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Abstract. In this paper, we introduce the concept of complex multi-fuzzy sets
(CM*FSs) as a generalization of the concept of multi-fuzzy sets by adding the
phase term to the definition of multi-fuzzy sets. In other words, we extend the range
of multi-membership function from the interval [0,1] to unit circle in the complex
plane. The novelty of CM*FSs lies in the ability of complex multi- membership
functions to achieve more range of values while handling uncertainty of data that is
periodic in nature. The basic operations on CM*FSs, namely complement, union,
intersection, product and Cartesian product are studied along with accompanying
examples. Properties of these operations are derived. Finally, we introduce the in-
tuitive definition of the distance measure between two complex multi-fuzzy sets
which are used to define §-equalities of complex multi-fuzzy sets.
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1. Introduction

The concept of fuzzy set (FS) was used for the first time by Zadeh [1] to handle uncer-
tainty in many fields of everyday life. Fuzzy set theory generalised the range values of
classical set theory from the integer 0 and 1 to the interval [0, 1]. In addition, this concept
has proven to be very useful in many different fields [2-4].

The theory of multi-fuzzy sets [5,6] is a generalisation of Zadeh’s fuzzy sets [1]
and Atanassov’s intuitionistic fuzzy sets [7] in terms of multi-dimensional membership
functions and multi-level fuzziness.

Ramot et al. [8] presented a new innovative concept called complex fuzzy sets
(CFSs). The complex fuzzy sets is characterized by a membership function whose range
is not limited to [0, 1] but extended to the unit circle in the complex plane, where
the degree of membership function p is traded by a complex-valued function of the
form r5(x)e'®™ (i=y/=1), where r;(x) and ;(x) are both real-valued functions and

rs(x)e() the range are in a complex unit circle. They also added an additional term
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called the phase term to solve the enigma in translating some complex-valued functions
on physical terms to human language and vice versa. Ramot et al. [8,9] discussed several
important operations such as complement, union, and intersection and discussed fuzzy
relations for such complex fuzzy sets. The complex fuzzy sets are used to represent the
information with uncertainty and periodicity simultaneously.

Alkouri and Salleh [10] introduced the concept of complex intuitionistic fuzzy set
(CIFS ) which is generalized from the innovative concept of a complex fuzzy set . The
complex fuzzy sets and complex intuitionistic fuzzy sets cannot handle imprecise, inde-
terminate, inconsistent, and incomplete information of periodic nature. Ali and Smaran-
dache [11] presented the concept of complex neutrosophic set. The complex neutro-
sophic set can handle the redundant nature of uncertainty, incompleteness, indeterminacy
and inconsistency among others.

The concept of “proximity measure” was used for the first time by Pappis [12], with
an attempt to show that precise membership values should normally be of no practical
significance. Hong and Hwang [13] then proposed an important generalization. More-
over, Cai [14,15] introduced and discussed §-equalities of fuzzy sets and proposed that
if two fuzzy sets are equal to an extent of §, then they are said to be d-equal. Zhang
et al.[16] introduced the concept of §-equalities of complex fuzzy set and applied it to
signal processing.

We will extend the discussion on multi-fuzzy sets further by proposing a new con-
cept of complex multi-fuzzy sets (CMFFSs) by adding a second dimension (phase term)
to multi-membership function of multi-fuzzy sets. Complete characterization of many
real life problems that have a periodic nature can then be handled by complex multi-
fuzzy membership functions of the objects involved in these periodic problems. Then,
we define its basic operations, namely complement, union, intersection, complex multi-
fuzzy product, Cartesian product, distance measure and study their properties. Finally,
we introduce the d-equalities of complex multi-fuzzy sets.

2. Preliminaries

In the current section we will briefly recall the notions of fuzzy sets, multi-fuzzy sets and
complex fuzzy sets which are relevant to this paper.

First we shall recall the basic definitions of fuzzy sets. The theory of fuzzy sets, first
developed by Zadeh in 1965 [1] is as follows.

DEFINITION 2.1. (see [1]) A fuzzy set S in a universe of discourse X is charac-
terised by a membership function g(x) that takes values in the interval [0,1] for all
xeX.

Sebastian and Ramakrishnan [6] introduced the following definition of multi-fuzzy
sets.



DEFINITION 2.2. Let k be a positive integer and X be a non-empty set. A multi-
fuzzy set S in X is a set of ordered sequences § = {(x, tt; (x),..., t (x)) : x € X}, where
WX —Li=[0,1,i=12,..k

The function pg(x) = (U1 (x), ..., 4k (x)) is called the multi-membership function of
multi-fuzzy sets S, k is called a dimension of S. The set of all multi-fuzzy sets of dimen-
sion k in X is denoted by M*FS(x).

