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Abstract

In 1980 F. Wattenberg constructed the Dedekind completion*Ry4 of the Robinson
non-archimedean field *R and established basic algebraic properties of *Rq4 [6]. In 1985
H. Gonshor established further fundamental properties of *Rq4 [7].In [4] important
construction of summation of countable sequence of Wattenberg numbers was
proposed and corresponding basic properties of such summation were considered. In
this paper the important applications of the Dedekind completion*R4 in transcendental
number theory were considered. We dealing using set theory ZFC + —3(w-model of
ZFC).Given an class of analytic functions of one complex variable f € Q[[z]], we
investigate the arithmetic nature of the values of f(z) at transcendental points
e",n € N.Main results are: (i) the both numbers e + 7 and e x r are irrational, (ii) number
e® is transcendental. Nontrivial generalization of the Lindemann- Weierstrass theorem is
obtained.
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1.Introduction.
1.1.

In 1873 French mathematician, Charles Hermite, proved that e is transcendental.
Coming as it did 100 years after Euler had established the significance of e, this meant
that the issue of transcendence was one mathematicians could not afford to
ignore.Within 10 years of Hermite’s breakthrough,his techniques had been extended by
Lindemann and used to add = to the list of known transcendental numbers.
Mathematician then tried to prove that other numbers such as e+ 7 and e x 7 are



transcendental too,but these questions were too difficult and so no further examples
emerged till today’s time. The transcendence of € has been proved in1929 by
A.O.Gel'fond.

Conjecture 1. Whether the both numbers e+ 7 and e x z are irrational.

Conjecture 2. Whether the numbers e and = are algebraically independent.

However, the same question with e and = has been answered:

Theorem.(Nesterenko,1996 [1]) The numbers e* and = are algebraically

independent.

Throughout of 20-th century,a typical question: whether f(a) is a transcendental
number for each algebraic number a has been investigated and answered many
authors.Modern result in the case of entire functions satisfying a linear differential
equation provides the strongest results, related with Siegel's E-functions
[1],[2].Reference [1] contains references to the subject before 1998, including Siegel E
and G functions.

Theorem.(Siegel C.L.) Suppose that L € Q,A # -1,-2,...,a # 0.

. . (1.1)
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Then ¢, () is a transcendental number for each algebraic number o + 0.
Let f be an analytic function of one complex variable f € Q[[z]].
Conjecture 3.Whether f(a) is an irrational number for given
transcendental number a.

Conjecture 4.Whether f(a) is a transcendental number for given
transcendental number a.
Remark 1.1. In classical analysis usually one dealing using set theory

ZFC, = ZFC + 3(w-model of ZFC)

under assumption:
Assumption 1.1. Con(ZFC,).
However in this paper we dealing using strictly weaker than set theory ZFC,,, set theory

ZFC_, = ZFC + —3(w-model of ZFC)

under assumption:
Assumption 1.2. Let MM by any countable nonstandard model of ZFC_,,, let PRA be

primitive recursive arithmetic and let Mgz, be a standard model of PRA. Then

(i) there exist an countable nonstandard model Mfi of ZFC_,,,

(i) there exist standard model Mgz, and (i) Mgz, < MM,

(iii) Con(ZFC_,).

Remark 1.1. In this paper using set theory ZFC_,, we investigate the arithmetic nature
of

the values of f(z) at transcendental points €",n € N.

Definition 1.1. Let g(x) : R - R be any real analytic function such that: (i)



OJo(X) = Zanx”,|x| <r,Vnla, € Q], (1.2)
n=0

and where (ii) the sequence {a,} . iS primitive recursive (constructive).

We will call any function given by Eq.(1.2) constructive Q-analytic function and
denoted

such function by go(X).

Definition 1.2.[3],[4]. A transcendental number z € R is called #transcendental
number

over field Q, if there does not exist constructive Q-analytic

function gq(x) such that go(z) = 0,i.e. for every constructive Q-analytic function gq(X)
the

inequality gq(z) # Ois satisfied.

Definition 1.3.[3],[4].A transcendental number zis called w-transcendental

number over field Q,if zis not #transcendental number over field Q,i.e.there

exists an constructive Q-analytic function gq(x) such that gq(z) = O.

Notation 1.1.We will call for a short any constructive Q-analytic function gq(x) simply

Q-analytic function.

Example 1.1. Number z is transcendental but number 7 is not #-transcendental
number

over field Q as

(1) function sinx is a Q-analytic and

) sin(%) - 1ie.

3 5 7 (_1) 2n+ln.2n+l (1. 3)
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Note that the sequence ay = —4———
a " 2(2n + 1)

,n=012.... obviously is primitive

recursive.

Example 1.2. Let vo = 1. For each n > 0 choose an rational number v, inductively
such

that

1-> vk = ()™ < vpe" < 1- 3 vk

The rational number v, exists because the rational numbers are dense. Now the
power

series f(x) = 1- Zlevne” has the radius of convergence « and f(e) = 0.However any

sequence {vn} . Obviously is not recursive.

Main results are.

Theorem 1.1.[18,19].Set theory ZFC,, = ZFC + 3(w-model of ZFC) is inconsistent.

Remark 1.1.Note that theorem 1.1was proved in [18,19] by using an non trivial

generalization of the classical L6b’s theorem. In this paper we prove —Con(ZFC,,)
directly.

Theorem 1.2.Assume that set theory ZFC_,, = ZFC + —3(w-model of ZFC) is
consistent.



Let {vi} . be standard sequence defined above and let M_,, by any countable

nonstandard model of ZFC_,,. Then {v§}, ., ¢ M.

Remark 1.2. Note that a statement {v,} ., € M is a seems in contradiction with

standard intuition, however that arises from the downward Lowenheim-Skolem
theorem

and presents an form of known Skolem’s "paradox".

Theorem 1.3.[3],[4].Number e is #transcendental over Q.

From theorem 1.1 immediately follows.

Theorem 1.4.Number €€ is transcendental.

Theorem 1.5.[3],[4]. The both numbers e+ = and e— x are irrational.

Theorem 1.6.For any ¢ € Q number e is #-transcendental over the field Q.

Theorem 1.7.[3],[4]. The both numbers e x = and e x = are irrational.

Theorem 1.8.[4] Let fi(2),| = 1,2,... be a polynomials with coefficients in Z.

Assume that for any | € N algebraic numbers over the field Q : B1,..., B,

ki > 1,1 = 1,2,... form a complete set of the roots of f;(z) such that

fi(z) € 7[z],degfi(2) = ki, (1.4)
anda € Q,| = 1,2,...;a0 # 0, where the sequence {a, }, is primitive recursive.
Assume

that
% k
a0+ Y _fai|D_Jefu| < w. (1.5)
=1 k=1
Then
0 ki
a+ Y a Yy el %0 (1.6)
=
Remark 1.3. Note that Theorem 1.3-1.8 can be proven (instead set theory ZFC_,, )
using a

theory RCA + 3S,.Here (i) RCAy is the subsystem of second-order arithmetic whose

axioms are the axioms of Robinson arithmetic, induction for =9 formulas, and

comprehension for A9 formulas and (ii) S, a minimal w-model of RCA, where S,

consists of the all recursive subsets of w [15]. In this case one can use constructive

Moerdijk’s approach instead nonconstructive ultrapower construction acepted in this
paper;

see Remarks 1.4-1.5 below.

Remark 1.4.The subsystem RCA, is the one most commonly used as a base system
for reverse mathematics. The initials "RCA" stand for "recursive comprehension axiom”,
where "recursive" means "computable”, as in recursive function.This name is used
because RCA, corresponds informally to "computable mathematics". In particular, any
set of natural numbers that can be proven to exist in RCA, is computable, and thus any
theorem which implies that noncomputable sets exist is not provable in RCAy. To this
extent, RCA, is a constructive system.

Remark 1.5. As is well known, elementary nonarchimedean extensions of the real
number structure R can be obtained in essentially two different ways, both
nonconstructive: one is to use an ultrapower construction [5], the other is to use the



compactness theorem.

As is known from topos theory the category of sheaves over a generalised topological
space is a universe of variable sets a Grothendieck topos which obeys the laws of
intuitionistic logic rather than classical logic We briefly review Moerdijk’s sheaf model
construction from [9]-[10].To motivate the construction recall Los’s fundamental theorem
for ultrapowers which states that for any ultrafilter U on a set | any £-structure M and
any £-formula ®(x1,...,Xn),

M'/U E ®(ai,...,an) < {i € M E ®(ai(i),...,an(i))} (1.7)

That the filter is an ultrafilter i.e. maximal among proper filters on I is crucial for proving
the equivalence when involves the logical constants and Moerdijk gave a constructive
analogue of Los’s fundamental theorem, by changing the notion of model to a sheaf
model over a category of filters The idea of shifting to a nonstandard semantics occurs
also in Martin L6f [11].

Afilter base & = (F,{Fi},,) consists of a nonvoid index set | and a family {F;},_ of
subsets of an underlying set F called base sets satisfying the filtering condition for all
i,j €1 there exists k € | such that Fx < Fi N F;. The filter generated is then
{Sc F: (3i € I)Fi < S} For constructive reasons it will be better to work only withthe
bases of filters. So in the sequel we shall abuse the language and simply call them
filters. Let F = (F,{Fi};) and 3 = (G, {Gi},,) be filters. A continuous map a from & to
J insymbols o : & - J is a partial function a : F - G which is totally defined on some
base set of F and satisfies the continuity condition (Vj € J)(3i € |) {e[Fi] < G;} Two
such morphisms are equivalent if they agree on some base set of F. The filters together
with the continuous maps then form a category B with terminal object and all pullbacks
see [9] and [12]. For each set A there is a trivial filter A = (A{A}). In this way the
category of sets can be considered as a full subcategory of B. Note that the set of
morphisms from & to A, Homg(F,A) can be identified with the reduced power AF/F As
for any category the hom-sets give a contravariant functor

*A £ Homg(—,A) : B® - Sets. (1.8)

We now define a Grothendieck topology K on B so that *A becomes a sheaf Let 3® =
{G“‘), {Gj(g(k)}}, k=1,...,nand F = (F,{Fi}_) be filters. A finite set of continuous
maps {Bx : I® - F}  is called a K-cover of F if for all j; € IV,...,j, € I™ there

exists i € | for which

iel

B[ G ] U...UB[G ] 2 Fi (1.9)

Incase {f : 3 - F} gis a cover, we say that § is a covering map which is the same as
an epimorphism in B. The category of sheaves over the topology (B,K) denoted N for
nonstandard universe U is a universe containing both standard and nonstandard
objects. With this topology each presheaf of the form *A becomes a sheaf. This sheaf is
the nonstandard version of A. The sheaf of locally constant functions A(A) is a subsheaf
of *A denoted by °A which constitute the standard elements of *A. In particular each
constant element

*a=X— ae *A(F) is standard. For each relation R < A; x - - -A, define a subsheaf
*R of *Ap x ««+x *A, by

(a1,...,0n) € RF) < 3i € D(Yu e F)[(ay,...,an) € R], (1.10)



where & = (F,{Fi},.,).We assume now that £ is a first order language including
symbols for all sets relations functions and constants of interest to us here this can be
made precise using universes of sets. *£ denotes the language where all symbols have
been decorated with x.For any £ formula ® we define its * transform *® to be the *£
formula where all symbols have been replaced by their starred counterparts. A formula
which is a transform of an £ formula is called internal. The language *-£ can be regarded

as a sublanguage of the language ii(ﬁ) of the topos N. We now use ordinary sheaf

semantics to interpret i(ﬁ).Corresponding to the fundamental theorem for ultrapowers

we have the following:
Theorem (Moerdijk) Let ®(x,...,Xn) be an £ formula where xj,...,Xn vary
over S,...,S, respectively Then for a; € *Si(F),...,an € *Sy(F) :

Fr "®(ay,...,an) iff @i e )(Vue F)[®(ay,...,an)]. (1.11)

We list the main principles valid for the model N but refer to [12-13].
Theorem. (Transfer principle). For any £ formula @ : @ is true iff *® holds in N.

Theorem. (Idealization). The following is true in N for any £-formula @ : If for any
standard

n and any sequence ay, ...,an € °Sthere exists z € *T such that *®(x, ax, z) for

k=0,...,n, then there is some z € *T such that for all € °S . ®(x,y,2).

