EXACT TETRAHEDRON ARGUMENT FOR THE EXISTENCE OF
STRESS TENSOR AND GENERAL EQUATION OF MOTION
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ABSTRACT. The birth of modern continuum mechanics was the Cauchy’s idea for
traction vectors and his achievements of the existence of stress tensor and derivation
of the general equation of motion. He gave a proof for the existence of stress tensor that
is called Cauchy tetrahedron argument. But there are some challenges on the different
versions of tetrahedron argument and the proofs for the existence of stress tensor. We
give a new proof for the existence of stress tensor and derivation of the general equation
of motion. The exact tetrahedron argument for the first time gives us a clear and deep
insight into the origins and the nature of these fundamental concepts and equations
in continuum mechanics. This new approach leads to the exact point-base definition
and derivation of these fundamental parameters and relations in continuum mechanics.
By the exact tetrahedron argument we derived the relation for the existence of stress
tensor and the general equation of motion, simultaneously. In this new proof, there
is no approximating or limiting process and all of the effective parameters are exact
values not average values. Also, we show that in this proof, all the challenges on the
previous tetrahedron arguments and the proofs for the existence of stress tensor are
removed.

1. INTRODUCTION

The existence of stress tensor and the general equation of motion form the main part
of the foundation of continuum mechanics. During 1822 to 1828, Cauchy for the first
time, introduced the basic idea of traction vector and presented a proof for the existence
of stress tensor that is called Cauchy tetrahedron argument and by another process
obtained the general equation of motion that is called Cauchy equation of motion. He
also gave some important properties for the state of stress, e.g. the symmetry of stress
tensor [3], [4], [7], [8]. The basic idea of Cauchy was that the internal forces on the
surface in continuum media in addition to the normal component can have the tangential
components. From Truesdell in (1968, [8]), on pages 336 and 338:

Thus it might seem that CAUCHY’s achievement in formulating and
developing the general theory of stress was an easy one. It was not.
CAUCHY’s concept has the simplicity of genius. Its deep and thorough
orginality 1s fully outlined only against the background of the century
of achievement by the brilliant geometers who preceded, treating special
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kinds and cases of deformable bodies by complicated and sometimes in-
correct ways without ever hitting upon this basic idea, which immediately
became and has remained the foundation of the mechanics of gross bodies.

We already gave a comprehensive review of the different versions of tetrahedron argu-
ment and the proofs for the existence of stress tensor presented in the published books
during nearly two centuries from the birth to this time, and considered the important
challenges and the improvements of each one (2017, [1]).

In this article for the first time, we give the exact tetrahedron argument that removes all
the stated challenges and opens a new and deep vision into the foundation of continuum
mechanics and the nature of the traction vector, the stress tensor, and the general
equation of motion.

For presenting the exact tetrahedron argument we first give the general forms of the
conservation of linear momentum for a mass element and prove the important relation
that is called Cauchy lemma for the traction vectors that act on the opposite sides of
the same surface. Then, the exact tetrahedron argument will be presented. We also,
discuss some aspects of this new proof and consider the challenges that hold for the
previous tetrahedron arguments and the proofs for the existence of stress tensor, on
this new proof.

The integral equation of conservation of linear momentum on a mass element in con-
tinuum media is:

d
— pvdeJ tdS—i—J pbdV (1.1)
dt Jpm oM M

where p = p(r,t) is the density, v = v(r,t) is the velocity vector, and pv is the
linear momentum per unit volume of the mass element M. On the right hand side,
t = t(r,t,n) is the surface force per unit area that is called traction vector and acts
on the surface of the mass element i.e. OM, and b = b(r,t) is the body force per unit
mass. Here r is the position vector, t is time, and n is the outward unit normal vector
on the surface of mass element. By using the transport theorem and the conservation
of mass [9], [5], the left hand side of the equation converts to:
d(pv)

% v = JM {7 + v.(pv)} dv = JM {pg—;} 4 p(v.V)v} dv = fM padv
(1.2)

where a = 0v/dt + (v.V)w is the acceleration vector. By rearranging the equation (1.1):

JM(pa —pb)dV = LM tds (1.3)

for simplicity, we use B = (pa — pb) that is called body term within the proof. So, the

equation (1.3) rewrites as:
f BdeJ tds (1.4)
M oM

In general, B = B(r,t) and t = t(r,t,n) are continuous functions in their scope in
continuum media.
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FIGURE 1. The mass ele-
ments My and My, where
oMy = S;1 U S, and
oMoy = S5 U S,,, and the
mass element M such that
Vm = Vam, U Vg, and
5 oM = S7 U Ss.

