b = z + ui are complex constituents of the representa-
tion of quaternions in the Cayley-Dickson doubling form a + bj, and H denotes the 4-dimensional quaternion space. Re-
spectively, quaternion-valued (briefly, quaternionic) functions ¥(p) = Y1 (x,y,z,u) + Y, (x, vy, z, w)i + Y3 (x,y,z,u)j +
W, (x,y,z, u)k, where 1,9, 93,1, are real-valued functions of real variables x, y, z, u, are denoted in the Cayley—Dickson
doubling form by ¥ (p) = ¢, + ¢,j, where ¢, = ¢,(a,b) =Y, +P,i and ¢, = ¢p,(a, b) = Y5 + Y,i. The Cayley-Dick-
son doubling form (procedure) is a basic representation form in the theory in question. In accordance with the concept of

essentially adequate differentiability a quaternionic derivative is defined as a limiting value of the difference quotient % as

Ap tends to 0. At that the limit is required to be independent not only of the limiting path (as in complex analysis), but also
of the way of quaternion division: on the left or on the right. Such an independence is called [1] the "independence of a
quaternionic derivative of a way of its computation”.

A quaternionic function is said [1] to be quaternion-holomorphic (briefly, H-holomorphic) at a point p, if it has a quater-
nionic derivative independent of a way of its computation in some open connected neighborhood G, € H of a point p € G,.
We use further the following equivalent definition of a H- holomorphic function [1].

Definition 1.1. It is assumed that the constituents ¢, (a, b) and ¢, (a, b) of a quaternionic function ¥ (p) = ¥(a,b) = ¢, +

¢,j possess continuous first-order partial derivatives with respect to a,a, b, and b in some open connected neighborhood
G, € H of a point p € G,. Then a function (p) is said to be H-holomorphic, and denoted by ¥, (p) at a point p if and only
if the functions ¢, (a, b) and ¢, (a, b) satisfy in G, the following quaternionic generalization [1] of Cauchy-Riemann's equa-
tions:


mailto:parfenov.48@bk.ru
mailto:mwparfenov@gmail.com
http://context.reverso.net/%D0%BF%D0%B5%D1%80%D0%B5%D0%B2%D0%BE%D0%B4/%D0%B0%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9-%D1%80%D1%83%D1%81%D1%81%D0%BA%D0%B8%D0%B9/continuation+of+the+work

{1) (Oap1l = (05,1, 2) (Oa2| = — (05,1, (1.1)
3) (Oap1l = (Opd2l, 4) (Oa2| = — (059l

Here and in the sequel, the complex conjugation is denoted as usual (for example, a or 52); the brackets (.. | with the closing
vertical bar indicate that the transition a = a = x has been already performed in expressions enclosed in brackets. We will
use the shorthand d, to represent a partial derivative with respect to a variable t. For examples, d,¢;designates a partial
derivative of ¢, with respect to a.

We see that, the H-holomorphicity conditions (1.1) are defined so that during the verification of quaternionic holomorphi-
city of any quaternionic function we have to do the transition a = a = x in already computed expressions for partial deriv-
atives of functions ¢,and ¢, and their conjugations in order to use them further in the equations (1.1). However, this does
not mean that we deal with triplets in general; this transition cannot be initially done for quaternionic variables and functions
[1]. Any quaternionic function of a quaternionic variable remains the same 4-dimensional quaternionic function regardless
of whether we check its quaternionic holomorphicity or not.

The essentially adequate quaternionic H-holomorphicity condition (1.1) differs from the famous Cauchy-Riemann-Fueter
equations, which we characterize as inessentially adequate conditions [1,2]. At this point, we also need to recall some theo-
rems and corollaries obtained in [1]. (The last two numbers of numbering remains the same as in [1]).

Theorem 1.4.4 (an extension of complex holomorphicity to quaternionic one). Let a complex function v, (¢): G, — C be C-
holomorphic everywhere in a connected open set G, < C, except, possibly, at certain singularities. Then a H-holomorphic
function v, (p) of the same kind as ¥ (&) can be constructed (without change of a functional dependence form) from ()
by replacing a complex variable £ € G, in an expression for . (§) by a quaternionic variable p € G, < H, where G, is
defined (except, possibly, at certain singularities) by the relation G, > G, in the sense that G, exactly follows from G, upon
transition from p to é.
Theorem 1.4.5 Let a continuous quaternion function ¥, (p) = ¢, (a, b) + ¢,(a, b)j, where ¢, (a, b) and ¢, (a, b) are dif-
ferentiable with respect to a, @, b and b, be H-holomorphic everywhere in its domain of definition G, € H. Then its quater-
nion derivative, defined by

Ya®)' = ¢ + 97
where

O = 0,¢01(a,b) + 0z¢1(a,b) = ozhy, B = dadz(a, b) + dahy(a, b) = 8y a2y,

is also H-holomorphic in G,, except, possibly, at certain singularities. If a quaternion function ¥ (p) is once H-differentiable
in G,, then it possesses derivatives of all orders in G,, each one H-holomorphic.
Corollary 1.4.6 All expressions for derivatives of a H-holomorphic function ¢4 (p) of the same kind as a C-holomorphic
function Y. (¢) have the same forms as the expressions for corresponding derivatives of a function . (£).

We use basically the generalized quaternionic formula [1], which follows from Theorem 1.4.5, for computing a H-holo-
morphic quaternionic derivative of all orders. According to this formula, a k'th derivative of a H-holomorphic function
Yy (p) is defined by

@) = ¢ + 6, (12)

where complex constituents ¢>1(k) and <;b§") are expressed by
1 = 00y + 00y = daay ", (1.22)
29 = a0 + 020V = day ™" (L.25)

1("'1) and ¢>§"'1) are the constituents of the (k — 1)'th derivative of ¥ (p), represented in the Cayley-Dickson doubling

form as Y(p)* D = &P 4 pF Vi k> 1; ¢ = p,(a,b) and ¢ = ¢, (a, b). For simplicity, we denote the first

and the second derivatives: 1/),(,1) (p) and 1/),(,2)(;;) by primes, i. e. by ¥ (p) and ¥y (p), respectively.

The purposes of this article are to develop some general differentiation rules for finding derivatives of combinations of H-
holomorphic functions, which retain the H-holomorphicity property, as well as establish new properties of the class of H-
holomorphic functions, defined by equations (1.1).

We will show that the rules of quaternionic differentiation of combinations of H-holomorphic functions within the frame-
work of the essentially adequate theory are the same as the rules of complex differentiation.

In the sequel, we use the quaternionic multiplication rule [1]

q1°qz=(ag+a, j) (by+by-j)= (a1b1 - azbz) + (a1b2 + a2b1) Jy (1.3)
represented in the Cayley—Dickson doubling form for arbitrary quaternions ¢, = a; + a, - j and g, = b; + b, * j, where by
"-" is denoted the quaternionic multiplication. The quaternionic multiplication is generally non-commutative, i. e. q; - q, #
q. * 91, Where g, and g, are arbitrary quaternionic functions. However further, we will show that in the case of H-holomor-
phic functions, say, ¥4 (p) and ¢, (p), defined as above, the quaternionic multiplication behave as commutative: ¥, (p) -
0u(P) = ou(P) - Yu ().

In the sequel, we also use the identity

jz =zj, forany z € C. (1.4)
When it is obvious that the quaternion multiplication is used, we can omit its notation, i. e. the dot operator "-".
We also recall that the constituents of a H-holomorphic function satisfy in G, < H the following system of equations [1,2]:



1) Opp2 = 03¢,  2) daps = =051,

3) Ogpr = 0qpy, 4) 0gp2 = —059,,
if the second mixed partial derivatives of ¢p; and ¢, don't vanish in G, (This is not needed for equation (1.5-1)). These
equations follow with necessity [2] from the H-holomorphicity equations (1.1). Note that we do not need to perform the
transition a = a = x in (1.5). These equations are valid for any function ¥ (p) = ¢, + ¢,j, which is constructed by means
of replacing a complex variable as a single whole by a quaternionic variable in an expression for an arbitrary C-holomorphic
function, depending only on complex variable as a single whole. This fact exist in reality independently from whether any
theory exists or not. Everyone can verify this fact when considering any H-holomorphic function constructed by mentioned
replacement of variables.

Using these equations and base expression (1.2) we can construct equivalent formulae for quaternionic derivatives [1],
which generalize the corresponding counterparts from the complex analysis based on Cauchy-Riemann’s equations. For ex-
ample, the first derivative can be represented as

Yu(®)' = a1 (a,b) + 9z¢1(a, b) — ( 05¢1(a, b) + 05, (a,b)) - J,
Yu(@)' = (0ats(a,b) + 0,0, (a,)) + (—05¢1(a,b) + dab2(a,b) ) j.

(1.5)

2 Rules for differentiating combinations of H-holomorphic functions

When constructing H-holomorphic functions from C-holomorphic we prefer to deal with the basic initial complex functions
Y (&), depending only on a complex variable ¢ = x + zj as a single whole. Then by replacing a complex variable ¢ as a single
whole by a quaternionic p in an expression for an initial C-holomorphic function (without change of its functional dependence
form) we obtain a H- holomorphic function y(p) in accordance with the theorem about an extension of complex holomor-
phicity to quaternionic one (Theorem 1.4.4). We can also consider any compositions of such functions as basic initial func-
tions. For example, the composite functions e’ In(sinp) and cos(epz) are H-holomorphic functions constructed from C-

holomorphic initial functions e, In(sing) and cos( e¢”). All these functions are Liouvillian elementary functions [1].

When considering H-holomorphic functions in [1] and [2], we meant that the H-holomorphicity of quaternionic functions
(in particular, functions, involving the imaginary unit j as a multiplicative factor [2]) and their combinations must be verified
by using equations (1.1). However, it is tedious to compute partial derivatives of function combinations every time in order
to substitute them into equations (1.1), when we only need to know whether a function combination is H-holomorphic.
Further, we establish the rules retaining the H-holomorphicity property for combinations of H-holomorphic functions and
their derivatives. By using such rules the verification of H-holomorphicity will not be necessary every time. They allow us
also to compute the derivatives of almost all combinations of functions we are likely to encounter, if we know the derivatives
of base functions, from which combinations are constructed.

