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Abstract

To construct quantum gravity we introduce the quantum gravity state as function
of particle coordinates and functional of fields, We add metric as the new argument of
state:

Ψ = Ψ(t, x1, ...xn, {Aγ(x)}, {gµν(x)})

we calculate the cosmological constant assuming that the quantum state is a function
of time and radius of universe (mini-superspace)

Ψ = Ψ(t, a)

To avoid infinities in the solutions, we substitute the usual equation for propagotor
with initial value Cauchy problem, which has finite and unique solution, for example
we substitute the equation for Dirac electron propagator

(γµpµ −mc)K(t, x, t0, x0) = δ(~x− ~x0)δ(t− t0)

which already has infinity at the start t = t0, with the initial value Cauchy problem(H − i~∂/∂t)K(t, x, t0, x0) = 0,

K(t, x, t0, x0) = δ(~x− ~x0), t = t0,

which has finite and unique solution.
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PACS: 11.30Cp, 12.20.-m, 12.60.-i

1. Introduction

The new and equivalent formulation of quantum electrodynamics is given in terms of
space of states.

Ψ = Ψ(t, x1, ...xn, {Aγ(x)}) (1)

where Aγ is the electromagnetic field. To construct quantum gravity we add metric as the
new argument of state. The quantum gravity state is
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Ψ = Ψ(t, x1, ...xn, {Aγ(x)}, {gµν(x)}) (2)

For example, the mean value of metric at point x0 at time t

〈gµν(t0, x0)〉 =

∫
Dx1...DxnD{Aγ(x)}D{gµν(x)}Ψ∗(t)gµν(x0)Ψ(t) (3)

The quantum gravity must me completely field theory, we substitute particle coordinates
with the mass fields.

Ψ = Ψ(t, {Φ1(x)}, ...{Φn(x)}, {Aγ(x)}, {gµν(x)}) (4)

To find the equation of motion we use the approach

Action → Lagrangian → Hamiltonian → Quantization.

The lagrangian density participates in the integral

S =

∫
dtd3xL (5)

The momentum density

pφ =
∂L
∂ϕ̇(x)

(6)

where ϕ are the all fields.
ϕ = (gαβ, Aµ, φ1, ...φn), (7)

where φ1, ...φn are the mass fields.
The Hamiltonian density

H = p∂tϕ− L (8)

The Нamiltonian

H =

∫
Hd3x (9)

To perform quantization we substitute the fields and the momentum of fields with the
operators.

H = H(t, x, ϕ(x), pφ(x),
∂2ϕ

∂xµ∂xν
) (10)

We introduce the operator of the field value at the point x0

ϕ̂(x0) : Ψ −→ ϕ(x0)Ψ (11)
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The momentum operator of the field value at the point x0

p̂ϕ(x0) : Ψ −→ −i~ lim
q→0

Ψ({φ(x) + qδ(x− x0)})−Ψ({φ(x)}))
q

(12)

The momentum and coordinate operators satisfy

i

~
[p̂φ(x), ϕ̂(x0] = δ(x− x0) (13)

The terms ∂2gµν/∂x20 are not so well for quantization, so we perform integration by parts,
after the gravity action is ready for quantization, and we construct quantum gravity theory,

2. Relativistic invariance

To achieve the relativistic invariance we represent our manifold as set of slices, with
invariant parameter w-number of slices,and the invariant points M on each slices:

Ψ = Ψ(w,M1, ...Mn, {Aγ(M)}) (14)

3. The quantization of gravity

The problem while quantization of gravity is presence of second time terms in action (we
will integrate by parts to eliminate them)

S =

∫
RdΩ =

∫
R
√
−gdx (15)

where R = Ri
Klmg

Kmδil is the scalar curvature. The curvature tensor

Ri
Klm =

∂ΓiKm
∂xl

− ∂ΓiKl
∂xm

+ ΓinlΓ
n
Km − ΓinmΓnKl (16)

The table of Christobel symbols ΓiKl is a tensor up to linear transformations, so applica-
tion of the covariant derivative to Christobel symbols is possible in this narrow sence, and
is also a tensor

δΓiKm
δxl

=
∂ΓiKm
∂xl

+ ΓilαΓαKm − ΓαKlΓ
i
αm − ΓαmlΓ

i
Kα (17)