2. CAucHY LEMMA

Cauchy lemma discusses about the traction vectors that act on the opposite sides of the
same surface at a given point and time. There are some approaches to prove this lemma
in the literature. Here we present a proof for the Cauchy lemma that is nearly similar
to the proofs in [6] and [2]. Suppose the mass element M splits into M; and My by
the surface S, in the way that Vi = Vg, U Vg, OMy = S1 U Sy, OMy = Sy U Sy,
and OM = S; U Sy, see Figure 1. If the equation (1.4) applies to M; and My, then the
sum of these equations is:

B dV + BngZJ
My Mo 0

By Vi = Vg, U Vg, the sum of the body term integrals is equal to the integral of the
body term on M. In addition, by oM; = S; U S, and oMy = Sy U S,,,, the surface
integrals split as:

f BdeJ tldS—i-J tldS+J t2d5+J ty dS
M S1 Sm Sa Sm

By oM = S; u S, the sum of surface integrals on S; and S5 is equal to the surface
integral of ¢ on dM, so:

JBdeJ tdS—l—f t1d5+f tydS
M oM m m

Comparing this integral equation with the integral equation (1.4), implies that:

f t1d5+f t2dS =0
Sm Sm

But ¢; on S, is t(r,t,n), and ¢t on S, is t(r,t, —n), so:

t1dS + J ty dS
My OMa

{t(r.t,n) +t(r,t,—n)}dS =0
Sm
therefore, we have
t(r,t,n) = —t(r,t,—n) (2.1)
This is the Cauchy lemma that is derived by using the integral equation of conservation
of linear momentum (1.4). It states “the traction vectors acting on opposite sides of the
same surface at a given point and time are equal in magnitude but opposite in direction”.
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FIGURE 2. Tetrahedron geometry
and the exact traction vectors on the
faces.

3. ExacT TETRAHEDRON ARGUMENT

There is a belief today that the foundation of mechanics is a dead subject, but this is
not correct.

Here for the first time, we present the exact proof of tetrahedron argument. Imagine a
tetrahedron element in the continuum media that its vortex is at point o and its three
orthogonal faces are parallel to the three orthogonal planes of the Cartesian coordinate
system. The fourth surface of the tetrahedron, i.e. its base, has the outward unit normal
vector ny. For simplicity, the vortex point is at the origin of the coordinate system.
The geometry parameters are shown in Figure 2. The vector r = ze, + ye, + ze, is the
position vector from the origin of the coordinate system. Now the integral equation of
conservation of linear momentum (1.4) applies to this tetrahedron mass element:

J t4ds+f tldS+f t2d8+J t3dS=J Bav (3.1)
Asy Asq Aso Asg M

The key idea of this proof is to write the variables of this equation in terms of the exact
Taylor series about a point in the domain. Here, we derive these series about the vortex
point of tetrahedron (point 0), where the three orthogonal planes pass through it. Note
that time (¢) is the same in all terms, so it does not exist in the Taylor series. For
B(r,t) at any point in the domain of the mass element, we have:

0B, 0B, 0B,
B =B, + x+ Y+ z

ox oy 0z
N 1 <62Bo 2 B, , N B, , N 26230 N 26230 N 28230 )
— x z x xz z
21\ 0z2 oy? Y 0722 0x 0y YT S orez 6y5zy (32)
0 0 0
1 a(m—&-n—&-k)B A
.= myn
;0 nz_;) ];)m!n!k! damdgrozrl, V7

Here B, and dB,/dx are the exact values of B and 0B/dz at point o, respectively.
Similarly, the other derivatives are the exact values of the related derivatives of B at
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Parallel
U @ FIGURE 3. Inclined plane that is parallel
to Ass and passes through point o.

point 0. On the surface As;, x = 0 and n; does not change, so:

ot ot 1 /0%t %t o°t
1, 102 _( 1o 2 1o 2_"_2 1oyz>

t, =t
! 1°+8yy+(9 w2 Y T o2 P ez
== Om'k' 8ymﬁz"‘ 0

where ¢, is the exact value of the traction vector ¢; on As; at point 0. On the surface
Asg, y = 0 and ny does not change, and on the surface Asz, 2 = 0 and n3 does not
change, so:

oty oty 1 /%y, , 0%ty , 0%ty
t — t o o _< o o 2 o )
2=t F o * F o2 © * 022~ * ooz (3.4)
o0 0 .
1 a(m+k)t2 .
to= 0 g |
m=0 k=0
Ot Ots 1 /0%, , O%ts, , 0%
ty =t op 4 Sy g (S 2?2y
5 v oy 4 o2 0y? Y 8x6yxy
(3.5)

0
ES 1 omtR) -
+'”:mz_lzm'k:' 6xmé’y3‘ "

Similarly, o, and t3, are the exact values of 5 and t3 at point o on Asy and Asg,
respectively. For the traction vector on surface As, a more explanation is needed. The
traction vector on As, expands based on the traction vector on the plane that is parallel
to Asy and passes through the vortex point of tetrahedron (point o). Because the unit
normal vectors of these two planes are the same, see Figure 3. Therefore:
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(%x ﬁyy (322

— ° ° 92 o 2 o 9 o )
2!( PR oy? Y P axayzy T Pwer " T 6y&zyz (3.6)
0 o0 0
1 a(m+n+k)t4 S
—i—:ZZZ minlel oz dyn ko Ty z

Here t,4, is the exact traction vector at point o on the plane with unit normal vector ny,
that this plane passes exactly through point o, the vertex point of tetrahedron element.
x, y, and z are the components of the position vector r on the surface Asy.