2.1 The rule for multiplying by a constant

A H-holomorphic function f;; (p) multiplied by a constant r is also H-holomorphic only if a constant is a real number:

Yu(P) =1rfu(p) (2.1)
The full H-holomorphic derivative of a H-holomorphic function f (p) multiplied by a real constant r is the following:
(rfu®@) =rfi®) (2.2)

Proof. Let a quaternionic function f; (p) = fi(a, b) + f,(a, b)j be H-holomorphic. Then it satisfies the conditions of H-
holomorphicity (1.1) as follows:

{1) Oafil = (031 ,l, 2) (Bafol = —(05f,1, 2.3)
3) Oafil = (Opf2l, 4) Oafzl = —(9pf1l-

Consider the quaternionic product ¥(p) = C - fy(p), where we initially suppose that the constant C = C; + C,j is a qua-
ternionic constant, i. e. C; and C, are complex constants. We need to define such values of constants C; and C,, for which
the function C - f; (p) is H-holomorphic.

Using the multiplication rule (1.3) for quaternions, we obtain

Y@)=C-fu@) =(C1+C)) (i + f2)) = (C1f1 - C272) + (lez + C271) J=E¢1tde )

whence
¢, =Cif1 — C2f2’ ¢, =Cifo + CZf1’ (2.4)
and, respectively,
¢, = Cif, — Cfe, ¢, =Cif, + Cfi. (2.5)
To prove that a constant can be only a real constant it suffices to use the equation
Oph2 = 059, (2.6)



following with necessity [1], [2] for H-holomorphic functions from the H-holomorphicity conditions (1.1-1) and (1.1-3).
Differentiating ¢, with respect to b and 52 with respect to b, and substituting the obtained derivatives into (2.6), we get the
equation

092 = C10pfr + G0, f, = 05, = C105f, + C,05f1,
that must be satisfied, if the function Y (p) = C - fy (p) will be H-holomorphic. Since fy(p) is H-holomorphic, the equality
Opfo = 6572 holds true in this condition , hence C, 0, f, = 5163]72 can only be satisfied if C; = C;. The derivative 6b71 does
not belong to the system (2.3), hence the condition abfl = 031 cannot be in principle satisfied. In this case, the equality

czabf1 = (C,04f; can only be satisfied if C, = C, = 0. It is not difficult to show that the function y(p) = C - f;(p) satisfies
all equations of the system (1.1) if C; = C; and C, = 0. For example, consider equation (1.1-2). If equation (1.1-2) must be
satisfied, then differentiating the functions ¢, and ¢, defined, respectively, by (2.4) and (2.5) we get the following equation:

(0a92| = C1@af>l + C2(0af,| = — (050, | = —Ci (851, + C,(3512, 2.7)
which must be satisfied as well.

Since, in accordance with the equation (2.3-2), we have (3, f,| = —(85f, |, the partial equality C, (8, f| = —C; (05 f, | will
be satisfied only if C; = C;. On the other hand, since the function (6a]_‘1| doesn't belong to the system (2.3), i. e. the equality

(6a71| = (03f>| cannot be satisfied when using the system (2.3), we conclude that the equality C, (aaf1| = C,(05f,| can be
in general satisfied (in a neighborhood of H-holomorphicity G, € H of a point p € G,) only if C, =0.

Thus, the function W (p) = C - f4(p) satisfies the equation (1.1-2) only if C; =C;, =r € Rand C, =0,i.e.C =7 € R.
Quite analogously we can verify the validity of the rest H-holomorphicity equations (1.1) if ¢; = C; = r and C, =0. The
same results we obtain for the functions ¥(p) = fy(p) - C.

We see that it is impossible to multiply a H-holomorphic function f(p) by a complex or a quaternionic constant, if we
want to obtain the H-holomorphicity of a function multiplied by a constant. Thus, the H-holomorphicity of a H-holomorphic
function multiplied by a constant, where a constant can only be a real constant, is proved.

However, there are exceptions to this rule for functions jp, pj, and jpj, considered in [2], when C; =0, C, = 1, and
fu(®) = p = a+ bj is a power function of degree 1. In this case, we no longer need to restrict C, to be zero, since it turns
out that the coefficients C, on the left-hand and on the right-hand sides of each equation of system (1.1) are multiplied by
corresponding partial derivatives of f; = a or f, = b, which both have the same value (0 or 1). For example, consider the
function ¥ (p) = jp and equation (1.1-2). Equation (2.7) for €; = 0 and C, = 1 becomes

(ap2| = 1* (Oaf,| = —(056,| = 1- (5Lal.
Since d,f, = 0 and d5f, = 0, we get the identity (6a¢2| =1-0= —(65¢1| = 1-0. Equation (1.1-2) is satisfied, since the
derivatives 6a]_‘1 and 05 f, equal the same zero value. We skip further details (see [2]), only would like to make paragraph 1)
of section 4 in [2] a little clearer: the above result of multiplying by j cannot be extended to any H-holomorphic function
f (p) constructed from C-holomorphic one, if partial derivatives of its constituents do not become the identical constants in
the above sense, in particular, to the function f(p) = p™, where n > 1.

Since the derivatives of the constituents of a quaternionic constant vanish, it is evident that the H-holomorphicity property

is also retained when adding or subtracting a quaternionic constant. We can rewrite (2.1) as follows:
Yu) =rfu@ tq=rfi+rf-jtq,
where r € R, and q € H. Applying (1.2) for k = 1 to this expression we obtain the following formula for computing the
H-holomorphic derivative of a H-holomorphic function f (p) multiplied by a constant r:
Y @) = (rfu®) = 00a(rf) + 0az(f) - = (dazfi + dazfs i) = Tfi (D),
where r € R, 0,7 = 0, + 0g. Thus, formula (2.2) is proved. Q.E.D.

It is not superfluous to note that this general result coincides in its special case of f(p) = p with the result of the "classic"
theory of quaternionic differentiability [3, 4] based on the well-known Cauchy-Riemann-Fueter equations: the only function,
possessing both left- and right-hand derivatives, is ¥ (p) = rp + q, where r € R and q € H [3]. We regard the Cauchy-
Riemann-Fueter equations to the "inessentially adequate™ H-holomorphicity conditions [1].

2.2 The sum rule

Asum Yy (p) = Y=, fi(p) of a finite number n of H-holomorphic functions f;(p) is H-holomorphic as well. The full H-
holomorphic quaternionic derivative of the sum ¥, (p) = Y=, f;(p) is the following:

Yu(p) = Xz, i)' = Xl £ (). (28)

Proof. Let the functions f;(p) = fi; + f2; " j, | = 1,2 ...n, be H-holomorphic. Then each of them satisfies the H-holomor-

phicity equations (1.1) as follows:
{1) @afial = O5foal. 2) Qafoul = ~@5fuil 29
3) (Bafiil = Opful, 4 (Oafzal = —(05f1al,
If we summarize the functions f; (p), f>(p).... fn(p) by applying component-wise addition, then we get:
YL fi®) = (fia + frate +fin) + (far + foottfon) J = b1+ b2 )

whence
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¢, = f1,1 + f1,2+-'-+f1,n1 ¢ = f2,1 + f2,2+---+f2,n-

The derivatives that we need to substitute into equation (1.1-1) are the following: 0,¢p1 = 0,f11 + 04f12+... +0,f1, and
050, = 05f21 + 05faa+- .. +05f5 .. After performing the transition a = @ = x in them, we can rewrite equation (1.1-1)
as follows:

Oad1l = Oafial + afizlt-.- +(0afinl = (050, = (O5f21| + (O5f22lt- .. +(05 20l
Since by virtue of equation (2.9-1) the first term on the left side of this expression is equal to the first term on the right side,
the second term on the left side is equal to the second term on the right side, and so on, we can state that equation (1.1-1) is
satisfied. Analogously, we can show that the rest equations of the system (1.1) are satisfied as well. The sum Y-, f;(p) is
H-holomorphic. Applying base formulae (1.2), (1.2a), and (1.2b) with k = 1 to functions ¢, and ¢, we obtain the first
derivative of the sum Yi-, f;(p) as follows:
Yu) = Q=1 i)' = 04aPr + 0aad2 - J
= 00a(fir + fiat---+fin) + 00a(for + foot Hfon) J
= (0aafi1 + 0aafonJ) + (0aafiz + 0aafaz i)+ - +(0aafin + 0aafon " J)
= (i) + (L) +...+(f,®) = I fi @).
The formula (2.8) is proved. Q.E.D.
It is evident that this rule applies to a difference of a finite number of H-holomorphic functions as well.

2.3 The linearity rule

A sum of a finite number n of H-holomorphic functions f;(p) each multiplied by a real constant r;:

Yu(p) = Xi=o1ifi(p) (2.10)
is H-holomorphic as well. The full H-holomorphic derivative of ¥, (p) = Y1, 11f;(p) is defined by
V() = Qizonfip))' = Xizonfi (). (2.11)

Proof. Using rules (2.1) and (2.2), we prove expression (2.11) immediately. Q.E.D.
Recall that in accordance with [1] the derivative designation % is reserved to solve tasks in physical 3-dimensional space,

i. e. after transitiona = a = x: ddep(p) =((Wy®)']

2.4 The product rule

A product Y, (p) = fu(p) - gy (p) of two H-holomorphic functions f, (p) and g, (p) is H-holomorphic as well. Its full
quaternionic derivative can be calculated by the following formula:

Vi@ = (fu®) 95 @ + fu®) - (9:P))’ (2.12)

Proof. If a C-holomorphic function ¥ (&) of a complex variable & = x + zj is a product (&) = f(§) g (&) of two C-
holomorphic functions f.(¢) and g (&), then by replacing ¢ by p in (&) (without change of a functional dependence form)
we get a H-holomorphic function ¥, (p) = fu(p) - g4 (p) (see Theorem 1.4.4). To prove the validity of the formula (2.12)
it suffices to use the main consequence of the theorem about the H-holomorphicity of derivatives of all orders (see Corollary
1.4.6), which are calculated by using (1.2). This corollary says that all expressions for derivatives of a H-holomorphic func-
tion ¥ (p) of the same kind as a C-holomorphic function ¥ (¢) have the same forms as the expressions for corresponding
derivatives of a function v (&). Therefore, if the complex derivative of ¥, (&) has the form . (§) = (fc(f))’ "gc(©) +
fe(§) - (gc(f))', then the quaternionic derivative of Y, (p) obtained from . (§) by replacing ¢ as a single whole by p must
have the analogous form y}; (p) = (fu () * gu(®) + fu®) - (9 (), i. e. expression (2.12) is valid. Q.E.D.

