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Abstract. As a new branch of philosophy, the neu-
trosophy was presented by Smarandache in 1980. It was
presented as the study of origin, nature, and scope of neu-
tralities; as well as their interactions with different
ideational spectra. The aim in this paper is to introduce

the concepts of smooth neutrosophic topological space,
smooth neutrosophic cotopological space, smooth neu-
trosophic closure, and smooth neutrosophic interior.
Furthermore, some properties of these concepts will be
investigated.
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1 Introduction

In 1986, Badard [1] introduced the concept of a smooth
topological space as a generalization of the
classical topological spaces as well as the Chang fuzzy
topology [2]. The smooth topological space was
rediscovered by Ramadan [3], and El-Gayyar et al. [4]. In
[5], the authors introduced the notions of smooth
interior and smooth closure. In 1983 the intuitionistic
fuzzy set was introduced by Atanassov [[6], [7], [8]], as
a generalization of fuzzy sets in Zadeh’s sense [9], where
besides the degree of membership of each element
there was considered a degree of non-membership.
Smarandache [[10], [11], [12]], defined the notion of
neutrosophic set, which is a generalization of Zadeh’s
fuzzy sets and Atanassov’s intuitionistic fuzzy set. The
words “neutrosophy” and “neutrosophic” were invented by
F. Smarandache in his 1998 book. Etymologically,
“neutro-sophy” (noun) [French neutre < Latin neuter,
neutral, and Greek sophia, skill/wisdom] means knowledge
of neutral thought.
While “neutrosophic” (adjective), means having the nature
of, or having the characteristic of Neutrosophy.
Neutrosophic sets have been investigated by Salama et
al. [[13], [14], [15]]. The purpose of this paper is to intro-
duce the concepts of smooth neutrosophic topological
space, smooth neutrosophic cotopological space, smooth
neutrosophic closure, and smooth neutrosophic interior.
We also investigate some of their properties.

2 PRELIMINARIES

In this section we use X to denote a nonempty set, I to
denote the closed unit interval [0, 1], I, to denote the

interval (0,1], I to denote the interval [0, 1), and
1% to be the set of all fuzzy subsets defined on X.
By 0 and 1 we denote the characteristic functions of
¢ and X ,

neutrosophic sets in X will be denoted by
R(X).

respectively. The family of all

2.1 Definition [11], [12], [15]

A neutrosophic set A (NS for short) on a nonempty

set X is defined as:

A=(x,To(x),J7(x),Fp(x)), x € X

where T,LF: X —>[0,1], and
O0<STA(X)+Io(X)+FA(x)<3 representing the

degree of membership (namely Ty (X)), the degree of

indeterminacy (namely I (X)), and the degree of

non-membership (namely Fa(X)); for each element
x € Xto the set A.

2.2Definition [13], [14], [15]
The Null (empty) neutrosophic set Oy and the absolute

(universe) neutrosophic set 1y are defined as follows:

Typel : Oy =(x,0,0,1),xeX
Typell : Oy =(x,0Ll),xeX
Typel Iy =(x,1L1,0), x e X
Typell : Iy =(x,10,0),xeX
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2.3Definition [13], [14], [15]

A neutrosophic set A is a subset of a neutrosophic set
B, (A c B), may be defined as:

Typel : Ac B Ty (x) <Tg(x),
IA(x) £ Ig(x),FA(x) 2 Fg(x), VxeX
Typell : Ac B Ty (x) <Tg(x),

A (x) 2 Ig(x),FA (x) 2 Fg(x), VxeX

2.4Definition [13], [14], [15]

The Complement of a neutrosophic set A, denoted by
COA, is defined as:

: COA= <X,FA(X),1 - IA(X),TA(X)>

Typell : coA =(x,1—Tp (x),] =I5 (x),1 - F5 (x))

Typel

2.5Definition [13], [14], [15]

Let A,BeN(X)then:

