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In this article, we prove several theorems 

about the radical center and the radical 

circle of ex-inscribed circles of a triangle 

and calculate the radius of the circle from 

vectorial considerations. 

1st Theorem. 

The radical center of the ex-inscribed circles of 

the triangle 𝐴𝐵𝐶 is the Spiecker’s point of the triangle 

(the center of the circle inscribed in the median 

triangle of the triangle 𝐴𝐵𝐶). 

Proof. 

We refer in the following to the notation in 

Figure 1. Let 𝐼𝑎 , 𝐼𝑏 , 𝐼𝑐 be the centers of the ex-inscribed 

circles of a triangle (the intersections of two external 

bisectors with the internal bisector of the other angle). 

Using tangents property taken from a point to a circle 

to be congruent, we calculate and find that: 

𝐴𝐹𝑎 = 𝐴𝐸𝑎 = 𝐵𝐷𝑏 = 𝐵𝐹𝑏 = 𝐶𝐷𝑐 = 𝐶𝐸𝑐 = 𝑝, 

𝐵𝐷𝑐 = 𝐵𝐹𝑐 = 𝐶𝐷𝑏 = 𝐶𝐸𝑏 = 𝑝 − 𝑎, 
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𝐶𝐸𝑎 = 𝐶𝐷𝑎 = 𝐴𝐹𝑐 = 𝐴𝐸𝑐 = 𝑝 − 𝑏, 

𝐴𝐹𝑏 = 𝐴𝐸𝑏 = 𝐵𝐹𝑐 = 𝐵𝐷𝑐 = 𝑝 − 𝑐. 

If 𝐴1  is the middle of segment 𝐷𝑐𝐷𝑏 , it follows 

that 𝐴1  has equal powers to the ex-inscribed circles 

(𝐼𝑏) and (𝐼𝑐). Of the previously set, we obtain that 𝐴1 

is the middle of the side 𝐵𝐶. 

 
Figure 1. 

Also, the middles of the segments 𝐸𝑏𝐸𝑐 and 𝐹𝑏𝐹𝑐, 

which we denote 𝑈 and 𝑉, have equal powers to the 

circles (𝐼𝑏) and (𝐼𝑐).  

The radical axis of the circles ( 𝐼𝑏 ), ( 𝐼𝑐 ) will 

include the points 𝐴1, 𝑈, 𝑉. 

Because 𝐴𝐸𝑏 = 𝐴𝐹𝑏 and 𝐴𝐸𝑐 = 𝐴𝐹𝑐, it follows that 

𝐴𝑈 = 𝐴𝑌 and we find that ∢𝐴𝑈𝑉 =
1

2
∢𝐴, therefore the 
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radical axis of the ex-inscribed circles (𝐹𝑏) and (𝐼𝑐)  is 

the parallel taken through the middle 𝐴1 of the side 𝐵𝐶 

to the bisector of the angle 𝐵𝐴𝐶.  

Denoting 𝐵1 and 𝐶1 the middles of the sides 𝐴𝐶, 

𝐴𝐵, respectively, we find that the radical center of the 

ex-inscribed circles is the center of the circle inscribed 

in the median triangle 𝐴1𝐵1𝐶1 of the triangle 𝐴𝐵𝐶.  

This point, denoted 𝑆, is the Spiecker’s point of 

the triangle ABC. 

2nd Theorem. 

The radical center of the inscribed circle (𝐼) and 

of the 𝐵 −ex-inscribed and 𝐶 −ex-inscribed circles of 

the triangle 𝐴𝐵𝐶 is the center of the 𝐴1 − ex-inscribed 

circle of the median triangle 𝐴1𝐵1𝐶1, corresponding to 

the triangle 𝐴𝐵𝐶). 

Proof. 

If 𝐸 is the contact of the inscribed circle with 𝐴𝐶 

and 𝐸𝑏 is the contact of the 𝐵 −ex-inscribed circle with 

𝐴𝐶 , it is known that these points are isotomic, 

therefore the middle of the segment 𝐸𝐸𝑏 is the middle 

of the side 𝐴𝐶, which is 𝐵1.  