Theorem 2.4.1

If quaternionic functions are H-holomorphic, i. e. satisfy equations (7.1), then their quaternionic multiplication behaves
as commutative.

Proof. It was shown in [2] that the general expressions for constituents ¢, (a, b) and ¢, (a, b) of a H-holomorphic function
Y(p) = ¢, + ¢,j, satisfying the H-holomorphicity equations (1.1), are the following:

¢1(a,b) = Ala, @, (bb)] = 4, (2.13)
¢,(a,b) = B[(aq), (a@),,, (bb)]b = Bb, (2.14)
where B = B and (a@),, is (@@, = a™a@’ + a™Ya" + a™ 27" + .+ a2a™? + a'a™ " + a°a™ [2] or another

symmetric form invariant under complex conjugation. Let the functions f,, = f; + f, - j and g4 = g, + g * j be H-holomor-

phic. This means that they satisfy the H-holomorphicity equations (1.1), where instead of functions ¢, and ¢,we put respec-

tively f; and f, in the case of the function f; or instead of ¢, and ¢, respectively g, and g, in the case of the function g.
In accordance with general forms (2.13) and (2.14) we have the following representations for constituents of f;; and gy:

fi = Arla, @, (bb)] = 4y, (2.15)
f» = B[(a@), (a@), (bb)|b = B;b; By = By, (2.16)
91 = Agla,a,(bb)] = Ay, (2.17)

_5-



g2 = B,[(aq), (a@),,, (bb)]b = B,b; B, = B,. (2.18)
In accordance with the rule of quaternion multiplication (1.3) we obtain the following expressions:
fugu=U1+2))(@1+92-))=(frig _]EE) + (f_lgz + f201) "] = b1r-g) T P2(rg) " T (2.19)
I fu=@G1+ 90 (i+fa))= (flgl - fzgz) + (f1g2 + f291) j= ¢1(g-f) + ¢2(g-f) J (2.20)
In general, quaternion multiplication is non-commutative, i. e., f - g # g - f for arbitrary quaternionic functions f and g.
However, we now show that the introduced H-holomorphic functions possess properties such that the quaternionic multipli-
cation of these functions behaves as commutative: f;, - gy = gy - fu- In other words, we will now prove that in the case of
H-holomorphic functions f; and gy the following equalities are valid:
f191 = 292 = 191 — 1292, (2.21)
_ ) _ 192 + fzm = f192 + 291 (2.22)
Using (2.16) and (2.18), we obtain the following equalities:

f292 = BybB,b = B;B,bb,
f29, = BybByb = B;B,bb,
whence _
f292 = f292
Thus, we have proved that equality (2.21) is satisfied for H-holomorphic functions f;; and gg. The only thing left to do is to
prove that the equality (2.22) must be satisfied for H-holomorphic functions f and gy.
In accordance with (2.19) we have for the constituent ¢, ;.4 of the quaternionic product f}, - g, the following expression:
¢2(f-g) =192 + [201 (2.23)
as well as its complex conjugation
¢2(f.g) = flg_Z + fZgl' (224)
Given the H-holomorphicity of the quaternionic product fy, - g (see the product rule), we can write ¢, f.4) and its con-
jugation in the general form (2.14) as follows:
ba(r.g) = Bb, Pa(rg) = Bb = BD,
whence
B = ¢2(f‘g) — ¢2(_f‘g). (225)

b b
Substituting (2.23) and (2.24) into (2.25), we obtain the following expression:

B = f192+/01 _ Eﬁtﬁ!ﬁ (2.26)
b b ' ’
By substituting expressions (2.16) and (2.18) and their conjugates into (2.26), we have
B = f1Bgb+Brbg1 _ f_lBgE-:Bngl
b b !
whence

Further, multiplying both sides of (2.27) by b, gives
Finally, using (2.18), (2.16) in the last expression, we obtain the following equality
f192 + 1291 = f192 + f291,
which coincides with (2.22). This completes the proof of this theorem in whole. Q.E.D.
Thus, the class of H-holomorphic functions in question is in fact a special class of quaternionic functions, for which in
principle non-commutative quaternionic multiplication becomes commutative. Surely, one can argue that such a kind of
commutativity is not a remarkable fact, since its foundation was initially artificially laid in H-holomorphicity equations

(1.1) when defining the quaternionic derivative as a limit of a difference quotient % as Ap — 0, which must be independ-

ent of the way of quaternion division: on the left or on the right [1]. However that is not quite true. Firstly, such an inde-
pendence is not artificial, since we needed to impose the requirement of unambiguity on the mathematical fact that there
exist two quaternionic derivatives (left and right). This unambiguity follows from the physical reality: an unambiguity of a
derivative as an expression of unambiguity of any field strength in physical space [1]. Secondly, even if some doubt in prin-
ciples of such a theory of quaternionic differentiability would arise, then there nevertheless exist the remarkable fact (can
be always directly verified) that by replacing a complex variable as a single whole by a quaternionic one in expressions for
complex differentiable functions we obtain quaternionic functions, whose quaternionic multiplication behave as commuta-
tive. As noted in [1], "each point of any real line is at the same time a point of some plane and space as a whole, and there-
fore any characterization of differentiability at a point must be the same regardless of whether we think of that point as a
point on the real axis or a point in the complex plane, or a point in space". The observed commutativity of quaternionic
multiplication in the case of H-holomorphic functions as well as the similarity between quaternionic and complex rules for
finding derivatives of combinations of H-holomorphic functions are consequence of such a point of view realized in the
presented theory of essentially adequate quaternionic differentiability [1, 2].

Since the expression fy - gy = gu * fy IS true, we can obtain the product rule in the following form:

V@) = Fu - g1)' = (95®)  fu®) + g @) - (fa®))’,
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which is equivalent to (2.12).

Example 2.4.2.

To demonstrate the commutativity of quaternionic multiplication in the case of H-holomorphic functions consider two H-
holomorphic functions: the power function f; = p? and the quaternionic natural logarithmic function (its principal branch)
gu = Inp. As shown in [1], we have in the Cayley—Dickson doubling form the following expressions:

Z=(a+b)? = dip2) + ap2) i

where
¢1(p2) = (a2 - bg), ¢2(p2) =b(a+a)
and
Inp = ¢1(lnp) + ¢2(lnp) Iy
where

a+a at+a
a-a)ArccosZ*2 bArccos——
(a-a) zIpl. 2l

¢1(lnp) - ln|P| + v ¢2(lnp)

_ /4(aa+hb) (a+a)?
V=V=\y?+z24+u?= Yy p,V #0.

Using the rule of quaternionic multiplication (1.3) we obtain

pZ ‘Inp = (¢1(p2) + ¢2(p2) ]) ’ (¢1(lnp) + ¢2(lnp) ]) = ¢1(p2-lnp) + ¢2(p2-lnp) )
where

(bl(p2 Inp) = ¢1(p2)¢1(1np) - ¢2(p2)¢2(1np)

bArccosZ2

—b(a+0a) —2"",

a-a)ArccosZ2
@@ 211

= (a? — bb) [lnlpl + —~

¢2(p2-lnp) = ¢1(p2)¢2(lnp) + ¢2(p2)¢1(1np)
g
(a- a)ArCC052|p|

= (a® - bb ) 2"" +b(a+a) Ilnlpl —

I—J

b(a2+EZ)Arccosa|—p| b? bArCC052|p|
= " + b(a + a)ln|p|.

Interchanging the order of multiplication, we have in accordance with (1.3) the following expression:
Inp-p? = (¢1(lnp) + ¢2anp) ']) ) (¢1(p2) + ¢2(p2) ']) = ¢1(lnp-p2) + ¢2(lnp-p2) ]

where
¢1(lnp p?) = ¢1(1np)¢1(p2) - ¢2(lnp)¢2(p2)

= lln|p| + 2“"]( 2 —bb) — 2'p'b(a +a),

(a—a)Arccos

¢2(lnp pz) = ¢1(lnp)¢2(p2) + ¢2(lnp)¢1(p2)

= [lnlpl +

bArccos22

b(a+a) +—322 2”’" (_ bb)

a-a)ArccosZ2
(a-a) 2io]

2V

b(a2+a )Arccos— b2bArccos=t2

— 2|p| 2|p|
= p " + b(a + a)In|p|.

Comparing the obtained expressions for ¢, (2., ) and ¢y, .52) We easily see that ¢ ,21,,) and ¢y(1n .2y are equal.
Analogously, by comparing the expressions for <;b2(pz_1n P) and ¢2(ln pp?) We see that they are also identical. Thus, the equality
p?-Inp =Inp-p? holds, and hence the quaternionic multiplication of H-holomorphic functions f; = p? and gz = Inp
behaves as commutative. As an illustration of Theorem 2.4.1 we could present various as well as more complicated combi-
nations of functions such as, for example, p - e?”, e? - Inp, sinp - cosp, p - e? - Inp, and so on. All of them and a bunch of
other researched products of H-holomorphic functions behave as commutative. However a more detailed illustration of these
matters is beyond the scope of the present paper.

2.5 The chain rule

If a Hi-holomorphic function Y4 (p) is Yy (p) = f(gH(p)), where gy (p) is H-holomorphic, then
@) = f3(9u®)) - 91 @), (2.28)

where f; (g (p)) denotes the derivative of f(g (p)) with respect to (g (p)).
Proof. The proof is quite analogues to the proof of the product rule 2.4. Q.E.D.



2.6 The quotient rule.

If there exists a H-holomorphic multiplicative inverse — ) of a H-holomorphic function g, (p), and a function f (p) is

(
H-holomorphic, then the following quotient rule is valld

(fH(p))’ _ [A@) 91 ®)~fu®)9u®)

9 ®) (9n )’

Proof. If the functions g, (p) and jare H-holomorphic, then in accordance with the chain rule 2.5 we have as follows:
1\ _ _ _au®)

(ga(m) (gn®)” (2.29)

Further, using (2.29) and the product rule 2.4 we obtain
fu®) _ ._9u®) _ _ fu®) gn®)- fH(p) 91 (®)
(L2 = (Fu ) - ) = i) = fu®) S ol
This calculation is possible, since the quaternionic multiplication of H-holomorphic functions behaves as commutative.
Q.E.D.