In the following, we give some basic definitions and set theoretic operations of com-
plex fuzzy sets.

DEFINITION 2.3. (see [8]) A complex fuzzy set (CFS) S, defined on a universe
of discourse X, is characterised by a membership function us(x) that assigns to any el-
ement x € X a complex-valued grade of membership in S. By definition, the values of
Us(x) may receive all lying within the unit circle in the complex plane and are thus of
the form ps (x) = ¢ (x) €8 where i = v/—1, r(x) is a real-valued function such
that r5(x)€[0,1] and ¢7%™) is a periodic function whose periodic law and principal
period are, respectively , 27 and 0 <args(x)<2m, i.e., Args(x) = args(x) + 2km, k =
0,£1,%£2,..., where args(x) is the principal argument. The principal argument argg(x)
will be used in the following text. The CFS S may be represented as the set of ordered
pairs

§={(x,us(x)) :xe X} = {(x,r5(x).e"8W) : x e X }.
DEFINITION 2.4. (see [8]) Let A and B be two complex fuzzy sets on X and, let

i (x) = rz (x).€985%) and pz (x) = rg(x) €28 be their membership functions, re-
spectively.
(a)The complex fuzzy complement of A, denoted by A°, is specified by a function

A= {(x,rge (x) 8 @) i x e X} = {(x, (1—rg(x)) @2 85) @)y e X},
(b) The complex fuzzy union of A and B, denoted by A U B, is specified by a function

Hap(x) = rup(0)- A8 = max(rg (2),rg(x)) MR e,

(¢) The complex fuzzy intersection of A and B, denoted by A N B, is specified by a func-
tion

Wi () = 1 (x) €l 880 = min(rg (x), rp(x)).f Mn(Orsa s (),
(d) We say that A is greater than B, denoted by ADBorBCA,if for any x € X,
ri(x) <rg(x) and argz(x) < argg(x).

DEFINITION 2.5. (see [16]) Let A and B be two complex fuzzy sets on X and,
let ps (x) = r; (x).€8%) and ug (x) = rz(x).e“3%) be their membership functions,
respectively. The complex fuzzy product of A and B, denoted A o B, is specified by a
function



. 2n(arg1§(x) ) argg(x))
s = 7o ()€ 558 = (rz(0) rgl)e N

DEFINITION 2.6. (see [16]) Let A, be N complex fuzzy sets on pz(x) =
T (x).ei“’gfi(x) their membership functions, respectively. The complex fuzzy Cartesian
product of A,, n=1,...,N, denoted A; x ... x Ay, is specified by a function

- Y — pa - arg w..xA (x)
lJ'A1><...><AN - rA] X...XAN ('x) -€ ! N

=i (1, 30) g, () ) " 0 0),

Where x = (x1,...,2v) € X x ... x X.
———
N
DEFINITION 2.7. (see [16]) Let A and B be two complex fuzzy sets on X and,
let 7 (x) = r (x).8%) and pg (x) = rg(x).€/48%) be their membership functions,
respectively. Then A and B are said to be §-equal, denoted A = (8)B, if and only if
d(A,B)<1—§,where0 < § < 1.

3. Complex multi-fuzzy sets

In this section, we introduce the definition of complex multi-fuzzy sets which are a gen-
eralisation of multi-fuzzy sets [5], by extending the range of multi-membership functions
from the interval [0, 1] to the unit circle in the complex plane.

We begin by proposing the definition of complex multi-fuzzy sets based on multi-
fuzzy sets and complex fuzzy sets, and give an illustrative example of it.

DEFINITION 3.1. (see [17]) Let X be a non-empty set, N the set of nat-
ural numbers and {L; : j € N} a family of complete lattices. A complex multi-
fuzzy set (CMFS) S, defined on a universe of discourse X, is characterised by a

multi-membership function us(x) = (U, (x))jeN, that assigns to any element x € X

a complex-valued grade of membership in S. By definition, the values of u(x) may
receive all lying within the unit circle in the complex plane, and are thus of the

form p:(x) = (rs (x)'eiArgS'j<x))j6N’ (,: V=1),(rs; (x))jeN are real-valued function
such that (rs;(x)) jen € [0,1] and ("% ® )jen are periodic function whose peri-
odic law and principal period are, respectively, 27 and 0 < (arggj (x))jeN <27, ie,
(Args; (x))jeN = args; (x) +2km, K =0,+£1,... ,where args;(x) is the principal argu-

ment. The principal argument (arggj (x))j will be used on the following text. The

eN
CMFS S may be represented as the set of ordered sequence

S={(r.(us;(x) =aj) ,y) XX} = {x, ((rs; (). )jew) TXEX ).

where s, : X — Lj = {a;:a; € C,|a;| <1} forall j.