Typel : AUB= <X,maX(TA (%), Tg(x)),
max(I (x),1(x)),min(Fa (x), F3(x)))
Typell : AUB= <x,max(TA(x),TB(x)),
min(I  (x), 1 (x)), min(Fa (x), Fg(x)))
Typel : A NB=(x,min(Ty(x),Tg(x)),
min(I  (x), 1 (x)),max(Fa (x), Fg (x)))
Typell : AN B=(x,min(T, (x),Tg(x)),

max(I, (x),Ig(x)),max(Fy (x), Fg (x)))
[ 1A =(x,Tp(x),I5 (x).1 - Ta (x))
( VA =(x1-Fp(x),I5(x),F5 (x))

2.6Definition [13], [14], [15]

Let {A;},i€J be an arbitrary family of neutrosophic

sets, then:
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Typel U A =(X,sup TA (x),sup IA (x), 1nf FA (x)
iel i€j i€j
Typell U A =(x,supTy, (%), 1nf Ia, (%), 1nf Fa, (x)
iel iej
Typel : r\ A; —<x 1nfTA (%), mfIA (x),sup Fy. (x)>
i€j

Typell m Aj=(x 1nfTA (x),sup IA (%), supFA (x)
i€j i€j
2.7Definition [13], [14], [15]

The difference between two neutrosophic sets A and
Bdefinedas A\B=ANcoB.

2.8Definition [13], [14]

Every intuitionistic set A on X is NS having the

form A =(x,To(x),l =(To(x) + FA(X)),FA(x)) ,
and every fuzzy set A on X is NS having the form

A=(x,TA(x),01-Tp(x)), xeX .
2.9Definition [5]
Let Y be a subset of X and A e IX

A on Y is denoted by A,y . For each BelY, the
, is defined by:

; the restriction of

extension of B on X, denoted by By

Be - B(x) if xeA
X705 ifX-Y

2.10Definition [1],[3]

A smooth topological space (STS, for short) is an ordered

pair (X, T)where X is a nonempty set and T: X 5lisa
mapping satisfying the following properties:

Ol 1(0)=t(1)=1
(02) VALA; elX, (A NAY) > T(A]) A T(A,)
(03) VApiel, (U A)= A (A

2.11Definition [1],[3]

A smooth cotopology is defined as a mapping 3 : X 51
which satisfies:
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(C)  I(0)=3(1)=1 SNCI) - 3T(0)=5'0)=3"1)=3'1)=1,
X = < <
C3) VA;,iel, 3(nB;)> A 3(B;
(C3) VA, (N B))> A 3(B) SNCLy) VBB, <1,
~T
3.Smooth Neutrosophic Topological spaces 3T(B1UBy) =T (B) AT (By),
~I
we will define two types of smooth neutrosophic (B VUBy) =23 (Bl) AN (BZ) and
topological spaces, a smooth neutrosophic topological SF(B1 UB,) < 5 (B) v S (B,)
space (SNTS, for short) take the form (X,’CT,TI,’EF) and (SNCI;) VB; c X iel, ~T(m B)> AT ’T(B ),
i€l i€l

I

the mappings ‘CT,’C ,‘CF X 1 represent the degree of

openness, the degree of indeterminacy, and the degree of
non-openness respectively.

3.1 Smooth Neutrosophic Topological spaces of
type |

In this part we will consider the definitions of typel.

3.1.1Definition

A smooth neutrosophic topology (TT,TI,‘EF) of typel

satisfying the following axioms:

(SNOI) T (0)=7'(0) =t ()=1'D)=1,
and T (0)=1"(1)=0

(SNOI,) VAA,elX,
T (AINAY) 2T (ADAT (Ay),
(A Ay =t (A AT (A,),and
(A N Ay <t (A VTT(Ay)

(SNOI ) VAieI Jdel, 1 (UA)> AT (A)
i€l €]

d(u Ai)z AT I(A)),and
o .