2.7 The example of efficiency of the sum, product and chain rules

We consider the composite H-holomorphic function y,(p) = eP” . First of all, we will represent this function in the Cay-
ley—Dickson doubling form e?* = ¢, + ¢, - j. Then we will compute its first derivative (epz) = ¢1 + ¢3 - j by using the

base formula (1.2). Analogously, we will compute its second derivative (epz)” = ¢1 + ¢35 - j. Further, we will compute
the first and second derivatives of this function by using the formulae (2.8), (2.12), and (2.28), and then compare these results
with the results obtained when using the formula (1.2). In accordance with Theorems 1.4.4 and 1.4.5 this function and its
derivatives of all orders are H-holomorphic. In Appendix A, by direct verifying equations (1.1), we will illustrate as example
that the second derivative of the function e?” is H-holomorphic.

First we represent the quaternionic function p? in the "pure complex" form, i. e. as a sum of real and imaginary parts. By
direct multiplication and using (1.4), we get p? = (a + b)) - (a + bj) = (a? — bE) + (a + a)b - j. Taking into account that
a=x+vyi, a®= x%—y?) +2xyi, bb = (z + ui)(z —ui) = z% + u?, and a + a = 2x, we get p? = (x% — y? — 2% —

u?) + %(Zx Jy?Z +z% +u?). If we denote the value of % by r, for which the identity > = —1 can be

verified directly, we can regard the expression for p%as a purely "complex™ form:

p? = (x? —y? —z% —u?) + r(2x \[y* + 22 + u?), (2.30)
since x2 —y% — z2 —u? and 2x \/y? + z2 + u? have real values and the imaginary unit r plays a role of the complex
imaginary unit. Taking into account that the quaternionic formula (see Example 5.3in[1]) e? = e**"™ = e*(cos v + r sinv)
is valid when representing a quaternion by a "purely complex™ expression p = x + rv, where x and v are real values and
is a purely imaginary unit quaternion, we obtain the expression for eP”as follows:

e’ = e(xz‘yz‘zz‘“z)[cos(Zx VY2 + 22 +u?) + rsin(2x Jy? + 22 + u?)).

Substituting r = % into this expression, we obtain
_y2_y2_ yi+zj+uk
= ¢, + ¢, j = eIzt -u?) [cos(Zx,/y2 +2z2+u?) + NoEzama 2sm(Zx,/y2 +z24+u )] (2.31)
whence
2_.2_.2_.72 ysin(2x\/y2+zz+u2) i
¢y = e’ -yi-z" ) [cos(Zx Jy2+z2 +u?) + Wozro l], (2.32)
sin(2x 1/y2+zz+u2)
b, = e(xz—yZ_ZZ_uZ)ﬁb. (2.33)
y2+z2+u
Substituting the relations x = ”Ta y= % z = ? u=22into (2.32) and (2.33), and introducing the designations:
4(aa+bb)-(a+a)?
- m S i S (2:34)
a?+a’-2bb
B _ e(xz—yz—zz—uz) _ e%ﬂ’b' (2.35)
6 =(@+a), (2.36)
we obtain finally the expressions for constituents ¢, and ¢, of the quaternionic function eP’ = ¢, + ¢, - j as follows:
$1 = B [cos(6) + ), (2.37)
¢, =@ ), (2.39)

14
Consider the first derivative of the function e?”. Now, we will calculate the partial derivatives of ¢, and ¢, with respect
to each of a, a. For d,¢, we obtain

0,1 = [cos(e) n 7(“‘533“‘“”] 0.5 + B0, [cos(e) 4 (e—D)sin(@) Si““”]. (2.39)

2V
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To proceed, we first compute the partial derivatives of intermediate functions with respect to a and a:

4(aa+bb)-(a+a)? a-a
o,V = T _aa (2.40)

a a 2 o 4y’

9,0 =V — W“ , (2.41)
3,8 = Ba, (2.42)
gV = % (2.43)
020 =V + 2, (2.44)
dzB = pa. (2.45)
0, [cos(Q) + M} = —sin(0)0,0 + [sin(6) +(a—a) Cos(e);;‘f]v_(a_a) Sin(e)aav, (2.46)
9= [COS(@) n w — _sin(6)a40 + [-sin(6)+(a—a) cos(@z):jze]v—(a—a) Sin(B)BEV, (2.47)

Substituting (2.42) and (2.46) into (2.39), we obtain after some algebra the following expression for d,¢,:
Oaths = Ba [cos(8) + D] 4 p{sin(9)a, 0 + SO 0@V 0D 0T (2.48)

Differentiating (2.37) with respect to a, and using (2.45) and (2.47), we quite analogously get the following expression for
the derivative dz¢;:

dg, = Pa [COS(Q) + M} + [)’{ sin(68)9z60 +
Subsistuting (2.40), (2.41) into (2.48), and (2.43), (2.44) into (2.49), we finally have

—2 . — —2 — s
dahs = ay +  {=sin(®) (v - V )+ 4 4D (i - o) cos(e) + L) (250)

[~ sin(8)+(a—a) cos(8)az0]V—(a—a) sin(B)BaV}
2v2 !

(2.49)

2V 2V 83

=2 . — —2 — .
Oacy = Ty + f{-sin(@) (V + 55) -2 4 B (y 4 £L ) cos(p) — @D (251

4y 2V 2V 8v3

where
y = cos(0) + w (2.52)
Given (2.50) and (2.51) and according to (1.2a), we now obtain the expression for the constituent ¢ of the first derivative
(e7") =i+ B B
b1 = 0gah1 = 0ub1 + 0z¢1 = (a + APy + B2V sin(8) + (a — @) cos()]. (2.53)
To obtain the expression for the constituent ¢;, = d,¢, + dz¢-, of the first derivative of eP” we need to compute the partial
derivatives d,¢, and dz¢,. The computation gives the following results:

0., = bf ["“V H@D) in() + bB [1 - —] cos(8), (2.54)
d=h, = b3 [““V —(a- ")] sin(8) + b [1 + ]cos(Q) (2.55)
Then summarizing the expressions (2.54) and (2.55) in accordance with (1.2b), we get the constituent ¢, as follows:
B = Dqzbs = 0tz + Oatb, = bf ““sin(0) + 2bf cos(6). (256)
Finally, using (2.53) and (2.56) we have for the first quaternionic derlvatlve of the function e?” the following expression:
(e?’) = @) + ¢} j = (a+ @By + B2V sin(0) + (a — @) cos(6)] (2.57)
+ [bﬁ @D Gin n(0) + 2bp cos(H)] j,

where V is defined by (2.34), B by (2.35), 6 by (2. 36) and y by (2.52). Using (2.52), uncovering brackets, regrouping and
uniting the summands involving the functions sin(8) as well as cos(68), we get, after some algebra, from (2.57) the following
expression:

(e ) =¢1+ ¢, j=aP [cos(@) G Sm(g)] +ap [cos(@) + 2BV sin(@) + Bacos(8) (2.58)

—,Ba COS(@) + [Bb(a+a) sin(@) + Zbﬁ COS(H) + Bb(a— c]t/)sin(@) _ Bb(a—a)sin(0) ]
{,B(a +a+a—a)cos(0) +8 [a(a 2 % - ]sin(@)}
+ {ZB [cos(@) + (e=a) Sm(e)] b+ ﬁsm(g) b(a+a—a+ a)} j

{ﬂ [COS(Q) + (a— a) sm(@) a— ﬁsm(@) bb} +2 {B [COS(G) + (a—a) sm(G)] b+ ﬁsi‘r/l(e) ba} .

= 2((],’)1a - ¢2b) + 2(¢1b + ¢ra) -,
where ¢, and ¢, are defined by (2.37) and (2.38), respectively, and it follows that the constituents ¢ and ¢ are

$1 = 2($1a — §b) = 2{p [cos(8) + D] o - L2 pp} (2.59)
¢ = 2(dsb + $,) = 2{p[cos(0) + 2D o D 7} (2.60)

By using the rule of quaternionic multiplication (1.3), the expression (2.58) for the first derivatives of eP” becomes
(epz)' =¢1+¢rj= 2(¢1a - ¢25) +2(p1btpoa) j=2(p1 + ;) (a+bj)= 2e?” P (2.61)

(a-a) sm(@)]
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Now we show how to compute the first derivative of the function e?’, using the Chain Rule 2.5. In accordance with (2.28)
we obtain the first derivative as follows:

(") = (e") . @) =2¢¥"-p, (2.62)
where (el’z);2 denotes the partial derivative of eP” with respect to p?2, the differentiation formulae for the exponential and

power functions are the same as in complex case (see [1, 2]). We see that the expression (2.62) is the same as the expression
(2.61) obtained directly by using the base formula (1.2). We also see that using Chain Rule 2.5 reduces essentially the vol-
ume of calculations.

Simplifying the formulae (2.59) and (2.60) for the further use, we can rewrite the expression (2.58) for the first derivative

2
of eP” as follows:

(e7") =1 +3-J, (2.63)
where
, (a?—aa-2bb)sin(8)
$1 = 2Bacos(6) + p———7—", (2.64)
¢} = 2Bb cos(8) + pp 21, (2.65)

Consider the second derivative of the function eP”. In accordance with (1.2) we can represent the second derivative in the
Cayley-Dickson doubling form by the following expression:

(e7") =l + o3 -J, (2.66)

where
1 = 0gap1 = 0ad1 + 001, (2.67)
0gadz = 0403 + 0z (2.68)

Using (2.64) we compute the partial derivatives belonging to the constituent ¢; as follows:
0u$} = 204[Ba cos(9)] + 8, [T _ 5p(1 + a?) cos(8) — Basin(6)d,6)

n {[Ba(2+a?—aa-2bb)-pa]sin(8)+p(a®?—aa—2bb) cos(0)d,0}V—pL(a®—aa—2bb)sin(0)dV
v2 '
0z¢1 = 20z[Bacos(8)] + 95 [ﬁ(a —aa ;bb)sm(a) 2[Baa cos(8) — Ba sin(0)dz0]

n {[pa(a?-aa-2bb)-pa]sin(0)+p(a?—aa—2bb) cos(8)d50}V—p(a?—aa—2bb) sin(8)dzV

V2
whence, according to (2.67) and using (2.40), (2.41), (2.43) and (2.44), we obtain