Note that ¢, to,, ts3,, and ¢, are the exact traction vectors at point o but on the
different planes with unit normal vectors ny, nsy, nz, and ng, respectively. The body
term B, is exactly defined at point o. So, all the traction vectors and the body term
vector with subscript o and their all derivatives, such as 0%*t,, /0z0y, are defined exactly
at point o and are bounded. As a result, for the convergence of the above Taylor series
it is enough that we have |r| < 1 in the domain of the mass element M. But the
scale of the coordinate system is arbitrary and we can define this scale such that the
greatest distance in the domain of the mass element from the origin, is equal to one,
i.e. |7|mee = 1. By this scale, in the entire of the tetrahedron mass element we have
|r| <1, that leads to the convergence condition for the above Taylor series.

Now all of the variables are prepared for integration in the integral equation (3.1). The
integration of B on the volume of M:

Jde JJ f ! B+9B°x+0Boy+aBoz~l—... dz dy dz
ox oy 0z

= éabc{B + = (aa'; + a:;"bJr 0:;%) +}

The integration of ¢4, on Asy:

b ra(l=%) C\2 C\2 oty oty
t,dS = — - — = 1(¢ < =
Jo s = [ e ao s T T

oty r oy 1 0%y, , 0Pty , 0%y T Y.2
(o] 1___ < _ —O o (o] 1__ _ <
* 0z (C( a b)) (&:U? o 0y? v 022 (c( a b))
62t40 62t40 a2t40

r oy r y
* 2é’$8y Tyt 26:)362’ (C(l a 3)) * 26y62y(c(1 Ca 3))>

+... > } dx dy
6t4 6t4 oty,

_ —\/a2b2 + a2c® + bQCZ{t4O ( oz ayob 82 )

Pty , 0%y ’ty 0’ty 0%ty 0%ty
- o o b2 o 2 o b o o b ) o }
< 2 T o L T 02 C T oy ™ T e e T

(3.8)
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The integration of ¢; on As;:

e b=2) ot ot
j tldS—JJ {t10+(1"y+(1"z
Asy o Jo oy 0z

1%, , Ot
—<62y2+ - 2+26yazyz> .}dydz

:_bc{tlo (a;; - a;; ) N i? <aa;10b2 @;zéocz gytalgﬂ ( })
3.9

The integration of ¢, on Ass:

C a(lff) t t
J thS:JJ {t20+820x Ots,
Aso o Jo &'E (32

1 /0%y, o, 0%t 2 8t20
(Gt + T 2 e + }dm
1 oto, oto, 1 0%y, 5 0Pty , Oty
—§ac{t20+3<6xa+§c> _2<(9;1:2 M 02’26 +6x6zac>+'”}
(3.10)
The integration of 3 on Ass:
b (a=%) ot ot
f tgdssz b {t30+ S 2y
Asz 0 Jo Jx Yy
1 /0%, 5 O%t3, , 0*t3,
+—<—ax2x+ (92y +2aaxy> }d:cdy
B ots, ots, *ts, , %ty , Ot
__ab{t3° <5ma+ oy b)+_(6x2a - oy? b +8m8y b) }
(3.11)

The geometrical relations for area of the faces and the volume of the tetrahedron are:

1 1 1
As, = §bc, Asy = iac, Ass = éab
(3.12)

1 1
Asy = 5\/a262 + a?c? + b*c?, AV = Eabc
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By substituting the obtained relations for the integrals of the traction vectors and the
body term into the equation (3.1) and using the above geometrical relations:

Boiftn + 3G+ oo )

1 /0%t 0%t 0%t 0t 0%t 0t
—( to 42 2b? 4 ——2c? + ——=%ab + ——=%ac + 4°b>+...}

ox? oy 022 o0x 0y 0x0z 0yoz
e g (oo Tre) v gy (G T ) v )
+ ASQ{tQO + %(aat;a + 6;2 c) + i(iﬁi a? + 6;; A+ g;azzac) T }
st + (s Toen) g (Gt Ter s Tat) ¢
_ AV{BO + i(af;"a - aaB;"bJr a(i"c) + .. } =0

(3.13)

In the geometry of tetrahedron, h is the height of the vertex o from the base face,
i.e. Asy. So, we have the following geometrical relations for a tetrahedron with n, =
ng€; + nye, + n.e,, where a, b, and c are greater than zero, see Figure 2.

h = nga, h = nyb, h=n.c
1_1+1+1 _abc
R a @ T

14
Asy = n,Asy, Asy = ny,Asy, Ass =n,Asy (3.14)

1 1
AV = éabc = ghAs4

If we first divide the equation (3.13) by Ass and use the relations in (3.14) for the areas
and volume of the tetrahedron, then substitute the relations a = h/n,, b = h/n,, and
¢ = h/n, into the equation:

{t4o (61&40 N oty, 1 N Oty, i)h

oxr n, oy ny 0z n,

1 62'[340 1 82'[:40 1 n (32'[:40 1 n 62'[340 1 82'[:40 1 621}40 1 >h2 }
12 ox? n2 8y2 nZ = 0z m?  Odxdyngn, O0x0zngn.  0yozmnyn,
ot at 1 /%, 1  0*t, 1 %y, 1

+nx{t10—|— ( Lo 10—>h —< o o __ 1°—)h2+...}
oy ny 0z n, dy* mi 022 nZ  Jydzmyn,
1 /0t oty 1 /0%, 1 %ty 1 0%ty 1
t _< 0_ O_>h _( o o — o_>h2 }
+ ny{ 2+ 3\ oz n, 0z n, * o0x? n2 022 n?2  dxdzngn, -

