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Abstract

We derive analytical expressions for the flow of Newtonian and power law

fluids in elastic circularly-symmetric tubes based on a lubrication approxima-

tion where the flow velocity profile at each cross section is assumed to have

its axially-dependent characteristic shape for the given rheology and cross

sectional size. Two pressure-area constitutive elastic relations for the tube

elastic response are used in these derivations. We demonstrate the validity

of the derived equations by observing qualitatively correct trends in general

and quantitatively valid asymptotic convergence to limiting cases. The New-

tonian formulae are compared to similar formulae derived previously from a

one-dimensional version of the Navier-Stokes equations.

Keywords: fluid dynamics; elastic tube; Newtonian fluid; power law fluid;

1D Navier-Stokes; lubrication approximation.

1 Introduction

The flow of Newtonian and non-Newtonian fluids in distensible conduits of elastic

or viscoelastic nature is common in many biological and industrial systems. Some

examples are the flow of biological fluids such as blood in the vessels and porous

tissues of most organisms including human, the transportation of drainage extracts,

and the delivery of various liquid products in the oil and food industries.

A number of attempts have been made in the past to model the flow of fluids in

distensible conduits; most of which are restricted to Newtonian fluids and relatively

few considered non-Newtonian rheologies. An example of the former is the widely

used one-dimensional (1D) Navier-Stokes flow model in deformable tubes [1–6],

while an example of the latter is the attempt of Vajravelu et al [7] to model the

flow of Herschel-Bulkley fluids in elastic tubes. Other attempts have also been

made to deal with more special cases of non-Newtonian flow using mainly numerical

methods [8, 9].

Although the 1D Navier-Stokes distensible flow model is widely used in the flow

simulations in single distensible tubes and networks of interconnected distensible
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tubes especially in the hemodynamic studies, it has a number of limitations. One

of these limitations is its restriction to the Newtonian flow, on which the Navier-

Stokes momentum equation is based, and hence to accommodate non-Newtonian

rheologies, the use of approximations or employing different models, if they exist, is

required. Another limitation is the relatively large number of parameters (e.g. α, κ,

ρ, etc.) that define the 1D model; which make it difficult to choose proper numerical

values for these parameters in practical situations without considerable amount of

experimental and observational work, and hence some ambiguity or arbitrariness

may be attached to the assumptions and results of this model. This has been

demonstrated in [10] where the results of the 1D Navier-Stokes flow model can

vary considerably on varying these parameters; and hence the model may loose

its predictive value due to large uncertainties in the results as a consequence of

uncertainties in the input parameters.

Concerning the non-Newtonian case, the approaches developed to deal with var-

ious non-Newtonian rheologies in distensible conduits face serious analytical and

numerical difficulties; hence hindering their development and usage and limiting

their formulation and application to rather special cases with considerable approx-

imations. A quick review to the existing literature will reveal that limited progress

has been made on most aspects of the non-Newtonian flow in deformable conduits.

There are many gaps in the research literature on this subject where no attempts

have been made to investigate some commonplace problems.

Based on this assessment to the existing Newtonian and non-Newtonian flow

models, it can be concluded that it is highly desirable to have flow models with com-

paratively few parameters that can describe both Newtonian and non-Newtonian

rheologies even if they are developed by the employment of simpler approaches.

Although such models may seem idealized, they can be used in many practical

situations; moreover, they can serve as prototypes for the development of more

sophisticated models.

In the present paper, we try to develop one such model for the Newtonian

and power law fluids using two pressure-area elastic relations to describe the tube

distensibility. We use a lubrication approximation approach based on assuming a

fluid-specific velocity profile that varies with the size of the cross sectional area

which can be assumed to vary smoothly in the axial direction for the investigated

case of laminar flow through distensible conduits. We partially validate the derived

analytical expressions by observing a number of sensible trends mostly related to

convergence to limiting cases. We also propose the use of these expressions in
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conjunction with the previously proposed [11] residual-based pore-scale network

modeling to simulate the flow of Newtonian and power law fluids in networks of

interconnected distensible tubes that can also be used as models for porous media.

Extending the method to rheologies other than Newtonian and power law fluids

and to conduits of distensible nature other than the two simple pressure-area elastic

models is a possibility especially if numerical, as well as analytical, methods are

considered. Also, broadening the proposed method to include conduit geometries

other than the regular cylindrical tube with a constant cross sectional area in the

axial direction (e.g. conduits of elliptically-shaped cross sections or of converging-

diverging nature) may also be possible; although we will not consider any of these

extensions in the present paper.