The function (pg(x) = r5 (x).¢™"%5 (x))

function of complex multi-fuzzy set S. If [N| = k, then k is called the dimension of S.
The set of all complex multi-fuzzy sets of dimension k in X is denoted by CMFFS(X).
In this paper L; = {a; : aj € C,|a;| < 1} and we will study some properties of complex
multi-fuzzy sets of dimension k.

jen is called the complex multi-membership

Remark 3.2.

i. A complex multi-fuzzy set is a generalization of multi-fuzzy set. Assume the
multi-fuzzy set S is characterized by the real-valued multi- membership function
(v;(x)) jen- Transforming § into complex multi-fuzzy sets is achieved by setting

the amplitude terms (}”‘gj ()c))jE y to be equal to (¥;(x)) . and the phase terms
(arggj (x))je v t0 equal zero for all x. In other words, without a phase term, the

complex multi-fuzzy sets effectively reduces to conventional multi-fuzzy set.This

interpretation is supported by the fact that the range of (rgj (x))jeN is [0,1], as
for real-valued grade of multi- membership function.

ii. A complex multi-fuzzy set of dimension one is reduced to a complex fuzzy set,
while a complex multi-fuzzy set of dimension two with |5, (x)]+ |5, (x)] < 1
is reduced to a complex Atanassov’s intuitionistic fuzzy set.

iii. If Y5 g, (x)] < 1, where pg; (x) = rs, (x) . %% ™ for all x € X, then the com-
plex multi-fuzzy set of dimension £ is called a normalized complex multi-fuzzy
set. If ):’]‘-:1 ] Hs; (x)‘ <I>1, for some x € X, we redefine the complex multi-
membership degree (|us, (x)|, ..., |z, (x)]) as 4 (Jus, (x)],..., |15 (x)]). Hence
the non-normalized complex multi-fuzzy set can be changed into a normalized
multi-fuzzy set.

Example 3.3. Let X ={x;,x;,x3} be a universe of discourse. Then, Sisa complex
multi-fuzzy set in Xof dimension three, as given below:

S=1{( x1,(0.1).¢™ (0.3) 04 (0.2) 150, ( x,.(0.0).602) (0.3) /0.7
(0.2). @) (x5, (0.3).108%) (0.2).6/01™ (0.5).¢/127)) .,

Now, we present the concept of the subset and equality operations on two complex multi-
fuzzy sets in the following definition.

DEFINITION 3.4. Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, given as follows:

A= {(x ri, (%) &5y (x), g, (%) .eiargék(x)> xeX},

B={(x,rz (x) &85 ) w7, (%) .emrgék(x)) xeX},

Then
1. A C Bif and only if i (x) < I3 (x) and argz, (x) < argg, (x), for all x € X and
j=1,2,.. k. '
2. A = B if and only if A (x) = rp, (x) and argi, (x) = argg, (x) for all x € X and
j=1,2,.. .k '



4. Basic operations on complex multi-fuzzy sets

In this section, we introduce some basic theoretic operations on complex multi-fuzzy
sets, which are complement, union and intersection, derive their properties and give some
examples.

DEFINITION 4.1 Let k be a positive integer and let A be a complex multi-fuzzy set
in a universe of discourse X of dimension k, given by

A= {(x,rz, (x) &80 %) e TR, (%) .eiargﬁk(x>> txeX},

The complement of A is denoted by A°, and is defined by

A= {(rrge (1)€Y g (). Wy rex)

= (o (=g, (0) P70 (1= (). Py e x ),

Example 4.2. Consider Example 3.3.By using the basic complex multi-fuzzy com-

plement, we have
A= {(x,(1—0.1).£/®%=7) (1 -0.3).£/27=047) (1 -0.2).£7 157 (x; (1-0.0)

£I2T027) (1 _(3) £l27-077) (] (.2).£l2F-057)) (xs (1-0.3).£l27087)
(1-0.2) l2m=0.1m), (1-0.5) i2n—1.21) )Y,
={{x1,(0.9).6™ | (0.7) €107 (0.8).6/O5)) (x5, (1.0).¢/1¥7) (0.7).e/1-3%) (0.8)
LU (a3, (0.7).€1027),(0.8) €197, (0.5) /087 )
Proposition 4.3. Let A be a complex multi-fuzzy set in a universe of discourse X of

dimension k. Then (A¢)° = A.
Proof. By Definition 4.1, we have

(A"c)C _ { <x,r(A~1c)zr (x) 'eiarg(A~lc>c (x)7 o r( y L.)y (X) 'eiarg(f(kc)c (x) > ‘xe X}

= {0 (1= () ) (). Yy e xy,

(e (1= (1—rg, (0)) ) PP CFersa DT (1= (1))

ei 2r— (27rfarg/ik (x))] > xe X}

(e, rg (x) .50 ® .., i, (%) .eiargﬂkw) txeX}=A

In the following, we introduce the definition of the union of two complex multi-
fuzzy sets with an illustrative example.



