Fixed Point Method, Dottie Number

Edgar Valdebenito

abstract

In this note we discuss the problem of finding approximate solutions of the equation:

1
x:—sin‘1(2x\/1—x2 ), 0<x=1

2

via Fixed Point Iteration Method.

1. Introduction

Definition of Fixed Point :
If p=f(p), thewesay p is a fixed point for the function f'(x).
Fixed Point Iteration Method : Start from any point xy and consider the recursive process

Xpe1 = f(x,), n=0,1,2,3, ... (D)
If f(x) is continuous and x,, converges to some p then it is clear that p is a fixed point of f(x) .
Theorem1: Let f : [a, b] — [a, b] be a differentiable function such that

lf'")| =a<lforallx e [a, b] )
Then f'(x) has exactly one fixed point p in [a, b] and the sequence x,, defined by the process (1), with a starting point,
X0 € la, b], convergesto p.
Theorem2 : let p be a fixed point of f(x), Suppose f(x) is differentiableon [p — €, p + €] for somee > 0 and f'(x)
satisfies the condition | /' (x)| = @ < 1 forall x € [p — €, p + €] . Then the sequence x,, defined by (1), with a starting

pointxg € [p —€, p + €], convergesto p .

2. The Equation cos x = x

B The equationcosx =x, x € [0, 1]

m Solution: x =d =0.739085133215 ...
B d is the Dottie number (Kaplan 2007)
B d is the unique real root of cos x = x

W Iteration (Fixed Point Method) :

Xp+l =COS X, , X = 1 =d=1m Xp (3)
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m Graphics



Xn

m Notation : d = cos cos cos ... cosl

m Integrals

1(1 +Sin62m’x)e4m’x
d:f—dx,i:\/—l 4
0

eZﬂir — cos e27rix

o0 12 7% + 16 (x — sinh x)? -1y?2
d= |1- 1—U dx] ®)

o (372 + 4 (x — sinh x)?)? + 16 72(x — sinh x)?

1
3. The Equation x = 5 sin_1(2 x\1-x? )
1
m The equation x = Esin’l(Zx\/ 1-x2 ), xe [0, 1]

W Trivial solution: x =0

W Nontrivial solution: x =d = 0.739085 ..., (Dottie number)

W Proof. :
cosd =d

= sind=+1-d°

= 2005a’sind=2d\,/1—a'2

= sin(Za’):Za'\,ll—d2
R R | )

=>d—2s1n (Zd\/I d )

4. Iteration

1
W The equation x = —sin‘1(2x\/ 1 -x? ), O=sx=1
2

B Iteration (Fixed Point method) :



1
xz;sin’l(Zx\ll—xz)zf(x) (6)

Xpe1=f(x,), 0=x0=<1, n=0,1,2,3, ... (7)
m Remark: xo =0 = x, =0 forall n.
m Remark: xo=1 > x1=0=x,=0 ,n=2.
m Graphics, xo=0.2, d =0.739085 ..., Dottie number :
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m Graphics, xp=0.4, d =0.739085 ..., Dottie number :
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m Graphics, xp = 1/\/ 2 =0.707106 ..., d = 0.739085 ..., Dottie number :
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m Graphics, xo=0.8, d =0.739085 ..., Dottie number :
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W The function f'(x) :
S0, 1)) c [0, 1] (8)

lf'l=1, 0=sx=<1 9)



oS aow>

mLetn eNU{0}={0,1,2,3, ..}, 0<u< 1/«/?<vs 1, and assume that

u\/l—u2 =V\/1—v2

Up+1 =f(un)> Up=1u, nENU{O}

Vas1 = f (), vo=v, neN{J{0}
then

u,=v,, neN={1,2,3, ..}

1—\/1—22 1+ 1-22
_—
2

= f ,thenu\/l—u2 =V\/1—v2.

Blet0<z=<1, u=

mLetneNUJ{0}, xo€[0, 1], x441 =f(x,), then 0 <x, <7/4 forallneN.

W Conclusion: 0 <xog <1, xg #d, x,+1 = f(x,) = X, is Divergent (oscillation) .
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