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Abstract

This paper presents a derivation of the theoretical value of the cosmological constant.
The approach was based on Einstein’s gravitational field equations, Hubble’s law, and
Friedmann-Robertson-Walker model of the universe. The theoretical value of the

2
cosmological constant A was found to be: A = % , here Hy is the Hubble constant. The

theoretical value is very close to the observational value. Open space (k=-1) and closed
space (k=+1) most likely coexist in our universe. The study implies that the expansion of
the universe is an inherent property of vacuum space, not by dark matter and dark energy.
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1. Introduction

The Gravitational field equation was a theoretical equation established by Einstein in 1915.
The original field equation did not include the cosmological constant A.

1
Ry =S RGuy = 81GTy, [1] €))
In 1916, after Einstein published his general relativity theory, Karl Schwarzschild soon obtained

the exact solution to Einstein’s field equations for the gravitational field outside a non-rotating,
static spherically symmetric body. The Schwarzschild solution to Einstein’s field equations was

-1
ds? = — (1 - %G) czdt2+(1 - %G) dr? + r2(d6? + sin?0dep?) [2] @)
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Here, 1; = = 18 the Schwarzschild radius.

The Schwarzschild solution is for the metric of empty space (also known as “vacuum”) surrounding
a spherically-symmetric massive object, such as a black hole; it is a vacuum solution to Einstein’s

field equation.



In 1922 Friedmann solved the Einstein gravitational field equation and obtained non static
cosmological solutions presenting an expanding universe. Einstein thought that the universe should
be static and unchanged forever, then he modified his original field equations by adding the so-
called cosmological term A which can stop the expansion.

1
Ry, — ERgm, + Aguy = 8nGTy, [3] 3)

In 1929 Hubble found experimentally that the distant galaxies are receding from us, and the
farther the galaxy the bigger its velocity as determined by its redshift. Hubble’s initial value for the
expansion rate is the Hubble constant H,. This observation caused Einstein to abandon the
cosmological constant, and calling it the "biggest blunder" of his life.

However, recent discover indicate that the expansion of the universe has been accelerating.
Einstein’s modified equation may be the apposite form after all. Scientists have revived Einstein's
cosmological constant to explain a mysterious force called dark energythat seems to be
counteracting gravity, and causing the universe to expand at an accelerating speed. “Einstein may
not have blundered after all”. (Carroll)[3]

Recalling the past of one hundred years of development of cosmology, the cosmological
constant had been added in and taken out from the gravitational field equations in few times by
Einstein and scientists. What is the actual meaning for the cosmological constant?

This paper attempt to derivate the theoretical value of the cosmological constant based on the
Einstein’s gravitational field equation and the Hubble’s law with the Friedmann universe models
and the Schwarzschild model. The derivation doesn’t involve any dark energy and dark matter. The
derivation is pure geometric method. It try to find out the relation between the cosmological
constant and the Hubble constant: A « H,,.

The Einstein’s gravitational field equation with the cosmological constant A is
1
Ry =Ry + Agyy = 8mGTy,y 4

Where

R, is the Ricci tensor.

R is the curvature scalar.

A is the cosmological constant.

gy 1s the metric tensor.

G is the gravitational constant.

T,y is the energy—momentum tensor.

The Hubble's Law [4] is
D = HyD (5)
Where
D is the recessional velocity, typically expressed in km/s.
H, is the Hubble constant. Hy = 67.6132km s~ *Mpc~ [5]
D is the proper distance, measured in mega parsecs (Mpc).



The Friedmann-Robertson-Walker metric of the Einstein’s field equations (1) is
ds? = —c?dt?+a?[(1 — kr?)1dr? + r2(d6? + sin*0de?)] [6] (6)

2. The calculation for AS of the sphere on Friedmann-Robertson-Walker model

The Universe is homogeneous and isotropic. Isotropy means that the metric must be diagonal.
Because, as we shall see, space is allowed to be curved, it will turn out to be useful to use spherical
coordinates (r, 0, ¢) for describing the metric. The center of the spherical coordinate system is us
(the observers) as we look out into the cosmos. Let us focus on the spatial part of the metric.