Theorem. (Underspill). The following holds in N for any £L-formula @ : If *®(x,n) for all
in finite n € *N then there is some standard n with *®(x, n).

In paper [14] the x1-saturation principle was established, see [14] Theorem 3.1.
Thereby all the main principles of nonstandard analysis are available to us Note however
that the transfer principle is weaker than the usual since the interpretation of the logical

constants is nonstandard in N. As a consequence the standard part map does not take
its customary form (see [14] section 4). Moreover induction and dependent choice is
valid in N for the set of standard natural numbers °N; see [12]. This means that the
results of constructive analysis [16-17] can be reused within the model. To prove results
in constructive analysis one need to use the transfer principle For some examples of
this, see [14] Section 5.

1.2. Preliminaries.Short outline of Dedekind tipe

hyperreals

Let R be the set of real numbers and *R a nonstandard model of R [5].Of course *R is
not Dedekind complete.For example, u(0) = {x ¢ "R.|x~ 0} £ &4 and R are bounded

subsets of *R which have no suprema or infima in *R.Possible completion of the field *R
can be constructed by Dedekind sections [6],[7]. In [6] Wattenberg constructed the
Dedekind completion of a nonstandard model of the real numbers and applied the
construction to obtain certain kinds of special measures on the set of integers. Thus was
established that the Dedekind completion *Rq4 of the field *R is a structure of interest not
for its own sake only and we establish further important applications here. Important
concept introduced by Gonshor [7] is that of the absorption number of an element

a €*R4 which, roughly speaking, measures the degree to which the cancellation law



a+b=a+c= b=cfails for a.
We remind that there exist natural imbedding

ji: Ro R, (1.2.1)
see for example [5].We will be denoted the image of this imbedding j(R) by *Rg.
Definition 1.2.1. Let n e*N\N and m *N\N relatively prime hypernaturals, i.e. the only
positive integer that divides both of them is 1, and let € € *R, € =~ 0, We will say that

hyperrational number n/m is e-near-standard iff there exists n(e) = 0,n(e) > 0 such
that

|t(fr) = | = e, (1.2.2)
where n(e) € e x egand g4 = €4 N *R,.
We will be denoted a set of the all e-near-standard hyperrational numbers by *Rp «(¢€).
Definition 1.2.2.Let *R«(¢) be a set such that

vx(xe "Re(e)) = [(y € "Ras(e)) ]V
{[Iy(y € Re)]A[Fzze exe)A[x=y+2Z]} V (1.2.3)
{[3y(y € Ras) |A[F2Az € exeg)]A[X=Yy+2]}.

Note that *R«(€) is a subring of *R.
Definition 1.2.3. Let N €*N\N and let jy be morphism jn : *Rg(€) — *R such that
vx(x € "Rg(e))

IN(X) = N x x. (1.2.4)

We will be denoted the image jn(*R«(€)) of this morphism by *Rg(e,N)
Note that *Rg(e,N) is a submodule of *R.

2.1 The Dedekind hyperreals *Rq and *Rg4(€).

Definition 2.1.Let *R be a nonstandard model of R and P(*R) the power set of *R.

(i) A Dedekind hyperreal @ € *Rg4,a ¢ *R is an ordered pair {U,V} € P(*R) x P(*R)
that

satisfies the next conditions:

13x3y(xe UAYy e V).2.UNV=3.3.Vx(xe U = Fy(y e VAX<Y)).

4. VX(Xxe Ve Yye VAX<Y)).5 VXVy(Xx<y=Xxe UVyeV).

(i) A Dedekind hyperreal a € *Rgq4(€),a ¢ *R is an ordered pair

{U,Vc} € P(*Rg(€)) x P(*Rg«(€)) that satisfies the next conditions:
1.3x3y(x e Uc Ay e Ve).2. U NV = D.3.VX(X € U & FY(y € VEAX<Y)).
4. VXX € Ve &= V(Y € VEAX<Y)).5. UXVY(X <y = Xxe U VYy e V).

(iii) A Dedekind hyperreal a € *Rgq4(¢,N),a ¢ *R is an ordered pair

{UN VeNY e P(*Rg(e,N)) x P(*R«(e,N)) that satisfies the next conditions:

1.3x3y(x e USN Ay e VeN) 2, UsN N VN = 3.3 ¥x(x € UN < TFy(y e VN Ax < y)).
4. Vx(x € VN < Fy(y e VENAX < ¥)).5. VXVY(X <y = x € UN vy e Vo),

Compare the Definition 2.1 with original Wattenberg definition [6],(see [6] def.Il.1).
Designation 2.1. (i) Let {U,V} £ a € *R4. We have designate in this paper



U= cut_(a),V = cut (a)

(2.1.1)
a = {cut_(a),cut.(a)}.

(i) Let {Uc,V+ £ a € *Rgg(€). We have designate in this paper

U = cut_(a,¢€),Ve = cut,(a,c)

(2.1.2)
a = {cut_(a,¢),cut.(a,e)}.

(iii) Let {UeN, VeNL 2 ¢ € *R44(€,N). We have designate in this paper

UeN 2 cut_(a,e,N),VeN 2 cut (a,e,N)

(2.1.3)
a = {cut_(a,N),cut,(a,N)}

Designation 2.2. (i) Let a € *R4.We have designate in this paper

ax = cut_(a),a” 2 cut,(a)

2.1.4
a = {axa”}. ( )

(il) Let @ € *Rg4(€). We have designate in this paper

ay = cut_(a,e),a = cut,(a,¢) (2.1.5)
a = {ay, o},
(iii) Let « € *Rg.q(e,N).We have designate in this paper

A

as., = cut_(ae,N),a%nN £ cut.(ae,N) 2.1.6)
a = {au, 0" N}
Remark 2.1. (i) The monad of o € *R is the set: {x € "R|x ~ a} is denoted by u(a).
Supremum of u(0) in *Ry is denoted by ¢4. Supremum of R is denoted by Ay4.Note
that

[6]
gq = (-0,0]U p(0),
Ad = U[*(—oo,n)].

neN
(i) The monad of a € *Ry(e) is the set: {x € "Rg(€)|X ~ a} is denoted by p.(a) or
u(a,e).Supremum of u.(0) in *Rg q(€) is denoted by q4(€) or 5. Note that

ed(€) = {("(=,0]) N ("Rx(€))} U ue(0),
eq(€) = € x gy.

(i) Let A be a subset of *R bounded above. Then sup(A) exists in *Rq [6].

(iv) Let A be a subset of *Rg(e) bounded above. Then sup(A) exists in *Rg g(€).

(v) Let A be a subset of *R«(e,N) bounded above. Then sup(A) exists in *Rg4(€,N).
Example 2.1. (i) Ag = sUp(R.) € *Ra\"'R, (i) £4 = sup( u(0)) € *Rq\*R.

Remark 2.2. Note that the set *Rq4 inherits some but by no means all

of the algebraic structure on *R.For example: (i) *Rq is not a group with

respect to addition since if X ++z, y denotes the addition in *Rq then:

£d +*ry €d = &d +*ry O+, = €4. Thus *R4 is not even a ring but pseudo-ring only.



(i) *Re.q(€) is not a group with respect to addition since if X+ ) Y denotes the

addition

is

or

in *Rg.q(€) then:gq(e) +*Rgq(e) gq(€) = €q(€) +*Rg 4(e) Org4() = £4(€).Thus *Rg4(€) is not
even a ring but pseudo-ring only.

Definition 2.2 We define:

1.(a)The additive identity in *Rq4 (zero cut in *R) O-g,, often denoted by 0% or simply O

Omy 2 {Xe R|x< O}
1.(b) The additive identity in *Rgq4(¢) (zero cut in *Rg(€)) O+rg ), Often denoted by 0%

simply O is O+rg () = {X e "Rg(e)| x < O*Rst(é)}'
1.(c) The additive identity in *Rgq(e,N) (zero cut in *Rg(e,N)) O-r, ). Often denoted

by

is

1e

0 or simply Oc is O-r e n) 2 {X € Ra(e,N)|X < O-rgeen) p-

2.(a) The multiplicative identity in *Rg4 : 1-g,, often denoted by 1# or simply 1 is

1*[Rd e {X € *IR|x <*R 1*[&}.

2.(b) The multiplicative identity in *Rg.q(€) : L-ry,e), Often denoted by 1% or simply 1.

Lrggo = {X € Ra(€)|X <:ma() Lra(o) -
2.(c) The multiplicative identity in *Rg.q(e,) : 1+rg 4N, Often denoted by 1%~ or simply

N

IS Lirgge) 2 {X € "Ra(e,N)|X <gg(e) Lomgien) }-

3.(a) Given two Dedekind hyperreal numbers a € *Rq4 and 8 € *Rg4 we define:
Addition « ++, B of « and p often denoted by o + § is

a+p2{x+ylxeaye p}.

Itis easy to see that a ++r, O+r, = a for all @ € *Rg.

It is easy to see that a ++r, f IS again a cut in *R and a ++¢, = f ++r, @.

Another fundamental property of cut addition is associativity:

(@+mry B)+org 7 = @Ry (B+ery 7).

This follows from the corresponding property of *R.

3.(b) Given two Dedekind hyperreal numbers a € *Rg4(€) and € *Rg.q(€) we define:
Addition a ++r4 ) B Of @ and p often denoted by a +¢ f is
a+ef2{x+ylxeayep}.

It is easy to see that a ++rg ) Orgqe) = @ fOr all @ € *Rg q(€).

It is easy to see that o ++r () B IS again a cut in *Rg(e) and o ++ry4¢) B = B+ Ryq(e) O-
Another fundamental property of cut addition is associativity:

(@ +Rgu(e) B) +Raae) ¥ = @ +Ryqg(e) (B +*Ryqe) V)

This follows from the corresponding property of *R«(€).

3.(c) Given two Dedekind hyperreal numbers a € *Rg4(e,N) and € *Rgq(e,N) we
define:

Addition a ++ry 4Ny B Of @ and p often denoted by a +cn B is

a+en B2 {x+ylxeayep}.

It is easy to see that o ++r 4e,N) Orgqen) = @ fOr all @ € *Rgq(e,N).

It is easy to see that a ++r 4Ny B IS again a cut in *Rg(e,N) and



A +Rgg(eN) B = B+ Rgu(eN) Q-

Another fundamental property of cut addition is associativity:

(@ +RygeN) B) +RaaeN) ¥ = & +Ryg(eN) (B +*Rag(eN) 7)-

This follows from the corresponding property of *R«(€,N).

4.(a) The opposite —g, a of a, often denoted by (—a)™ or simply by —q, is

—a 2 {xe "R| —x ¢ a,~xis not the least element of "R\a }.

4.(b) The opposite —-g, ) @ of a, often denoted by (—a)* or simply by —. «, is

—ca 2 {xe "Rq(e)| —x ¢ a,~xis not the least element of "Rg(e)\a }-

4.(c) The opposite —+&, Ny @ Of a, often denoted by (—a)*N or simply by —cn a, is

—ena 2 {xe "Ra(e,N)| —x ¢ a,—xis not the least element of "Rg(e)\a }.

5.(a)We say that the cut_(a) is positive if O, <z, a i.e., 04 & ay, Or negative if

a <-g, O i.€., ax & 04 The absolute value of a,denoted |a|,is |¢| £ «,if a+r, > O+g,
and

la] £ —r, a,if a <g, O:g,.

5.(b)We say that the cut_(a,€) is positive if O«rg ) <*rRgqe) @ I.€., O, & as.,0r negative
if

@ <Rggte) O'Rgq(c) I-€., @ & Ox.. The absolute value of a,denoted |a|.g_ ), Or |a], is
|oc

Ryge) = GIf @rgye) = Orggie) AN |a]og ) = —*Raate) & If @ Srgye) Oy g(e)-
5.(C)We say that the CUt_((Z,G, N) is positive if O*[Rst.d(E,N) <Ry g(eN) @ i.e., O#e,N & ag.,0r
negative if @ <:rgyeN) Orgq(eN) 1-€., a# & Ox. . The absolute value of ¢, denoted

lot-g ey OF Il n iS |a
RyaleN) = ~RageN) Gif & SergyeN) OrgqeN)-

6.(a) If a,p > 0 then multiplication a x-g,  of @ and f often denoted a x f is
axp2{ze "Rlz=xxyforsomex e a,y e pwithx,y> 0}.
Ingeneral,a x B =0ifa =00r g =0,

axf=a|x|flifa>0p>00ra<0,p<0,

axf=—(e|l-|B]) ifa>0,p<00ra<0,p>0.