! = 0,04 + 0a¢} = 2B(1 + 2a? — 2bB) cos() + p LR RD 2 2T sin(®) (2.69)
Analogously, using (2.65), we compute the partial derivzitiv_es belonging to the constituent ¢ as follows:
Dahy = 2b0, 18 cos(0)] + b, [F2| = 2p[Ba cos(6) — § sin(8)3,6]
+h {[B(1+aﬁ+a2)sin(9)+ﬁ(a+ﬁ)cos(9)6 abv— B(a+E)sin(9)aaV}
d= = 2bd=[B cos(8)] + bdx [M] 2b[Ba cos(8) — f sin(8)d56]
B 1+aa+a’ sin(68)+p(a+a) cos(8)d50 |V-pL(a+a) sin(0)dgV
b
& '
In accordance with (2.68), the summation of these derivatives yields the following expression:
2,32 _2p5) sin(o
Bl = 0yl + 0mph = 48b(a + ) cos(8) + 28b LT Vm)s”‘( ) 2.70)
Combining (2.66), (2. 69) and (2.70), we get for the second derivative of eP” the following full expression:
()" = ¢ + @5 +j = {2B(1 + 2a? — 2bb) cos(6) + p LT 2T CRD-2TD) (@) 2.71)
24G°—2bb)sin(0
+ {4,8b(a +@) cos(6) + 2Bb (1ra*+a ~ JsinC )} -,
whence
bl = Zﬁ(l 4247 — sz) cos(0) + B (a—a+2a%-2a%a-6abb-2abb)sin(h) 2.72)
14
2,72_2pD) sin(6
= 48b(a + @) cos() + 2Bb (1ra+a"-205) sin(6) (2.73)

14

Now we want to demonstrate the computation of the second derivative of the function epzby using the above rules for
finding derivatives of combinations of H-holomorphic functions. Using (2.62), the rule for multiplying by a constant and the
product and chain rules, we have

(e”z)” = ((e”z)’) =2(e?’ -p)’ =2(e?* - 2p -p+eP’) = 2eP" - (2p? + 1).
Since p? = (a+b-j)? = (a® —bb) + b(a+a) - j, we have 2p? + 1 = [2(a® — bb) + 1] + 2b(a + @) - j. Using the
quaternionic multiplication rule (1.3) and setting in ita, = 2¢,, a, = 2¢, (¢, and ¢, are defined by (2.37) and (2.38),
2eP’ =2, + 2¢, - j) as well as b; = 2(a® — bb) + 1, b, = 2b(a + @), we obtain

-10-



(e*)" = 27" - (2p* + 1) = 20y +2¢, - /) - {[2(a? = bB) + 1] +2b(a + @) * ]}
= {[ZBCOS(G) + w] [2(a? - bb) + 1] - 2ﬁ+n(9)b25(a + 5)}
+{[2Bcos(0) + E22O 2p(a + @) + L2 p[2(a” - bb) + 1]} -

B(a—a)(1+2a?-2bb) sin(8) __4Bbb(a+a@) sin(H)]

14 14
2pb(a?-a*) sin(6) N 28b (1+za2—zb5)sin(e)] ]
]

14

= [2[;’(1 + 2a% — 2bb)cos(8) +

+ [4 Bb(a + a)cos(8) + "
—6abb-2abb) sin(0)
14
(1+aZ+HZ—2bE) sin(9)| .
v J-

_ e,
= [Zﬁ(l + 2a? — be) cos(0) + (a—a+2a3-2a%a

+ [4[)’b(a +a) cos(9) + 28b

This expression for (epz)”coincides with the expression (2.71) obtained by using the base formula (1.2) alone. We see that
by using the above rules for adequate quaternionic differentiation the calculation of derivatives is not so tedious as the direct
calculation by using the expression (1.2) alone.

3 Differentiation of quaternionic power series

There exist much research (see, for example, [4], [5]), which are concerned with the study of quaternionic series. We discuss
here some aspects of this issue within the framework of the theory of essentially adequate quaternionic differentiability in
question.

As the rule 2.3 show, we must deal with sums of power functions multiplied by real constants. In accordance with Theorems
1.4.4 and 1.4.5 the quaternionic power functions p!, [ = 0,1,2, .., and their derivatives of all orders are H-holomorphic.
Putting f;(p) = p' in (2.10), we obtain the following H-holomorphic polynomials:

Yy =S, =Yronp',n=12,..m€R,p € M. (3.1)

It is natural to consider an object that is like a H-holomorphic polynomial, but with infinitely many terms. Proceeding with
(3.1) by way of increasing n, we get to the quaternionic power series:

Y@) =S =32enp' =1 +rp' +1p® + o+ npt+ -, nER,p EH, (32
which represents the Taylor series Y52, 7,(p — po)* at p, = 0 or the Maclaurin series for 1 (p).

Since all algebraic operations (including definitions of the absolute values) for quaternionic power functions are identical
to those in complex analysis, we can expect that all notions related to quaternionic power series can be introduced similarly
to complex those. As in complex analysis (see [7]) a series Y52, r;p' is based on a sequence (S,,) of partial sums, where
S, = Xr_,mp". The series is said to be convergent if the sequence of partial sums is convergent, and 7lll_rlr)l0 S, = Sis called

the sum S of the series. Otherwise the series is divergent. A series Y52, r;p' is said to be absolutely convergent if a series
Y2olnptl = X2, rIpt| converges. A series Y72, ;p! is said to be conditionally convergent if it converges but not abso-
lutely. Analogously to complex analysis [7], we call a quaternionic series .52, ;p* uniformly convergent to its sum S(p)
ontheset T < H if it converges at all p € T, and, moreover, for every £ > 0 there exists a natural number N, (which de-
pends only on €) such that if n > N, then |S,,(p) — S(p)| < € for all p € T. An equivalent formulation [8,9] for uniform
convergence is via the Cauchy criterion (a necessary and sufficient condition), which we generalize as follows: a series

> o mipt converges uniformly on T in the previous sense if and only if for every e > 0 there exists a natural number N,
such that |S,(p) — S,(p)| < eforalln,m = N, and forallp € T.

We associate each power series with a real number R € [0, o] called its radius of convergence. Analogously to [5], we
consider a function ¥ (p) defined as the sum of the quaternionic power series (3.2) in its domain of convergence, which we
regard as an open connected ball B(0,R) = {p: |[p| < R} € H centered at 0, such that ¥)(p): B(0, R) — H. For simplicity,
we do not consider functions with possible singularities.

We reproduce further some assertions and theorems from complex analysis [6,7,8,9] as "propositions™ adapted to quater-
nions. At that we repeat proofs, adapting them to the quaternionic case. We begin by the following important property of
convergent series.

Proposition 3.1 (The term test). The only series Y72, 7;p’ that can converge are those whose terms approach 0. In other
words, if ¥.72, 7;p' converges, then r,pt —» 0 as [ - oo,

Proof. If the series Y52, ,p* converges in B(0, R), then the limit of the sequence of its partial sums approaches the sum
S,i.e. S, > Sasn — o, where S, is the n'th partial sum S,, = ¥*_, r,p*. Then, putting n = [, we have

}Lrglorlpl = }Lrglo(Sl -8 = lim$; —lims$,_, =5—-S5=0. QED.
The contrapositive of that statement gives a test which can tell us that some series diverge. Note, however, the terms con-
verging to 0 don't imply the series converges. The term test is only a necessary, but not a sufficient convergence test.

Proposition 3.2 (d'Alembert's Ratio Test). If the series Y.i>, ;p! is a quaternionic power series with the property that
+1
lim 2 2y (3.3)

I |rpl
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(provided the limit exists), then the series is absolutely convergent if L < 1 and divergent if L > 1. If L = 1, then the test is
inconclusive, so we have to use some other test. If the series is convergent, then R = % (possibly infinite) is a radius of con-

vergence.

Proof. Since we deal with absolute values, the proof is quite analogous to complex one [7]. We skip the details.

Proposition 3.3 (Weierstrass M-test). Suppose that {r;p'},[ = 0,1,2, ..., is a sequence of quaternionic power functions
defined on a set T < H, and there is a sequence of positive numbers {M,} satisfying VI > 0, Vp € T: |r;p*| < M,. Suppose
that Y52, M, < oo, i. e. the series Y72, r;p' is majorized by the convergent series Y52, M,. Then the series Y52, ;p’ con-
verges absolutely and uniformly on a set T.

Proof. Consider the sequence of partial sums S,,(p) = Y7L, n,p". Since Y52, M, converges and M, > 0 for every [, then
by Cauchy’s convergence test [8,9] for every € > 0 there exists a positive integer N, such that vn > m > N, (n,m =
1,2,..): X" ..M, <& Forthechosen N, Vp €T,Vn>m > N, :|S,,(p) — S;u®@)| = |X% i1 P < T ialmptl <
Yilem+1 M; < e. Thus, the sequence of partial sums S,,(p) converges uniformly on T. Then, by definition, the series
Y o mipt converges uniformly on T. Since the series Y52, r;p! is majorized by the convergent series .72, M, of numbers
M, = 0, it converges absolutely on T as well.

Proposition 3.4 If the terms of the power series Y2, 7;p* are bounded at some point p, € H:

|rip6| < M, (3.4)
where M = const, | = 0,1,2, .., then the series converges in the open ball B(0, |py]) = {p: |p| < |py|}. Moreover, it con-
verges absolutely and uniformly on any set K that is properly contained in B(0, |p,|).

Proof. We adapt to the quaternionic case the proof considered in [6]. Suppose that p, # 0, so that |p,| = ¢ > 0, other-

wise the ball B(0, {) is empty. Let K be properly contained in B(0,{) = {p: |p| < {}, then there exists g < 1 such that

l%l < g < 1forall p € K. Therefore for any p € K and any [ € N we have r;|p!| < r,{'q". However, assumption (3.4) im-

plies that |rlpé| = n,¢' < M so that the series ).;2 rlpl is majorized by a convergent series M Y. ql (the geometric se-
ries Y o ', q < 1, is convergent) for all p € K. Therefore, according to Assertion 3.3, the series Y5>, r;p' converges uni-
formly and absolutely on K. This proves the second statement of this proposition. The first one follows from the second
since any point p € B(0, |p,|) = {p: Ip| < {} belongs to a ball B(0,{") = {p: |p| < ¢'}, with {’ < ¢, i. e. properly con-
tained in B(0, |py|). Q.E.D.
In complex analysis, the following theorem (Weierstrass) [6] holds: If the functional series

f&) = T2 fi(). £ €C, (3.5)
of functions f; (&) C-holomorphic in a domain D converges uniformly on any compact subset of this domain, then (i) the
sum f (&) of this series is holomorphic in D; (ii) the series may be differentiated termwise:

f1O) =320 £/ (3.6)

and this differentiation may be performed arbitrarily many times at any point in D.

