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�For now we see through a glass, darkly; but then face to face: now I know in part; but then shal l I know even as also I am known.� - 1
Corinthians 13:12.

Abstract. In this paper, we construct a identity for a q-hypergeometric series.

1. Introduction

The q -binomial coe�cient is given by [1]�
n
m

�
q

=
(q; q)n

(q; q)m(q; q)n¡m
=

Y
`=0

m¡1
1¡ qn¡`

1¡ q`+1
: (1)

The q -binomial coe�cient satis�es the recurrence equation�
n+1
k

�
q

= qk
�
n
k

�
q

+

�
n

k¡ 1

�
q

; (2)

for n> 1 and 16 k6n.
In this paper, we demonstrate that

1¡ zq+G(z; q)=F (z; q)+G5(z; q);

where

G(z; q): =
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(q; q)2n+1
;

G5(z; q):=
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1
and

E(z; q): =
X
n=0

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n
:

2. Preliminary

Lemma 1. If n> 1 and 16 k6 n, then
1

(q; q)n
=

(q; q)n¡k+1
(q; q)n¡k(q; q)n+1

qk+
(q; q)k

(q; q)k¡1(q; q)n+1
:

Proof. Using the recurrence equation, we obtain

qk=

�
n+1
k

�
q�

n
k

�
q

¡

�
n

k¡ 1

�
q�

n
k

�
q

: (3)

Applying the de�nition for q -binomial coe�cient, see equation (1), we get

qk=

(q; q)n+1

(q; q)k(q; q)n¡k+1
(q; q)n

(q; q)k(q; q)n¡k

¡
(q; q)n

(q; q)k¡1(q; q)n¡k+1
(q; q)n

(q; q)k(q; q)n¡k

=
(q; q)n+1(q; q)n¡k
(q; q)n(q; q)n¡k+1

¡ (q; q)k(q; q)n¡k
(q; q)k¡1(q; q)n¡k+1

=

�
(q; q)n+1
(q; q)n

¡ (q; q)k
(q; q)k¡1

�
(q; q)n¡k
(q; q)n¡k+1

)(q; q)n¡k+1
(q; q)n¡k

qk=
(q; q)n+1
(q; q)n

¡ (q; q)k
(q; q)k¡1

,(q; q)n+1
(q; q)n

=
(q; q)n¡k+1
(q; q)n¡k

qk+
(q; q)k
(q; q)k¡1

, 1

(q; q)n
=

(q; q)n¡k+1
(q; q)n¡k(q; q)n+1

qk+
(q; q)k

(q; q)k¡1(q; q)n+1
;

(4)
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which is the desired result. �

Corollary 2. If n> 1, then
1

(q; q)n
= q

(q; q)n
(q; q)n¡1(q; q)n+1

+(1¡ q)
1

(q; q)n+1
:

Proof. Set k=1 in previous Lemma. �

Corollary 3. If n> 1, then
1

(q; q2)n
=(1¡ q2n)

(¡q; q)n(q; q)n
(q; q)2n+1

:

Proof. Setting n! 2n in Corollary 2, we obtain

1

(q; q)2n
= q

(q; q)2n
(q; q)2n¡1(q; q)2n+1

+(1¡ q)
1

(q; q)2n+1
: (5)

In [3, p. 242], we have

(a; q)2n=(a; q
2)n(aq; q

2)n;

whence, we get a! q

(q; q)2n=(q; q2)n(q
2; q2)n: (6)

Substituting the right hand side of (6) in the left hand side of (5), we obtain

1
(q; q2)n(q2; q2)n

= q
(q; q)2n

(q; q)2n¡1(q; q)2n+1
+(1¡ q)

1
(q; q)2n+1

, 1

(q; q2)n
= q

(q; q)2n(q2; q2)n
(q; q)2n¡1(q; q)2n+1

+(1¡ q)
(q2; q2)n
(q; q)2n+1

, 1

(q; q2)n
= q

(¡q; q)n(q; q)n(q; q)2n
(q; q)2n¡1(q; q)2n+1

+(1¡ q)
(¡q; q)n(q; q)n
(q; q)2n+1

:

(7)

Using the de�nition of q -series [see 4]:

(a; q)k=
Y
m=0

k¡1

(1¡aqm);

we �nd

(q; q)2n¡1=
Y
m=0

2n¡2

(1¡ qm+1); (8)

(q; q)2n=
Y
m=0

2n¡1

(1¡ qm+1); (9)

thereby, dividing (9) by (8), we have

(q; q)2n
(q; q)2n¡1

=

Q
m=0
2n¡1

(1¡ qm+1)Q
m=0
2n¡2 (1¡ qm+1)

= 1¡ q2n: (10)

From (7) and (10), it follows that

1

(q; q2)n
= q(1¡ q2n)

(¡q; q)n(q; q)n
(q; q)2n+1

+(1¡ q)
(¡q; q)n(q; q)n
(q; q)2n+1

) 1
(q; q2)n

=(q¡ q2n+1¡ q)
(¡q; q)n(q; q)n
(q; q)2n+1

=(1¡ q2n)
(¡q; q)n(q; q)n
(q; q)2n+1

;

which is the desired result. �

Theorem 4. We have

1¡ zq+G(z; q)=E(z; q)+G5(z; q):

Proof. In Corollary 3, we have

1
(¡q; q)n(q; q2)n

=(1¡ q2n)
(q; q)n

(q; q)2n+1
: (11)
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Multiply both members of (11) by (¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2 and sum from 1 at in�nityX
n=1

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n
=

X
n=1

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(q; q)2n+1

¡
X
n=1

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

=
(zq; q)1
(q; q)1

+
X
n=1

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(q; q)2n+1

¡(zq; q)1
(q; q)1

¡
X
n=1

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

=
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(q; q)2n+1

¡
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

(12)

On the other hand, we knew that [5,]

G(z; q): =
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(q; q)2n+1
: (13)

From (12) and (13), it follows that

G(z; q)=
X
n=1

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n

+
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

=(zq; q)1¡ (zq; q)1+
X
n=1

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n

+
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

=
X
n=0

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n
¡ (1¡ zq)

+
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1

)1¡ zq+G(z; q)

=
X
n=0

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n

+
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1
:

(14)

We de�ne the functions

G5(z; q): =
X
n=0

1
(¡1)n(q; q)n(1/z; q)n(zq; q)n+1qn(n+5)/2

(q; q)2n+1
(15)

and

E(z; q): =
X
n=0

1
(¡1)n(1/z; q)n(zq; q)n+1qn(n+1)/2

(¡q; q)n(q; q2)n
(16)

From (14), (15) and (16), it follows that

1¡ zq+G(z; q)=E(z; q)+G5(z; q);

which is the desired result. �
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