7.(a) The cut order enjoys on *Rq4 the standard additional properties of:

(i) transitivity: @ <-g, f <ry ¥ = a <+ry 7.

(if) trichotomy: eizer a <&, B,p <r, @ OF @ =+g, P but only one of the three

(iti) translation: o <«g, B = a+wr, ¥ <try P +Rry V-

7.(b) The cut order enjoys on *R«4(€) the standard additional properties of:

(i) transitivity: @ < rgy©B < Rga@¥ = & < Rga(@)V-

(if) trichotomy: eizer a <-ryye) B, P <*rgq) @ OF @ =*rg ) P but only one of the
three

(iii) translation: a <-ry,e) B = A +*Reg) ¥ < B +Rage) V-

7.(c) The cut order enjoys on *Rg« 4(€,N) the standard additional properties of:

(i) transitivity: @ < kgq N)B < RageN)V = @ < “RygeN)?-

(ii) trichotomy: eizer a <*Rgg(eN) B.p <Rgg(eN) @ OF O =*Rg 4(e,N) B but only one of the
three

(iii) translation: o <y eN) B = & +RggeN) ¥ < P+ Rgg(eN) V-

RygeNy = O if @rrgyeN) = Orrg g(en) @N
|ox

2.2 The Wattenberg embeding *R into *Ry4. The



Wattenberg embeding *R«(€) into *Rg g(¢€).

Definition 2.3.[6]. Wattenberg hyperreal or #-hyperreal is a nonepty subset ¢ & *R
such

that:

(i) Foreveryacesaandb < a, b € a.

(i) a # J,a + *R.

(iii) @ has no greatest element.

Definition 2.4.[6].In paper [6] Wattenberg embed *R into *R4 by following way:

if € *R the corresponding element, o, of *Rq is

a* = {xe R|x<a} (2.1)

Remark 2.3.[6]. In paper [6] Wattenberg pointed out that condition (iii) above is
included

only to avoid nonunigueness. Without it  would be represented by both a*and
o U {a}.

Remark 2.4.[7]. However in paper [7] H. Gonshor pointed out that the definition (2.1)
in Wattenberg paper [6] is technically incorrect. Note that Wattenberg [6] defines —a in
general by

—a={ae R|-aea}. (2.2)

If a € *Rq i.e. *Rg\e has no mininum, then there is no any problem with definitions (2.1)
and (2.2). However if « = a* for some a € *R, i.e. o* = {x € "R|x < a} then according

to the latter definition (2.2)

—a* = {xe R|x<-a} (2.3)
whereas the definition of *R4 requires that:
—a* = {xe "R|x<-a}, (2.4)

but this is a contradiction.

Remark 2.5.Note that in the usual treatment of Dedekind cuts for the ordinary real
numbers both of the latter sets are regarded as equivalent so that no serious problem
arises [7].

Remark 2.6.H.Gonshor [7] defines —a* by

—a* = {xe "R|3blb>aA-b ¢ a]}, (2.5)

Definition 2.5. (Wattenberg embeding) We embed *R into *R4 of the following way:
if € *R, the corresponding element a* of *Rg4 is

a* £ {xe R <= a} (2.6)
and
(—a)* = {a € *[R| —ag¢ a} U {a}. 2.7)

or in the equivalent way,i.e. if « € *R the corresponding element a4 of *Rq is

ag 2 {xe "RK ., >a} (2.8)



Thus if a € *R then o £ AB where
A={xe Rix<wka}p,B={ye Rly.; >a}. (2.9)

Such embeding *R into *R4 Such embeding we will name Wattenberg embeding and to

designate by *R & *Rg.
Definition 2.5".(i) We embed *Rg«(¢) into *Rg4(€) of the following way: (i) if a € *R

€),
St(tr?e corresponding element a* of *Rgq(€) is
a* 2 {xe "Ra(€)|X <y @} (2.6.a)
and
(—a)* 2 {ae "Ra(e)|-a ¢ a} U{a}. (2.7.a)

(i) We embed *R«(€,n),n €*NW into *Rg«4(€,n) of the following way: if ¢ € *R «(e,n),
the corresponding element a¥ of *Rgq(€) is

a* 2 {xe "Ra(e,N)|X <'ryien) o} (2.6.b)

and

(-a)* 2 {ae "Ra(e,n)|-a¢ a} U{a}. (2.7.b)

Lemma 2.1.(1) [6].

(1) Addition (o ++g, °) is commutative and associative in*Ryg.

(II) Ya € *Ry : a +*Ry O*Rd =*Rry Q.

(i) Va, B € *R : a* ++x, p* = (@ ++& B)".

Proof. [6]. (i) is clear from definitions,

(i) @ ++r, O+r, < a is clear from definitions.

Now, suppose a € a. Since a has no greatest element 3b-z > a,i.e. b € «, therefore
a-gbeOg,anda=« (@a—r b)+xrbea+wr, O,

(i) a” ++r, B* S (a += )" is clear since x <« a,y <-x fimplies X+« Y <-r @+ f.
Now, suppose X <z (a ++r ), then

. (a ++r g) —+r X <m0, f—g (a +-r g) —g X < B.
Therefore
X =R |:a—*[|§ (a+*[R g)_*RX]+*R |:ﬁ—*[|§ (a+*[R g)_*RX:| c a#-l-*[Rd ﬁ#.

This completes the proof.

Lemma 2.1.(1)

(i) Addition (o ++r ) ©) IS commutative and associative in*Rg q(€).
(ii) Vo € "Raa(€) : &+ ryu(e) Orga(e) = @

(iii) Vo, B € *Rg(€) : 0¥ +eryy) B = (@ +me) B)™.
Proof.Similarly as above.

(i) is clear from definitions,

(i) @ +rg4() Orgqe) E a IS clear from definitions.



Now, suppose a € a. Since a has no greatest element 3b-ry) > a,i.e. b € a, therefore
a—ry(e) D € Oryue) AN @ ='ry(c) (@—"Rae) D) +Ra(e) P € & +Ryy() OvRyue)-

(iii) o™ ++r o) B S (@0 +rae) B)™ is clear since X <«rye) @,y <xq() B implies
X+Rg(e) Y <'Ra(e) & +*Ra(c) P

Now, suppose X <:ry() (& +rge) ), then

(@ +Rrg(e) B) —*Ra(e) X (@ ++rg(e) B) —*Rg(e) X

0 —*Rg(c) > <*Rg(e) & B —*Rg(e) > <*Rg(e) PB-
Therefore
(& ++rg(e) B) —*Ra(e) X
X :*RQ(E) [a _*RQ(E) St(€) 2 Q(E) +*|Rst(€)

(Ot-f-*ng )—*[R X

This completes the proof.

Lemma 2.1.(lII)

(i) Addition (o ++rg4en) ©) IS commutative and associative in*Rg q(e,n).

(i) Va € *Rgq4(e,n) : O ++*Rgg(en) O*Ra_d(gyn) = q.

(ili) Va, B € *Ra(e,N) : a¥n +er_yien) B = (@ +ergen) B)™"

Proof.Similarly as above.

(i) is clear from definitions,

(i) & +rg4(en) O rgqe,ny S @ IS clear from definitions.

Now, suppose a € a. Since a has no greatest element 3b-gyn) > a,i.e. b € a,
therefore

a—Rg(en) D € Oryyen AN & =+ry(en) (@—Rg(Een) B) +Ra@Een) 0 € & +ryq(en) Orgu(en)-

(iii) o ++g_ ey B S (@ ++raien) B)7" is clear since X <-ryen) &Y <-rgen B implies

X+Rg(en) Y <Ra(en) & +Ra(en) B-

Now, SUppose X <-rgen) (@ +rgen) B), then

(Ol + Ry (e, ﬁ) —*Rg(e,n) X
(04 _*Rg(e,n) S((e n) 2 S[(E n) <*|R5[(€,n) al

(0! F*Rg(e, )—*[R n X
ﬂ T *Rgt(€,n) s(€n) g s(en) <*[Rg(€,|’l) ,B.

Therefore

(0! F*Rg(e, ) —*Rg(e,n) X
X :*Ra(f,n) [a _*RQ(E,I']) st(€ n) g Q(E n) +*|Rst(€,n)

(Ot +*Rg(e, )—*[R n) X
+*R(en) |:'B_*[Rst(€,n) (en) g el € afen +orgy(e) B

This completes the proof.

Remark 2.7. Notice, here again something is lost going from *R to *R4 since a < 8
does

notimplya+a < f+asince 0 < gq but0+ 64 = €4 + &9 = &4.

Lemma 2.2.(1)[6].

(i) <-r, alinear ordering on *R4 often denoted <,which extends the usual ordering on

*R.



(”) (a SRy 0!/) A (B <y ﬁ/) = a+*Rd B <y a' +*Rd ﬁl-

(iii) (a <, a’) A (ﬁ <, [3’) = o+, B <y, a =y B

(iv) *R is dense in *Rq4.That is if a iy pin *Rq there is an a € *R then
a<., a<, B

(v) Suppose that A & *R4 is bounded above then supA = sup {a} = UaeA cut_(a)

acA

exist in *Ry.

(vi) Suppose that A & *Rq is bounded below then infA = inf {a} = UaeA cut. (a)
acA

existin *Ry.

Proof.Note that (i), (ii), (iv), (v) are clear.
(i) @ <., a',p <., B'imply3aa,bb e R
o' and B <., b*<

*R

sta<, a’<, a%< . b* <., p'.Therefore

# I# I# ! ! ! !
, b* <.z, @ 'y b Sy @ H =+, fSwg o+, P

-
a+*|Rd B <-rq a#+*[ka

completing the proof .

Lemma 2.2.(ll)

() <:rqqe) @linear ordering on *Rg q4(€) often denoted <,which extends the usual
ordering

on *Rg(e).

(i) (@ Srgq) @) A (B Sorate) B) = @ty B Sorate) @ +ora0) B

(iii) (@ <'Rgae) @) A (B <Ragte) B) = @+ rygie) B <upyy @ +Raate B'-

(iv) *Rg(e) is dense in *Rgq4(€). Thatis if a <, pin *Rgq(€) there is an a € *R«(€)

e
thena <., @™ <. B

(v) Suppose that A & *Rg 4(¢) is bounded above then supA =sup a = UaeA cut_(a,€)
acA

Rg.qle)

exist in *Rg g(€).
(vi) Suppose that A & *Rg4(€) is bounded below then infA = inf o 2 UweA cut,(a,€)
acA
existin *Rgg(€).
Proof.Similarly as above. Note that (i), (ii), (iv), (v) are clear.
(iii) & <-ryyc) @', B <'Req) B iMply Fa,a,b,b' € "Rg(e)
S.t. a <*Rgq(e) a#f <*Rd al#f <*Rgq(e) (Z/ and
B <'Ragie) b* <mygie) 0% <-mgue) B’ Therefore
0+ Rga() B SRaa@) A +oRaqe) D™ Sorgqie) 87 +Raae B <Ryate) @ +oRage) B =
= A +rgg(e) B Srryge) @ +rrgqe) B cOmpleting the proof .
Lemma 2.2.(lII)
() <:rqqen) @ linear ordering on *Rg4(e,n) often denoted <,which extends the usual
ordering on *R«(e,n).
(i) (@ <-rggem @) A (B Sraemy B) = a+., 0 B Sraten) @ +Raen) B
/ ! ! /
(iii) <a <iagem @ ) A (ﬁ <iagiem 5} ) = 0t 5} <engem & Foagem B
(iv) "Rg(e,n) is dense in "Rgq(e,n). Thatisif a <., ., Bin "Rgq(€) there is an
a € *Rg(e,n) thena <., ar <eogyem B

st.d(€n)

(v) Suppose that A £ *R«4(€,n) is bounded above then supA =



sup o 2 UaeA cut_(a,€,n)
acA
exist in *Rg q(€,n).
(vi) Suppose that A & *Rg4(e,n) is bounded below then infA = inf o £ UaeA cut,(a,n)
acA
exist in *Rg4(e,n).
Proof.Similarly as above. Note that (i), (ii), (iv), (v) are clear.
(iii) & <-ryyen) &'\ <Regeny B iMply 3 a,a,b,b' € "Ry(e,n)
S.t. a <*Rgg(e,n) a#f'” <*Rd a/#f'” <*Rgq(e,n) (Z/ and
B <'ragen D" <erggen) DF <ggyeny B'.Therefore
@ +Ragiem B SRaaen) @ Horggien) B Serggen) 8% +orgg(en) Do
<Rgaen) @ +HRggem =
= A+ Rgg0) B S*Raaten) @ +rgqen) B CcOMpleting the proof .
Remark 2.8.Note that in general case infA =inf a + n cut_(a). In particular the
acA acA
formula for inf A given in [6] on the top of page 229 is not quite correct [7], see Example

2.2. However by Lemma 2.2 (vi) this is no problem.
Example 2.2.[7].The formula inf A =inf= n cut_(a) says

acA acA
inf= {a
acA

3d(d > O)[a+d € ncut_(a):|}
acA
Let A be the set A = {a+ d} where d runs through the set of all positive numbers in
"R,then infA = a = {xjx < a}. However (] cut-(a) = {xjx < a}.
achA

Lemma 2.3.(1)[6].