We regard a domain D as a set G,(see Theorem 1.4.4), which is an open disk D(0, R) = {¢:|¢] < R}, where R > 0 is ra-
dius of convergence of the series (3.5). Further, we use a quaternionic ball B(0, R) = {p: |p| < R} as a quaternionic gener-
alization G, of a complex disk D (0, R). We will assume that the closed subsets in question are compact.

We see that the conditions of termwise differentiation in complex analysis are the following: (1) the functions f;(§) are
C-holomorphic in D; (2) the series (3.5) converges uniformly on an closed subset of D. At that we also are to deduce that
(3) convergence radius of the series (3.6) is not less than convergence radius R of the series (3.5).

If analogous requirements will be fulfilled in the case of quaternionic functions and series, then this makes it valid to ap-
ply Theorem 1.4.5 and Corollary 1.4.6 to prove the possibility of termwise differentiability in the quaternionic case. Adapt-
ing all this to the quaternionic case we can formulate on H the following

Proposition 3.5 Let a H-holomorphic function ¥, (p) be represented by a convergent power series ¥ (p) = Y52, 1pt
in an open ball B(0,R) = {p: |p| < R} with radius of convergence R > 0. If the series

Yu(p) = T2y nip! 3.7)
converges uniformly on any closed subset Tc B(0, R), then this series may be differentiated termwise in B(0, R), i.e. at
every point of B(0, R) the sum function v (p) is H-differentiable and

V(@) = X2o(mpY) = X2 Inp' ™t =1+ 2r,p + 3r3p® + -+ Inp! T 4 e (3.8)

Proof. It is evident that, according to Theorems 1.4.4, 1.4.5 and Corollary 1.4.5, the functions f;(p) = r;p' and their first
derivatives (r,p")’ = In,p'~1), also derivatives of all orders, are H-holomorphic in B(0, R). Hence requirement (1) of com-
plex analysis is fulfilled in the quaternionic case. The H-holomorphicity of 1, (p) = X2, ;p" in a ball B(0, R) follows
from Theorem 1.4.4 applied to the C-holomorphic function (&) = X2, 1" Now, we prove that ¥, (p) = Y52, 1ip'
converges uniformly on any closed subset Tc B(0, R). Take any p € B(0, R) and consider any positive ¢ such that |p| <
¢ = |py| < R. By virtue of the convergence of the series

Y2onl =ro+nlt+ P+t ndt+ e, n{ ER
its general term is bounded above (see Proposition 3.1):
n{" <M,vl=0,1,2,.. M = const.
Then, according to Proposition 3.4 (r;|po|* = rn,¢* < M), the series (3.7) converges absolutely and uniformly on any set
T < B(0,{). Hence requirement (2) of complex analysis is also fulfilled in the quaternionic case.
Further, for the absolute value of the I'th term of the series (3.8) we have the following estimate:
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oY =t =g ot E T =12,

where the expression for the first derivative: (r;pt)’ = Ir;p'~?! is used. The series
@ 1ty <My (2]t oM I 1T | L
Zz=o|(7’1p)|5521=1l|(| —5{1+2|(|+3|5| + +l|§| +
is convergent in B(0, ). Given |§| < 1, one can verify this by using d'Alembert's ratio test . Then, by Proposition 3.3, the

series Y72 ,(r;p")’ converges absolutely and uniformly on B(0, ). Since the series Y52 ,(r;p")’ converges absolutely on
B(0, ¢) and the choice of p (hence { < R) is arbitrary, it is clear that the convergence radius R'of ¥ (p) is not less than the
convergence radius R of ¥4 (p). This conclusion is sufficient for our objective and there is no need to prove that R’ is ex-
actly equal to R. Thus, we have established that the last condition (3) holds in the quaternionic case as well. Further, by us-
ing Corollary 1.4.6, we completely prove the Proposition 3.5. Q.E.D.

Note that this proposition as all others could be fully proved by following the known methods of complex analysis, since
by virtue of commutativity of quaternionic multiplication in the case of H-holomorphic functions, the algebras of H-holo-
morphic and C-holomorphic functions are identical.

Proposition 3.6 (a Maclaurin expansion). Let a H-holomorphic function v, (p) be represented by a sum of a convergent
quaternionic power series:

Yu(P) = Xizonep® =10 +1pt +1p? + o+ np* 4 ER
in a ball B(0,R) = {p: |[p| < R}. Then the coefficients r, are determined uniquely as

k
U'O g1, (3.9)

k!
where w;,k) (0) are the k 'th derivative of ¥4 (p) at p = 0 computed by the formula (1.2) and above rules.

Proof. Since Yy (p) is H-holomorphic in a ball B(0, R), there exist all derivatives 1/),(,") (p), k =0,1,...,in B(0,R). Putting

p =0iny,(p) = X rp" we find ry = 1,;(0). Differentiating 1, (p) = X3, 10" termwise and using the formula
(1ep*)" = 1ckp*~" we obtain

k=

Yy (p) =1 +21,p + 3r3p? + -+ kr kTt + -
Inserting p = 0 into this expression we obtain r; = ¥ (0). Differentiating the last expression we get the second deriva-
tive as follows:
w(p) =21, +3-2rp +4-31,p? + 5 4rsp> + -1,
wH( )

Putting p = 0 in this expression we obtain r, = Differentiating ¥y (p) = Yoo 1eP* k times we get

¢f(1k)(P) = k! e + G (M1 p + (W) Ts2p® + -,
where coefficients ¢; (n), {,(n), ... are some integers, which are equal to products of positive integers depending on n only.

1p<")(0)
Then once again putting p = 0 we obtain 7, = Q.E.D.
Example 3.7. In complex analysis we have, for example the foIIowmg series [8]:

=22 01] —1+z+—+§+~~,ze(c,

(21+1) . 3 5 7
_1\lZ _zZ .z _z ..
sinz = ¥i2o(-1) (zz+1)l_Z 31 51 7l te
2 4 6
00 122 _ 1242 _ 2 ..
cosz = Xjzo(—1) @y 2! + 4 6l e

Replacing z by p in these expressions, we obtain in accordance with Theorem 1.4.4 the following power series expansions
about a point p = 0 for quaternionic H-holomorphic functions e?, sinp, and cos p:

D w P p? | p®

e :21207:1+p+;+3!+ - p € H, (3.10)

(21+1) 3 5 7

p _ P 14 p
sinp = Lizo(~1) Gy =P~y g (3.11)

_ DR U S I
cosp =YD =15t gt (3.12)
Applying d'Alembert's ratio test (3.3) to the series e? = Zl o Tip', we have
L= 11m| Hlplﬂ' pt o _ = | | m— =0<1.
I-oo  |rip! oo (L+D)|pY| pijmy

l—o0

Then, in accordance with Proposition 3.2, the radius of convergence of e? = Y2 n,p'is R = % = oo. Analogously, for the

1+1) )
series sinp = Y 72,(—1 )1(21 o e find
+1 . 20+1)! (=1 1+1],,2(1+1)+1 .
L=llm|rl+1pl |= ( N(=1) |I7l : | _Ji [p?| —0<1,
00 |rip!] o 2(+D+1] CDHpCRED| T 56 (21+3)(2l+2)

whence the radius of convergence of the power series expansion for sinp isalso R = Z = oo, The calculation for cos p gives

R = oo as well. Thus, the convergence set of series expansions for the functions eP, sinp, cosp is the set of all quaternion
numbers.

The verification of the uniform convergence of these series is the same as used in the proof of Proposition 3.5, since these
series can be majorized for any p € H by the convergent series with the arbitrary ¢* instead of p!, where { is a positive
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number such that |p| < { < o. According to Proposition 3.5, we can differentiate termwise these series at all points p € H.
At that we obtain at all points p € H the foIIowing expressions

(e?)' = (Zl 011) Xz 0( ) k= 1(kk11), s ol, =epr

(21+1) (2l+1)
(sinp)' = (Zz o(—1 )lfﬂil)) Yo (=Dt (?2111)1) Yi2o(—1 )1(21)I = cosp
-1 (2l+1)
(cosp)’ _(Zl o(= 1)1(21)') Zizo(~1)' ((21)1) Lic=a (= 1)k(2k o _2120(_1)lf21+1)!: —sinp,

which are analogous to complex those.

Now we show that formulae (3.10), (3.11) and (3.12) can be obtained by means of Maclaurin series expansions of the
quaternionic functions e?, cos p, sin p. In other words, we want to show that the coefficients of series (3.10), (3.11) and
(3.12) are the coefficients (3.9) of Maclaurin series expansions of these functions.

As already noted in the subsection 2.7, any quaternion p = x + yi + zj + uk can be represented by a "purely complex"

. +zj+uk
expression p = x + rV, where x and V = /y2 + z2 + uZ are real values and r = % is a purely imaginary unit

quaternion. Therefore, Euler's formula e” = cosy + i siny, which is valid in the complex plane & = x + yi, must be gen-
eralized to the quaternionic case p = x + rV as follows: e™ = cos V + rsin V. Then the known complex formulae [9]

cosz = % and sinz = et must be generalized to the quaternion case by the following expressions:
cosp = rp+ze_rp, (3.13)
sinp = #, (3.14)
whererp =r(x +rV) =rx - V.
Using (3.13), (3.14) and relations = a—” = azi  Z = ? U= % we obtain, after some algebra, the following expres-
sions for the functions cosp and sin p |n the Cayley—Dickson doubling form:
e e~ TP i
CoOSp = 26’ = ¢1(C0$p) + ¢2(cosp) I (3.15)
where
-V, vV ata V_ v a+a
¢1(Cosp) _ (e7V+e 2) cos— + (a-a)(e™ 4Ve ) sin—— , (3.16)
“V_ VY ﬂ
¢2(cosp) = G ezv) i b, (3.17)
and
. e™P—e~TP .
sinp = > = ¢1(sin »n Tt ¢2(sinp) I (3.18)
where
(e7"+e") sine (a-a)(eV-eY) cosa a
¢1(sin p) = > - — v ) (3.19)
—V_,V ata
¢2(sinp) = _(e ezgcos 2-p. (320)