We will calculate the expansion shell layer AS of an arbitrarily selected sphere with the radius D
in the space by using the Einstein’s gravitational field equation (4), and the Hubble’s law (5). The
radius D shall be a large cosmological distance measured in mega parsecs (Mpc).

Both approaches should give the same result of the volume of the expansion shell layer AS as
shown in yellow in Figure 1.

Figure 1 is not to scale, the AS actually is very thin, such as D = 10Mpc = 3.0857 x 10*°km,
thus D ~ 675km/s.

Figure 1: (not to scale) An expanding sphere with the radius D; AS is the inc-
reased shell layer with the expansion speed D on the surface of the sphere.

What we are concerned with is the cosmological constant, therefore we only investigate the third
item Ag,, on the left side of the Einstein’s gravitational field equation (4). By using the third item
Ag,y as the integrand function in the spherical coordinates, we shall get the expansion shell layer
AS from sphere volume formula

V= [ff AJgdrdéde [7] ©

here g = g,; u=1234
The Robertson-Walker metric of the Einstein’s field equations (1) is

ds? = —c?dt?+a?[(1 — kr?)"1dr? + r2(d6? + sin*0de?)] [8] (8)



Juv are the metric tensors of the Robertson-Walker metric
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Here goo = —1 g11 = x> 922 = r?; 933 = r2sin®6.

There are three cases of interest: k=-1, k=0, and k=+ 1.

The k = - 1 case corresponds to constant negative curvature on, and is called open;
The k = 0 case corresponds to no curvature on, and is called flat;

The k =+ 1 case corresponds to positive curvature on, and is called closed.

It is still a mystery that our universe belong to which geometry space; open, flat or closed. Our
derivation of the cosmological constant could answer this question. Followings are calculations of
the cosmological constant for three cases of the Friedmann-Robertson-Walker model.

2.1 The flat space k = 0

For the k = 0 case, the absolute value of the determinant of Robertson-Walker metric is

|91 =—goo* 911" 922" 933
=a’ (1—-kr®™': r?2-r?sin?0
= a?- (1 -kr®>) 'r*sin?6
Then /Ig| = a(1 — kr?)"Y2+2sing

AS = AD fDD+D(1 — kr?)~Y2r2dr f: sin6 dé fozn do

=AD fDD+D r2dr fon sin @ df fozn do

= A4nD*H, (10)
2.2 The negative curvature space k = —1

For the k = -1 case, the absolute value of the determinant of Robertson-Walker metric is

AS = AD fDD+D(1 — kr?) Y/2r24dr f: sin 6 d6 fozn do

D+D

=AD [ (1 + kr?)"2r2dr f: sin6 do fozndq)

= A2nD3H, (11)



Note: [(kr? +1)"Y2r2dr = %\/rz +1-— %ln(r +Vrz +1)

2.2 The positive curvature space k = +1

For the k= +1 case, 1 — kr? < 0 then (1 — kr?)~%/2 shall be changed to —(1 — kr?)~/2 =
(r? — 1)7/2 because |g| in (7) need to be absolute number.

AS = AD fDD+D(1 — kr?)™/2r2dr [*sin 6 d6 fozn do

= AD fDD+D(kr2 —1)"Y2r2qgr f: sin 0 do f02n do

= A2nD3H, (12)
Note: [(kr? —1)"Y2r2dr = %VTZ -1+ %ln(r +Vrz —1)

3. The calculation for AS of the sphere on Schwarzschild model

“It has been widely suggested that the study of cosmology has close similarity with the study
of the interior of black holes. In this paper we will outline a framework for cosmology which is
partly inspired by the analysis of AdS/Schwarzschild black holes. This system, although unrealistic
as a cosmology, is extremely well understood through the AdS/CFT duality.” Figure 2. [9]

Figure 2: (not to scale) Schwarzschild black holes model. An expanding sphere
with the radius D; A4S is the increased shell layer with the expansion speed D on
the surface of the sphere.

The Schwarzschild solution of the Einstein’s field equations (1) is
-1
ds? = — (1 - TTG) czdt2+(1 - %G) dr? +r2(d6? + sin?0dp?) (13)

1s the Schwarzschild radius.

