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Abstract - We present a solution for the Euler and Navier-Stokes equations for
incompressible case given any smooth (€ ) initial velocity, pressure and external
force in N = 3 spatial dimensions, based on expansion in Taylor’s series of time.
Without major difficulties, it can be adapted to any spatial dimension, N > 1.
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§1

Let p, q, r be the three components of velocity of an element of fluid in the 3-
D orthogonal Euclidean system of spatial coordinates (x,y, z) and t the time in this
system.

Lagrange in his Mécanique Analitique, firstly published in 1788, proved that
if the quantity (p dx + q dy + r dz) is an exact differential when t = 0 it will also
be an exact differential when t has any other value. If the quantity (p dx + q dy +
r dz) is an exact differential at an arbitrary instant, it should be such for all other
instants. Consequently, if there is one instant during the motion for which it is not
an exact differential, it cannot be exact for the entire period of motion. If it were
exact at another arbitrary instant, it should also be exact at the first instant.[1]

To prove it Lagrange used
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in which the quantities p’, p'!, p', etc., q', q", q'", etc,, r!, v, v/, etc,, are functions

of x, y, z but without t.

Here we will finally solve the equations of Euler and Navier-Stokes using
this representation of the velocity components in infinite series, as pointed by
Lagrange. We assume satisfied the condition of incompressibility, for brevity.
Without it the resulting equations are more complicated, as we know, but the
method of solution is essentially the same in both cases. We focus our attention in
the general case of the Navier-Stokes equations, and for the Euler equations simply
set the viscosity coefficientasv = 0.


mailto:valdir.msgodoi@gmail.com

To facilitate and abbreviate our writing, we represent the fluid velocity by
its three components in indicial notation, i.e., u = (uy,u,,u3), as well as the
external force will be f = (fy, f2, f3) and the spatial coordinates x; = x, x, =y,
x3 = z. The pressure, a scalar function, will be represented as p. As frequently used
in mathematics approach, the density mass will be p = 1.

The representation (1.1) is as the expansion of the velocity in a Taylor’s
series in relation to time around t = 0, considering x,y,z as constant, i.e., for
1<i<3

J— aul a ul tz 63 t3

(1.2) W = Uile=o + 5 im0 t+ 55 |t=0?+at3 le=0 =+
oku; tk
+ atk |t 0 F+ .-.
or
k k

.0 o 07U ¢

(1.3) u; =1uy; +Zk=1 atk |t=0 K

ou; 9%u; 03u;
For the calculation of — , ) e

at ' at2’ at3
directly from the Navier-Stokes equations and its derivatives in relation to time,

i.e.,

we use the values that are obtained
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and using induction we come to
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In (1.2) and (1.3) it is necessary to know the values of the derivatives
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and of generic form,

(1.15) i,ktk lt=0 = %h:o - Y Njk_l le=0 +
+vV? Zk kl T le=0 + Zktklil le=0/
Nk 1|t 0 —Z{{ o1 (k 1) ak - luj|t=0 aixjaz%uih:o'
00U lemo = D, Oy lecg = S o,

If the external force is conservative there is a scalar potential U such as
f = VU and the pressure can be calculated from this potential U, i.e.,

) au
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and then

(1.17) p=U+06(t),

6(t) a generic function of time of class C®, so it is not necessary the use of the
pressure p and external force f, and respective derivatives, in (1.4) to (1.15) if the
external force is conservative. In this case, the velocity can be independent of the
both pressure and external force, otherwise it will be necessary to use both the
pressure and external force derivatives to calculate the velocity in powers of time.

The result that we obtain here in this development in Taylor’s series seems
to me a great advance in the search of the solutions of the Euler’s and Navier-
Stokes equations. It is possible now to know on the possibility of non-uniqueness
solutions as well as breakdown solution respect to unbounded energy of another
manner.

We now can choose previously an infinity of different pressures such that

ou
the calculation of % and derivatives can be done, for a given initial velocity and

external force, although such calculation can be very hard.
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It is convenient say that Cauchy!?l in his memorable and admirable Mémoire
sur la Théorie des Ondes, winner of the Mathematical Analysis award, year 1815,
firstly does a study on the equations to be obeyed by three-dimensional molecules
in a homogeneous fluid in the initial instant t = 0, coming to the conclusion which
the initial velocity must be irrotational, i.e., a potential flow. Of this manner, after,
he comes to conclusion that the velocity is always irrotational, potential flow, if the
external force is conservative, which is essentially the Lagrange’s theorem
described in the begin of this article, but it is shown without the use of series
expansion (a possible exception to the theorem occurs if one or two components of
velocity are identically zero, when the reasonings on 3-D molecular volume are not
valid). The solution obtained by Cauchy for Euler's equations is the Bernouilli's
law, as almost always happens. Now a more generic solution is obtained, in special
when it is possible a solution be expanded in polynomial series of time. Though not
always a function can be expanded in Taylor’s series, there is certainly an infinity
of possible cases of solution where this is possible.

If the mentioned series is divergent in some point or region may be an
indicative of that the correspondent velocity and its square diverge, again going to
the case of breakdown solution due to unbounded energy. With the three functions
initial velocity, pressure and external force belonging to Schwartz Space is
expected that the solution for velocity also belongs to Schwartz Space, obtaining
physically reasonable and well-behaved solution throughout the space.

The method presented here in this first section can also be applied in other
equations, of course, for example in the heat equation, Schrodinger equation, wave
equation and many others. Always will be necessary that the remainder in the
Taylor's series goes to zero when the order k of the derivative tends to infinity
(Courantl3], chap. VI). Applying this concept in (1.3) and (1.9), substituting t by T,
the remainder is
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§2

In this section we will build a series of powers of time solving the Navier-
Stokes equations, differently than that used in the previous section. From theorem
of uniqueness of series of powers (Courantl3], chap. VIII), both solutions need be
the same.

Defining
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where each X; ,, is a function of position (x4, X5, X3), without t, and
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we can put these series in the Navier-Stokes equation,
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Applying these sums in (2.4) we have
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which allows us to obtain, by recurrence, X;;, X;,, X3, etc, thatis,for1 <i <3
andn = 0,
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You can see how much will become increasingly difficult calculate the terms
X;n with increasing the values of n, for example, will appear terms in
v, V2V2 . V2u), etc. If v > 1 certainly there is a specific problem to be studied
with relation to convergence of the series, which of course also occurs in the
representation given in section § 1. The same can be said for t — oo. In fact, I do not
understand why a particle fluid initially in motion, without any collision with
another particle and submitted to an permanent impulsive force need be with
finite velocity as t — co.
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What good would living on a planet without destruction, greed and envy,
where the nations were dedicated to building a beautiful world

and to the salvation of those in need.

That there were no enemies and everyone could be happy where they live,
in their own way.
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