(i) If a € *R then —g, (a¥) = (—& a)”.

(”) _*Rd(_*[Rd 05) =a.

(iii) o SRy ﬂ = TRy ﬁ S*Rg ~*Rg O

(IV) (_*Rda) +*[Rd <_*[R<d ﬁ) S*Rd “*Ry (a +*[Rd ﬁ)

V) Vae R : (—ra) +., (=, B) = —ws @+, B).

(Vi) o +ry (—ry @) <y O+ry.

Proof.(i)-(iii) are clear.

(iv) Suppose a € (—-z,a) andb e (-., B).ThenJai,a; st.a<., & € (—w,a)and

b <*Rd b1 € (—r,B).Thus we have: (1) —g,a1 ¢ a,—r,b1 ¢ B,(2) @ <*Rd (=g al)#,

B <, (b)) @ a+., B<., (—,a)"+., (-, b)" = (—rai—b1)". Finally one

obtains —-r,a1—r,01 € a+., B, sincea+., b <., a+., br,a+,, be -, (a +i, ﬁ).
s N #

(V) By (iV): (=.,@)" +.,_ (—*Rd ﬁ) Sen, "mg (a*”*+*[Rd ﬁ).

(1) Suppose now ¢ € —r, (a# +i, ﬁ) this means

(2)3ea[c <., ¢ e -, (a*+.,, B)]andtherefore

(3)-..C1 ¢ (a’*‘hkd ﬁ).

(4) Note that: —,, c—., a ¢ B (since—.,c—..ac panda-., (c—., 1) € a*imply

-g,C=,a-,(C—,C)+, (-,C—, @€ a#+*m{d p but this is a contradiction)



(5) Thus —., c—., a pandtherefore c+., ae -, p.

(6) By similar reasoning one obtain: c; +., a € — B.

(7) Note that: —a— (c1 — ¢) € a and therefore

C=, —ya—.,(Ci—,C+,(C1+,d) € (—*Ra)#-f‘*Rd (—*Rd ﬁ).

Lemma 2.3.(ll)

(i) If & € "Rg(€) then —-g ) (@) = (—rae @)™

(i1) =R (—Rea(e) @) = @.

(iil) & <'rgg0) B = —Raae) B S Raale) —*Raale) -

(lV) (_*[Rst.d(f)a) +*[R5Ld(e) <_*|R<S(.d(g) ﬁ) S*I}Rald(e) T *Rgale) (a +*|R<S(.d(g) ﬁ)

(v) va e "Ra(e) : (_*Ra(e)a)#f +*R3.d(5) <_*Rst.d(f) ﬁ) = T Rgale) (a#f +Rg4(e) P)-

(Vi) @ +Rgq0) (—Rag©) @) SRyae) ORaq0e)-

Proof.Immediately from definitions.

Lemma 2.3.(lII)

() If & € "Ra(€,n) then —gyyeny (@) = (—rmy(em )",

(i) = *rgqte) (—Rgae) @) = 0.

(iil) & <srggen) B = —Ryglem) B SRaaen) —*Raalen) -

(V) (= Rgaem®) +*Ryaten) (—*Ragen) B) SRagen) —*Ragten) (@ +Rgaen) B)-

(V) Va € "Ra(€,N) 1 (—kaem@)™ +rugen) (—Raaten B) = —*Raaten) @ +ryyien) B)-
(Vi) & ++Rgg(en) (—Rgaen) @) <*Rggen) O*Rgqg(en)-

Proof.Immediately from definitions.

Lemma 2.4.(1) (i) Va € *R,Vf € *Rg,u € *R,u > 0: (—pa)* + (—u*B) = —u*(@" + B),
(i) Va € *R,Vp € *Rg,u € *R,u > 0 : (ua)”* + u*p = p*@" + p).

Proof.(i) For u = 0the statement is clear. Suppose now without loss of generality
p > 0. By Lemma 2.3.(iv): (-pa)® + (—u*B) < —(u*a* + u*p).

(1) Suppose ¢ € —u#(a” + B) and therefore % e —(a* + B), but this means

(2) Elcl[% < % € —(a#+/3)} and therefore

3) —% ¢ (@ +pB).

(4) Note that: —% —a ¢ f(since —% ~ae panda- (% - % e a* imply
—% =a- (% - %) + (—% - a) € a* + B but this is a contradiction)

(5) Thus —% —a e pand therefore ¢+ pa e —u*p.

(6) By similar reasoning one obtain: ¢; + ua € —u*p.

(7) Note that: —ua— (c1 — ¢) € p*a* and therefore

C=—pa—(C1—C)+ (C1+ ud) € (—ua)® + (—u*p).

(i) Immediately follows from (i) by Lemma 2.3.

Lemma 2.4.(11) (i) Va € *R«(€),Vp € *Rgg(€),u € *Rg(€),u >0 :
(—pa)™ + (—u*B) = —p*(a* + p),

(i) Va € *Rg(€), VB € *Rgg(e), u € *Rg(e), > 0: (ua)™ + u#p = p(a + B).
Proof.Immediately from definitions similarly as Lemma 2.4.(l) above.
Lemma 2.4.(ll1) (i) Va € *Rg(€), VB € *Rgq(e,n), i € *Rg(e),u>0:
(pa)™en + (—p ) = —u* (@ + B),

(i) Va € *Rg(e,n), VB € *Rgq(e,n), 1 € *Rg(e,n), >0 :

(ua)™ " + e somggiemy B = H* xorgatenm) @ +orggiem B)-



Proof.Immediately from definitions similarly as Lemma 2.4.(I) above.

Definition 2.6.(l) Suppose o € *Rq4. The absolute value of a written |a|

is defined as follows:

a ifa.p >0,

la| = o
—p, @ ifa <g, O,

Definition 2.6.(I) Suppose a € *Rg4(€). The absolute value of a written |a|. . OF |o|

is defined as follows:

lot a ifa g 2 Orage)

*Reale) )
: —Rga(e) @ F @ Srgye) Orggee)

Definition 2.6.(11l) Suppose a € *Rgq(¢). The absolute value of a written |a|.g . OF |o|
is defined as follows:

» a ifa Ryqlen) = O Rgqten)

*Rgalen) — )
—Rgaen) @ @ Swrggen) Orggeen)

Definition 2.7.(1).Suppose a, 8 € *Rq4.The product a x-z, B, is defined
as follows: Case (1) o, *r, > Osg, :

axmg = (2.10)
{ax-w bl(0:r, <ry 8 <my @) A (Ory <'my B <ory B)} U {(* —o0,%0)"}.

Case (2) o =Ry O*Rd Vﬂ =*Ry4 O*Rd DO xRy 'B £ O*Rd-
Case (3) (a <*Ry4 O*Rd) \% (ﬁ <*Ry O*[Rd) \% (Ol <*Ry O*[Rd A ﬁ <*Rq O*[Rd)

(2.11)

o X*Ry ﬁ 2 |a| X Ry Iﬁl iff o <*Rg O*Rd /\ﬂ <*Rg O*Rd!
axwgy f = —ry (la] xry |B]) iff (@ <-ry O-ry) V(B <'ry Ovry)-

Definition 2.7.(I).Suppose a, B € *Rg.q(€). The product a x-r ) B, is defined
as follows: Case (1) O Ry g(e) > O*Rs(.d(ﬁ)’ﬁ *Rggle) > O*[Rs(.d(ﬁ) .

A
o X*Rst.d(f) ﬁ -

#e #e
{ax*ﬂwe) b|<O*Rst.d(5) Sorggo & Srrgge a) A (O*Rame) enggo P <0 P >} (2.10.2)

He
U {<_*Ra<e) oo*%(e)’o*ﬂka(e)) }

Case (2) a = rqqtc) O'Rgae) V B =Rag(e) ORugle) * & X Ryqg(e) B = ORgg(e)-
Case (3) (@ <*rgac) Orgae)) V (B <*Rggte) Orga(e)) V
V(@ <*Rggte) ORggte) A B <*Rga(e) ORyq(e))-



a X Ryy(e) B = |ot] Xrgge) BT & <rgye) ORyate) A B <Rgate) O*Ryate)s
a X Ryy(e) B = —Raate) (2] X rgq(e) IB]) Iff (@ <Rgge) ORyae)) V (2.11.a)
V(B <*rgae) O Rgg(e))-

Definition 2.7.(ll).Suppose n €* N\WW and 8 € *Rq4.The -z -product

nxe f e Ry,
is defined as follows :
NX-r = Nxr {Ba} =N xg {cut_(B)} = {n x-r blb € cut_(B)}. (2.11.b)
Definition 2.7.(IV).Suppose n €* NW and f € *Rg4(€). The X~ -product
nxe B e Rgg(en),
is defined as follows :
NX-r = Nxr {Pa} =Nxw {cut_(f,e)} = {n x-r bpb € cut_(B,e)}, (2.11.c)

see Designation 2.2.(ii).
Definition 2.7.(V).Suppose n €* N\WW and f € *Rg44(€,n). The product

N1 xeg P e *IRst.d(e)y

is defined as follows :

NIxg B2Nntxg {Bu,r =ntxg {cut_(B,e,n)} =

(2.11.d)
{n~! x-g blb € cut_(B,e,n)}.
Lemma 2.5.(1)[6]. (i) Va,b € *R : (ax-g b)* = a* x-g, b*.
(if) Multiplication (- x+g, ) is associative and commutative:
(a X Ry ,B) XHRg ¥V = O X*Ry (ﬂ X Ry 7)’ a X*Ry ﬂ = ﬂ xRy Q- (2.12)
(iii) 1, x'r, 0 = @, —+ry g, X'r, @ = —r, &, Where L., = (1-r)".
(V) lalgy X®q IBlog, = la xry Bl-g,-
(v)
[(@rg = O:ry) A (Brrg = O:ry) A (org = O:ry)] = (2.13)
o Xry (B+ergy) = 0 Xry ftory @ XrRy V-
and

[(@ry = Org) A (Brrg = Ovrg)] = @ Xory (B+ery ¥) = @ X'ry B+ory @ Xry Y- (2.13.3)

(vi)
O*Rd <Ry & <* Ry a,’o*[Rd <*Rg ﬁ <*Rq ﬂ, = A X*Ry ﬂ <Ry a' X*Rg .Bl- (2- 14)

Proof.(i) First, suppose a-g > 0:x,b-x > 0z then clearly a* x-g b* <-x, (ax- b)* since
O <.g X<:g & O <:g Y <+g bimplies xx-gr y <:g @ x-g b. Now suppose

O«r <*r C <R ax-=g b and let

a =ax Jclaxgb < a,b =bxw Jclaxgb < b,thus

c=a x«x b e axwg, b*s0 (axw b)” <, a* xg, b*.



The other cases follow from (iv).

(iv) Immediate from Definition 2.7.(1) and Lemma 2.3.(1).(ii).

(if) is immediate from the definition for a,f,y &, > O+r, and (iv) otherwise.

(ilf) We may assume a g, > O-g,.Clearly 1z, x-gr a <z, a. NOw suppose a € o then
Jda' € a, a<+«g @.Thus a/a’ <-g 1soa/d € 1.g, and a’ x- (a/d’) = a € 1+,.

By the definition (—w, 1:r,) X*ry @ = —+r, (Ir, X*r, @) = —*gy .