2GM
Here, r; = =

9 are the metric tensors of the Schwarzschild geometry



0 (14)

Here goo = — (1 —r—G); 911 = (1 —rTG)_l; g22 =17 gsz = r’sin®6.

r

The absolute value of the determinant of Schwarzschild metric is
g9l = —8oo* 911 922" 933

( —TTG) . ( —T—G)_l - r?-r?sin?6

r

4sin?0 (15)

Then +/|g| =7r?%sin6

=T

For integrating the shell layer AS, the volume element shall be

V1gldV =r?sin 0 cdtdrdfde (16)

The Schwarzschild metric is static and spherically symmetric, it is time independent, therefore

v = guv(xY), goi =0

We calculate the expansion shell layer AS of the sphere at an instantaneous time #, with the
expansion speed D, therefore the Schwarzschild metric does not include the the time metric
component cdt.

Hence, for integrating shell layer A4S, the volume element becomes
lgldV = 12sin6 drdfde (17)
The calculation of the integrating shell layer AS of the sphere is shown as followings.
AS = [[f Agyy dV

=A[flf JIglav
= A [[f r?sin 6 drdfde

= Af;”brzdr fon sin@ do foznqu

= A4nD3H, (18)



4. The calculation for AS of the sphere by Hubble’s law

We use the Hubble’s law to calculate the volume of the expansion shell layer AS of the
sphere with the radius D. The volume of the sphere with the radius D is

S= ZmD3
3

(19)

Multiplying the Hubble constant H to the radius D in equation (19), we get the expansion shell
layer AS shown in yellow in Figure 1.

4S = TmD*H} (20)

5. The evaluations of the results for the cosmological constant

We have previously calculated the AS for five cases. The evaluations of the results are
shown as followings.

1) Combining both equations (10) and (20), we obtained the following equation

AAmD*H, = %nD3H03 1)

The value of the cosmological constant is

HZ
A= ﬁ (22)
This is the case of k = 0, corresponds to no curvature on, or the flat space of the Friedmann
model of universe. It indicates that the cosmological constant has been increasing
with time. Earth-bound observers look back in time as they look out in distance D.
However the value of the cosmological constant is not match the observational value,
therefore the k = 0 of flat space unlikely be the model of our universe.

2) Combining both equations (11) and (20), we obtained the following equation

A2mD3Hy = TmD*H} (23)

The value of the cosmological constant is

2
A=2% (24)
A=3.1996 x107s

This is the case of k = —1, corresponds to negative curvature on, or the open space of

the Friedmann model of universe. The value of the cosmological constant is close to
the observational value.

3) Combining both equations (12) and (20), we obtained the following equation

A2wD3Hy = SmD*H} (25)



The value of the cosmological constant is

2
2H§ (26)
A =3.1996 x1073¢S2

This is the case of k = +1, corresponds to positive curvature on, or the closed space of
the Friedmann model of universe. The value of the cosmological constant is close to

the observational value.

4) Combining both equations (18) and (20), we obtained the following equation

A4TD3Hy = SmD*H} 27)
The value of the cosmological constant is
2
2 (28)

A=
3
A =1.5998 x107°S>

This is the case corresponds to the vacuum space of the Schwarzschild model of universe.

The observational value of the cosmological constant “is often expressed as 10> m ™2, 10°s2,

104 GeV*, 107% g/cm’.[" In terms of Planck units, and as a natural dimensionless value, the
cosmological constant, A, is on the order of 10"'*2.Modern calculations considering the vacuum
energy of all known scalar and vector fields leads to 107>* orders of magnitude smaller than the

prediction.” [10]

One article suggest the cosmological constant could be A4 = 3H3.[11]

2
One observational value of the density of the dark energy is A = 0'2612H° , for c = 1 then

2
A=021H} ~ 0.67H} = =2

The comparisons of the cosmological constant values are listed in following table 1.