2 Pressure-Area Relations

There are many constitutive models that correlate the local pressure to the local

cross sectional area in distensible tubes; these models include elastic and viscoelas-

tic mechanical response, and linear and nonlinear correlation, as well as many other

more specific variations. In this paper we use two elastic models to demonstrate

the use of the proposed method.

One of these is a simple model in which a linear pressure-area correlation is

assumed, that is

p = γ (A− Ao) (1)

where γ is the proportionality factor which is a measure for the stiffness of the

tube wall, A is the tube cross sectional area at the actual pressure p as opposite to

the reference pressure which, for the sake of convenience without loss of generality,

is assumed to be zero, and Ao is the reference area corresponding to the reference

pressure. The core of this model is that the locally defined axial pressure is propor-

tional to the change in the local cross sectional area relative to its reference state,

where, for all the cases considered in this paper, we assume A ≥ Ao to exclude the

collapsible tube case.

The other pressure-area model is based on the proportionality between the local

pressure and the change in the local radius relative to its reference state with a

proportionality stiffness factor that is scaled by the reference area, i.e.
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p =
β

Ao

(√
A−

√
Ao

)
(2)

where β is the tube stiffness factor.

In the next section we use these two pressure-area models to derive flow relations

for Newtonian and power law fluids using the proposed lubrication method.

3 Derivation

In this section we derive analytical relations for the volumetric flow rate, Q, as a

function of the pressure boundary conditions in distensible tubes for the Newtonian

and power law rheologies using the two pressure-area elastic constitutive relations

given in the preceding section. In these derivations we assume an incompressible,

time-independent, laminar, fully developed flow at relatively low Reynolds numbers

with minimal entry and exit edge effects. The impact of edge effects should be

reduced for sufficiently long tubes in laminar flow conditions. We also assume that

the elastic tube has a fixed circularly-shaped cross section with a constant cross

sectional area in the axial direction under unstressed state conditions. Another

assumption is that the tube has a constant length and hence any stretch in the

axial direction under stressed state conditions is negligible. The vessel wall is

normally assumed to be thin, homogeneous, isotropic, of constant thickness with

linear distensibility and negligible compressibility [12–14]; and we follow suit. The

essence of these conditions is that the same pressure-area relation applies at all

cross sections producing an axi-symmetric change in the tube geometry.

3.1 Newtonian Fluids

For Newtonian fluids the rheology is given by the following stress-strain relation

τ = µγ̇ (3)

where τ is the shear stress, µ is the fluid dynamic viscosity, and γ̇ is the rate of

shear strain. Based on the Hagen-Poiseuille flow assumptions, the volumetric flow

rate, Q, is correlated to the fluid dynamic viscosity, µ, tube radius, r, and pressure

gradient dp
dx

through the following relation

Q =
πr4

8µ

dp

dx
=

A2

8πµ

dp

dx
(4)
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where x is the tube axial coordinate, p is the pressure in the axial direction and

A is the cross sectional area. If we assume, as a consequence of the validity of

the aforementioned assumption of flow profile dependency, that such a relation is

valid at each cross section even for an elastic tube with variable cross sectional

area that is subject to an axially-dependent pressure as long as the variation in

the pressure, and hence the corresponding cross sectional area, is smooth, we then

have the following relation at each cross section

dp

dx
=

8πµQ

A2
(5)

where Q as a function of the axial coordinate, x, is constant due to the incompress-

ibility and time-independent flow conditions.

Now, from the first p-A relation we have

A =
p

γ
+ Ao (6)

and hence from Equation 5 we obtain

dp

dx
=

8πµQ(
p
γ

+ Ao

)2 (7)

which can be separated and integrated, i.e.∫ (
p

γ
+ Ao

)2

dp =

∫
8πµQdx (8)

to yield the following relation

(p+ γAo)
3

3γ2
= 8πµQx+ C (9)

where C is the constant of integration. From the inlet boundary condition, we have

p (x = 0) = pin where pin is the pressure at the tube inlet, and hence

C =
(pin + γAo)

3

3γ2
(10)

that is

Q = −(pin + γAo)
3 − (p+ γAo)

3

24πµγ2x
(11)

where the minus sign indicates the fact that the flow is opposite in direction to
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the pressure gradient, i.e. pin > pou where pou is the pressure at the tube outlet.