T (UA)< er (A)

i€l

3.1.2Definition

Let 31,30 381X

following axioms:

— 1 be mappings satisfying the

3~ B> A 3(B,),and
i€l iel]

SF(m B)< v 3'(B)
i iel

The triple (3 (~T 3! ~F) is a smooth neutrosophic

closedness, the degree of 1ndeterm1nacy, and the degree of
non-closedness respectively.

cotopology of typel, 3 represent the degree of

3.1.3Example
Let X = {a, b} .Define the mappings

TT,‘EI,TF TX STas:
1 if A=0
TA)={1 ifA=1
min(A(a),A(b)) if A isneither 0 nor 1
1 ifA=0
dA)={1 ifA=1
0.5 if A isneither O nor 1
0 if A=0
fA)={0 ifA=1

max(A(a),A(b)) if A isneither 0 nor 1

Then (X, rT,‘tI,‘CF) is a smooth neutrosophic topological

space on X .

3.1.4Proposition

Let(r ‘c ,T )and(”T 3! ”F)beasmooth

neutrosophic topology and a smooth neutrosophic

cotopology, respectively, and let A € I s
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1 (A) =31 (coA), 1 (A) = F(coA),
N )

L (A) = 3F(coA), 3T (A) = 1T (coA),
S T

3 (A)=1l(coA), and I (A) =1 (coA), then
T T

1

T o, T ,T and (3,3
1 IST 5 ESF d~IT~I

. ,SSF) are a smooth

neutrosophic topology and a smooth neutrosophic
cotopology, respectively.

T
2) T“ST =7 =T,§r =r,1:P§F =T,
\‘ET \TI \‘EF
5T 5T 5l —olsF —of,
TST T3] TSF
Proof

W) @7 () =7 () =7, (0)=7_; (1)=1,and
F F
0)=1_.(1)=0
TSF ) TSF 0y
X T _
(b) VAI’AZ el . ‘CST (Al ﬁAz) =
3T (co(A; NAy) =3 (coA; UcoAy) >
ST (coA) AT (c0Ar) =T (A ATh L (Ag)
S S
similarly, VAj,A, e IX,
A nA) =T (ADAath(A,).and
N ) S
T (A1 N AL ST (ADV T (Ag)
© VA elXiel, il (UA)=3"(coUA))
S el iel]
=3 (N coA)> A IT(coA) = A T (A)
iel iel] ie] 8
similarly, VA; € IX,i el,
t (UAD> AT (A)and
S el ie] &
F F T I F
T UA)S vt (A).Hence, (T_,T_,,T
SF (iEJ 1) ieJ SF( 1) ( ST 31 SF)

is a smooth neutrosophic topology.Similarly, we can prove
that (STT ,SII ,SFF ) is a smooth neutrosophic
T T T

cotopology.

(2) the proof is straightforward.

3.1.5Propasitian

Let {('ciT,riI,TiF)}ieJ be a family of smooth neutrosophic

topologies on X .Then their intersection M (riT , riI , riF )
i€l

1€
is a a smooth neutrosophic topology.

Proof

The proof is a straightforward result of both definition(2.6)
and difintion (3.1.1).

3.1.6Definition

Let (‘ET,’CI,’CF) be a smooth neutrosophic topology of type

I, and A € 1X . Then the smooth neutrosophic closure of
A , denoted by A is defined by:

A (O (ALT(A) T (A) = (110)

N{H:Hel* AcH,3" (H) >3 (A),
T T

> |
I

~I ~I ~F ~F
sy > 3 A), S5 H) <3 A,
T T T T

(31 (A). 3L (A T (A) = (LLO)

3.1.7Proposition

Let (‘CT,’CI,’CF) be a smooth neutrosophic topology on X,

and A,B e I . Then

(1) 0=0, 1=1

Q) AcA

3) 3L (A)23(A),3,(A) =3 (A), and
T T T T
s <3t Ay, vaer®
T T
4 B A3 (A)231.(8),3(4)2 3, (B)
T T T T

and I (A)<F . (B)=>Bc A, VABelX
T T
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) A c X this family contains A , hence, B cA= A
(6)Kﬂ§gAuB (c)ifBiE,andA;tK
Proof From definition (3.1.6) every element in the family X will

be an element in the family E , hence ﬁ C K
(1) Obvious

. . (5) From (2) , (3) and the definition (3.1.6) we have
(2) Directly from definition (3.1.6)