(v) 1.Suppose: d € a x+g, (B ++r, 7),thus d = ax+z (b++r C),

where a € a,b € 8,c € y.Note that

d = a)(*[R (b+*|R C) = a)(*[R b+*[R a)(*[R cea X*Rd ﬁ—}—*[Rd o X*[Rd y
and therefore a x-r, (B +ry ¥) Stry @ X*ry B ++Ry A X*Ry V-
2.Suppose now: d € a x+g, f++r, @ X*ry ¥,thus d = ax-g b+ @' x-g C
where a,a’ € a,b € B,c € y.Without loss of generality we may assume a <-g

a'.Hence
d=axgb+gra xgC<:g @ xgb+rad xcC
since 0-g <-g @', 0-g <-g b.Thus finally one obtains
d<g a x.gb+ga xgc=a x (b+wrC) € axwry (B+wry V),
ie.d e axw, (B+w, 7).
(vi) Note that O-g, <+g, a <-g, &' and O-g, <-g, B <-r, B’ implies
Ja,a,b,b s.t. 0, <+r, @ <r, @ <z, 3% <-g, a' and
O-gy <'ry B <'ry D" <omy D¥ <py B'.Thus ax-g, f <g, (@x-z b)* <-r, @' x-x, " and
therefore a x+«x, B <+r, a' x-r, B'. This completes the proof.
: . e

Lemma 2.5.(1l). (i) Va,b € *Rg(€) : (ax+rge) D)™ = a¥ x-g ) b*.

(if) Multiplication (- x+r4 ) ) IS associative and commutative:

(@ X Rga(e) B) X Raa(@ ¥ = & XRga(e) (B XRya(e) ¥)s @ X Rya(e) B = B X*Raq(e) - (2.12)
(i) Lrgu© X*Raae) & = & —*Rag() LRagle) X*Raale) & = ~*Rgq(c) @ Where

#e
Lrgqe) = (Trra(e)) ™
(V) o] x+rgge) 1Bl = 1Bl % *Rgqce) lt].

(V)
[(@rgate) = 0) A (Brgae) = 0O) A (¥ *Rgae) = 0)] = (2.13)
0 XRggie) (B+Ragle) V) = & X Ryq(e) B+ Raate) & X*Ryg(c) V-
(vi)
O-Ryalc) <Raale) & <Ryge) &0 Re4(e) <Ragle) B <Raae) B = (2.14)

a X Ryge) B <Rage) & XRgq0) B
Proof.(i) First, suppose a-gq() > Orgy(e).Dree) > Org(e) then clearly
#e
a’ X R d(e) b* <*Rsa(e) (ax*[Rst(E) b)

since O*Rg(g) < Rg(e) X <*Rg(e) A O*Rg(g) < Rg(e) Y <*Rg(e) b implies
X X*Rg(e) Y <*Rg(e) A X*Rg(e) b. Now suppose O*[Rg(e) <Rg(e) C <*Rg(e) A X*Rg(e) b and let

a’ = a X QIC/aX*[rg b <*R a,b’ = bX*R 1/C/a><*ug b <*R b,

thus c = a’ X*Rg(e) b/ S a#f X*Rg 4(€) b#E,SO



#e
(ax*[Rst(E) b) <*Rgq(e€) a X R a(e) b.

The other cases follow from (iv).

Lemma 2.6.(1).Suppose u € *R and B,y € *Rq4. Then

(1" = ) A (B=0)] = u" xomy (B—ry 7) = 1 oy By ¥ X0, 7. (2.15)
Proof. We choose now: (1) a € *R such that: —-g, y ++r, @ *r, > O-g,.
(2) Note that u* x-r, (B —+ry 7) = 1 x-ry (B =Ry V) +ory 4 x-ry @ —ry p” xor, Q"
Then from (2) by Lemma 2.4.1.(ii) one obtains
(3) .u# Xrg (B—Rg V) = .u# Xy [(B =Ry V) +Ry a#] Ry .u# X*Rg a*. Therefore
(4) 1 xomg (B—ry ¥) = 0¥ xomy [B+ry (@ —wy 7)) — 1 xr, @
(5) Then from (4) by Lemma 2.5.(v) one obtains
(6) .u# Xrg (B—Rg V) = .u# Xy B +rg .u# X*Rg (a# —Rg V) TRy :u# X*Rg a”.
Then from (6) by Lemma 2.4.(ii) one obtains
(7) 1 xorg (B—rg ¥) = 1" xomy B+org 0¥ xopy @F —ory 0¥ xomy ¥ —omy p¥ xop, @ =
= u¥ xomy By xomy 7
Definition 2.8.(1). Suppose a € *R4,0-g, #&, a then a %4 is
defined as follows:
() Oy <wmg @ 1 a7t 2 inf{a,"™

(”) a <*Rd 0 : a_l*Rd 2 Ry (_*Rd Ot)

O:r, <*g, & € a},see Designation 2.2. (i),

-1
*Rd .

Definition 2.8.(Il). Suppose a € *Rqy(€),0-r ) #rqye) @ then a T®Ra© s
defined as follows:
()

-1«
N R Rg(€)
Ory(e) <*Ry(e) @ © @~ Ra© = mf{a#E a

O:r(e) <*R(e) A € a},see Designation 2.2. (ii),

.y R A —Lip (e
(i) @ <mye) 01 @79 2 —gy(e) (—Ry(e) @) 4.

Lemma 2.7.(1).[6].
(i) Vae R : (@) " =g, (al®)"
(ii) (a—l*w«d)‘l*ﬂ«d —a, .
(iii) O, <o, 0 <-p, B = B Y% <en, a .
(iv) [(O-ry <&y @) A (O-ry <&y B)] =
= (a7 xgy (B0 <ery (@ xemy B) 70
(v) Vae R :a#ns 0r = (@) %0 xeq, (%) = (@ xop, )%,
(Vi) @ xepy @ " <opy Loy,
Lemma 2.7.(I1).

(I) Va (S *[R . (a#)_l*md :*Rd (a_l*R)#_

.- — _1*
(ii) <a h”“d) =gy 0

i) O+, <*r, @ <*R = Loy <R a_l*'Rd.
d d d d



(iv) [(Ory <'ry @) A (Osry <'ry B)] =
= (a70) xeng (B717%0) Sy (@xmy )%
(v) Yae*R :a#g Or = (@) " xog, (%) = (@ xop, f) "0,
(Vi) axg, a P <-g, leg,.
Lemma 2.8.[6]. Suppose thata € *R,a > 0,8,y € *Rg4, B > 0,y > 0.Then
a* vy (B+ry Y) = a’ X Ry B +rg a* X*Rq V-
Theorem 2.1.(i) Suppose that Sis a non-empty subset of *R4 which is bounded from
above, i.e. sup(S) exists in *R4 and suppose that £ € *R,& > 0.Then

sup{&# x Sk = E# x (supS). (2.16.a)
(if) Suppose that Sis a non-empty subset of *R4 which is bounded from above, i.e.
sup(S)
exist and suppose that: (a) S>0and (b) & € *R,& + 0.Then
sup{&# + Sk = EF + (supS). (2.16.b)
(iif) Suppose that Sis a non-empty subset of *R4 which is bounded from above, i.e.
sup(S)
exist and suppose that: (a) S>0and (b) ¢ € *R,¢ # 0,a € *R,a > 0.Then
a[E# + (supS) ]=a*E* + a*(sup S). (2.16.c)

Proof: (i) Let B = supS.Then B is the smallest number in *Rq4 such that, for any x € S,x
<B.Let T = {&* x x|]x € S}.Since &# > 0,&# x x < &# x B for any x € S.Hence T is bounded
above by £# x B.Hence T has a supremum Ct = supT. Now we have to prove that
Cr =" xB == & x (supS).Since & x B = &% x (supS) is an upper bound for Tand C is
the smallest upper bound for T,Cr < &% x B.Now we repeat the argument above with the
roles of Sand T reversed. We know that Cy is the smallest number in *Rq4 such that, for
anyy e T,y < Cr.Since & > 0it follows that (6%) ™' x y < (&%) x Cr for any y € T.But
S ={(z§#)‘l xyly € T}.Hence (5#)‘1 x Ct is an upper bound for S.But B is a supremum
for S.Hence B < (£%)™ x Ct and &# x B < Ct.We have shown that Ct < &# x B and also
that &% x B < Ct.Thus £# x B = Cr.

(i) &%+ (supS) < sup(é* + S) is clear since for any x,y,s € *R such that

x<&y<ssteS

implies
X +y# < & + s e sup(EF + S).
Now suppose x* € sup(é# + S) and therefore x* < &% + s%,s* € S. Then
g - (f#JFSZ#)_X# < &t
and

¢ (Ersh-xt

< s
2

So



X — [5#_WJ+[S#_(§#L2#)_X#J e & + sup(S).

This completes the proof.

(i) By (i) one obtains
a*[&% + (supS)]= a”[sup{&* + S}].
By (i) one obtains
a’[sup{&* + S}]=[sup(a™{&¥ + S})] = [sup{a®s* +a”S}].

By (ii) one obtains
sup{a®E* + a*Sy = a*EF + sup{a”S}.

By (i) one obtains
a*E* + sup{a®S)y = a?EF + asupS.

This completes the proof.

2.3 Absorption numbers in *Rg.

One of standard ways of defining the completion of *R involves restricting oneself to
subsets, which have the following property Ve .03Xueq IYyea[ Y — X < € ]. It is well known
that in this case we obtain a field. In fact the proof is essentially the same as the one
used in the case of ordinary Dedekind cuts in the development of the standard real
numbers, g4, 0f course, does not have the above property because no infinitesimal
works.This suggests the introduction of the concept of absorption part ab.p. () of a
number ¢ for an element a of *R4 which, roughly speaking, measures how much a
departs from having the above property [7].

Definition 2.9.[7]. Suppose a € *Rg,then

ab.p.(a) £ {d > OVXue[X+d € a]}. (2.17)

Example 2.5.

(i) Va € *R : ab.p.(a¥) = 0,

(i) ab.p. (eq) = &a,

(iii) ab.p.(—&q) = &4,

(iv) Va € *R : ab.p.(a” + &q) = &4,

(V) Va € *R : ab.p.(a” - ¢&q) = &q.

Lemma 2.9.[7].

(lc<ab.p.(e)and0<d<c=de ab.p.(a)

(ii)c e ab.p.(e¢) and d € ab.p.(a) = c+d e ab.p.(a).

Remark 2.9. By Lemma 2.7 ab.p.(a) may be regarded as an

element of *Ry4 by adding on all negative elements of *R4 to ab.p. (a).

Of course if the condition d > 0 in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p.(a) since

X <y e a = X € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p.(a¢) = {0}. We



then identify ab.p. (a) with 0. [ab.p.(a¢) becomes {x|x < O} which by our
early convention is not in *Rgy].

Remark 2.10. By Lemma 2.7(ii), ab.p. («) is additive idempotent.
Lemma 2.10.[7].

(i) ab.p. (@) is the maximum element 8 € *Rq such that ¢ + = a.
(if) ab.p.(a) < afora > 0.

(iii) If a is positive and idempotent then ab.p.(a) = «a.

Lemma 2.11.[7]. Let a € *Ry4 satsify a > 0. Then the following are
equivalent. In what follows assume a,b > O.

(i) aisidempotent,

(i) aabea=a+bea,

(iil)aea = 2acaqa,

(iv) Vnpen[a € @ = n-a e a],

(v) a€a=r-ac a, forall finiter € *R.

Theorem 2.2.[7]. (-a) + a = —[ab.p.(a)].

Theorem 2.3.[7]. ab.p.(a + B) > ab.p.(a).

Theorem 2.4.[7].

Na+p<a+y = -ab.p.(a)+p <.

(ia+p=a+y = —[ab.p.(a)] +p = —[ab.p.(a)] + 7.

Theorem 2.5.[7].Suppose «, f € *Rq4,then

(i) ab.p.(-a) = ab.p.(a),

(ii) ab.p.(a + B) = max{ab.p.(a),ab.p.(p)}

Theorem 2.6.[7]. Assume > 0. If a absorbs —f then a absorbs £.
Theorem 2.7.[7]. Let O < a € *Rq4. Then the following are equivalent
(i) «is an idempotent,

(i) () + (-a) = —a,

(iii) (—a) + a = —a.

