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Abstract - We present two proofs of theorems on solutions of the Navier-Stokes
equations for incompressible case with a conservative external force in n = 3
spatial dimensions. Without major difficulties, it can be adapted to any spatial
dimension, n >= 1.
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We find previouslylll a general solution for Navier-Stokes Equations,
supposing that there is a solution for initial instant ¢t = 0 and applying an
wi(X, t)l 3 au?(X)

additional initial condition , 1 <i <3, in the case on

what the external force is zero. We will now generalize that solution to the case
where there is a conservative external force, f = VU, being applied in the fluid, for
example, gravity. The problem is resolved dividing the original pressure in two
parts, p = ps + py, one of them (py) depending exclusively of the potential of f and
another (p,) as the obtained previously, depending exclusively of the velocity u
(and therefore u°). The influence of the conservative external force is only change
the total pressure, without influence in the velocity, as happens in the Bernouilli’s
law.

Firstly, we will prove theorems without external force, using p = p,, pf = 0,
the identical proofs of [1].

Let u°(x,y,z) and p°(x,y, z) be respectively the initial velocity and initial
pressure of the three-dimensional incompressible (V-u =V-u®=0) Navier-
Stokes equations without external force and with mass density equal to 1,
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1<i<3, X=(x,%,x3)€ER3 x;=x, x5, =y, x3=2z x;,t ER, t >0.

Then in t = 0 is valid, for each integer i belongsto 1 < i < 3,
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) le=0 + Zj-1 W (X) == = vV (X).
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Supposing that u(x,y,zt) =ul(x+t,y+t,z+t) and p(x,y,zt)=
p°(x + t,y +t,z +t) is a solution (u, p) for (1), we have

ap°(§) | () oud (&)
(3) 6xl- + ot + Z;’:lu]p (5) ax] = szu’? (f))

where & = (6,8, &) and & = §(X,t) = x; +, 1< i < 3.

For t = 0 the equations (2) and (3) are equals, because in t = 0 we have
& = x; and therefore & = (&1,&,,&3) = (xq,x3,x3) = X.

For t > 0, if (2) is valid for any X = (x,y,z) € R3 then (3) is valid for any
§€R® substituting x— & =x+t yp & =y+t, zo&=z+t x,9,Z€
R,t >0, so u(x,y,zt)=u’(x+t,y+t,z+t) and p(x,y,zt) =p°(x+ty+
t,z+t),ie, ulX,t) =u’(€) and p(X, t) = p°(&), solve equation (3) and therefore
the Navier-Stokes equation (1).

The initial motivation to prove it is as follows. Let A(x), B(x),C(x) and
D(x) functions such that is always valid, for any x € R, the relation

(4) A(x) + B(x) + C(x) = D(x).
Then,as (x +t) € R, x,t € R, t > 0, need be valid too the relation
(5) Ax+t)+Bx+t)+ C(x+t) =D(x + ).

The same argument can be used for functions of two and three spatial
dimensions (or better, for n spatial dimensions), for example, Vx,y,z,t € R, t > 0,

(6) Ai(x,y,z)+Bi(x,y,Z)+ Ci(x'yrz) :Di(x'yrz)
= A;(x+t, y+t, z+t)+B;(x+t, y+t, z+1t)+
+Ci(x+t, y+t, z+t)=D;(x+t, y+t, z+1t).

Applying the previous relation (6) to the Navier-Stokes equations (2) for
t =0,if

_0p°(X)
(7.1) Ai(x,y,z) = “ox,
ou;(X,t
(7.2) Bi(x,y,z) = “a(t | izo.
duf (X)
(7.3) Ci(x,y,z) = §=1u]9(X) IQT'
(7.4) D;(x,y,z) = vV2ul (X),
(7.5) A;(x,y,z) + B;(x,y,z) + Ci(x,y,z) = D;(x,y, z),



X = (x,y,2), then, using { =&(X,t) = (x+t,y+t,z+t), need be valid
too the equalities