1 /0t 1 8t 1 /0%t 1 Pty 1 0t 1
PO W0 A M . I S PE
3 8x nx oy ny 0x? n? dy* ng  0x0yngn,

1 0B,1 0B,1 B, 1
——h{Bo+ ( — + —>h+...}:0
3 oxr ny oy ny 0z N,

(3.15)
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Now by rearranging the equation based on the powers of h, we have:

{t4o + nxtlo + nytgo + nztgo}

oty, 1 oty, 1 0ty 1 oti,, 1 oty 1
+ ( — —)+n1<7—+ —)
ox ny oy ny 0z n, oy ny 0z n,
Ots 1 t, 1 ts 1 ts 1 1
n( 20— (920_> nz<83”—+63°—>—Bo =h
ox ny 0z n, ox Ny oy ny 3

n <(92t40 1 "
ox? n?2

Pty 1
+ nx< — +

Oy? nf/ 0z% n2  Jxdymngn, 0rdzngn, (7y(?z NyN

62t40 1 62t40 1 62t40 1 62t40 1 (92t40 )
0%t 1 1

Pty, 1 Pty

o > <a2t20 1 * 695827%712)

dy* nZ - 022 n? ' oyoz NyN o n2 ' 022 n2

Pty 1 %y, 1 %, 1 6B,1 0¢B,1 0B, 1\)1 ,

dx? ni  Oy* ni  dxdyngn, or n, oy ny 0z n,/ J12
.=0

(3.16)

Note that by the coordinate system here and by AV # 0, no one of n,, n,, and n, is
zero exactly. So, all of the expressions in the braces {} of the equation (3.16) exist. We
can rename the expressions in the braces and rewrite the equation as:

1 1
E0+E1—h+E2ﬁh2+ =0 (3.17)

3
If we continue to integrate the higher order derivatives of Taylor series of all terms, that

is a long time and complicated process and we do not present it here, we have:

1 2
Eo+ Evih+ By h? + Byl + .. + By———
] 12 °60 (m +2)!

$ 2
m=0

This is a great equation in the foundation of continuum mechanics. Ey, Eq, and E, are
shown in the braces of the equation (3.16) and E5 and other E,,’s will be presented.

We now discuss some aspects of the equation (3.18):

h™ 4+ ... =0 (3.18)

or

(3.19)

e FE,’s are formed by the expressions of traction vectors, body term and their
derivatives, and the components of unit normal vector of the oriented plane.

e Each one of E,,’s exists, because the surface terms, body term and their deriva-
tives are defined as continuous functions in continuum media and by the coor-
dinate system here and by AV # 0, no one of n,, n,, and n, is zero exactly.

e Each one of E,,’s depends on the variables at point o and the components of
unit normal vector of the oriented surface that is parallel to As; and passes
through point o. Because the surface terms, body term and their derivatives are
defined at point o.
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e F,’s do not depend on the volume of tetrahedron.

e h is a geometrical variable and by the scale of the coordinate system on the
tetrahedron mass element such that |r|,.. < 1, the altitude of the tetrahedron,
h is not greater than one.

e Note that h = 0 is not valid, because the integral equation of conservation of
linear momentum (1.4) is defined for the mass elements with nonzero volume.

By these properties, we return to the equation (3.18).

1 1 1 2

Eo+E,-h+Ey—h +Es—h+...+E,——h"+...=0
0T T3 12 °60 (m + 2)!

We must find FE,,’s. We know FE,,’s are independent of h, so the only solution is that

FE,,’s must be exactly equal to zero, i.e.:

E, =0, m=0,1,2... o (3.20)
Proof:
If we rewrite the equation (3.18) as:
1 1 1 2
Ey=—-E\-h—Ey;—h —Es—I’— ... — E,,———h" -
0 '3 12 °60 (m + 2)!

We know that FE,,’s are independent of h. So, the left hand side of the equation i.e.
E, is independent of h. This implies, the right hand side of the equation must be
independent of h. Thus, the coefficients of the powers of h must be exactly equal to
zero. So:

E, =0, m=1,2,...,0

As a result, the right hand side of the equation is zero. Therefore, the left hand side of
the equation, i.e. Fy, is equal to zero, as well. So:

E,, =0, m=0,1,2,...,0

and the proof is completed.

Note that this proof is valid not only for A — 0, but also for all values of A in the domain.
This means that the results (3.20) are valid not only for an infinitesimal tetrahedron,
but also for any tetrahedron in the scaled coordinate system in continuum media. In
addition, we have not done any approximation process during derivation of the equation
(3.18) and within this proof. So, the results (3.20) hold exactly not approximately.

Furthermore, the subscript o in the expressions of E,,’s in the equation (3.16) indicates
the vortex point of the tetrahedron. But any point in the domain in continuum media
can be regarded as the vertex point of a tetrahedron and we could consider that tetra-
hedron. So, the point o can be any point in the continuum domain. Thus, we conclude
that E,,’s are equal to zero at any point in continuum media. This implies that all of
their derivatives are equal to zero, as well. For example, we have for F:

oE, JE, O0E,

= = = 21
ox oy 0z 0 (3:21)
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and the other higher derivatives of E, are equal to zero. This trend holds for other
E,’s.