Applying the second boundary condition at the outlet, i.e. p (x = L) = pou where

L is the tube length, and dropping the minus sign as we are interested only in

the magnitude of the flow rate since its direction is well known (i.e. from inlet to

outlet), we obtain

Q =
(pin + γAo)

3 − (pou + γAo)
3

24πµγ2L
(12)

Following a similar procedure and using the second pressure-area relation, i.e.

Equation 2, we obtain

Q =
β

40πµAoL

[(
Ao
β
pin +

√
Ao

)5

−
(
Ao
β
pou +

√
Ao

)5
]

(13)

3.2 Power Law Fluids

For power law fluids the stress-strain rheological relation is given by

τ = kγ̇n (14)

where k is the power law consistency factor and n is the flow behavior index. Based

on the previously given assumptions, the following relation for the volumetric flow

rate as a function of the fluid rheology, tube radius and pressure gradient can be

derived [15, 16]

Q =
πn

3n+ 1
n

√
1

2k

dp

dx
r3+1/n =

πn

3n+ 1
n

√
1

2k

dp

dx

(√
A

π

)3+1/n

(15)

which can be manipulated to give

dp

dx
=

2kπ(n+1)/2 (3n+ 1)nQn

nnA(3n+1)/2
(16)

On using the first p-A relation to replace A with p, separating the p and x

variables, integrating and applying the two boundary conditions, as demonstrated

in the Newtonian case, we obtain

Q =

γn
n

[(
pin
γ

+ Ao

)3(n+1)/2

−
(
pou
γ

+ Ao

)3(n+1)/2
]

3kπ(n+1)/2 (3n+ 1)n (n+ 1)L


1/n

(17)
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Repeating the process with the use of the second p-A relation we obtain

Q =

βn
n

[(
Ao

β
pin +

√
Ao

)(3n+2)

−
(
Ao

β
pou +

√
Ao

)(3n+2)
]

2kπ(n+1)/2 (3n+ 1)n (3n+ 2)AoL


1/n

(18)

4 Validation

We do not have an independent way, such as experimental data, to validate the

derived formulae. However, we observe a number of sensible trends that can be

regarded as partial verification:

• For both cases of Newtonian and power law fluids, we observe the convergence

of the flow rate as obtained from the derived formulae to their rigid equiva-

lents with increasing the tube stiffness, that is the convergence of Equations

12 and 13 to the Poiseuille flow for the Newtonian fluids, as given by Equa-

tion 4, and the convergence of Equations 17 and 18 to the power law flow,

as given by Equation 15, for a tube with constant radius and hence constant

pressure gradient in the axial direction. In Figures 1 and 2 we demonstrate

this trend by a few examples from the Newtonian and power law fluids using

the two pressure-area constitutive elastic relations.

• Another validation test is the convergence of the power law formulae for elas-

tic tubes (Equations 17 and 18) to their corresponding Newtonian formulae

(Equations 12 and 13) when n = 1.0. In Figure 3 we demonstrate this using

two examples: one from the first p-A elastic tube model (Equation 1), and

the second from the second p-A elastic tube model (Equation 2). As seen,

the Newtonian and power law formulae, which are derived independently us-

ing two different flow relations, produce identical results in this case as it

should be. A consequence of this convergence is that in practical situations

the Newtonian formulae are redundant as they can be obtained as a special

case from the power law formulae.

• As a consequence of the previous two points, the power law formulae (Equa-

tions 17 and 18) converge to the rigid Poiseuille flow (Equation 4) when

n = 1.0 with high tube stiffness. This trend was verified in all the cases that

were investigated.
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• There are several other qualitatively sensible trends that were verified in the

newly derived formulae. These trends include shear thinning and shear thick-

ening behaviors in the case of power law fluids, radius and pressure variation

in the axial direction, and the magnitude of the flow and its connection to

the average cross sectional area.
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(a) Newtonian
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Figure 1: Convergence of the elastic tube formulae (Equations 12 and 17) to their
rigid equivalents (Equations 4 and 15) at high tube wall stiffness for the first p-A
elastic tube model (Equation 1) (a) for a Newtonian fluid with µ = 0.05 Pa.s;
and (b) for a shear thinning power law fluid with k = 0.05 Pa.sn, and n = 0.75.
The tube parameters are: γ = 108 Pa.m−2, L = 0.5 m, and Ro = 0.05 m. The
vertical axis in the sub-figures represents the volumetric flow rate, Q, in m3.s−1

while the horizontal axis represents the inlet boundary pressure, pin, in Pa. The
outlet pressure is held constant at pou = 500 Pa.