DEFINITION 4.4 Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, given as follows:

A= {{xrz (x) R (x), e, (1) &8 <x)> xeX},

B= {(x,rz (x) &85 ) s g, (%) .eiargék(x)> xeX},
The union of A and B, denoted by A U B, is defined as
AUB={ <x7rA]U32 (%) T8 B, (x), s PR UB, (x) PECAVACY yixeX}

= {(x,v (r/;1 (x),rg1 (%) ).eiargfilwl (x), LV (rAk (x),rgk (%) ).emrg/iku‘?k(x) yixeX}.
where V denote the max operator.

The following definition of complex multi-fuzzy union is required to calculate the

phase term (emrg/i-/'ug-i (x)) (for j=1,...,k).

DEFINITION 4.5 Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension &, with the complex-valued multi
membership functions iz (x) and g (x). The complex multi-fuzzy union of A and B,
denoted by AU B, is specified by the function

§:{(ai,..,aj) 1 ai,...,a; €C,|a1|,...,|aj| <1,Vj=1,...,k}
X {(b1,...,bj) :b1,....b; €C,|b1],....|bj| <1,Vj=1,... k}
—{(d\,....dj):dy,...,d; €C,|d\|,....|d;| < 1,Vj=1,... .k},

where (ai,...,a;),(b1,...,bj) and (di, ... ,d;) are the complex multi-membership

functions of A , B and A U B, respectively. § assigns a complex value, for all x € X and
j=12,... k.

5((611,...,611'),...,(bh...,bj)) = (fu (al,bl),...,fu (aj,bj))

- (“Aluél ()5 Ma 0, (x)>

:(d177d])
The complex multi-fuzzy union functions § must satisfy at least the following ax-
iomatic requirements, for any (ay,...,a;),(by,...,b;),(c1,...,c;) and (dy,... ,d}) €

{x:xeC,|x <1} .

1. Axiom 1: [$y (a;,0)| =|aj|, Vj=1,2,...,k (boundary condition).

2. Axiom 2: § (aj,bj) =5y (bj,a;),Vj=1,2,....k (commutative condition).

3. Axiom 3:if |b;| < |dj| then S, (a;,b))| <|Su (aj,,d})|, Vj = 1,2,...,k (mono-
tonic condition).




4. Axiom 4: 5y (aj,5y (bj,c;)) = Su (Su (aj,b;) ,cj), Vj = 1,2,....k, (associative
condition).

In some cases, it may be desirable that § also satisfy the following requirements:

5. Axiom 5: § is a continuous function (continuity).
6. Axiom 6: ‘s]l (aj,aj)] > |aj|,Vj=1,2,....k (superidempotency).
7. Axiom 7: if ¢ if |a;| <|c;| and |bj| < |dj| then Sy (aj,b;)| < |Su(cj,d))|,

Vj=1,2,...,k (strict monotonicity).

The phase term for complex multi-membership functions belongs to (0, 27]. To define
the phase terms arg ;U8B (x) (for j =1, ...,k.), we take those forms which Ramot et al.[8]

presented to calculate argz 5, (x) as follows:

1. Sum: argz 3, (x) = argj, (x) +argg, (x), forall j=1,2,... k.
2. Max: arggjuél_ (x) = max(arg/;/_ (%) ,argg, (x)), forall j=1,2,...,k.
3. Min: arggjugj: (x) = min(argA/_'(x),arggi (x)), forall j=1,2,...,k.
4. “Winner Takes All”: ' '
argy (x r;. >rg.
8, %) A 7B forall j=1,2,....k.

785308, ) =\ argg (x) Fi; <78

Example 4.6. Let A and B be two complex multi-fuzz sets in X = {x;,x,} of di-
mension four, given by

A= {{(x;,(04) £l (0.3) l(047) (0.2) (157 (0.1) £i(0.17) ), (x2, (0.1) i)
(0.2).€/07m (0.2).€/05 (0.5) £/ ) },

B={(x1,(0.3).£"17 (0.2).£/™ (0.1)./(1%) (0.3).£/02%)) (x5, (0.5) ./,
(0.3).€02m) (0.0).€/087) (0.1).€/2%) )},

Using the max union function for calculating (rz, 5, (x) ) (fork=1,...,4.) and the “Win-
ner Takes All” for determining (argz, 5, (x)) (for k = 1,...,4.), the following results are
obtained for AUB :

AUB = {(x1 ,(0.4).£'™ (0.3) .47 (0.2) /15 (0.3).£/*2™)) (x3, (0.5) €',

(0.3).€/027) (0.2) €057 (0.5).¢/(™)) }.