But what are E,,’s? In the following we will consider them and see that they lead to
the important results.

For Ey = 0, from the equation (3.16):
Eo = ty, + ngty, + nyty, + nts, =0 (3.22)

This relation is similar to the relation of Cauchy tetrahedron argument. The Cauchy
relation was:

ty + ngty + nyty +n.t3 =0 (3.23)
But there are some important conceptual differences between them:

e In the Cauchy relation (3.23), the traction vectors are not exactly defined at the
point o and they are the sequence of the limit h — 0 on the tetrahedron volume.
But here in the equation (3.22) the traction vectors are exactly defined at point o.

e In the Cauchy relation (3.23), the traction vectors are average values on the
tetrahedron faces. But here in (3.22) the traction vectors are defined at point o
on the surfaces that pass exactly through point o.

e In the Cauchy relation (3.23), the traction vector t, is defined on the surface
Asy of the tetrahedron. This surface does not pass through point o even in the
limit A — 0 for an infinitesimal tetrahedron. But here in (3.22), ¢4, is defined
on the surface that passes through point o and is parallel to Asy, see Figure 3.

These differences are very important because by them the relation (3.22) is exactly point
base but the relation (3.23) is average value base.
Let us return to the relation (3.22) for Ey = 0, we have:

t40 + nmtlo + nytgo + nztgo = O

The traction vector t;, is defied on the negative side of the coordinate plane yz i.e.,

n; = —le, at point o. If ¢, is the traction vector on the positive side of the coordinate
plane yz at point o, then by the equation (2.1) i.e., t(r,t,n) = —t(r,t, —m) we have:
t, = —t,, (3.24)

Similarly for ¢, and t3,:

o o

ty, = —t,, t3, = —t., (3.25)
By substituting these relations into (3.22)
b, + na(—ts,) + ny(—ty,) + ns(—t.,) =0
SO
ty, = ngaty, + nyaty, + nut,, (3.26)

where ngq = 1y, nya = ny, and n.4 = n,. So, the traction vector t,, can be obtained by
a linear relation between the traction vectors on the three orthogonal planes and the
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components of its unit normal vector. But can we use the equation (3.26) for any unit
normal vector rather than n,,?

By considering the equations (3.13) and (3.16) we find that the equation (3.26) is really
below equation:
ASl " ASQ ASg

by, = —t, + —t, + —>
4o AS4 ° A84 Yo A84

. (3.27)

o

and this equation is
t4o = |n$4|t$o + |ny4|tyo + |n24|tzo (328)

In Figure 2, by a > 0, b > 0, and ¢ > 0, the components of unit normal vector on the
oriented surface are greater than zero. So, the equation (3.26) is valid for these cases.

For the surfaces with negative components of the unit normal vector but not equal
to zero, imagine a tetrahedron mass element by the unit normal vector of its oriented
surface (base face), n_4, that all the components are negative. So, we have n_, =
Ng—4€y+Ny_s€y+n,_s€, = —nze,—nye,—n.e,, where n_y,  is the outward unit normal
vector of the parallel plane to the oriented surface that passes through the vortex point
of the tetrahedron (point o), and n,, n,, and n, are positive values. Applying the
process of exact tetrahedron argument to this new tetrahedron, leads to the following
relation similar to the equation (3.22):

E, = t_4o + |’I’Lx_4|txo + \ny_4|tyo + |nz—4|tzo =0 (329)

As compared with the equation (3.22), in this equation we have t, , t, , and t, rather
than t,_, to,, and t3,, respectively. Because the outward sides of orthogonal faces of this
new tetrahedron are at positive directions of the coordinate system. By (3.29) and the
components of n_, , we have:

t_y, = —[ne_ulte, — ‘nyf4|tyo — [n._4lt.,

= —| —ng|ty, — | —nylt,, — | —n:|t,,
| = alte, = | = myfty, = | = 50

= —ngt,, —nyt,, —n.t,,

= nx_4txo + ny_4tyo + nz_4tzo

So, the traction vector t_,, can be obtained from a linear relation between the traction
vectors on the three orthogonal planes and the components of its unit normal vector.
For the surfaces that one or two components of their unit normal vectors are negative,
the same process can be done.

For the other surfaces that one or two components of their unit normal vectors are equal
to zero, the tetrahedron does not form, but due to the continuous property of the traction
vectors on m and the arbitrary choosing for any orthogonal basis for the coordinate
system, the traction vectors on these surfaces can be described by the equation (3.26),
as well. So, in general, the normal unit vector n4 can be related to any surface that
passes through point o in three-dimensional continuum media. Thus, the subscript 4
removes from the equation (3.26) and we have for every n = n,e, + nye, + n.e,:

t, = nyt,, + nyt, +n.t,, (3.31)
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The subscript o in this equation indicates the vortex point of the tetrahedron. But any
point in the domain in continuum media can be the vertex point of a tetrahedron and
we could consider this tetrahedron. So, the point o can be any point in continuum
media and the subscript o removes from the equation:
t =n,t, +n,t, +n.t, (3.32)
or
t(r,t,n) = n,t(r,t,e,) + n,t(r,t,e,) +n.t(r,te,) (3.33)
It means that if we have the traction vectors on the three orthogonal surfaces at a given
point and time, then we can get the traction vector on any surface that passes through

that point at that time by using the unit normal vector of the surface and the linear
relation (3.33).