(iv) Let A1 and A, be two positive idempotents such that A, > Aj.
Then Ao + (—Al) = Ao.

2.4 Gonshor types of o with given ab.p. (a).

Among elements of a € *Ry4 such that ab.p.(a) = A one can
distinguish two many different types following [7].

Definition 2.10.[7].Assume A > 0.

(i) @ € *Rq has type 1if IX(X € a)Vy[X+y € a = Yy € A],

(i) a € *Rq has type 2 if VX(X € a)3y(y ¢ A)[X+Y € a],i.e.
a € *R4 has type 2 iff @ does not have type 1.

(iii) a € *Rq has type 1A if Ix(X ¢ a)VYy[X—-y ¢ a = Yy € A],
(iv) a € *Rq has type 2A if VX(X ¢ a)3y(y ¢ a)[X-y ¢ a].

2.5 Robinson Part Rp{a} of absorption number
a € (-Ad,Aq)

Theorem 2.8.[6].Suppose a € (-Aq4,Aq).Then there is a unique
standard x € R, called Wattenberg standard part of « and denoted by Wst(a),
such that:



(i) )" € [a — €4, + &4].

(i) o <, Pimplies Wst(a) < Wst(B).

(iii) The map Wst(-) : *Rg — R is continuous.

(iv) Wst(a + B) = Wst(a) + Wst(f).

(V) Wst(a x B) = Wst(a) x Wst(B).

(vi) Wst(—a) = -Wst(a).

(vii) Wst(a™?) = [Wst(a)]Fif a & [~&q,£4]-

Theorem 2.9.[7].

(i) a € *Rq4 has type 1iff —a has type 1A,

(i) @ € *R4 cannot have type 1 and type 1A simultaneously.

(iif) Suppose ab.p.(a¢) = A > 0. Then « has type 1iff « has the form

a* + A for some a € *R.

(iv) Suppose ab.p.(a) = —-A,A > 0.a € *R4 has type 1A iff o has the form
a* + (-A) for some a € *R.

(v) If ab.p.(a) > ab.p.(p) then a + B has type 1iff a has type 1.

(vi) If ab.p.(a) = ab.p.(B) then a + B has type 2 iff either a or 8

has type 2.

Proof (iii) Leta = a+ A. Then ab.p.(a) = A.Since A > 0,ac a+ A

(we chose d € A such that 0 < d and write aas (a—d) +d).

It is clear that a works to show that a has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyl[a+y € a = y € A].Then we claim that: « = a+ A.

By definition of ab.p. (a) certainly a+ A < a. On the other hand by choice
of a,every element of a has the form a+ dwith d € A.

Choose d’ € Asuchthatd’ > d, thena+d=[a-(d'-d)]+d ea+A.
Hence a < a+ A.Therefore o = a+ A.

Examples. (i) ¢4 has type 1 and therefore —¢4 has type 1A.Note that also
—&4 has type 2. (ii) Suppose ¢ ~ 0,¢ € *R. Then ¢* x ¢4 has type 1 and
therefore —¢# x g4 has type 1A.

(ii) Suppose a € *Rg,ab.p.(a) = €4 > O, i.e. a has type 1 and therefore
by Theorem 2.9 ¢ has the form (*a)” + ¢4 for some unique a € R,a = Wst(a).Then, we
define unigue Robinson part Rp[«] of absorption number o by formula

{ Rp{a} = ("a)",

2.18
Rplay = (“Wet(@))". (218

(if) Suppose a € *Rg,ab.p.(a) = —¢4, i.€. a has type 1A and therefore by Theorem 2.9

has the form (*a)” — &4 for some unique a € R,a = Wst(a). Then we define unique
Robinson part Rp[a] of absorption number a by formula

{ Rpla) £ (),

2.19
Rp{a} = (CWst(a))". (&1

(iii) Suppose a € *Rg,ab.p.(a) = A,A > 0and « has type 1A, i.e. a has the form a# + A
for



some a € *R.Then, we define Robinson part Rp{a} of absorption number a by
formula

Rp{a} = a*. (2.20)
(iv) Suppose a € *Rg,ab.p.(a) = —-A,A > 0and a has type 1A,i.e. a has the

form a* + (-A) for some a € *R.Then, we define Robinson part Rp{a} of absorption
number « by formula

Rp{a} = a*. (2.21)
Remark 2.11. Note that in general case,i.e. if « ¢ (—A4,Aq) Robinson part Rp<{a} of
absorption number ¢ is not unique.
Remark 2.12. Suppose a € *Rgy and a € (-Aq4,Aq) has type lor type 1A.Then by

definitions
above one obtain the representation

a = Rp{a} +ab.p.(a).

2.6 The pseudo-ring of Wattenberg hyperintegers *Z4

Lemma 2.12. [6].Suppose that ¢ € *Rq4. Then the following two conditions on « are
equivalent:

() a = Sup{v#|<v € *Z> A (< a)},

(i) o = inf{v*|(v e "Z) A(a <v¥)}.

Definition 2.11.[6].If a satisfies the conditions mentioned above « is said to be the
Wattenberg hyperinteger. The set of all Wattenberg hyperintegers is denoted by *Z4.

Lemma 2.13. [6]. Suppose a,ff € *Z4.Then

()a+p € *2y.

(i) —a € *Zyq.

(i) a x B € *Z4.

The set of all positive Wattenberg hyperintegers is called the Wattenberg
hypernaturals and

is denoted by *Ng.

Definition 2.12.Suppose that (i) A € *N,v € *Zg, (i) 2 = A*,9 = v# and (iii) AJv.

If 1 € *Ng and ¥ € *Z4 satisfies these conditions then we say that ¥ is divisible by 1
and we

denote this by A#[v*.

Definition 2.13.Suppose that (i) a € *Z4 and (ii) there exists 1* € *Ng such that

1 a= Sup{v#|<v € *Z> AAP) A< a)} or

2 a=inf{v¥|(ve "Z) AQA)A(a <v¥)}.

If a satisfies the conditions mentioned above is said « is divisible by 1* and we

denote this byA#|a.

Theorem 2.10. (i) Let p €*N, M(p)e*N, be a prime hypernaturals such that (i)

P/ M(p).
Let o € *Z4 be a Wattenberg hypernatural such that (i) pla. Then

|(M(p)* +a| > 1.

(i) a € *Zq4 has type 1iff —a has type 1A,
(iii) @ € *Z4 cannot have type 1 and type 1A simultaneously.



(iv) Suppose a € *Zg4,ab.p.(a) = A > 0. Then a has type 1 iff a has the form

a*+ A forsome a € a,a € *Z.

(v) Suppose a € *Z4, ab.p.(a) = -A,A > 0.a € *R4 has type 1A iff a has the form
a*+ (-A) for some a € a,a € *Z.

(vi) Suppose a € *Zy. If ab.p.(a) > ab.p.(p) then o + § has type 1iff a has type 1.
(vii) Suppose a € *Zq.If ab.p.(a) = ab.p.(p) then a + p has type 2 iff either « or
has type 2.

Proof. (i) Immediately follows from definitions (2.12)-(2.13).

(iv) Leta = a+ A. Then ab.p.(a) = A.Since A > 0,ac a+ A

(we chose d € A such that 0 < d and write aas (a—d) +d).

It is clear that a works to show that a has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyl[a+y e a = y € A].Then we claim that: ¢ = a+ A.

By definition of ab.p. (a) certainly a+ A < a. On the other hand by choice

of a,every element of a has the form a+ dwith d € A.

Choose d’ € Asuchthatd’ > d, thena+d=[a-(d'-d)]+d ea+A.

Hence a < a+ A.Therefore a = a+ A.

2.7 The integer part Int.p(a) of Wattenberg hyperreals
o € *[Rd

Definition 2.14. Suppose a € *Rq4,a > 0.Then, we define Int.p(a) = [a] € *Ng by

formula
[a] 2 Sup{v#|<v € *N> A< a)}.

Obviously there are two possibilities:

1. A set {v#|<v € *N> A (v < a)} has no greatest element. In this case valid only
the

Property I: [a] =«

since [a] < a implies Ja € *R such that [a] < a* < a. But then [a*] < a which implies
[a¥] + 1 < a contradicting [a] < a* < [a"] + 1.

2. Aset {v*|(v e "N) A(v* < a)} has a greatest element, v € *N.In this case valid
the

Property Il: [a] = v

and obviouslyv =[a] <a < [a]+1=v+ 1

Definition 2.15. Suppose a € *Rq4. Then, we define Int.p(a) € *Zy4 by formula

nt.p(@) { [a] fora > 0

[a] fora < 0.
Note that obviously: Int.p(—a) = —Int.p(a).
2.8 External sum of the countable infinite series in *Rg,
*Raa(e), "Raa(e,p).

This subsection contains key definitions and properties of sum of countable sequence
of Wattenberg tipe hyperreals.



Definition 2.16.(I)[4]. Let {sn},,_, be a countable sequence s, : N - R.such that

(1) ¥Yn(sn > 0) or (ii) ¥n(s, < 0) or

(i) {0} 73 = {51} rpeny U 48w i ¥ (1 € R ) s, 2 0]
Vn2<n2 e /N\2>[sn2 < O]N = N1 UN,.

Then external sum over *Ry of the sequence {s,}/, (#-sum)

HEXt-*Rg- ) | Sh
neN

or #-sum of the corresponding countable sequence *s, : N - *R is defined by

- .
(i) ¥vn(sh>0):
#EXt-*Rd-ZSﬁ £ sup {Z(*Sn)#}y
neN keN n<k
(i) vn(s, < 0) :
<

HEXt-"Rg- ) Sh 2 inf {ZSﬁ} =—sup {Z(I*Snl)#},
keN keN n<k

neN n<k
(iii) vni(n1 € Np)[sn, > 0],
VNna(nz2 € N2)[Sn, < O],N =N UNy :
HEX-*Rg- ) Sh 2 #EXU-"Rg- ) | s+ #EXt-"Rg- Y s,

g neN n]_E/N\]_ nze/N\z
Abbreviation 2.8.A. We often abbreviate #Ext-) _ sf instead #Ext-"Rg-» _ sk
neN neN

Definition 2.16.(11). Let {sn},, be a countable sequence s, : N - R.such that
(1) Yn(sn > 0) or (ii) ¥n(s, < 0) or

(ifi) {Sn¥ma = {Sn )} meny U {snz};;Nz,an(m € Nl)[Sm = 0],
Vn2<n2 S /N\2> [Sn2 < 0],N = /N\l U/N\z
Then external sum over *Rg4(€) of the sequence {s,}/; (#-sum)

#EXt-"Raq(€)- Y Sk

neN

or #.-sum of the corresponding countable sequence *s, : N - *R«(¢) is defined by

(2.22)



(1) VvVn(sh>0):

#Ext-"Raa(€)- ) _ S £ sup {Z(*sn)#f},

neN keN n<k

(i) vn(sp < 0) :

#EExt_*ugg_d(e)-Zsﬁe 2 inf {Zsﬁ} ——sup {Z(l*snl)#‘},
keN n<k

< neN n<k keN (2_ 22. a)
(lll) vni(ng € Nl)[snl > 0],
Vnz(nz S Nz)[Snz < 0],N =N;UN> :
H#EXt-"Raa(e)- D She 2 #EXt-"Raale)- Y sk +
neN nle/N\l
#EXt-"Raq(€)- D Sk.
L nze/N\z
Abbreviation 2.8.B. We often abbreviate #eExt-Z sk instead #EExt-*[Rst,d(e)-Z Sfe.
neN neN

Definition 2.16.(Ill). Let {s,},, be a countable sequence s, : N - R.such that

(i) ¥n(sn > 0) or (ii) Vn(sn, < 0) or

(i) {50} 23 = {Sn b2, U {snz};fzeNz,vm(nl e /N\1>[snl > 0],

Vn2<n2 € §2>[sn2 <0],N = /N\l Ui/\l\z.