We introduce the definition of the intersection of two complex multi-fuzzy sets with
an illustrative example as follows.

DEFINITION 4.7 Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, given as follows:

A

{ (xrz, (%) £ ) Tz, (%) .eiarg*‘k<x)> xeX},

B= {(x,rz (x) e ) s g (%) B (x)> xeX},

The intersection of A and B, denoted by AN B, is defined as



ANB={ (x: 77,18, (X) BB (X), s i, (X) & iy ) yixeX}

= {00 (g, ()7, ()-8 O A (g (x) g, (x))-€ S R0B Yy L x e XY,
where A denote the max operator.

The following deﬁnition of complex multi-fuzzy intersection is required to calculate
the phase term (¢ "% ) (for j=1,...,k).

DEFINITION 4.8 Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, with the complex-valued multi
membership functions f; (x) and pz (x). The complex multi-fuzzy intersection of A and
B, denoted by A N B, is specified by the function

f: {(al,...,aj):al,...,ajEC,\a1|,...,|aj{§1,Vj:1,...,k}
><{(bl,...,bj):bl,...,bJ-eC,|b1\,...7 ,k}
= {(dy,....dj):dy,....d; €C,|dy|,....|d;| < 1Vj=1,... k},
where (a1,...,a;),(b1,....b; )and (di,...,d; ) are the complex multi- membership func-

tions of A, B and AN B, respectively. 7 assigns a complex value, for all x € X and
j=12,.. k.

F((at,....a;),..., (br,....b)) = (fu (a1,b1),...,7u (a;,b;))

- (M.mél (%), Ma;ng, (x))

=(d,...,d;)
The complex multi-fuzzy intersection functions 7 must satisfy at least the following ax-
iomatic requirements, for any (ai,...,a;),(b1,...,b;),(c1,...,c;) and (dy,... ,d}) €
{x:xeC,|x <1} .
1. Axiom 1:if [b;| = 1, |7y (a;,b;)] = |a;], Vj_l 2,...,k (boundary condition).
2. Axiom 2: 7y (aj, bj) =1, (b;, aj),V] =1,2,...k (commutative condition).
3. Axiom 3:if |bj| < |d;| then |7y (a;,b;)| < |tﬂ aj,dj)l, 2, ...,k (monotonic
condition).
4. Axiom 4: iy (aj, 7y (bj,c;)) =1 (fu (aj,bj) ,cj), fo Vj=1,2,....k, (associative
condition).

In some cases, it may be desirable that 7 also satisfy the following requirements:

Axiom 5: 7 is a continuous function (continuity).

Axiom 6: }tu aj,a; | > |aj‘ Vj=1,2,...,k (superidempotency).

7. Axiom 7: if |a;| < ’c]| and |b;| < |d | then |7 (aj,bj)| < |fu (cj.dj)], for all
j=1,2,...,k (strict monotonicity).

SANNd

We consider some forms to calculate the phase term arg AnB; (x)(for j =1,...,k.), such
that the same possible choices are given to calculate the arg A;UB (x).



Example 4.9. Consider Example 4.6. By using the basic complex multi-fuzzy in-
tersection, we have

ANB= {(x1,(0.3).01 (0.2) ¢4 (0.1)e17) (0.1).6/01%)) (x5, (0.1).
™. (0.3).€102%) (0.0).€/05%) (0.1).¢/™) 1.

We will now give some propositions on the union, intersection,complement of com-
plex multi fuzzy sets. These propositions illustrate the relationship between the set theo-
retic operations that have been mentioned above.

Proposition 4.10 Let A, B and C be any three complex multi-fuzzy sets on X of
dimension k. Then the following properties hold.

1. AUA=A, ANA=A.

2. AUB=BUA, AnB=BnA.

3. AU(BUC)=(AUB)UC, AN(BNC)=(AnB)NC.

4. AU(BNC) = (AUB)N(AUC), An(BUC) = (AnB)U(ANC).

Proof. The proof is straightforward by using Definitions 4.4 and 4.7.

Proposition 4.11 Let A and B be two complex multi-fuzzy sets on X of dimension
k. Then the following properties hold.

1. (AUB) =A°nBe.

2. (ANB)  =A°UB.