Earlier in [1], we have considered in details the function e? = ¢y .py + ¢ (cp) - j in the Cayley-Dickson doubling form.
Its constituents are the following:

P1(er) = 2B, cos v + LD, (3.21)
Poery = LT, (3.22)
at+a
where §, = &=
Now we calculate the values of functions e?, cosp, and sin p at the point p = a + bj = 0 hence at
a=0,a=0,b=0, b=0,V=0. (3.23)
At that to eliminate the indeterminate expressions of the form %we use the well-known (“first noteworthy”, [8]) limit:
lim =1 (3.24)
as well as the following limit calculated by using L’Hospital’s rule [8]:
(e7V-e") (e7V- V), e_V—eV
llm = llm — = 11m = —2. (3.25)

14
Substituting (3.23), (3.24) and (3. 25) |nto (3.16), (3. 17) (3.19), (3. 20) (3 21) and (3.22), we get the following values of
the functions e?, sinp, and cos p at the point p = 0:
0=1, sin0=0, cos0 =1, (3.26)
coinciding with analogous values in real and complex areas. Further, using (3.26), we get in accordance with (3.9) the ex-
pansion coefficients with k = 0 b as follows:
Toery = €% =1, Tyingy = SIN0 = 0; Ty(cospy = cOS0 = 1.
They coincide with the coefficients of the terms of degree 0 in (3.10), (3.11), and (3.12).
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As shown in [1], the derivatives of all orders of the quaternionic function e? is e? as well. Then, according to (3.9), we

(k) (k) 0
get ryery = ¥ © (0) M i—l = where k =0,1,2, ... The obtained values of coefficients coincide (the indices k
and [ are the same here) W|th the correspondlng values in (3. 10) The Maclaurin series expansion for the function e? is
completed. It coincide with the series (3.10) obtained by using Theorem 1.4.4.

Now, we show how the derivatives of cos p and sin p are computed. According to (1.2) we define the first quaternionic
derivative of cosp as follows:

(cosp)' = ¢1(cos »n T ¢£(cos p) T (3.27)

where
¢1(cosp) = aa.d’l(cosp) + aﬁd)l(cos p)! (3.28)
¢£(cosp) = aa.(l)Z(Cos D) + aﬁ(pz(cos )" (329)

We need now to compute the partial derivatives of ¢y cospy aNd ¢ (cos ) With respect to each of a, a. After some calcula-
tion, we have for 9, cos ) and 6a¢1(cosp) the following expressions:

P _ a (e7V+e") cos— (a @)(eV-€") sma;a 1 [@-@)(e7V-€e") cosa;a (e7V+e") sma;a
aP1(cosp) = 2 4v T2 4v - 2
+ 1 -(e_V—eV) sin%a + (a-a)? (e V+eY) 51na+a + (a-a)(e V=€) cosa+a (a @)?%(e V=€) sma;a]
2 2V 8v2 4y 8v3 !
90 — 3 [(e’V+eV) (:os%E + (a-a)(e7V-ev) sin%a_ 1| @@(e7V-e") cos%ﬁ (e7V+e") sinaTﬁ
a¥li(cosp) ~ Ya 2 av Tz av - 2
1| (e7V-e") sinGLJr _ (a- D% (e V+e) sma+a (a-@)(e7V-€V) cosa+a (a—ﬁ)z(e'V—eV) sinULT+a
I 2v 8v2 + av gy3 :

Substituting these expreséions into (3.28) and reducing like terms, we get
(e7V+e") sin% (a-a)(e V=€) COS%

¢1(cosp) = a¢1¢1(cosp) + aH(bl((:osp) =- 2 v = _¢1(sinp)- (3.30)
uite analogously, we obtain for partial derivatives 0, ¢ (cos ) anNd 0z, (c0s ) the following expressions:
(cosp) (cosp)
(e” V—eV)Slna+a p|(e” V—eV)cosa+a (a-a)(e~ V+eV)sma+a (a-a)(e~ V—eV)sma+a
OaPa(cosp) = 6 [ % T2 2v + 4v2 + 4av3 :
9= _ 28— (e” V—eV)51na+a _b (e_V—eV)cosa _ (a- a)(e” V+eV)sma+a (a—E)(e_V—eV)sin%a
a¥z(cosp) T 5 v 2 2v 4v2 4v3 )
Substituting these expressions into (3.29) we get the second constituent of the derivative of cos p:
, (e7V-e")cos ;a
¢2(cosp) = aa(l)z(cosp) + aﬁd)z(cosp) = 7b = ¢2(sinp)- (3.31)
2V
Finally, substituting (3.30) and (3.31) into (3.27), we get the following expression:
(cosp)' = ¢1(cosp) + ¢£(C0$p) J = =®i(sinp) — P2(sinp) "J = —sinp. (3.32)

Thus, we have also shown that the derivatives of quaternionic and complex cosine functions are indeed of the same form in
accordance with Corollary 1.4.6.
In an analogous fashion, we obtain for the quaternionic derivative of sin p the following expression:
(sinp)’ = cosp, (3.33)
which coincides with the corresponding expression from the complex analysis. We skip the details here.

(k)
The formulae (3.32) and (3.33) allow us to calculate further, according to (3.9), the coefficients r, = w”kfo), k=12,..

of Maclaurin series expansions for the functions sin p and cos p, and then compare them with the coefficients in (3.11) and
(3.12). Since the expressions for derivatives of the functions sin p and cos p are the same as in complex analysis, the using
of (3.9) yields the same coefficients of Maclaurin series expansions as in (3.11) and (3.12).

IIJH(O)

To illustrate this consider the function sin p. For sin p we get the coefficient of p* as follows: 7 sin ) =
(sinp)y= = cos 0 = 1. It coincides with the coefficient of p*in (3.11) that equals 1. The calculation of the coefficient of

n . 1 !
p? yields rysinp) = "’ZfO) = Gin ’;)FO = (C°S’2’)p=° = ﬂ = 0. It coincides with the coefficient of p2in (3.11) that is equal
' @ @)
Y (0) % =— CO:'O = —;. It coincides with the co-

to 0. The coefficient of p3 is calculated as foIIows T3(sinp) =

efficient of p3 in (3.11) that is equal to — ;. In this way one could go on.

Note that representing a function by the Maclaurin series is unique, since the coefficients of series are determined
uniquely in accordance with the formula (3.9), by using the derivatives of the functions in question. Therefore, in problems
of representing a quaternionic function by a series, the answer does not depend on the method adopted for this purpose.
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4 Conclusions

We have established the base rules for the quaternionic differentiation of combinations of H-holomorphic functions, in-
cluding differentiation of quaternionic power series, which are similar to rules for complex differentiation. Thus we can say
that the creation of quaternionic analysis fully similar to complex one is in principle possible.

We have also established that among the quaternionic functions, for which multiplication is in general non-commutative,
there exist the whole class of functions, called H-holomorphic, for which the quaternionic multiplication behave as commu-
tative. One can always directly verify the fact that replacing a complex variable as a single whole by a quaternionic variable
in expressions for two arbitrary complex holomorphic functions yields (without change of a functional dependence form)
two quaternionic functions, whose quaternionic multiplication behave as commutative.

This fact exists in reality independently of whether we like it or not. The second similar fact is the existence of equations
(1.5), which is also independent of anyone's viewpoint on quaternionic analysis. The theory of essentially adequate quaterni-
onic differentiability in question is, as far as we know, the only theory, which explains these facts. This is a sufficient ground
for believing that the presented theory is true. The explanation of these facts represents, so to say, an "external justification"
of the theory in question.

The presented theory, in a sense, possesses also an "internal perfection”, since this theory follows in essence from one
general idea, underlying the concept of essentially adequate differentiability [1]: "each point of any real line is at the same
time a point of some plane and space as a whole, and therefore any characterization of differentiability at a point must be the
same regardless of whether we think of that point as a point on the real axis or a point in the complex plane, or a point in
three-dimensional space".

The derivative in real and complex analysis plays the role of a measure of "transformation” ("deformation™, dilatation) at a
point of a line and a plane caused ultimately by some physical field. Indeed, if any function is to be interpreted as a "trans-
formation™ ("deformation™) at a point of space, then its derivative, defined as a limit of a quotient of a "transformed™ linear
segment and an initial "non-transformed" linear segment, represents some measure of "transformation™ ("deformation™) at a
point of space. Since a physical field strength (or a vector of "deformation " at a point) is always unambiguous, we require
an unambiguity of the derivative, hence an equality of the left and the right quaternionic derivatives. However this require-
ment is relevant only to "deformation” of space at a point, not to rotations of vectors in space, which are represented by the
non-commutative quaternion algebra. Therefore, there is no contradiction. Moreover, this requirement leads ultimately to the
definition of the full quaternionic derivative [1,2], uniting the left and right quaternionic derivatives, and having symmetry
in variables as a result. Such a symmetry represents undoubtedly the symmetry of physical space [1].
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Appendix A

We demonstrate here that the second derivative of the function e?”: (epz)” = ¢1 + ¢35 - j, where ¢1' and ¢35 are defined
by (2.72) and (2.73), is H-holomorphic, i. e. functions ¢4 and ¢ satisfy equations (1.1). In subsection 2.7 we have computed
partial derivatives of intermediate functions V, 8 and 8, defined by (2.34), (2.35), and (2.36), with respect to variables a and
a (see formulae (2.40), (2.41), (2.42), (2.43), (2.44), (2.45)). Now we need to compute partial derivatives of these functions
with respect to variables b and b. The computation yields:

abV = %, (Al)
0,0 =22 (A2)
0B = —pb, (A3)
050 = =22 (AS)
05 = —Bb. (A6)
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After quite tedious calculation, the derivatives of ¢1" and ¢ needed to verify equations (1.1-1) and (1.1-3) are the follow-
ing:

0qy! = 205[B(1 + 2a% — 2bD) cos(6)] + 8, | B (a_a+2a3_2aza_fabb_zabb)Sin(e) (A7)
= 2B[(5a + 2a® — 2abb) cos(8) — (1 + 2a® — 2bb) sin(6) 3,6]
N [8(7a?-5aa+2a*—6a?bb—2aabb-2a®a+1-6bb) sin(8)+p(a—a+2a®—6abb-2abb-2a%a) cos(9)d 0]V
VZ
_ B(a-a+2a3—6abb-2abb—2a%a)sin(6)d,V
v2 !
2,72 _5u5) sin(o
0,00 = 0, [4ﬁb(a L3 cos(8) + 2pb(1+a +aV 2bb ) sin( )] (28)
—_ 2 —2_ —\ . 9)a
= 4B(a + E)[(l — bb) cos(8) — b sin(G)abG] — 285(1+a%+2 ijb)sm( b
B(1-bb)(1+a%+a“-2bb)-2Bbb sin(6)+ﬁb 1+a%+a“-2bb) cos(0)d,0 |V
( ) 2 2
where V, B, and 0 are defined by formulae (2.34), (2.35). and (2. 36) respectively. We have also used (2.42) and (A3).
GivenV =V, B = f,6 = 6, and (A6), we also obtain
- — _ 2BE(1+a2+EZ—2bE) sin(@)
03¢, = 05 |4Bb(a + a) cos(8) + " (A9)
_ _ — 2,22 _2pD) sin(8)8~
=4B(a + E)[(l — bb) cos(8) — bsin(@)age] — 2Bb(1+a b V:bb) SIn(0)05V
[[/?(1 bb)(1+a +a —2bb) Zﬁbb] 51n(6)+ﬁb(1+a +a —2bb)cos(6‘)6 9}
ubstituting an into an into We get the following expressmns
Sub: (A1) and (A2) (A8), (A4) and (A5) (A9), he foll
- 0
0p$% = 4B(a+a) [(1 - bD) cos(6) — 2% sin(9) | - porse? “;3 22D (A10)
_2 —
2[3(1—bb)(1+a +a —2bb)—2Bbb] sin(e)'Bbb(am)(Ha ;a ~2bb)os(®)
- 0
057 = 4B(a +@) [(1 - bb) cos(6) ——“’(a*“) in(8)] - pob(ire’ +i3 200 )sin(®) (A11)

Bbb(a+a)(1+a +a —ZbE) cos(8)
v

+2[B(1—bb)(1+a +a —2bb)—2Bbb] sin(8)+

v ' o
Comparing expressions (A.10) and (A11) we see that they are the same. Therefore, the equation d, ¢, = d; ¢, (see (2.6)) is
satisfied.

We will need, for further calculations, to have the expressions for intermediate functions V, § and 6 and their derivatives
after transition a = @ = x. Applying the restriction to a = a = x to formulae (2.34), (2.35), (2.36), (2.40), (2.41), (2.42),
(2.43), (2.44), (2.45), (A1), (A2), (A3), (A4d), (A5), and (A6), we obtain, respectively, the following relations:

2 2
1) (VI = Ibl, 2) (Bl = e* V" = B3, 3) (6] = 2x|b| = 63, 4) (0 V] =0,5)(, 9| = |bl, 6) (0uB| = P3x,  (AL2)
7) (9gV| = 0, 8) (0z6| = |bl, 9) (0aB| = Bsx, 10) (0pV] = 7 11) (0,01 = | |’ 12) (08| = —=Bsb,

13) (35V| = 57 14) (8501 = 7, 15) (8581 = —Bsb,
which must be introduced into expressions for partial derivatives by means of replacing V — (V[, 0 = (6|, 8 = (B|, 9,6 =
(0461, 9.8 = (0.8], 8,V — 0, and so on. Substituting a=a =xand (Al2 —1,2,3,4,5,6,) into (A7) we get

(0,97 | = 2B5[(5x + 2x3 — 2x|b|?) cos(83) — (1 + 2x2% — 2|b|?) |b|sin(63)] (A13)
{B3(7x —5x2+2x*—6x2|b|2—2x2|b|2-2x*+1-6|b|?) sin(B3)+ B3 (2x3—6x|b|2—2x|b|2—2x3)|b| cos(83)}Ib|
[b|?
(B3 +2B3x? —12[33x2|b|2—8[33|b|2+4,83|b|4)sm(93)

= (10B5x — 12B5x|b|* + 4B5x3) cos(83) + o
Given the transition a = @ = x and (A12-1,2,3,10,11,12) in (A10) we now obtain the expression for the (9, ¢7'| as follows:

(35941 = 88x[(1 — bI?) cos(63) — x|b| sin(6,)] — L2 sin(@y (AL4)

2[B3(1-|p|2)(1+2x2-2|b|?)—2B5|b|?] sin(63)+2B3x|b|(1+2x%-2|b|?) cos(63)
b

— (10,83)6 _ 1233x|b|2 + 4,83963) COS(9|3|) + (B3+253x2—1253x2|b|2|—bf|353|b|2+433|b|4) Sin(93).
We see that (A13) and (A14) coincide, i. e. equation (1.1-3): (3,¢1'| = (8,¢3|, holds for the constituents of the second
derivative of the function e?”. Since the equation d,¢, = 6552 is valid, equation (1.1-1), i. e. (3,¢{| = (03$2|, is also
satisfied.

To verify equation (1.1-2) we need to compute the partial derivatives d,¢5 and agqb_{’. They are computed as follows:
ﬁ(1+a2+52—2b5) sin()
v

_l_

a5 = 4bd,[B(a + @) cos(8)] + 2bd,

(A15)
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= 4b[B(1 + a? + aa) cos(8) — B(a + a) sin(8)d, 0]
42 {[B(3a+a3+a52—2ab5) sin(9)+ﬁ(1+a2+52—2b5) cos(@)aaG]V—ﬁ(1+a2 +EZ—2bE) sin(9)0aV}

v2

(A16)

— -3 —2 — -\ .
v _2 — (a—a+2a -2a a—6abb—2abb) sin(@)
d5p, = 05 [2;3(1 +2a” — 2bb) cos(0) + B V ]
= —2B(3b + 2a’b — 2b%b) cos(8) — 2B(1 + 2a” — 2bb) sin(9) 50
p(a-a+2a’- 2a”a -6abb-2abb) sin(6)05V
- =
—ﬁ(7ab+ab+2a3b—eab23—zab25—zazab) sin(9)+g(a—a+2a3— 2a%a —eabE—zabE) cos(0)d56
m :
where 9,6, 0,V, 050 and 93V are defined by (2.41), (2.40), (A5) and (A4), respectively. To obtain complex conjugation ¢’
of the function ¢; we have used the relations V =V, g = 3, 8 = 0, following from (2.34), (2.35), (2.36). We have also
used the relations (2.42) and (A6).
Substituting a = @ = x and expressions (A12-1,2,3,4,5) into (A15) as well as (A12-1,2,3,13,14) into (A16) we get after
the transition a = a = x the following expressions for derivatives:
(0a®? | = 4b[B3(1 + x* + x?) cos(83) — 2;x|b| sin(65)] (A17)
+2b [ﬁ3(3x+x3+x3—2x|b|2)sin(93)+ﬁ3(1+x2+x2—2|b|2)|b|cos(93)]
[b]

6P3bx+4B3bx3—12B3bx|b|?) sin(63)
= (6sh + 12B:bx* — 4B3bIbI?) cos(0;) + LAt IR ) snCs)

(95871 = —2B;(3b + 2x°b — 2b|b[?) cos(6;) — 28322 (1 + 22% — 21bI?) sin(8,) (A18)
_ B3(2x3- 2x3 —6x|b|2—2x|b|?)b sin(H3)
2|p|3

B3xb(2x3 - 2x3 —6x|b|%-2x|b|2) cos(83)
2]

—B3(7xb+xb+2x3b—6xb|b|2—2xb|b|?—2x3b) sin(H3)+

bl

6B3bx+4B3bx3—12B3bx|b|?) sin(03)
— —(6Bsb + 12B3bx? — 4B,b|b|?) cos(fy) — (GFabxrpsbx pate )sin6s)

We see that obtained expressions (A17) and (A18) represent the results equal in absolute value and opposite in sign, i. e.
equation (1.1-2): (8,97 | = —( 95¢'| holds for the constituents of the second derivative of the function e’
To verify equation (1.1-4) we need to compute the partial derivatives dz ¢, and d;¢;'. They are computed as follows:

243 —2bb)sin(8
9=l = 0 [4ﬁb(a +2) cos(8) + 2b LT - Jsind )] (A19)
= +aa+a”)cos(f) — a + a) sin a
48b(1 + aa + a*) cos(8) — 4Bb(a + @) sin(8) 96
+2b {[3(3&+a25+a3—zab5) sin(0)+p(1+a?+a°~2bb ) cos(8)d56|v-p(1+a?+a’—2bDb) sin(G)BEV}
V2 !
p— -7 3_ __ -_— __ 2= .
0501 = 95 [28(1 + 2a% — 2bb) cos(8) + (a-a+2a’~6abb e 2 %) = (A20)
— — - 3 _ bH—2abb— 27) sin(0)0—
= 2[~B(3b + 2a?b — 2bbb) cos(8) — B(1 + 2a% — 2bB) sin(§) ;0] — L2 ~ebb=2Ab - 2077 sin(©)25

V2
+ -Bb(a—a+2a® —6abb—2abb- 2a*a)+B(-6ab—2ab) sin(6)+p(a-a+2a® —6abb—2abb- 2aa) cos(0)d40

14
Substituting a = a = x and expressions (A12-1,2,3,7,8) into (A19) as well as expressions (A12-1,2,3,13,14) into (A20),
we have after the transition a = a = x the following expressions:
(0595 | = 4B3b(1 + 2x?) cos(83) — 8Bbx |b| sin(65) (A21)
n 2b[B(3x+2x3-2x|b|?) sin(03)+B(1+2x%-2|b|?)|b| cos(63)]
bl

— 2 3) ¢
= (6sb + 128353 — 4B;blb?) cos(0;) + Lzt Ertfob ) sn(Cy)

and

251112 oi
(351/| = —2B5(3b + 2x°b — 2bb|?) cos(8;) — L2 o (A22)
4B3bxsin(83) | (8B3bx|b|>—8B3bx)sin(63) _ 2
ol o] 8B;bx* cos(63)

— 2 3) gj
= —(6f:b + 12:bx* — 4;b|b|?) cos(8,) — LI APbY ) onCy)

We see that obtained expressions (A21) and (A22) represent the results equal in absolute value and opposite in sign, i. e.
equation (1.1-4): (dg¢5 | = —(95¢1'| holds for the constituents of the second derivative of the function eP’.

Thus, we have shown by direct computation that the second derivative of the function eP’ is H-holomorphic. It was evident
from the very beginning by virtue of Theorem 1.4.5.

+
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