This point has equal powers to the inscribed 

circle (𝐼) and to the 𝐵 −ex-inscribed circle (𝐼𝑏), so it 

belongs to their radical axis.  
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Analogously, 𝐶1  is on the radical axis of the 

circles (𝐼) and (𝐼𝑐).  

The radical axis of the circles (𝐼), (𝐼𝑏 ) is the 

perpendicular taken from 𝐵1 to the bisector 𝐼𝐼𝑏.  

This bisector is parallel with the internal 

bisector of the angle 𝐴1𝐵1𝐶1 , therefore the 

perpendicular in 𝐵1 on 𝐼𝐼𝑏  is the external bisector of 

the angle 𝐴1𝐵1𝐶1 from the median triangle.  

Analogously, it follows that the radical axis of 

the circles (𝐼), (𝐼𝑐) is the external bisector of the angle 

𝐴1𝐶1𝐵1 from the median triangle.  

Because the bisectors intersect in the center of 

the circle 𝐴1 -ex-inscribed to the median triangle 

𝐴1𝐵1𝐶1, this point 𝑆𝑎 is the center of the radical center 

of the circles (𝐼), (𝐼𝑏), (𝐼𝑐). 

Remark. 

The theorem for the circles (𝐼), (𝐼𝑎), (𝐼𝑏) and (𝐼), 

(𝐼𝑎 ), (𝐼𝑐 ) can be proved analogously, obtaining the 

points 𝑆𝑐 and 𝑆𝑏. 

3rd Theorem. 

The radical circle’s radius of the circles ex-

inscribed to the triangle 𝐴𝐵𝐶 is given by the formula: 
1

2
√𝑟2 + 𝑝2, where 𝑟 is the radius of the inscribed circle. 
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Proof. 

The position vector of the circle 𝐼  of the 

inscribed circle in the triangle ABC is: 

𝑃𝐼⃗⃗⃗⃗ =
1

2𝑝
(𝑎𝑃𝐴⃗⃗⃗⃗  ⃗ + 𝑏𝑃𝐵⃗⃗⃗⃗  ⃗ + 𝑐𝑃𝐶⃗⃗⃗⃗  ⃗). 

Spiecker’s point 𝑆 is the center of radical circle 

of ex-inscribed circle and is the center of the inscribed 

circle in the median triangle 𝐴1𝐵1𝐶1, therefore: 

𝑃𝑆⃗⃗ ⃗⃗  =
1

𝑝
(
1

2
𝑎𝑃𝐴1
⃗⃗ ⃗⃗ ⃗⃗  ⃗ +

1

2
𝑏𝑃𝐵1
⃗⃗ ⃗⃗ ⃗⃗  ⃗ +

1

2
𝑐𝑃𝐶1
⃗⃗ ⃗⃗ ⃗⃗  ⃗). 

 
Figure 2. 

We denote by 𝑇 the contact point with the 𝐴-ex-

inscribed circle of the tangent taken from 𝑆  to this 

circle (see Figure 2).  
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The radical circle’s radius is given by: 

𝑆𝑇 = √𝑆𝐼𝑎
2 − 𝐼𝑎

2  

𝐼𝑎𝑆⃗⃗⃗⃗⃗⃗ =
1

2𝑝
(𝑎𝐼𝑎𝐴1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + 𝑏𝐼𝑎𝐵1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + 𝑐𝐼𝑎𝐶1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ). 

We evaluate the product of the scales 𝐼𝑎𝑆⃗⃗⃗⃗⃗⃗ ∙ 𝐼𝑎𝑆⃗⃗⃗⃗⃗⃗  ; 

we have: 

𝐼𝑎𝑆
2 =

1

4𝑝2 (𝑎2𝐼𝑎𝐴1
2 + 𝑏2𝐼𝑎𝐵1

2 + 𝑐2𝐼𝑎𝐶1
2 + 2𝑎𝑏𝐼𝑎𝐴1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙

𝐼𝑎𝐵1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + 2𝑏𝑐𝐼𝑎𝐵1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + 2𝑎𝑐𝐼𝑎𝐴1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ). 