So, we must define the traction vectors on the three orthogonal surfaces at any point
and any time. The traction vector on the surface with unit normal vector e, by its
components:

t(r,te,) =Tp(r,t) e, + Tyy(r,t) e, + Ty.(r,t) e, (3.34)
here Ty, (r,t), Tyy(r,t), and T, (r,t) are scalars that depend only on r and ¢. In each
one the first subscript indicates the direction of normal unit vector of the surface that it
acts on it and the second subscript indicate the direction of this component of traction
vector. And similarly, we define the traction vectors on the surfaces with unit normal
vectors e, and e, respectively, as:

t(r,t,ey) = Ty(r,t) e, + Tyy(r,t) e, + T,.(r,t) e, (3.35)
and
t(r,t,e,) = Top(r,t) e, + Toy(r, t) e, + Too(r, t) €, (3.36)
By substituting these equations in (3.33)
t(r,t,n) = nx{Tm(r, t) ey + Tyy(r,t) e, + Tho(r,t) ez}
+ ny{TyI(r, t)e, + Tyy(r,t)e, + T,.(r,t) ez}
+ nz{Tm(r, t)e, + Toy(r,t) e, + T..(r,t) ez}
by rearranging the equation
t(r.t,n) = {nme(r,t) + ny Ty (7, t) + nszx(r,t)}ex
+ N, Ty (v, t) + nyTyy(r,t) + n.Toy(r, ) e,
+ {nme(r,t) + ny Ty (7, t) + nszz(r,t)}ez

this can be shown as

tir,t,n) = [t,(r.t,n) | = | Ty Ty, Ty ny (3.37)
tz(rv ta n) Tz:r sz Tzz n,
using the vector relations, we have
t=T"n (3.38)

where T' = T'(r,t) is a second order tensor that is called stress tensor. This tensor
depends only on the position vector and time. This relation means that “for describing
the state of stress on any surface at a given point and time we need the 9 components
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of the stress tensor at that point and time”. So, Ey = 0 leads to the existence of stress
tensor.

Note that here the stress tensor T is exactly defined as point-base but in the former
tetrahedron arguments it is not. Because they used the average values of traction vectors
on the surfaces that did not pass through the same point and by an approximating
process the stress tensor is derived.

Let us see what E; = 0 tells.
From the equation (3.16):

oxr Ny oy ny 0z n,

oy ny 0z n,

B - <§t4o i oty, i N oty, 1 ) N nx<at1° 1 N oty, 1 ) .

ox ny 0z n,

or ny oy ny

oty 1 oty 1 ots, 1 ots, 1

ny<( 2 _ 4 22 )+nz<0 S ‘ 3"—)—Bo
As stated before, for the tetrahedron element with AV # 0, no one of ng,, n,, and n,
is zero exactly. So, F; exists. Furthermore, the unit normal vector n, is an arbitrary
geometrical parameter and we have:

on on on

LR (3.40)

or oy 0z
By using these relations and the equation (3.22), i.e. ty, = Ey — nyty, — nyta, — n.ts,,
we have for (3.39):

1 OFE 1 0FE 1 0E, 0t ot ot
2 0%o0 0 1 0% h, Ol Ol

E, = — - B,
" on, Oz n, 0y n, 0z or oy 0z
If we define F as:
oty oty ots
E = _"to ° _ ° - B, 3.41
ox oy 0z (341)
so, we have
1 0F 1 0F 1 0FE
E=—""4 ° 4+ E (3.42)

Ng OT n_y oy n, 0z
But we saw in (3.21) that the derivatives of E are equal to zero. So, from (3.42) and
E, =0, we have:

E,=E=0 (3.43)
By (3.41), E is defined at the vertex point of tetrahedron. But we stated before that
the vertex point of the tetrahedron can be at any point in continuum media. Therefore,

by (3.43), E = 0 at any point in continuum media. This leads to that all derivatives of
E are equal to zero at any point in continuum media. So:

0E 0E OE

e R 3.44
ox oy 0z ( )
By using the relations (3.24) and (3.25) i.e., t;, = —t,,, ta, = —t,,, and t3, = —t,, , we
have for (3.41):
ot,, ot ot,
E=" vy e B (3.45)
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but E = 0, so

ot ot ot
Bo _ To Yo Zo
ox * oy * 0z

As stated before, we can remove the subscript o from the equation and tell that this

equation is valid at any point and any time in the continuum domain. Therefore:
ot, dt, ot,

L i

(3.46)

(3.47)

or

B(r.t) - ot(r,t,e,) N ot(r.t, ey) N ot(r,t,e,) (3.48)

ox oy 0z

This differential equation means that if we have the first derivatives of the traction
vectors on the three orthogonal surfaces at a given point and time, then we can get the
body term at that point and time by using the equation (3.48). By substituting the
definitions of t(r,t,e,), t(r,t,e,), and t(r,t, e,) from the relations (3.34), (3.35), and
(3.36) into the equation (3.48):

9

ox
0

+ a—y{Tm(r, t) ey + Tyy(r,t) ey + Tos(r,t) ez} (3.49)
0

+ &{Tm(r, t) ey + Tyy(r,t) e, + Tpo(r, t) ez}

by rearranging the equation and using B = pa — pb from the equation (1.3) we have
for any r and t:

B(r,t) = =—{Tw(r,t) e, + Tpy(r,t) e, + Tpu(r,t) €.}

0l 0Ty, 0T, oly, 0T, 0T,
pa_pb:{ x| dy e }e”{ ox * oy ' oz }ey
(e e 2T, (3:50)
ox oy oz |7
this can be shown as
[ T+ G+ ]
Tow Toy Ti
pa—pb= | T4 Gu g T | (L L LT, T, T,.|=V.T
T T, T.
| T+ T+
so, we have
pa =V.T + pb (3.51)
or
p((;—zt] + (v.V)v) = V.T + pb (3.52)

So, E1 = 0 leads to the general equation of motion that is called Cauchy equation of
motion. Cauchy obtained this important equation by applying the conservation of linear
momentum to a “cubic element” and did not obtain it from the tetrahedron argument.
The tetrahedron argument that is represented by most of the scientists and authors in
continuum mechanics leads only to the relation (3.23) i.e., t4 + nyt; + nyts +n.t3 =0
for the existence of stress tensor. But here in addition to the exactly derivation of the
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stress tensor, the other fundamental equation in continuum mechanics i.e., the Cauchy
equation of motion is exactly derived from the tetrahedron argument, simultaneously.

Let us see what F9 = 0 tells.
From the equation (3.16):

B, — (62t4o 1 62'[340 1 62'[340 1 62t4o 1 62'[340 1 62t40 1 )
27\ a2 n? y* ng 022 n?2  OJxdyngn, 0rdzngn, 0ydznyn,
n (02t10 1 62t10 1 a2t10 1 > (&21‘,20 1 52'[520 1 a2t20 1 )
Ny — — —_— — —
oy m2 022 nZ  Oydzmyn, Y\ ox2 n2 022 n2  Oxdzngn,
N (62t30 1 Pz, 1 Py, 1 ) (é’BO 1 ¢B,1 0B, 1)
n, — + —=—2— — —_t —
dx? nZ  Jy* ni  Oxdymngn, or ny, oy ny 0z n,
(3.53)
For E5, Similar to the process for E; = 0, we have:
B _ 1 ?E, 10¢*E, 1 J*E, 1 0%E, 1 0°E, 1 0°E,
7 n2 on2 n2 o0y? n2 0z2 NgN, 0x0Y  ngn, 0x0z  n,n, 0yoz
T Yy z Y Y (354)
10E 10E 10FE
Ng 0T Ny 0y  n, 02

By the previous explanations, all derivatives of Ey and E are equal to zero so, the
equation (3.54) is a correct result of Ey = 0.

For E53 = 0 we have:

E, :(a3t40 1 Py, 1 Pt 1 P, 1 Py, 1 Pty, 1
drd nd - dyd nd o 022} dx?dynin,  Ox*dznin.  Oy*0znin,
Pty, 1 Pty, 1 Pty, 1 Py, 1
dxdy* ngnz  dxdz?ngn?  Jydz*nyn?  O0rdydz nznyn)
Pty, 1 Py, 1 Py, 1 A ty, 1
x( oy3 n_g 023 nd3 | 0y20z nin, = Oydz* nyng)
PBty, 1 Py, 1 Pty 1 Pty 1
y< 0x3 n3 023 nd | 0x20zn?n.  0x0z? nxn§>
. (531&30 1 N Pz, 1ty 1 Py, 1 )
\oxd nd oy nd  O0x?0ynin,  Oxdy*n.n
”B,1 ¢*B,1 &*B,1 @B, 1 B, 1 *B, 1
B ( ox? n_g% 0y? n_f/ 022 n_g 0xdy nyn,  0x0z ngn,  0Yyoz nyn)

(3.55)
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Similar to the previous processes for E1 and E,, we have for Fs:
1 3E, 1¢&E, 10E, 1 O°E, 1 O3E, 1 3E,

E; =

nd or® ”_2 dy>  nd 02  nin, dx2dy  nin,dx?0z  nin, 0y*0z
1 3E, 1 E, 1 E, 1 ?E,

ngnZ 0xdy* = ngn?drdz?  nyn? 0yoz?  nynyn, 0xdydz

10°E 10*E 170°E 1 0*E 1 0*’E 1 ¢°E

R_%W n_iﬁ_gﬁ n_z 022 * NgNy 0TOY * NN, 0x0z * nyn, 0yoz

(3.56)

We saw that all derivatives of Ey and E are equal to zero. So, the equation (3.56) is
a correct result of F3 = 0. This process for other E,,’s, leads to the expressions that
contain the higher derivatives of Ey and E and the higher powers of the components
of the unit normal vector.

4. DISCUSSION

In this section, we discuss some aspects of this new proof and compare it with the
previous proofs for the existence of stress tensor and derivation of the Cauchy equation
of motion. We gave a comprehensive review on the Cauchy tetrahedron argument
and the proofs for the existence of stress tensor (2017, [1]). In that article, we stated
some important and fundamental challenges on those proofs. For considering the stated
challenges on this new proof, we start with the first challenge in [1].