Then after changing indices

δΓiKl
δxm

=
∂ΓiKl
∂xm

+ ΓimαΓαKl − ΓαKmΓiαl − ΓαlmΓiKα (18)

The substraction gives

δΓiKm
δxl

− δΓiKl
δxm

=
∂ΓiKm
∂xl

− ∂ΓiKl
∂xm

+ 2ΓαKmΓiαl − 2ΓαKlΓ
i
αm (19)
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Then, obviously,

Ri
Klm =

δΓiKm
δxl

− δΓiKl
δxm

− ΓαKmΓiαl + ΓαKlΓ
i
αm (20)

Then after substituting this into the action Sg =
∫

(RdΩ) =
∫
{Ri

Klmδ
l
ig
Km
√
−gdx}, after

integrating the covariant derivative by parts, we see that it vanishes ( the covariant derivative
of metric is zero), the only term remains:

Sg =

∫
(−ΓαKmΓlαl + ΓαKlΓ

l
αm)gKm

√
−gdxγ (21)

The action now does not contain second derivatives, only up to first, now we can construct
Hamilton formalism, the lagrangian density participates in the integral

Sg =

∫
dtd3xLg (22)

The momentum density

pµν =
∂Lg
∂g′µν

(23)

where g′ is the time derivative of metric
The density of gravity Hamiltonian (the other parts of the entire Hamiltonian including

interaction part, the Hamltonian of other fields we have written in previous section)

Hg = pµνg′µν − Lg (24)

The Нamiltonian
Hg =

∫
Hgd

3x (25)

The problem while constructing Hamiltonian is to write velocities g′µν as functions of mo-
mentum pµν , before the lagrangian contains terms 0,1,2 power of velocities, the Hamiltonian
before transition from velocities to momenta

Hg = H0 +H1 +H2 (26)

The construction of Hamiltonian from lagrangian gives vanishing of linear terms:

H1 = 0 (27)

The zero term of Hamiltonian does not contain velocities, so it is equal to zero term of
lagrangian

H0 = −L0 (28)

The construction of second term of Hamiltonian is complex, it is equal to second term of
lagrangian, but still transition from velocities to momenta is not clear
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H2 = L2 = 1/2(∂2L/∂g′µν∂g
′
αγ)g

′
µνg
′
αγ (29)

The matrix there is Hessian W of Lagrange function, the elements there are zero, if at
least one of indices is zero, W is irreversible, so we can not transit from all velocities to all
momenta, nevertheless if we remove those zero elements fromW , which can not contribute to
Hamiltonian, then the remaining matrix W ′ is reversible, we can now transit from velocities
to momenta, the construction of gravity Hamiltonian is over, the construction of entire
Hamiltonian is written in the previous section.

The construction of Quantum Gravity is over.

4. The calculation of cosmological constant

To calculate the cosmological constant we perform the quantization of Friedman model.
Suppose that the state is the function of time and the universe curvature radius.

Ψ = Ψ(t, a) (30)

To calculate the quantum Hamiltonian we use our scheme:

Action → Lagrangion → Hamiltonian → Quantization.

As well known, the amount of the visible matter in universe is less then 5 %. We assume
that the universe is massless and the Einstein-Hilbert action given by

S =
c3

16πG

∫
dΩR =

c3

16πG

∫
dtd~x
√
−gR (31)

L =

∫
d~x

c3

16πG

√
−gR (32)

If we substitute into the action the Friedman metric (open case)

d2s = c2dt2 − a2(t)(dχ2 + sinh2χ2(dΘ2 + sin2Θdφ2)) (33)

If we introduce the new variable η which satisfies the differential relation adη = cdt

d2s = a2(η)(dη2 − dχ2 − sinh2χ(dΘ2 + sin2Θdϕ2)) (34)

Then the calculation gives

R =
6(a− a′′(η))

a3
, g = −a8sinh4χsin2Θ (35)
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Taking the integral of the angles, we have:

S = $

∫
dηa(a− a′′(η)) = $

∫
dη(a2 + a′2) =

∫
dηL, (36)

where the Lagrangian is
L = a′2 + a2 = E − U (37)

is the Lagrangian of the particle in the accelerating potential

U = −a2 (38)

Suppose that quantum mean values obey the Eirenfest theorems which are our case the
Euler-Lagrange equations,which give