Proof. (1) Let the union of A = { ( x,rz, (x) &8 ) Tz, (%) &8 ) yixeX}
and B = {( x,r3, (x) L0 , 75, (%) &85 ) ) :x € X }, be the basic max opera-
tor. Then

AUB = {( x,max (rg (x),rg (x) .o mastarsi, (v)argg, (3))

o max(argg (x).argg (x) YixeX},

-ymax (rg (x),rg, (x))

A~C

{(r, (L= rg, (1)) 7)1 (x)). P80y p e x Y,
B = {{x,(1— rg, (x) ).ei (2m—argg, (x)>, vy (T=rg, () ).ei (zn_arg5k<x))> xeX},
(AUB)® = { (x,(1— max ("Al (), 78, (x)) )'ei(Zﬂ—max(argM (x).argg, (x)))’ o

(1= max (rz, (3).r, <x>) ). e s ) v e xy,

A'COB'C _ { <x’ (mln (1 _ rAI (x) ( ))) i (min (2w— —args, (x ),27r—arggl(x)))’ .
(mln (1 o VA'k(X)7 1— B ( ) ) ) ez (min (2m— urgA (x ),27r7arg§k(x))) > ‘xeX }
To proof (AU B)¢ = AN B° we need to show that the amplitude term 1 —
max ("AJ- (x),rgj (x)) = min (1— A (x),1— "B, (x)) and that the phase term (27 —
max(argAj (x),arggj (x)) =min(2mw — arg;, (x), 2w — argg, (x)),for j=1,...,k.

To show the amplitude term, we consider the two possible cases:



Case 1:1f ry, (x) = rg, (x), then 1—ry, (x) < 1—rg, (x). Thus, 1—max (”Aj (x),rg, (x))=
1 —r/;]_(x) and min (1 — T3 (x), 1— s, (x)=1- rAj(x).
Case 2:1f ry, (x) < T3, (x), then 1—rz, (x) > 1—rp, (x). Thus, 1 —max (”AJ- (x),rz. (x))=

lfrgj(x) and min (1 —Ti (x),lfrgj (x)) = lfrgj(x). '

Therefore, by Case 1 and Case 2:

1 — max ("AJ- (x),rg, (x)) = min (1*”AJ~ (x), I=rg (x)),Vj=1,... k.

J J

To show the phase term, we consider the two possible cases:

Case 1 :If argz, (x) > argp, (x), then 2w — arg, (x) <2m— argp, (x). Thus, 27—
max (arga; (x) ,argg, (x)) =2m—arga,(x) and min (27— arg, (x), 2w — argp, (%)=
2m—argy, (x).

Case 2:If argz, (x) < argp, (x), then 2w — argg, (x) >2m —argp, (x). Thus, 2w —
max (arggj (%) ,argg, (x))=2n —argg, (x) and min (27w — argg, (x), 2w — argp, (x))=
21 —argg, (x).

Therefore, by Case 1 and Case 2:
27 — max (arg/;i(x),arggj (x)) =min 2w — argf;/_(x),Zﬂf —argg, (x)),¥j=1,...,k.

(2) The proof is similar to that in part (1) and therefore is omitted.

In the following, we introduce the concept of the product of two multi-fuzzy sets
and the Cartesian product of multi-fuzzy sets.

DEFINITION 4.12 Let k be a positive integer and let A and B be two multi-fuzzy
sets in a universe of discourse X of dimension k, given as follows:

A= {Goug, (), pg, (%)) :x € X} and B= { e ug, (), pp, (x)) :x € X }. The
multi-fuzzy product of A and B, denoted by A o B, is defined as

AoB= {<X7FA101§1 (x)7'~'7rﬁkol§k(x)> ‘X e X}
= {(x (rz, ) rg, (%)), (rz, (x)rg (x))):xEX}

DEFINITION 4.13. Let k be a positive integer and let Ay, ...,A, be multi-fuzzy sets
in Xi,...,X, of dimension k. The Cartesian product A| X ... X A, is a multi-fuzzy set
defined by

Al X ... XA, = {<(x1""’x”)’u/%1x...><ﬁn (xl""’x")""’“Alglx...x,&,, (X1,-ees%n))

:(xl,...,xn) eEX]X...X Xn}
Where “ﬁlx...mn (x1,...,%p) = min “‘i (xl),...,u/g'n ()], Vi=1,2,... k

In the following, we introduce the concept of the product of two complex multi-
fuzzy sets and the Cartesian product of complex multi-fuzzy sets with an illustrative ex-



ample of the product operation.

DEFINITION 4.14 Let k be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, given as follows:

A

{ ez, (%) .emrgfil(x),...,rgk (x) .ei“rg5k<x)> xE€X),

B

{ (x,rp, (%) &5 () s, (%) .eiargék(x)) xeX},

The complex multi-fuzzy product of A and B, denoted by A o B, is defined as
AoB = {(x, r4,08, (X) &R0 <X), e 0By (X) & 8gon ) yixeXl,

argg, (1) argg ()

= {{x, (rg, (%) rg, (x) ). 720 ) (g ()7, (X))
argz () areg ()

)Y ixe X}

Example 4.15. Consider Example 4.6. By using the basic complex multi-fuzzy
product,

AoB = {(x1,(0.12).£057) (0.06).¢/"2%) (0.02).¢10837) (0.03).e/0017)) (x,,
(0.05).¢/01%) (0.09).¢/(035) (0.0) /(027 (0.05)¢/(7))}.