The challenge 1 told us that applying the conservation of linear momentum to any
volumes and shapes of a mass element must lead to the equation of motion. But in
the previous proofs this process on an infinitesimal tetrahedron mass element leads to
the equation t4 + n,t; + n,te + n.ts = 0 that differs from the equation of motion.
In that proofs, the equation of motion is obtained by using the stress tensor relation
and applying the conservation of linear momentum to a cubic element or by using the
divergence theorem in the integral equation of conservation of linear momentum. But in
this proof, both the relation for the existence of stress tensor and the equation of motion
are obtained, simultaneously. Therefore, the challenge 1 is removed in this proof.

The challenge 2 told us that the previous proofs for the existence of stress tensor are
based on infinitesimal volumes by the expressions like “AV — 07, “h — 07, “when the
tetrahedron shrinks to a point” or “when the tetrahedron shrinks to zero volume”, while
it must be proved that the existence of stress tensor at a point does not depend on the
size of the mass element. In other words, the stress tensor exists for any size of mass
element in continuum media, where the volume of mass element increases, decreases or
does not change. Therefore, in that proofs the result is only valid for the infinitesimal
volumes and does not show that the result can be applied to the mass elements with
any volume in continuum media. But here we proved that the existence of stress tensor
is independent of the volume of mass element and does not have any expression that
indicate the using of infinitesimal volume or a limit to zero volume in this proof. So,
this challenge is removed in this proof.
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The challenge 3 is related to the average values of the traction vectors, body forces,
and inertia terms on the surfaces and the volume of the mass element in the previous
proofs. The average values lead to the approximate process even for the infinitesimal
mass element. But in this proof the exact values are used and no approximate process
within the proof. So, this proof is exact and the challenge 3 is removed in it.

The challenge 4 is related to the order of the surface forces in the limit AV — 0 or
h — 0. In the previous proofs, it was told that in the limit the order of surface forces
is h? and the order of body forces and inertia is k3. So, they told that in the limit
the body and inertia terms go to zero and the surface forces remain in the equation of
conservation of linear momentum. In that challenge, we showed that this is not correct.
And in this proof, since we did not any limiting or approximating process, this challenge
is removed.

In the challenges 5 and 6, it was told that to prove the existence of stress tensor as
a point-base function from the relation t4 + n,t; + n,ty + n.ts = 0, the four surfaces
that the traction vectors are defined on them must pass through the same point. But
in this relation ¢ is defined on As, and this surface, even for infinitesimal tetrahedron,
does not pass through the vertex point of the tetrahedron that other three faces pass
through it. But in this proof in the relation ¢4, + n,ti, + nyts, + n.ts, = 0, we define
all of the traction vectors at the same point o, where the four surfaces pass through it
exactly. So, the stress tensor is obtained as a point-base function exactly. Thus, these
challenges are removed in this proof.

The challenges 7 and 8 are related to the equation t4 +n,t; +n,ts +n.t3 = 0, where the
traction vectors are the average values on the surfaces of an infinitesimal tetrahedron.
It was told that by multiplying this equation by Asy, we have t;Asy + t1Asy + t2Asy +
t3Ass = 0, this means that the sum of the surface forces on the infinitesimal tetrahedron
is zero. This is not correct, because from the conservation of linear momentum (1.4), the
surface forces on any mass element are equal to the body terms on that element. But in
this proof, we used the exact traction vectors, so the equation 4, +n,t:, +nyts, +n.t3, =
0 is derived. In this equation, since all of the traction vectors are defined at point o,
so the equation t4, Asy + t;, As; + to, Ass + t3, As3 = 0 does not mean the sum of the
traction vectors on the surface of the mass element is equal to zero.

5. CONCLUSION

We considered the general integral equation of conservation of linear momentum as:

J padV=f td8+f pbdV
M oM M

where t = t(r,t,n) is the traction vector (surface force per unit area). We first derived
the Cauchy lemma for traction vectors from the above integral equation:

t(r,t,n) = —t(r,t,—n)



EXACT TETRAHEDRON ARGUMENT, SECOND PAPER 19

Then we showed by a new exact tetrahedron argument that applying the general integral
equation of conservation of linear momentum to the tetrahedron mass element leads to
the following fundamental equation:

Eo+E1%h+E21—12h2+E3%h3+...+Emﬁhm+... =0
where h is the altitude of the tetrahedron. FE,,’s are expressions that contain the traction
vectors, inertia, body force, and their derivatives and the powers of the components of
unit normal vector of the tetrahedron’s base face. Then we showed that the only solution
of this equation is:
E, =0, m=20,1,2,...,00

i.e. E,’s must be equal to zero. Then, we proved that Ey = 0 leads to the existence
of stress tensor: .

Txr Txy sz Ny

tir,t,n) =T,y T,y T, n, | =T " n

sz sz Tzz n,

and E; = 0 leads to the derivation of the general equation of motion:

p(g—?; + (v.V)v) = V.T + pb

for other E,, = 0 these results are repeated. During this proof, there is no limiting or
approximating process and the parameters are exact point-base functions not average
values. This proof is not limited to h — 0 for an infinitesimal tetrahedron mass element.
Also, we showed that in this proof, all of the challenges on the previous tetrahedron
arguments and the proofs for existence of stress tensor are removed.

Historical note: The manuscript of the exact tetrahedron argument is prepared before writing the
review article [1].
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