Duplex Fraction Method To Compute The Determinant Of A 4 x 4 Matrix
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Abstract. In this paper, We present a new method to compute the determinant of a 4 x 4 matrix, that is very
simplest than previous methods in this subject. This method is obtained by a new definition of fraction and also by
using the Dodgson’s condensation method and Salihu’s method.
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1 Introduction

In the matrix theory and linear algebra, determinant of a square matrix very important. By [4], the basic formula to
compute the determinant of a square matrix of order n, such as A = {al—]—}, is equal to

D(A) = det(A) = |A| = Zh---ansn SNy« fn) Qyjy o A,

+1 ,if ji ... jn IS an even permutation

Where sgn(jy -..J) = {—1 Jif Ji e Jn IS an odd permutation

Also Dodgson in 1866 [1] and Salihu in 2012 [3], offered two methods for compute the determinant of square
matrix of order n that we using of their methods for proof of the new method in this article. whereas for compute the
determinant of a square matrix, always we used of simple methods, therefore in this article we present a simple
method for compute the square matrix of order 4. For this work we offer a new definition of fraction that we named
it the duplex fraction. In the next section you can see this definition. Afterward using the duplex fraction and
Dodgson’s condensation method and Salihu’s method we obtain a new method for compute the square matrix of
order 4.

2 The main definitions and lemmas

To prove the main theorem we need the following definitions and lemmas.

Definition 2.1. Let Az[Zi Z;i] and B=[Z“ le
21 22

fraction (duplex division) of determinant A on B is defined as follows

]. If det(B) # 0 and b;; # 0 (Vi,j =1,2) then the duplex

a1l a1z
b11 b12
|a11 aiz az1 azs

1Al _ 1921 @221 _ [bp1 by 1)
B8]~ |b11 b12| b1 blz‘
b1 by b1 by

Definition 2.2. Let B = {bij} isan X nmatrix. Dodgson’s condensation of matrix Bisa(n —1) x (n—1)
matrix that defined as follows
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bi1 by bih-1y bin
by by byim-1y b2
DC(B) = : : (2)
b(n—l)l b(n—l)Z b(n—l)(n—l) b(n—l)n
b1 by, bn(n—l) byn
ay; Qa; 413 Qg
.. a a az3 A4 , . . .
Definition 2.3. Let A = | 21 ~22 . If Dodgson’s condensation of matrix A ,is equal to
az; Qzz dzz A3y
Qa1 A4y Q43  Qug
|a11 a12| |a12 a13| |a13 a14|
Qz1 Q21 1Az A3l d23 Qpg
az1 App Qazz  Az3 Qz3 Q4
pe) =|| | | || | 3
azy dasp az; 04ss a3z a3y
|a31 a32| |a32 a33| |a33 a34|
41 Ay Q42 Q43 43 Qg4
Then, Twice Dodgson’s condensation of matrix A is defined as follows
i |a11 a12| |a12 a13| |a12 a13| |a13 a14| 1
az1 QA2 Q2 A3 Q2 A3 Qa3 A4
|a21 a22| |a22 a23| |a22 a23| |a22 a23|
az; Az az; 0ass az; 0Ass azz A3y
TDC(A) =DC(DC(A)) = 4
(4) ( ( )) |(121 azz| |a22 a23| |a22 a23| |a22 a23| )
az; 04s; az; dass aszz 0ass azz A3y
|a31 a32| |a32 a33| |a32 a33| |(133 as4|
Llag Qg Q42 Q43 Q42 Q43 Q43 Ayqll]
Dodgson’s condensation for the first time used in the compute the determinant of a n x n matrix by Dodgson [1].
a1 Q12 Qg3
Lemma 2.1(Dodgson’s method). Determinant of matrix A = [@21 Q22 d23|, with assuming a,, # 0, is equal
azy Qzz 04z
to
|a11 a12| |a12 a13|
1 [laz1 Q22 Gz  Az3
Al =—
4] az ||421 ‘122| |a22 a23| ®)
az; 04z aszz; 0ass
Proof. See Dodgson’s condensation method [1,2].
a;r ap; U3 Qs
P . . _laxy ap A3 Q4.
Lemma 2.2(Salihu’s method). Determinant of matrix A = is equal to
az; dzz A3z A3
Qg1 Qa2 Q43 Qgq
| a;; Q12 413 A1z Q13 Qy4
az1 Gz Qps Qdzz Gz3 Ay
1 az; dazz dass Qazz O3z Q34
Al = X 6
4] |Z§; Z;z 1 Az Ay Qyy Q3 Qg (©)
az; dzz dszz a3z A3z A3
g1 Qzp Q43 Agy Q43 Qgq