Then external sum over *Rg4(€,n) of the sequence {s,}; (#cn-Sum)
#enEXt-"Rga(e,n)- D sh”

neN

or #.n-sum of the corresponding countable sequence *s, : N - *Rg(e,n) is defined by

e :
(1) ¥vn(sh>0):

#e,nEXt'*RsLd(G,n)-Zsﬁ"” = SUp {Z(*Sn)#&n}’

neN keN n<k

(>

(i) vn(sp < 0) :
#nEXt-"Raa(e,n)- D _ sk

inf {Z sﬁfv”} =—sup {Z(I*snl)#ﬁ"},
< neN keN ( nsk keN nsk (2.22.b)

(Ill) vni(ng € Nl)[snl > 0],
Vnz(nz S Nz)[Snz < 0],N =N;UN> :

H#enEXt-"Raa(e,n)- D sk 2 #onExt-*Raa(e,n)- Y su” +
neN nle/N\l
#enEXt-"Raa(e,n)- Y s’
n2€§2

.
Abbreviation 2.8.C. We often abbreviate #e,nExt-Z si" instead

neN



#enEXt-"Raa(€,n)-Y s,

neN
Theorem 2.11.(1).(i) Let {sn},, ; be a countable sequence s, : N » R such that
vn(n € N)[Sn1 > Sn] and limp.. Sn = n.Then
sup {(*sn)*} = ('n)" - ea.

neN

(ii) Let {sn}, be an countable sequence s, : N - R such that Vn(n € N)[Sp1 < Sps1]

and limp... Sh = n.Then

inf {(*sn)*} = C'n)* + &q.

neN

(iii) Let {sn}_, be an countable sequence s, : N - R such that Vn(n € N)[s, > 0],

2,5 = 11 < o and infinite series )" s, absolutely converges to 7 in R.Then

HEX- D sh= sup {Z(*sn)#} = (*n)*-eqg € "Ry, (2.23)

neN keN n<k

(iv) Let {sn}, , be an countable sequence s, : N - R such that Vn(n € N)[s, < 0],

2,5 = 1 > —o and infinite series) |~ s, absolutely converges to 7 in R. Then

neN keN n<k

HEX-D_sh 2 inf {Z(*sn)#} = (*n)" +&q €* Ry,
(v) Let {sn}_, be an countable sequence s, : N - R such that (1)
{snb 21 = (S}, U {snz}:fzeNz,vm(nl e @1)[3,11 > O],Vn2<n2 e @z)[snz < 0],
N =/N\1U/N\2 and (2) Z Sn, = N1 < 0, Z Sn, = 12 > —o0. Then

N N
nieNg noeNy

#EXt-Zsﬁ £ HEXt- Z sh, + HEXt- Z st =)+ (n2)* —ea € "Ry

AN A
neN nieN; noeNs

Proof. (i) Let Vn(n € N)[Sh:1 > Sn] and limp. Sn = 1. Then obviously:
vn(n € N)[s, < 1].
Thus Ve € R there exists M € N such that (1)

(1) VkeN:n—&<Swk <.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Ve e R,Vke N: (*n) — (*¢) < (*smk) < (*n).
Using now Wattenberg embedding from (2) we obtain (3)
(3) Ve e R,Vke N: (") - (&) < (") < ().
From (3) one obtains (4)

(4) VeeR: (n") - (&) < sup (") < (*n¥).
keN

Note that Vo[(6 € R) A (6 ~ 0)] obviously
(5)  sup (*sf) < (*n*) - 6%,

neN

(2.24)

(2.25)



From (4) and (5) one obtains (6)

(6) Ve(e € R)VO[(6 € R)A (S =~ 0)]{(*77#) - (*e¥) < sup (°sp) < (*n) —5#}-

neN
Thus (i) immediately from (6) and from definition of the idempotent —¢.
Proof.(ii) Immediately from (i) by Lemma 2.3 (v).
Proof.(iii) Letnm = Zrn;l sn. Then obviously: nm < n and limm.e nm = n.Thus Ve € R
there exists M € N such that (1)
(1) VkeN:n—&<nmk <.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Vee R,Vke N: (*n) - (*¢) < (*nwmsk) < (*n).
Using now Wattenberg embedding from (2) we obtain (3)
(3) Ve e R,vke Nt ("n") = (*&*) < ("nfa) < Cn¥).
From (3) one obtains (4)
(4) Ve e R:("n*)—(*e") < sup ('nfia) < ().
keN
From (4) by Definition 2.16 (i) one obtains
(5) Ve e R : ("n") - (*e*) < #Ext- D_(*sh) < (*n¥).

neN
Note that Vo[(6 € R) A (6 ~ 0)] obviously
(6)  #Ext- D ("sh) < ("n*) - &%,

neN

From (5)-(6) follows (7)

(7) Ve(e € R)VO[(6 e R) A (6 ~ 0)]{(*17#) - (&%) < #EXt- ) (sh) < (*n*) —5#}-

neN
Thus Eq.(2.23) immediately from (7) and from definition of the idempotent —¢q.
Proof.(iv) Immediately from (iii) by Lemma 2.3 (v).
Proof.(v) From Definition 2.16.(iii) and Eq.(2.23)-Eq.(2.24) by Theorem 2.7.(iii) one
obtain

HEXE- ) sk 2 #EXt- Y sh o+ #Ext D st = Cn)f - ea+ (Cn2)¥ +ea) =
neN nle/N\l I’]2€/N\2
=)'+ ()’ —ea+ea =)+ (n2)’—eq € Ra.

Theorem 2.11.(l1).(i) Let {sn},, be a countable sequence s, : N - R such that
vn(n € N)[Sn1 > Sn] and limp.. Sn = n.Then
sup {(*s))*} = ('m)* —e x ea.
neN
(ii) Let {sn}, be an countable sequence s, : N - R such that Vn(n € N)[Sp1 < Sps1]
and limp.. Sh = n.Then
inf {(*s0)*} = ("m)™ + € x £q.
neN

(iii) Let {sn}_, be an countable sequence s, : N - R such that ¥n(n € N)[s, > 0],



2,5 = 1 < o and infinite series )" s, absolutely converges to 7 in R.Then

#Bxt-"Raale)- D sk 2 sup {Z(*Sn)#e} = (M -exsge Ragle)  (223.2)

neN keN n<k

(iv) Let {sn},_, be an countable sequence s, : N - R such that Vn(n € N)[s, < 0],
2,5 = 1 > —o and infinite series) |~ s, absolutely converges to 7 in R. Then

#EExt-*IRg_d(e)-Zsﬁe 2 inf {Z(*Sn)#‘} = (*n)* +exeqg € Rggle), (2.24.a)
keN

neN n<k

(v) Let {sn}, be an countable sequence s, : N - R such that (1)
(Sn¥ia = S ruem, U S ipeng V(& R ) s, 2 01, o (12 € Rz ) [so, < )
N =/N\1U/N\2 and (2) Z Sn, = N1 < o, Z Sn, = 12 > —o0. Then

nle/N\l HZE/N\Z
#EXt-"Raa(e)- D Sh 2 #EXt-"Raa(e)- D shi+
neN nle/N\l
. . . (2.25.a)
#EXt-*Rgq(€)- Z She = (*'n1)™ + (*n2)* —exeqg € Rgq(e).
nze/N\z

Theorem 2.11.(lll).(i) Let n €*N\N. Let {sy}; be a countable sequence s, : N - R
such
that Vn(n € N)[Sp.1 > Sn] and limp..Sh = . Then
sup {(n x*Sn)#"”} = (n x*n)" " —n xe x gq.
neN
(ii) Let {sn}, be an countable sequence s, : N - R such that Vn(n € N)[Sp1 < Sps1]
and
[iMpw Sh = n. Then
inf {(n X*Sn)#e,n} = (n x*n)™ " +n xe x 4.
neN

(iii) Let {sn}_, be an countable sequence s, : N - R such that VYn(n € N)[s, > 0],

2,5 = 11 < o and infinite series )~ s, absolutely converges to 7 in R.Then

#e, EXt-*leLd(G,n)- (n x*g )#e,n A SUp (n x*S )#E,n —
n nEN: " o nzk: " (2.23.b)
(nx*m)*r —nxexeq € Raa(e,n),

(iv) Let {sn}, , be an countable sequence s, : N - R such that Vn(n € N)[s, < 0],
2 .Sn =11 > —oo and infinite series) | ” s, absolutely converges to 7 in R.Then

_x _ XSn #en A H ¥ ) #en _
#HenEXt-"Rg.q(€) Z(n Sn) inf {g(n Sn) } (2.24.0)

neN keN

#en

(Nx*n)™" +Nxexegq € *[Rst.d(e,n),



(v) Let {sn}, be an countable sequence s, : N - R such that (1)

{Sn}na = {Sn)tmen, U {Snz}:zeNz,Vn1<n1 € §1>[Sn1 > 0],Vnz<n2 € @2)[8,12 < 0],
N =/N\1U/N\2 and (2) Z Sn, = N1 < o, Z Sn, = N2 > —o0. Then

nle/N\l HZE/N\Z
#EXt-"Raa(e)- DSk 2 #EXt-"Raa(e)- D shi+
neN nle/N\l
. . . (2.25.b)
#EXt-*Rg.q(€)- Z She = (*n1)™ + (*n2)* —exeqg € Rgq(e).
nze/N\z

Theorem 2.12.Let {a,} ,be a countable sequence a, : N - R such that Vn(a, > 0)
and infinite series )~ a, absolutely converges in R.Let s= #Ext-z aj be external sum

neN
of the corresponding countable sequence {*an}, ;.Let {bn}, be a countable sequence

where b, = ampn is any rearrangement of terms of the sequence {a,} ;. Then external
sumo = #Ext-z b, of the corresponding countable sequence {*b,} , has the same

neN
value s as external sum of the countable sequence {*an},i.e. ¢ = S—¢&q.

Theorem 2.13.(i) Let {an},,, be a countable sequence a, : N - Ry, such that
(1) Vn(an > 0), (2) infinite series Z:):l an absolutely converges to n = +o in R and let
#Ext-Z aj be external sum of the corresponding sequence {*an} ,. Thenforanyc

neN
*R. the equality is satisfied

x| #EXt- ) af | = #EXt- Y c*xaf =
X( 2. ”> 2,c % (2.26)

neN neN

= c? x (*n)#— c? x gq.

(ii) Let {an},, be a countable sequence a, : N - R, such that (1) Vn(a, < 0), (2) infinite
series )" a, absolutely converges to n + — in R and let #Ext-» _ a# be external sum of

neN
the corresponding sequence {*an}, ;. Then for any c € *R, the equality is satisfied:

c x| #EXt- Y af | = #Ext- Y c*xaf =
( 2. ”> 2,c % (2.27)

neN neN

=c* x (*n)" + ¢ x gq.



(iii) Let {sn},_, be a countable sequence s, : N - R such that

(1) {sn}na = {Sn)men, U {Sna )t npen,» VN2(N1 € Na)[Sn, > 0], VNn2(n2z € N2)[sn, < 0],
N = N1 UNy,

(2) infinite series Zle sn, absolutely converges to n; # 4+« in R,

(3) infinite series Z:):l Sn, absolutely converges to 12 # — in R.

Then the equality is satisfied:

/
c# x (#Ext-Zsﬁ) =
neN
= HEX- D cfxsh +HEX- Y CFxsh, = (2.28)
n]_E/N\]_ n2€§2
L~ c# x <(*n1)# + (*nz)#> - x gq.

Proof.(i) From Definition 2.16.(i) by Theorem 2.1, Theorem 2.11.(i) and Lemma (2.4)
(ii) one obtain

HEXE- Z c? x af = c# x (#Ext- Z aﬁ) =

neN neN
=c*x ('n)¥-eq) = c*x (*n)* - c* x eq.

(if) Straightforward from Definition 2.16.(i) and Theorem 2.1, Theorem 2.11.(iii) and
Lemma (2.4) (ii) one obtain

(#Ext-Zc# X aﬁ) = ¥ x (#Ext-zaﬁ> -

neN neN

=c*x ('m'+eq) = x (*n)* +c* x eq.