< a′′ > − < a >= 0 (39)

Their general solution is
a = a1e

η + a2e
−η (40)

I. Case 1(the initial radius of Universe is no-zero and positive:a1 > 0, a2 > 0) Making a shift
of η, we can make

a1 = a2 (41)

so that
a = a1e

η + a1e
−η = a0coshη, a′ = a0sinhη (42)

The neighboring geodesics equations

D24xγ

Dτ 2
= Rγ

αβην
ανβ∆xη (43)

In the case of zero spatial velocities we have

D24xγ

Dτ 2
= Rγ

00γ(ν0)2∆xγ (44)

The sign of Rγ
00γ shows if the universe accelerates

Rη
00η = −(

a′
a

)2 +
a′′
a

= −(
a′
a

)2 + 1 = −tanh2η + 1 > 0 (45)

We observe the positive acceleration of the universe, which has not ever been given by any
theory.

I. Case 2(the initial radius of Universe is zero:a1 > 0, a2 < 0) Making a shift of η, we can
make

a1 = a2 (46)

so that
a = a1e

η − a1e−η = a0sinhη, a′ = a0coshη (47)
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The neighboring geodesics equations

D24xγ

Dτ 2
= Rγ

αβην
ανβ∆xη (48)

In the case of zero spatial velocities we have

D24xγ

Dτ 2
= Rγ

00γ(ν0)2∆xγ (49)

The sign of Rγ
00γ shows if the universe accelerates

Rη
00η = −(

a′
a

)2 +
a′′
a

= −(
a′
a

)2 + 1 = −ctanh2η + 1 < 0 (50)

We see that if at the starting time the universe was at one point then we would not see
the acceleration of Universe. We can see the accelerating Universe only if the initial radius
of Universe is not zero(see case 1).This is the argument against Big Bang.

5. The Cosmological Constant

In Case 1 of the accelerating Universe

a = a0coshη (51)

Remembering that adη = cdt and integrating we obtain

ct = a0sinh η (52)

The Hubble constant
H =

da/dt

a
=
cda/dη

a2
=
ca′
a2

(53)

Substituting there again (31)and using (32), we have:

H =
ca0sinh η

a20cosh
2 η

=
sinh2 η

tcosh2 η
=
tanh2 η

t
(54)

From where we have:
η = arctanh(Ht)1/2 (55)

If we suppose Ht=2/3 we have

η = arctanh(2/3)1/2 ≈ 1.15 (56)

Using neighboring geodesics equation (28) and (29) we see that the sign

D2(∆xγ)

Dτ 2
/∆xγ = Rγ

00γ(v
0)2 =

c2

a2
((−a′

a
)2 +

a′′
a

) = −H2 +
c2

a2
(57)
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Using equation for Hubble constant, we obtain

D2(∆xγ)

Dτ 2
/∆xγ = −(

ca′
a2

)2 +
c2

a2
=
c2(−a′2 + a2)

a4
=
c2a20
a4

=
c2

a20cosh η
4

(58)

Using (32),we receive

D2(∆xγ)

Dτ 2
/∆xγ =

(sinh η)2

t2cosh η4
=

(tanh η)2

t2cosh η2
=

(Ht)2

t2cosh η2
=

H2

cosh η2
(59)

Substituting the values of η and H, we have according to the theory

D2(∆xγ)

Dτ 2
/∆xγ =

H2

3
≈ 1.33 ∗ 10−36

1

s2
(60)

Experiment gives the following value of Universe Expansion acceleration

D2(∆xγ)

Dτ 2
/∆xγ = 2

2πGρcr
3

≈ 2 ∗ 10−36
1

s2
(61)

Conclusion

The construction of quantum gravity is possible if we stand on very good land of quantum
states, this path now has shown the way to calculate the cosmological constant

References

1. Moyotl A. , Novales-Sánchez H., Toscano J. J., Tutut E.S. // Int. J. Mod. Phys. A.
2014. 29. P. 1450039.

2. Langacker P. The Standard Model and Beyond. Boca Raton, 2010.

3. Olive K.A. et al. (Particle Data Group) // Chin. Phys. C. 2014. 38. P. 090001.

4. Kostelecký V.A., Samuel S. // Phys. Rev. D. 1989. 39. P. 683.
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