DEFINITION 4.16. Let k be a positive integer and let Ay,...,A, be complex multi-
fuzzy sets in X1, ..., X, of dimension k , respectively. The Cartesian product A X ... x A,
is a complex multi-fuzzy set defined by

Al x...xA,= <(x]""’x”)’u/%1x...x,§,, (x“""x")"“’”ﬁlx...xAn(xl""’x")>
C(Xpyeexn) EXI XX X }

where

l“l/‘glx.‘.x&, (X1, -+ ,%n) = min [,uél (xl),...,,uén (x,) -e
Vi=12.. . .k

5. Distance measure and J-equalities of complex multi-fuzz sets

In this section we give the structure of distance measure on complex multi-fuzzy sets by
extending the structure of distance measure of complex fuzzy sets [16].

We will first introduce the axiom definition of distance measure between complex
multi-fuzzy sets and give an illustrative example.

DEFINITION 5.1. The distance between complex multi-fuzzy sets is a function
d : CM*FS(X) xCM*FS(X) — [0, 1] for any A, B,C € CM*FS(X), satisfying the follow-
ing properties:



1. 0<d(A,B) <1,
2 J(~,B) 0 if and only if A = B,
3. d(A,B)=d(BA),
4. d(A,B) <d(A,C)+d(C,B)
We define
max (supyex |1z, (¥) = rp, (X) |;-- s supyex [rz, () =g (x) ),
d(A.B) =

max

ﬁsftpxex largz, (x) —argg, (x) |,...,
mSup,y largg (x) —argg, (x) |

Example 5.2. Let A and B be two complex multi-fuzzy sets in X = {x;,x2} of
dimension four, given by

A= {{(x1,(02).6% (0.3).£004%) (0.0).6/"1%) (0.3).6/2%)) (x5, (0.2).6/?%),
(0.1).€/05%) (0.3)./02%) (0.4) .£/027) ) },

B={{x1,(0.6)."1% (0.0).6/™,(0.3).e/11™ (0.1).e/07) (x;, (0.5).6'™,
(0.3).€/087) (0.1) /067 (0.2).£/7)) },

we see
supyex |, (x) —rg (x) | = (|—04\ |=0.3[) =
SUPcx |r x) —rg,(x ,

) —rg, (%)
(x) —rg,(x) | =
SUPxex |"A (x) — "33 (x) | =
SUPrex IrA4(X) 5, (%) | =
and

sup,cx largs, () —argg, (x) | = (0.9, |]) = £ (m) = 0.5,

eSUPex largs, (x) — )| =05,

3eSUPex largs, (x) —argg, (x) | =18,

s SUpyex largg, (x) —argg, (x) | =09

Therefore
d(A,B) = max[max(0.4,0.3,0.3,0.2),max(0.5,0.3,0.5,0.9)] = max[0.4.0.9] = 0.9.

Now, we propose the definition of §-Equalities of complex multi-fuzzy sets.

DEFINITION 5.3. Let & be a positive integer and let A and B be two complex multi-
fuzzy sets in a universe of discourse X of dimension k, given as follows:

A= {(xrz (x) &5y (x), s g, (%) .eiarg*‘k(x)> xeX},
B={(x,rz (x) &85 (x), ces g, (%) .emrgék(x)) xeX},

Then A and B are said to be §-equal, denoted by A = (§) B, if and only if d (A,B) <1-3,
where 0 < 6 < 1.

Given the definition above, we can easily obtain the following proposition.



Proposition 5.4 Let A, B and C be any three complex multi-fuzzy sets in X of di-
mension k. Then

(0)B,

= (1) B if and only if A = B,

A= (8)Bifandonly if B=(8)A,

. A= (8)Band & < &, then A = (&,)B,

. ifforall @ € I, A = (84) B, where [ is an index set, then A = (sup,c;8q) B,

. for all A and B, there exists a unique § such that A = (§) B and if A = (8') B then
6’ <4,

7. ifA=(8)Band A = (&) B, then A = (8)C, where § = &; * &,.

A
A
if

Proof. Properties 1- 4 can be easily proven using Definitions 5.1 and 5.3. Here we
only prove properties 5, 6 and 7.
5. Since for all a € I, A = (8), we have

max (supyex |z, (¥) = rg, (6) |, .. supyey |z, () = r5,(x) ).
d (A, B) = max e [ FEpscx largs, () —areg, ().
Lsup, y larg; (v) — argg, (x) |
<1—6.