azs

az
If |
ass

* 0.
as; |

Proof. See Salihu’s method [3].

3 A new method

In the following theorem we offer a new method, just to compute the determinant of a 4 x 4 matrix. This method is
obtained of Dodgson’s condensation method and Salihu’s method.

aqq aip a3 Qg4
. . a a Q3 Q4| .
Theorem 3.1. Determinant of matrix 4 = | 21 722 is equal to
az; Gzz a3z Qa3
Qg1 Q42 Q43  Q4q
| TDC(4) |
|Al = W ™
asz ass
Qdzz  Qz3
If ay;,Ay3,032, 033 # 0 and |a32 a33| * 0.
Qazz Az
Proof. If | | # 0, by lemma 2.2 we have
azz ass
a1 A4z a3 Q12 Q13 4y
dz1 Az QAz3 Qazz Gz3 Q4
4] = 1 « [1331 @32 d33l 1Az Q33 O3q
|ZZZ 323 Az1 Q3 Qs Az QA3 Qg
32 33
az1 dzz d4sz3 Qdzz Q33 Q3zg
Qg1 Qg Q43 Auz Q43 Qyq
On the other hand if a,,, a,3, as,, as; # 0, by lemma 2.1 we have
|a11 a12| |f112 a13| |f112 a13| | a14|
1 [ldz1 Az Az A3 1 [ldzz Az3 Qaz4
as |a21 a22| |a22 a23| az |azz a23| | az3|
4] = 1 x a31 A4zl 14z  Ass a3z dss A3
|222 223 |a21 a22| |azz a23| |a22 a23| | a23|
32 33
1 ]laz1  as; asz; aszl| 1 (ldzz daszz Q34
as; |a31 a32| |a32 a33| ass |a32 a33| | a34|
Q41 Qg2 Qa2 Q43 Qa2 Q43 QAys
Now, using the definition 2.1, we can write
|a11 aiz |a12 a3 |a12 ais |a13 a4
azi1 azz azz azs azz azs az3z  azq4
|a21 azz |a22 azs |a22 azs |a22 azs
aszp asz aszz ass aszz ass asz3z ass
|a21 azz |a22 azs |a22 azs |a22 azs
asp asz asz ass asz ass asz3z ass
|a31 asz |a32 ass |a32 ass |a33 asq
|A| _ as1  Qa42 aq2 a43 a4q2 Q43 a43 Q44
- azz azs
|a32 ass

That by definition 2.3, we know




|a11 a12| |a12 a13| |a12 a13| |a13 a14|
az1 dp; Az d4z3 azz d4z3 az3  QAp4
|az1 a22| |a22 a23| |a22 a23| |a22 a23|
az; as; az; 04z az; 04z azz Qaz4
TDC(A)| =
l @l |a21 ‘122| |‘122 a23| |a22 a23| |a22 a23|
az; das; azz 04z3 az; 04zs azz Qazg
|a31 a32| |a32 a33| |a32 a33| |a33 a34|
ay1 Qg2 A4y Q43 Asp Q43 Ay3 Qg4
Therefore, we have
| TDC(A) |
| |—|a22 a3
aszz ass
And proof is complete.
2 3 71
Exampl . _14 5 10 0] ; : .
ple . The determinant of A = 6 3 2 0 , Is obtain as follows:
5 4 3 2
DC(A) -2 -5 -10 DC(DC(A)) [=50 —200
—>[—-18 -20 0 |— 162  —80
9 1 4
—-50 =200
-50  —200 ‘122 280
_J162 80l |3 5 |_
IAl |5 10| - |5 10 =-74
3 2 3 2
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