> |

(B3)(a)if A= A , the proof is straightforward . Ac

(b) if A # A , we have from the definition (3.1.2) and (6) (@) if A=A, and B=B, then
the

AUB=AUBSANB=ANB
definition (3.1.6):

ST (A)=3T (AH He X ACH, b)if A=A, B=B,and AUB%AUB,
T T

3} (H) > 3} (A),Sil (H) > sil (A), from (4) BC AUB, hence ANBc AUB

~ ~F ~T X — — _
Sp(H) <3 (AN 2AS r(H):HelAcH, we ()it A—A B2B,and AUB=AUB,

3T ) > 3T (A3 1) >3 (A), - -
TT( ) TT( ) TI( ) TI( ) then Ac AUB,hence ANBcCc AUB

~F ~F ~T
\STF (H)< \STF (A)} > \SrT (A) B _
[~ I dif A#A,B=B,and AUB=AUB,
can prove that J3°; (A) =2 3", (A) in a similar way.
T T
similar to(6b)

~F A\ _ &F . X _ _ -
SEA) =3 p(NH:Hel®AcH, (©)if A#A,B=B,and AUB=AUB,

‘STT (H) > ‘STT (A)"STI (H) > ‘511 (A), similar to(6c)

ST H) <3 (A <visF.H):HelX ,AcH, _ _
T T T MHif AA,B#B,and A UB=AUB, it follows

ST >3 )5 >3 (),

- -F -F from(4)thatX cAUB, hence A N B cAUB.
SHCIENONERATY

(4)(a)ifB:§,then A:Xandﬁgx.

(b)if B=B,and A=A (g)ifA;tX,B;tE,andAuB;tAuB
B=n{H:HeIX,Bc H,3 (H)> 3. (B),
T T

~I =1 ~F ~F
3L >3 @), 3 <3 @)
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AUB=n{H:Hel*,AUBCH, A ,(tT(A), T (A), T (A)) = (1,L,0)
3T(H)>3 . (AUB),J (H) >3 (AUB), K UH:HelX,Hc A,7" (H) >t (A),
T T T T =
I I F F

SFF(H)<SFF(AUB)} T(H)>1(A), T (H <1t (A)},

T T T I F

T (A),T (A), T (A)=(110
>N{H:Hel*,AUBcH, 3 (H)> (T (AT (A). T (A) # (1LO)
T

~ ~ ~I ~I ~I iti
‘STT(A)A‘STT(B)"STI(H)>‘STI(A)/\‘STI(B)’ 3.1.9Proposition

~F ~F ~F T_I_F -
J‘CF (H)< JrF (A)v ‘S‘EF (B)} Let (Tt ,T,T )be a smooth neutrosophic topology on X,

X
—N{H:Hel*,AcH,BcH, 3 (H)>3".(A) and A,BeI” . Then
T T
~ ~ ~1 ~I1
3L 1) >3t B),3 1)> 3 (A
or STT( ) S’ET( )a s_[[( ) \S‘El( )Or (1)(_):(_)0 , 1210

3ty >3 B),35 H) <35 (A)or
T 'CF T T (2) AO g A
3 () <35 (B))

SA[HHeTX,A cH, 5T () >3T (A), 3) 1 (A%) 21T (A),7'(A%) = 1I(A), and
T T

Sa(H)>3 (AT s (H) <3 p (Ao T (A% <T (A)}, VA el
(H:HeI*,BcH, 3. (H) >3 (B),
T T

@ Bc At ' (B) =1 (A),T'(B)=1(A)
3 (H)> 3, (B).3 (H) <3 (B)) ]

F F 0 o X
=[m{H:HeIX,AgH,S C(H) >3 (A), andt (B)<t (A)=B" cA” ,VA,Bel
T T

3L H)> I (A), 3 () <3 (A) 10 (5) (A%)° A

[ "N{H:HelX,BcH, 3, (H) >3 (B),
: : T T 6) (ANB)° cA° UB°
3L >3 @).55 @ <3 B) ]