(8.1) Ailx+t, y+t z+1t) =%§),

(82) Bi(x+t, y+t, z+) = (LD _)(©®),

(8.3) G+t y+t, z+8) =Y, ul(O)% o (5),

(8.4) Di(x+t, y+t, z+1t) = vV2ud(d),

(8.5) Ailx+t, y+t, z+t)+B;(x+t, y+t, z+t)+

+Ci(x+t, y+t, z+t)=D;(x+t, y+t, z+1t).

ou; (X t)

The expression ( lt=0)(£) in (8.2) means that first is calculated the value

ou;(X,t
—B(t ), next we assign the value t = 0 in this result and then we substitute

x- & =x+t, yp & =y+t, zoé=z+t e, X 04,

of

Note that the right side of the relations (8.1) to (8.4) corresponds to each
parcel of the Navier-Stokes equations (8.5) with the solution (u, p) such that

(9.1) u(X, t) =u°(),
(9.2) p(X,t) = p°(&),

X=0,y2), =X t)=(+t y+t, z+t), then (9) is a solution for (1) if
u%(X) and p°(X) are initial conditions.

We will now prove that if the variables (9.1) and (9.2) solve (1) for t > 0
then u°(x,y,z) and p°(x,y,z) solve (1) for t = 0, i.e,, then both u°(x,y,z) and
p°(x,y,z) solve (2). This is an important result of this paper. We'll use the chain
rulel?l,

Proof: Starting from (1), the three-dimensional incompressible Navier-Stokes
equations, where V-u =V-u® =0,

ap(X,t
(10) Lo + X3 (X, ) ==

1<i<3, X=(x,y,2),ifasolution (u, p) for them is (9), ie.,

6ul(X t) aul(X ) _

+ Vzui(X, t),

i

(11.1) u(X,t) = u’(%),
(11.2) p(X,t) = p°(&),

E=¢X,t)=(x+t, y+t z+t) then we have, according (3),



ap°(§) |, 9y (&) d (E)
(12) PO 1200 4 53w 2 = vvrud(6),

a .
How &; = x; + tthen—gl =% _ la di = 0 if i # j, so using the chain
6xl- Jat J

rulel] we have, for each parcel in (10) and (12),
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(13.4) Vi (X, t) = V2uP(é) = (ﬁa_xl +EE+ oxs oxs ) ud (&) =
¢ 9 0¢;
= - (a(jc 2%, az 6x> /() =%j- <af af) () =
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Adding the parcels (13), with (13.3) for each integer j = 1,2,3 and the
multiplication of (13.4) by viscosity coefficient v, we come to

0 0 0 ()
an LDy MOy w20 = v,

which is equivalent to previous Navier-Stokes equations (10) and (12) with the

solution (11), although it is not a conventional Navier-Stokes equation because the
time derivative disappears, i.e.,

oui(X,t) 3 ui(§)
(15) ot = j=1 66]

auf (§)
j=1 0%

initially, a function only of & = (&;,&,, 53), not including t, but each ¢; is a function

ow(Xt) _ 9wl _ g3 w9 _
at ot J=1 9¢; ot

Note that the right side of (15) is not “ois) 1(5) +y3

, because here u! is,

of t and for this reason here is

3 9w (©
J=1 9%

. 0¢;
, with §; = x; + t, 3t L =1,

In t = 0, when §; = x;, the equation (14) became



ou? (X)

ap°(x a (X)
(16) B4 T T B (0

vV2ul (X).

If this equation is equivalent to (2) then

du;(X,t) 3 dui(X)
(17) o lt=0 = 2j=1 ox; '

which is thereby a good manner of define or choose the temporal derivative of
velocity at t = 0 when the solution for velocity is u(X, t) = u°(é).

Similarly, for t > 0 we have

ui(Xt) _ w3 0u(®)
(18) ot - j=1 afj )

X = (X,y,Z), g = (51;52153), fi = fi(X:t) = Xj +t 1<i<3.