Therefore sup,cy |rAj(x) —rgf(x) | <1—supyerOa, Vj=12,... k.
and sup,cx |arg/;j (x) —argg, (x) | <1—=supge;ba; Vj=1,2,... k.
Thus

max (supyex |1z, (¥) = rg, (%) |- supsex |rz, (¥) =rg, () ),

ﬁslupxex largs, (x) —argg, (x) ...,
35U,y largs, (x) —argg (x) |

d (A,B) = max max

<1 —supyecrOa-
Hence A = (supye;8a)B.

6.LetS=1-d (A,B). ThenA=(8)B.IfA= (§')B,wehave 1 -6 =d (A,B) <1-§'.
Consequently 6’ < §. Now assume there exist two constants 6; and & which simulta-
neously satisfy the required properties, then 8; < &, and & < d;. This implies 6; = &, .
Hence the desired § is unique.

7. Since A = (&) B, we have

max (supyex |rg, (x) —rg, (x) [,... supyex |rz, (x) —rg (x) ),
ﬁslupxex largz, (x) —argg, (x) |,...,
sesup, oy largs, (v) — argg, (+) |

d (A,B) = max max

Sl_ala



which implies
Supyex |13, (¥) g, (6) | < 1= 61 and esup,ex larg;, (x) — argg, (1) | < 1-8,) =
1,2,... k.

Also we have B = (§;)C, thus

max (sup,cx |rg, (x) —re (x) |, supyex g, (x) = re (x) ),
d (B,C) = max - ﬁs?pxex largp, (x) —arge, (x) |,
35U,y largp, (x) —arge, (x) |

<1-8,
which implies
supyex |5, (¥) = re,(x) | < 1— 8 and Jesup,cx largg, (x) —arge, (1) | < 1 -8, =
1,2,... k.
Now, we have

max (suprX |rA] ()C) — T (X) |7 ceySUDYex |r/§k(x) - rék (x) | )a
d(A,C) = max i ﬁsflpxex largz, (x) —arge, (x) [,
37SUP oy largg (x) —arge, (x) |

- ( uprex 77, () ) supnx g ()6, (0 ) )
(supyex |rg, (x) —rg,(x) | +supex |rg, (X) )’
o (%supxex g, ()~ args, () |+)
2xSUPxex |arg5,] (x) —argc, \x (x) |
%,,lsupxex largz, (x) —argg, (x) [+
37 SUD,ox largp, (x) —arge, (x) |

max

<max(max(((1—5|)+(1—52)),...,((1—51)—|—(1—52))),)
S e (1= 81) + (1= 8)) ..o ( (1= 81) + (1— 8)))

<max((1-38)+(1-8),(1-86)+(1-8&))=(1-6)+(1-5)
=1-(01+6—-1)
From definition 5.1, since d ( ) 1. Therefore d ( ) — 8 %6 =1— 0, which

implies A = (8)C.

Now, we give a theorem of the complement of §-Equalities of complex multi-fuzzy
sets .

THEOREM 5.6. If A = (§) B, then A = (§) B¢, where A® and B¢ are the complement
of the complex multi-fuzzy sets A and B.
Proof. Since

e (s i ()~ 1 (09 |5 b () — g0,
d (A°,B°) = max " ﬁsupxex \argAT (x) —argpe (x) ]y,
Lsup, oy largi (3) — arggs (5 |



Supex | (1*VA1( x)) = (L—rg (x))1, a)
max ,
( supex | (1—=rz, (x)) = (1 =rg (x)) |
= max
aSUPex | (2m—args, (x)) — (2w —argg, (x)) |, ...,
max 1
3SUp, oy | (2w —args (x)) — (2w — arg) () |
max (sup,ex |1, () = 7, () | s supsey Iz, (¥) = rg, (¥) 1)
= max - ﬁs;,tpxex |arg/§1 (x) —argg, (x) ]y -y
37SUP, oy largz, (x) —argg (x) |
d(A B)<1-6

Hence J(AC,EC) <1-§, thus A= (8)B°.

6. Conclusion

Complex multi-fuzzy set theory is an extension of complex fuzzy set and complex
Atanassov intuitionistic fuzzy set theory. In this paper, we have introduced the novel con-
cept of complex multi-fuzzy set and studied the basic theoretic operations of this new
concept which are complement, union and intersection on complex multi-fuzzy sets. We
also presented some properties of these basic theoretic operations and other relevant laws
pertaining to the concept of complex multi-fuzzy sets. Finally, we present the distance
measure between two complex multi-fuzzy sets. This distance measure is used to define
d-equalities of complex multi-fuzzy sets.
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