_ Proof
=ANB
Similar to the procedure used to prove Proposition (3.1.7)
3.1.8Definition 3.2. Smooth Neutrosophic Topological spaces of

type Il

Let (’CT,’EI,’EF) be a smooth neutrosophic topology of
In this part we will consider the definitions of typell. In a

type I, and A € I”* . Then the smooth neutrosophic interior i inilar way as in typel, we can state the following

definitions and propositions. The proofs of the propositions
of A , denoted by A° is defined by:
of typell, will be similar to the proofs of the propositions

in typel.
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3.2.1Definition

A smooth neutrosophic topology (’ET , ’CI, TF) of typell

satisfying the following axioms:
(SNOII;) t (0)=t"(1)=1, and
dO)=tM=1""0)=1""1)=0
(SNOII,) VA A, elX,
T (AINA) 2T (ADAT (Ay),
(A NAy <t (A vTl(A,),and
(A N Ay < (ADVTT(Ay)

(SNOII3) VA; eTIX,iel, i (UA))> At (A,
i€l ieJ

T ('u Ai)S'v T (Ai),and
T (UA )< v T (A)

ie]
3.2.2Definition

c~T ¢~I C~F IX

Let3 — I be mappings satisfying the

followmg axioms:
(SNci;)  3T0)=3T(1)=1, and
30)=3'0=3"0)=3"1=0
VBB, e 1%,

ST(B;UBy) 23 (B) AT (By),
3B, UB,) < 3'(B)) v 3 (B,),and
3'(ByUBy) <3 (B) v 3 (By)
(SNCII3) VB; e IX,ie ), 3T (N B> AJ~T(B ),

i€l

(SNCII )

sl(n B;) < v 3(B;),and

3F (N B < vJ“F<B>

iel]

~T I <F

The triple (3,3, 3" ) is a smooth neutrosophic

cotopology of typell, 3 3T ‘"I, 3F represent the degree of
closedness, the degree of indeterminacy, and the degree of

non-closedness respectively.

3.2.3Example

Let X = {a,b} . Define the mappings

’ET,’EI,’CF X S Tas:

1 ifA=0
TT(A)=4{1 ifA=1
min(A(a),A(b)) if A isneither 0 nor 1
0 ifA=0
(A)={0 ifA=1
0.5 if A isneither 0 nor 1
0 ifA=0
T(A)={0 ifA=1

max(A(a),A(b)) if A isneither 0 nor 1

Then (X, rT,‘tI,‘CF) is a smooth neutrosophic topological

space on X.
Note that: the Propositions (3.1.4) and (3.1.5) are satisfied
for typell.

3.2.4Definition

Let (TT ,’l:I ,‘CF) be a smooth neutrosophic topology of type

II, and A € X . Then the smooth neutrosophic closure of
A , denoted by A is defined by:

A LELATL AL (A)=(L1L0)
S T (A)a
3h @y,

(ST (A). 3 (A). T (A) 2 (1L0)

N{H:Hel*X,AcH,3" (H)>
T

> |
I

S H)< S (A),\sTF (H)<

Also, the smooth neutrosophic interior of A , denoted by
A° is defined by:

A ,(tT(A), T (A), T (A)) = (1,L,0)
U{H:He IX,H C A,’ET(H) > rT(A),
T (H) <t A),fFH ) <F ),

(x" (AT (A), T (A)) % (1,1,0)

A°=

Note That: the Propositions (3.1.7) and (3.1.9) are
satisfied for typell.

4. Conclusion and Future Work
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In this paper, the concepts of smooth neutrosophic
topological structures were introduced. In two different
types we’ve presented the concepts of smooth
neutrosophic topological space, smooth neutrosophic
cotopological space, smooth neutrosophic closure, and
smooth neutrosophic interior. Due to unawareness of
the behaviour of the degree of indeterminacy, we’ve

chosen for ' to act like T' in the first type, while in

the second type we preferred that © behaves like t" .
Therefore, the definitions given above can also be
modified in several ways depending on the behaviour of

I .
T . Moreover, as a consequence of our choices of the

performance of t! , one can see that: In typel, booth

t and ! defined in (3.1.1) with their conditions are

smooth topologies; while in typell, only t1 defined in
(3.2.1) with its conditions is a smooth topology.
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