5 Comparison to 1D Navier-Stokes Model

In [17] two formulae based on the widely used 1D Navier-Stokes model for the flow

of Newtonian fluids in elastic tubes were derived. These formulae, which are based

on the first and second p-A relations respectively, are given by

Q =
L−

√
L2 − 4α

κ
ln (Aou/Ain) γ

3κρ
(A3

in − A3
ou)

2α
κ

ln (Aou/Ain)
(19)

and

Q =

−κL+

√
κ2L2 − 4α ln (Ain/Aou)

β
5ρAo

(
A

5/2
ou − A5/2

in

)
2α ln (Ain/Aou)

(20)
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Figure 2: Convergence of the elastic tube formulae (Equations 13 and 18) to their
rigid equivalents (Equations 4 and 15) at high tube wall stiffness for the second
p-A elastic tube model (Equation 2) (a) for a Newtonian fluid with µ = 0.15 Pa.s;
and (b) for a shear thinning power law fluid with k = 0.15 Pa.sn, and n = 0.6.
The tube parameters are: β = 50000 Pa.m, L = 0.1 m, and Ro = 0.015 m. The
vertical axis in the sub-figures represents the volumetric flow rate, Q, in m3.s−1

while the horizontal axis represents the inlet boundary pressure, pin, in Pa. The
outlet pressure is held constant at pou = 200 Pa.
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(a) First p-A model
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Figure 3: Convergence of the power law formulae (Equations 17 and 18) when
n = 1.0 to their corresponding Newtonian formulae (Equations 12 and 13) for
elastic tubes (a) using the first p-A elastic model (Equation 1) with γ = 105 Pa.m−2,
L = 0.25 m, Ro = 0.03 m, µ = k = 0.1 Pa.s, and pou = 0.0 Pa; and (b) using
the second p-A elastic model (Equation 2) with β = 500 Pa.m, L = 0.35 m,
Ro = 0.025 m, µ = k = 0.075 Pa.s, and pou = 300 Pa. The vertical axis in the
sub-figures represents the volumetric flow rate, Q, in m3.s−1 while the horizontal
axis represents the inlet boundary pressure, pin, in Pa.
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where α is the axial momentum flux correction factor which is related to the flow

velocity profile, κ is a viscosity friction coefficient, ρ is the fluid mass density, and

Ain and Aou are the inlet and outlet cross sectional area of the tube respectively.

It is difficult to compare the newly derived formulae with the old ones which are

obtained from the 1D Navier-Stokes model. First no comparison can be made for

the power law fluids because the 1D Navier-Stokes model is restricted to Newtonian

fluids. As for the Newtonian case, the two models are based on different formulation

frameworks and hence it is difficult to make a fair comparison between the two. One

major difficulty is that the 1D Navier-Stokes model contains several parameters (α,

κ and ρ) which are absent in the newly derived formulae. In particular, α is strongly

dependent on the flow velocity profile and hence can cause major discrepancy with

the new formulae which are based essentially on a specific fluid-dependent velocity

profile. In [10] it has been demonstrated that the 1D model can be very sensitive to

the variation in its parameters. However, in certain cases the 1D model can have a

very close match with the newly derived formulae by adjusting the 1D parameters.

For demonstration purposes, we produced two examples, seen in Figure 4, where

we compared the 1D formulae with the new formulae for the Newtonian flow using

the two p-A relations. In these examples, we ‘tuned’ the 1D parameters to match

the flow as predicted by the new formulae. The 1D model can also be tuned to

match the prediction of the new formulae using sets of parameters other than those

used in these examples.

One of the advantages of the newly derived formulae over the formulae of the

1D Navier-Stokes model is that the new formulae are simpler than the 1D ones as

they contain less parameters. The many parameters of the 1D model, although

may be a source of more diversity in the flow modeling, can reduce the predictive

capability of the model due to the difficulty of obtaining accurate values for the

model parameters and hence the model merit may be relegated to a descriptive

state by ‘tuning’ the parameters to match the observed flow.