Concluding, assuming that (9), identical to (11), is a solution for (1),
identical to (10), we come to (16) for t = 0, which is equivalent to (2) with the
additional initial condition (17) and it has a solution (u°(X),p°(X)). This is what
we wanted to prove. O

Next, we will prove the opposite way of the previous demonstration: if
u®(x,y,2) and p°(x,y, z) solve (1) for t = 0, i.e., if both u°(x,y,z) and p°(x,y, 2)
solve (2), then the variables (u, p) given in (9.1) and (9.2) solve (1) for t > 0. This
is the fundamental result of this paper. The proof basically follows what we write
from beginning of this paper until the equations (9), increasing the
transformations (13) and the conditions (17) and (18). We'll use the chain rulel2]
again.

Proof: If uo(x,y, z) and po(x,y,z) solve the three-dimensional incompressible
(V:-u = V-u® = 0) Navier-Stokes equations

dp(X,t)
6Xi

6ul(X t) 6ul(X t)

(19) + +Yi (X ) ——= = vV2u(X,t)
fort =0, with1<i<3, X=(x,%,%)€ERS x;=x,x,=Yy, x3 =2, x;,t ER,

t > 0, thenint = 0 is valid, for each integer i belongsto 1 < i < 3,

ou? (X)

ap°(X) + 6ul(X t)
axi

(20) |¢= 0+2] 1 ](X) v72ul (X).
Supposing that u(x,y,zt) =u(x+t,y+t,z+t) and p(x,y,zt)=

p°(x +t,y +t,z+t)is a solution (u,p) for (19), we have

d O(E) d (E) 0 (s‘)
1) ot o T () = vV (9),



using & = (§;,&,,&) and & =& (X, t) =x;+t,1<i < 3.

For t = 0 the equations (20) and (21) are equals, because in t = 0 we have
& = x; and therefore & = (&,&,,&3) = (x1,x5,x3) =X

For t > 0, if (20) is valid for any X = (x,y,z) € R3 then (21) is valid for any
§€R® substituting x— & =x+t yp & =y+t, zo&=z+t x,9,Z€
R,t = 0, according transformations (22) below, so u(x,y,zt) =u’(x +t,y+
t,z+t) and p(x,y,zt)=p’(x+t,y+tz+t), ie, ulXt)=u’¢) and
p(X,t) = p°(&), solve equation (21) and therefore the Navier-Stokes equation
(19).

How &; = x; + t then Zii = Z—? =1 andg—i; = 0 if i # j, so using the chain
rulel?] we have, for each parcel in (21),

p°()) _ pEX) _ 3 %99S _ ap°(&)

(22.1) ox;  ox;  “UFY ag oax T 9
u(§) _ dwiS(X) _ w3 du((§) 9 3 9u($)
(22.2) at at I T P A Y
2 (f) ou;i(§(X,t)) ou (&) 9¢;
@23)  w(§) B = (E(X, ) S = 0 () LB =
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6 ()
0(5) LI

Jd d
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The equation (21) transformed through by (22) gives

ap°(& ou; (§ 0 (E)
(23) 03, Oy w6 MO = (),

a .
that is, we transform X +— ¢ and from §; = x; + t we have a—il = 1 and therefore
i
axl- = afl
The unexpected transformation is

oul(®) _ awiE(X0) _ w3 oud(®)

@4 ot ot “UEl ogag




making (23) not be in the form of a standard Navier-Stokes equation. In t = 0 the
transformation (24) becomes

ouf () dui(£(X,1)) ou;(X,t) ou) (X)
(25) o =0 =5 lt=0 =5 lt=0 = ?1 ox; '

¢j =xj, ¢ =X, fort =0, thus we need to assume the additional initial condition

oui(Xt) 3 oulX)

(26) o lt=0 = 2j=1 ox;

when the solution for Navier-Stokes equation (1), identical to (19), is given by (9),
i.e.,

(27.1) u(X,t) = u(é),

(27.2) p(X,t) =p°(5),

X=0,y2), =X t)=(x+t y+t z+10).

Concluding, if (u°(X),p°(X)) solve (2), identical to (20), substituting in
(20) the transformation X = &, X = (x,y,2), & = (&,&,,&3), & = x; + t, we come
to (23),

ap°(©) ou(§) 9 (E)
(28) T iy W () 5 = vVE (),

assuming the additional initial condition (26)

aui(X,t)l 3 ud(Xx)
ot 16=0 T 4j=1"5

(29)

due to transformation (24),

(&) _ w3 0u)®)

(30) ot “U=1 g
Using (30) in (28) we come to
ap° Gl d ()
(31) 204 2D 433w () D = v ),

the Navier-Stokes equations with the solution (u°(¢),p°(8)), i.e, (u(X,t),p(X,t)),
according (27), identical to (9).