From the law of cosines applied in the triangle 

𝐼𝑎𝐴1𝐵1, we find that: 

2𝐼𝑎𝐴1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐵1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝐼𝑎𝐴1
2 + 𝐼𝑎𝐵1

2 −
1

4
𝑐2, therefore: 

2𝑎𝑏𝐼𝑎𝐴1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐵1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑎𝑏(𝐼𝑎𝐴1
2 + 𝐼𝑎𝐵1

2 −
1

4
𝑎𝑏𝑐2. 

Analogously, we obtain: 

2𝑏𝑐𝐼𝑎𝐵1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐶1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑏𝑐(𝐼𝑎𝐵1
2 + 𝐼𝑎𝐶1

2 −
1

4
𝑎2𝑏𝑐, 

2𝑎𝑐𝐼𝑎𝐴1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐼𝑎𝐶1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑎𝑐(𝐼𝑎𝐴1
2 + 𝐼𝑎𝐶1

2 −
1

4
𝑎𝑏2𝑐. 

𝐼𝑎𝑆
2 =

1

4𝑝2
[(𝑎2 + 𝑎𝑏 + 𝑎𝑐)𝐼𝑎𝐴1

2 + (𝑏2 + 𝑎𝑏 +

𝑏𝑐)𝐼𝑎𝐵1
2 + (𝑐2 + 𝑏𝑐 + 𝑎𝑐)𝐼𝑎𝐶1

2 −
𝑎𝑏𝑐

4
(𝑎 + 𝑏 + 𝑐)], 

𝐼𝑎𝑆
2 =

1

4𝑝2 [2𝑝(𝑎𝐼𝑎𝐴1
2 + 𝑏𝐼𝑎𝐵1

2 + 𝑐𝐼𝑎𝐶1
2) − 2𝑅𝑆𝑝],  

𝐼𝑎𝑆
2 =

1

2𝑝
(𝑎𝐼𝑎𝐴1

2 + 𝑏𝐼𝑎𝐵1
2 + 𝑐𝐼𝑎𝐶1

2) −
1

2
𝑅𝑟. 

From the right triangle 𝐼𝑎𝐷𝑎𝐴1, we have that: 

𝐼𝑎𝐴1
2 = 𝑟𝑎

2 + 𝐴1𝐷𝑎
2 = 𝑟𝑎

2 + [
𝑎

2
− (𝑝 − 𝑐)]

2

= 

= 𝑟𝑎
2 +

(𝑐−𝑏)2

4
 . 

From the right triangles 𝐼𝑎𝐸𝑎𝐵1  și 𝐼𝑎𝐹𝑎𝐶1 , we 

find: 
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𝐼𝑎𝐵1
2 = 𝑟𝑎

2 + 𝐵1𝐸𝑎
2 = 𝑟𝑎

2 + [
𝑏

2
− (𝑝 − 𝑏)]

2

= 

= 𝑟𝑎
2 +

1

4
(𝑎 + 𝑐)2, 

𝐼𝑎𝐶1
2 = 𝑟𝑎

2 +
1

4
(𝑎 + 𝑏)2. 

Evaluating 𝑎𝐼𝑎𝐴1
2 + 𝑏𝐼𝑎𝐵1

2 + 𝑐𝐼𝑎𝐶1
2, we obtain: 

𝑎𝐼𝑎𝐴1
2 + 𝑏𝐼𝑎𝐵1

2 + 𝑐𝐼𝑎𝐶1
2 = 

= 2𝑝𝑟𝑎
2 +

1

2
𝑝(𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐) −

1

4
𝑎𝑏𝑐. 

But:  

𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐 = 𝑟2 + 𝑝2 + 4𝑅𝑟. 

It follows that: 
1

2𝑝
[𝑎𝐼𝑎𝐴1

2 + 𝑏𝐼𝑎𝐵1
2 + 𝑐𝐼𝑎𝐶1

2] = 𝑟𝑎
2 +

1

4
(𝑟2 + 𝑝2) +

1

2
𝑅𝑟  

and 

𝐼𝑎𝑆
2 = 𝑟𝑎

2 +
1

4
(𝑟2 + 𝑝2). 

Then, we obtain: 

𝑆𝑇 =
1

2
√𝑟2 + 𝑝2. 
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