Finally, it should be remarked that the newly derived formulae can be used in

modeling and simulating the flow in networks of interconnected elastic tubes by

using the pore-scale network modeling approach as proposed in [11]. An obvious

advantage of the use of the newly derived formulae over the 1D formulae in a

pore-scale modeling scheme is that the new formulae can describe the flow of non-

Newtonian fluids of power law type which the 1D Navier-Stokes model cannot do

because of its restriction to the Newtonian fluids. Other types of non-Newtonian

fluids with other types of distensibility models, such as viscoelastic or elastic with
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Figure 4: Comparing the 1D Navier-Stokes model formulae (Equations 19 and 20)
with the newly derived formulae (Equations 12 and 13) for the flow of Newtonian
fluids (a) using the first p-A elastic model (Equation 1) with α = 1.345, γ =
2.0 × 107 Pa.m−2, µ = 0.3 Pa.s, ρ = 1000.0 kg.m−3, L = 0.1 m, Ro = 0.01 m,
and pou = 0.0 Pa; and (b) using the second p-A elastic model (Equation 2) with
α = 1.333, β = 5.0 × 105 Pa.m, µ = 0.05 Pa.s, ρ = 900.0 kg.m−3, L = 0.1 m,
Ro = 0.015 m, and pou = 200 Pa. The vertical axis in the sub-figures represents
the volumetric flow rate, Q, in m3.s−1 while the horizontal axis represents the inlet
boundary pressure, pin, in Pa.

different p-A constitutive relations to those used in the present paper, can also

be used in pore-scale modeling if pertinent analytical or empirical formulae were

obtained.

6 Conclusions

In this paper we derived analytical formulae for the volumetric flow rate as a

function of the two pressure boundary conditions, the fluid rheology, and the duct

geometry for the flow of Newtonian and power law fluids in distensible tubes of reg-

ular cylindrical shapes. In these derivations we used two pressure-area constitutive

relations of elastic nature. The method is based on a lubrication approximation

where the flow velocity profile is assumed to be determined locally by the fluid

rheology and the size of the local cross sectional area as in the case of the flow in

a tube with a cross sectional area that, under flow state, is constant in shape and

size over the whole tube length.

The Newtonian formulae can be used as an alternative to the previously derived

formulae [17] which are based on the 1D Navier-Stokes flow in distensible tubes.
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As well as their possible use in modeling the flow in single distensible tubes, the

derived expressions can be used in modeling the flow in elastic networks, as an

alternative to the widely used 1D Navier-Stokes finite element method [18], in

conjunction with the previously-proposed [11] pore-scale modeling approach. The

newly derived power law formulae will facilitate modeling non-Newtonian rheology

in single distensible tubes and networks of interconnected distensible tubes by the

use, in the latter case, of pore-scale modeling. This is a major addition to the

existing modeling capabilities which are limited to the Newtonian rheology.

For the purpose of validation, several sensible trends have been observed. These

include (a) the convergence of the derived formulae to their corresponding rigid tube

formulae with increasing the stiffness of the tube wall, and (b) the convergence of

the power law formulae to their Newtonian equivalents when the power law index,

n, is set to unity. Thorough tests have revealed that the newly derived formulae

produce mathematically and physically sensible results in diverse situations of fluid

rheology, tube geometry and boundary conditions.

A brief comparison has been made with the Newtonian formulae that were de-

rived previously from the 1D Navier-Stokes distensible model. A major advantage

of the newly derived formulae over the 1D Navier-Stokes formulae is the accommo-

dation of the non-Newtonian rheology in the form of the power law model.

The derivation method proposed in this paper can in principle be extended to

less regular geometries (e.g. converging-diverging) or to regular geometries but

with non-cylindrical shape (e.g. square or elliptic cross section) although empirical

or numerical, rather than analytical, approaches may be needed. Similarly, the

method may also be extended to fluid rheologies other than Newtonian and power

law fluids with possible restriction to the use of empirical or numerical, instead of

analytical, approaches due to potential mathematical difficulties.

Nomenclature

α correction factor for axial momentum flux in the 1D model

β stiffness factor in the second pressure-area model

γ stiffness factor in the first pressure-area model

γ̇ shear strain rate

κ viscosity friction coefficient
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µ fluid dynamic viscosity

ρ fluid mass density

τ shear stress

A tube cross sectional area corresponding to pressure p

Ain tube cross sectional area at inlet

Ao tube reference cross sectional area corresponding to reference pressure

Aou tube cross sectional area at outlet

k power law consistency factor

L tube length

n power law flow behavior index

p axial pressure

pin pressure at tube inlet

pou pressure at tube outlet

Q volumetric flow rate

r tube radius

Ro tube radius corresponding to Ao

x tube axial coordinate
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