Using (27) and 0¢; = 0x; in (31) we come finally to

Ip(X,t)
axi

6ul(X t) E)ul(X t)
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(32) +Z 1 U (X, t) vVau; (X, 1),



the Navier-Stokes equations (1) with the solution (u(X, t), p(X, t)). This is what we
wanted to prove. O

What we see in the two previous proofs can be applied, with the obvious
adaptations, to solutions of the form

(33.1) u(X,t) =u°(%),
(33.2) p(X,t) =p°(),

X = (x»Y»Z)» E = (Ell 62'53)) Ei = X + Ti(t)ﬂ Tl(o) = 0' 1<i< 3,

with the conditions

wiX) _ 3 0ui©9 _ 3 0u®
34 ot SU=L 98 ot J=1 ¢ ETA
and

ou;i(X,t) 3 6u?(f) / _ 3 au?(X) /
(35) ot |t 0 ] 1 af] ’1}(0) - j=1 axj ’1}(0)1

being the functions T;(t) differentiable of class Cl([O, 00)). In this case the
equations (23) and (28) are

0 d 0 ()
36) 4 33, MO 6 + 35w () 2D

- agorf(f) + )= 16125(5) [T/ (®) + ) (©)] = vVEw (§).

Note that the equation (34) implies
du; (§)
37) W) = U0 + Jy By POT0) di =
= u?(fpfz»fs) = u?(xl + T1(t), x5 + T(t), x3 + Tg(t)),

that must be true for all differentiable function uf (&) with & = x; + T;(t), T;(t)
differentiable, T;(0) =0, 1 <i < 3.

Also it is not hard see that, without major difficulties, it can be adapted to
any integer spatial dimension, n >= 1.

Including in the system a conservative external force f = (f}, f2, f3) whose
potential is U, f = VU, we can separate the total pressure p in two parts, p; and p,,,
such that p=ps+p,. In this case, the more complete equations for
incompressible Navier-Stokes equations are, for 1 < i < 3,



o) DD s (0 2450 = (0 + f,
with
(39) V-u=V-u®=0.
Defining
(40) p(X,t) = pr(X, 0) + pu(X, 1)

and the respective initial pressures

(41) p°(X) = p?(X) + pp(X),

the obtained results in equations (1) and (2) for the pressure without external
force will be attributed to p, and p2, respectively, while pr(X, t) is equal to force-

potential U, i.e.,

(42.1) Vp,=f=VU

0r(t) a generic physically and mathematically reasonable function of time, as we

already know.

Of this manner, the introduction of an external force do not change the
velocity, but only the total pressure, such that

(43) P = DPf t Du-

Then, the velocity can be calculated without the use of external force, in
case of a conservative external force f = VU.

Itis clear that in the Eulerian description[3] the computational and analytical
challenges will be, more than solving the Navier-Stokes equations for t > 0, solve
these equations for ¢ = 0, the initial instant. Unfortunately, it is not for all pair of
values (u°,p°) that exists solution to the equation (28) and related equations, so
or u? is a function of p°, or p® is a function of u°, or both u° and p° are functions of
another functions, for example, a potential function ¢ such that u® = V¢ (t = 0),
u = V¢, resulting in the known Bernouilli’s law.

It is convenient say that Cauchy in his memorable and admirable Mémoire
sur la Théorie des Ondes, firstly does a study on the equations to be obeyed by
three-dimensional molecules in a homogeneous fluid in the initial instant ¢ = 0,
coming to the conclusion which the initial velocity must be irrotational, i.e., a
potential flow. Of this manner, after, he comes to conclusion that the velocity is
always irrotational, potential flow, if the external force is conservative (a possible



exception occurs if one or two components of velocity are identically zero, when
the reasons on the molecular volume are not valid). The solution obtained by
Cauchy for Euler's equations is the Bernouilli's law, as almost always happens.
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