Model of Friedmann-Robertson-Walker model Schwarzschild model Observational value
the
universe k=0 k=-1 k=+1
flat space open space closed space
A Hg 2Hg 2H§ H§ 107°s | 0.21H2
3D 3 3 3

Table 1. Comparisons of the value of the cosmological constant A



The comparisons Table.1 indicates that our universe likely to be the two cases of spaces: open
space (k=—1) or closed space (k=+1) of the Friedmann universe. Both spaces have same value of

. 2HE .. . .
the cosmological constant A = TO which close to the observational value of 0.21H&. Our universe

likely is the coexistence of both closed space and open space. “Because the thermodynamic arrow
refers ideally to closed systems while the historical arrow manifests itself only in open systems,
their coexistence presents no problem.” [12]

Our pure geometry derivations of the cosmological constant do not include any dark energy
and dark matter, however two of them get same value of the cosmological constant which so close
to the observational value. The results may imply that the expansion of the universe is the inherent
properties of the vacuum space. The expansion of the universe are not caused by the dark energy
and the dark matter at all. The expansion of the vacuum space creates energy and mass, not the
energy and the mass generate the expansion of the universe. The expansion of the vacuum space
promote the motions of planets, stars, and galaxies.

6. Conclusion: the relation of mass, energy and vacuum space

A growing number of researchers claim a mysterious "dark energy," which most cosmologists
believe fills space, might not exist. "the current accelerated expansion of the Universe can be
explained without resorting to dark energy," wrote Olga Mena of Fermi National Accelerator
Laboratory in Batavia, I11. [13]

The vacuum space, the mass and the energy should be the same things but in different
appearances in the Nature. The mass is the condensed vacuum space; and the vacuum space is the
diluted matter. Einstein’s famous formula E = mc? shows the relationship between the energy and

. . 3HZ . . . .
the mass. The critical density p, = ﬁ in Friedmann equation could revealed the relation between

mass and the vacuum space. If M denoted as mass (kg), and V denoted vacuum space (meter3), the
following formula could show the relation between the mass and vacuum space, here G is the
gravitation constant, H, is the Hubble constant.

8mG

V=—
3H2

M (29)

The mass (ordinary matter) of our universe is at least 10°3 kg, and its diameter is about 91 billion
light-year. The ordinary (baryonic) matter is 4.9%, the dark matter is (26.8%), and the dark matter
is (68.3%) in our universe.[14] Based on those percentage, the dark matter is 5.47 x 10°3kg, and
the dark energy is 1.4 x 10°*kg. The total mass of dark matter and dark energy is 1.94 X 10°*kg.

Let us calculate the equivalent mass for the vacuum space, or said “vacuum space mass” by
using formula (29). The diameter of the vacuum space is 91 billion light-year. The result of the
“vacuum space mass” is about 2.86 X 10°*kg. 2.86 x 10%*kg ~ 1.94 x 10°*kg. Is this a
coincidence! The “vacuum space mass” equal to the total mass of dark matter and dark energy.

The ordinary vacuum space contain mass, therefore the vacuum space also have gravity,
but is a negative gravity to the ordinary matter. This negative gravity should be the expansion force.



The alternate actions of the gravity and the expansion force (negative gravity) in the vacuum
space create everything in the universe. The alternate oscillation is in extremely high frequency.

The phenomenon of conversion between the mass and the vacuum space are not strange in the
Nature. In the quantum mechanics, the phenomenon of the electron self-energy, the virtual particles
and the creation and annihilation of particles demonstrate the conversion between the mass and the
vacuum space. In the cosmological scale, the supernovas are explicitly examples of the mass
convert to the space. The black holes are the giant “machine” which could compressed the vacuum
space to form the mass, later release them as the black hole jets. “According to the Swift team,
these jets appear to be made of protons and electrons,...They are a primary means of redistributing
mass and energy in the universe.” [15]

The process of the mass converting to the vacuum space presents of the “closed space model”,
in another hand the process of the vacuum space converting to mass presents of the “open space
model”. Both open and closed space models coexist in our universe. The cosmological constant A
demonstrates that the “open space model” is slightly greater than the “closed space model”, as the
results, the universe has been expanding in a tiny scale of A at present age.
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