(iif) By Theorem 2.11.(iv) and Lemma (2.4).(ii) one obtain

c* x (#Ext-Zsﬁ) = x (Cn)'+ ("m2)"—&4) =

neN
= ¢ x <(*n1)# + (*nz)#> — ¢ x gq.
But other side from (i) and (ii) follows
#HEXt- Z c* x s + #EXt- Z ctxsh =
nle/N\l I’lze/N\z
=c*x (n)—cf xeq) +cf x )+t xeq =
c# x <(*n1)# + (*nz)#> - x gq.
Definition 2.17. Let {an}_, be a countable sequence a, : N - R, such that infinite
series |~ a, absolutely converges in R to i # 0. We assume now that:



(i) there exists m > 1 such that vk > m: 3 a, > 7, or

(ii) there exists m > 1 such that vk > m: 3% a, < n, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(a) vi,m: Zi":l an, > n and infinite series Zil an, absolutely converges inR to n

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m: Zjnz‘l an, < 17 and infinite

series ij'il an; absolutely converges in R to 7.
Then: (i) external upper sum (#upper sum) of the corresponding countable sequence
*an : N > R is defined by
()
\
HEX:-D_af = inf {Z(*an)#},
neN keN n<k
(i)
\
#EXt-Y_af 2 inf {3 ("an)"},
g ieN keN

(ii) external lower sum (#-lower sum) of the corresponding countable sequence
is defined by

(2.29)

Q)
HEXE-D @k 2 sup {Z(*an)#},

neN keN n<k

< i (2.30)

A
HEX-D af £ sup {ngk(*am)#}-
keN

jeN

N

Theorem 2.14.Let {a,}/, be a countable sequence a, : N - R, such that infinite
series Zle an absolutely converges in R to n # 0. We assume now that:

(i) there exists m > 1 such that vk > m: Y an > n,0r

(ii) there exists m > 1 such that vk > m: 3% a, < n,0r

(iii) there exists infinite sequence n;,i = 1,2,...such that

(a) vi,m: Zi":l an, > n and infinite series Zil an, absolutely converges inR to n

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m: Zjnz‘l an, < n and infinite

series ij'il an; absolutely converges in R to n. Then

\
#Ext-Zaﬁ L2 nf {Z(*an)#} = (*n)*+eq € Ry,
keN

neN n<k

A
HEXt- ) af 2 sup {Z(*an)#} = ('n¥-es e Rq.

neN keN n<k

Ve

(2.31)

N



and
-

(>

\
HEXE- Y af,

ieN

A
#Ext-Zaﬁj £ sup {ngk(*am)#} = ('n*-gqe Rq.

jeN keN

inf {3 Can)*} = Cn¥+eae Ry,
ken (2.32)

N

Proof. straightforward from definitions and by Theorem 2.11 (i)-(ii).

Theorem 2.15. (1) Let {an},_, be a countable sequence a, : N - R, such that infinite
series Zle an absolutely converges in R to n # 0. We assume now that:

(i) there exists m > 1 such that vk > m: X a, > 7, or

(ii) there exists m > 1 such that vk > m: 3% an < n, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(a) vi,m: Zi":l an, > n and infinite series Zil an, absolutely converges inR to n

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m: Zjnz‘l an, < n and infinite
series ij'il an; absolutely converges in R to 7.

Then for any ¢ € *R. the equalities are satisfied

4 \Y \
HEXt- D cf x af = ¢ x (#M-Zaﬁ) = c*x (') +cfxeqg e "Ry,

neN neN

(2.33)

A A
HEXt- D c¥ x af = ¢ x (#En-Zc%ﬁ) = c*x(*n)*-c?xeg € Ry.
q neN neN

and

-
v v
#EXI-ZC# x af = c* x (#EXt-Zaﬁi> =c*x (*n)*+c*xeq € Ry,
ieN ieN

(2.34)

< A A
HEX- D cfxaf = cf x | #Bxt- D af | =cfx ("'m¥-cfxeqe Ry
jeN jeN

N~

Proof. Copy the proof of the Theorem 2.13.

Theorem 2.16. (1) Let {an},_, be a countable sequence a, : N - R, such that infinite
series )~ an absolutely converges in R to n = 0.We assume now that:

(i) there exists m > 1 such that vk > m: "X @, > 0, or

(ii) there exists m > 1 such that vk > m: 3% an <0, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(a) vi,m: Zi":l an, > 0 and infinite series Zil an, absolutely convergesinRton =0
and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Zjnz‘l an; < 0 and infinite
series ij'il an; absolutely converges inR ton = 0.

Then for any c € *R. the equalities are satisfied



-

neN

< A
#Ext-Zc# x afi = c? x
L neN
and
4 Vv
HEXt- Z c*xaf =c*
< -
HEXE- Z c* x af =c”
L jeN

Proof. (1) From Eq.(2.31) we obtain

-

neN

N

Vv \%
#Ext-Zc#x at = ¢ x (#Ext-Zaﬁ) = c¥*xgq e Ry,

neN

A
(#Ext-Zc‘*aﬁ) = —C#ng € *Rd.

neN

ieN

\

x (#Ext-Zaﬁ) —c*xeqe "Ry,
A

X (#EX’[-Z&%) = —C* x gq € Ry.

ieN

\%
#EXI-ZB.# = + &g,

A
HEXL- Z af = —¢q.

neN

From Eq.(2.37) by Theorem 2.1 we obtain directly

4 \
HEXt- D cf x aff = ¢ x

neN

< A
HEXt- D cf x af = C#><<

q neN

(2) From Eq.(2.32) we obtain

-

HEX-

N

\Y
(#Ext-Zaﬁ) = ¢* xgq,

neN

A
HEXE- c#aﬁ> = —c'xey.

neN

\Y
HEXE- D af = +eq,

ieN

A
E aﬁjz — &d-

jeN

From Eq.(2.39) by Theorem 2.1 we obtain directly

Ve

ieN

A
#Ext-Zc# x afy = c* x

jeN

Remark 2.13. Note that we have proved Eq.(2.35) and Eq.(2.36) without any

Vv Vv
#Ext-Zc#x ah =c*x (#Ext-Zaﬁ) =cfxgqg € "Ry,

ieN

A
(#EX’[-Z&%) = —c*x Ed € *[Rd.

ieN

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)



reference to the Lemma 2.4.
Definition 2.18. (i) Let {an}, , be a countable sequence a, : N - *Rg, such that

vn(n > m> 0)[an > 0] and Vn(n < m—1)[ (an = @) A (an € R) ] (2.41)

Then external countable lower sum (#lower sum) of the countable sequence a, : N >
*Rq is defined by

#Ext-Zan = Zan +#Ext-2an

neN

#Ext-Zan YY) Zan.
n=m

keN nem

(2.42)

In particular if {an}, = {af}” , where Vn e N[a, € "R ] the external countable lower
sum (#lower sum) of the countable sequence a, : N - *Ry is defined by

A m-1 o
HEXE- D an = Zaﬁ+#Ext-Zaﬁ,

neN

#Ext-Zan £ Sup Zan

keN  n=m

(2.43)

(ii) Let {an},_, be a countable sequence a, : N - *Ry, such that
vn(n > m> 0)[an < 0] and Vn(n < m—1)[ (an = @) A (an € "R) ] (2.44)

Then external countable upper sum (#upper sum) of the countable sequence a, : N —»
*Rq is defined by

#Ext-Zan = Zan +#Ext-2an

neN

#EXt-Zan £ inf Zan.
n=m

keN nem

(2.45)

In particular if {an}i, = {af}” ,, where ¥n e N[a, € "R ] the external countable upper
sum (#upper sum) of the countable sequence a, : N - *Ry is defined by

HEX- Zan —Za#+#Ext Za

neN

#Ext-Zan 2 inf Za#

keN n=m

(2.46)

Theorem 2.17. (i) Let {an}, _, be a countable sequence a, : N - *Rgy, such that valid
the property (2.41). Then for any ¢ € *R, the equality is satisfied



A A
C# X (#EXt'Z&n) = #EXt'ZC# X Opn =

neN neN

L ) (2.47)
= > cfxaf +#Ext- Y ¢ x af,.
n=0 n=m

(ii) Let {an},_, be an countable sequence an : N - *Ry, such that valid the property
(2.44).
Then for any ¢ € *R. the equality is satisfied

\ \Y
¢t x (#Ext-Zan> = #Ext-Zc#xan =

neN neN

m-1 S (2 48)
= Zc#x aﬁ+#Ext-Zc#x at.
n=0 n=m

Proof. Immediately from Definition 2.18 by Theorem 2.1.

Definition 2.19. Let {z,}, , = {an+ibn} , be a countable sequence
Zy = an +ibn : N - C such that infinite series ) _ | z, absolutely converges in C to
Z|z| # «.Then: (i) external complex sum (complex #-sum), (ii) external upper complex
sum (upper complex #-sum) and (iii) external lover complex sum (lover complex #-sum)
of the corresponding countable sequence *z, : N - *C is defined by

HEXt- D 78 = #EXt- D afi+i x (#Ext-Zbﬁ),

neN neN neN
\Y \ \
HEXt- D 78 = #EXt- D afi+i x (#Ext-Zbﬁ)
neN neN neN (2 49)
A A A
HEXt- D 78 = #EXt- D afi+i x (#Ext-Zbﬁ).
neN neN neN

correspondingly.

Note that any properties of this sum immediately follow from the properties of the real
external sum.

Definition 2.20. (i) We define now Wattenberg complex plane *Cq4 by *Cy = *Rgq @ i x
*Rg with i = 1. Thus for any z € *C4 we obtain z = x+ iy, where X,y € *Ry, (i) for any z €
*Cq such that z = x + iy we define |z]* by |z]* = x? + y? € *Rq.

Theorem 2.18. Let {z,},_, = {an +ibn},, be a countable sequence z, = an +ib, : N -
C such that infinite series 2:;1 Z, absolutely convergesin Ctoz= {1 +i{2 and
|z] £ . Then

(i)



HEXE- ) Zh = #EXt- D afi+i x (#Ext-Zbﬁ) -

neN neN neN

[CC)" —eq ]+ i[(*¢2)" —ea ] = (C)* + 1(*¢2)" — ea(1+1)
\
HEXt- ) 74 =

neN

\% \%
HEXE- ) alh+i (#Ext-Zbﬁ) = (¢ + () + eq(L+1)
neN neN
A

HEXt- ) 74 =

neN

A A
HEXE- ) alh+i (#Ext-Zbﬁ) = (¢ + () —eq(L +1)

neN neN

(i)
2

HEX- D 74

neN

2
HEXE- ) alh+i x (#Ext- > bﬁ)

= | + (L) - ea@+ )|,
neN neN

v 2

HEX:- D Zh| =
neN
2

= |+ i)+ ea@+i) |

v N
HEXt- ) alh+i x (#Ext- > bﬁ)

neN neN

/\ 2
HEX:- D Zh| =
neN
2

= |C¢O*+ ¢ +ea+i)]%

A A
HEXt- ) alh+i x (#Ext- > bﬁ)

neN neN

2.9 Gonshor transfer
Definition 2.21.[7]. Let [S]; = {XAy(y € S[x < y]}.
Note that [S], satisfies the usual axioms for a closure operator,i.e. if () S+ &,S = &

and
(i) Shas no maximum, then [S], € *Rq.

Let f be a continuous strictly increasing function in each variable from a subset of R"
into R. Specifically, we want the domain to be the cartesian product Hi”zl Ai, where A; =
{X|x > &} for some a; € R.By Robinson transfer f extends to a function *f : * R" - *R
from the corresponding subset of *R" into *R which is also strictly increasing in each



variable and continuous in the Q topology (i.e. € and 6 range over arbitrary positive
elements in *R).We now extend *f to [*f],

[*fly © "R > "Rg. (2.50)
Definition 2.22.[7]. Let aj € *Rg, ai > a;, bi € *R, then

[*fl4(ar,az,...,0n) = [{*f(bl,bz,...,bn)| a < b e ai} ]d. (2.51)
Theorem 2.20.[7]. If f and g are functions of one variable then
(- Dlg(a) = (["flg(@)) - ([gl4(@)). (2.52)
Theorem 2.21.[7].Let f be a function of two variables. Then for any ¢ € *R and a € *R
[*fl4(a,a) = [*f(b,c)lb € a,c < a]. (2.53)

Theorem 2.22.[7].Let f and g be any two terms obtained by compositions of strictly
increasing continuous functions possibly containing parameters in *R. Then any
relation *f = *g or *f < *g valid in *R extends to *Rg,i.e.

[*flg(@) = ["l4(a) or [*f]4(a) < [*g]4(a). (2.54)
Remark 2.14. For any function *f : * R" - *R we often write for short f# instead of
[*fl4.
Theorem 2.23.[7].(1) For any a,b € *R.

exp”(a” + b¥) ; exp”(a*) exp”(b*), (2.55)
(exp*(@*))” = exp*(b*a”).
Forany a,fB € *Rq,a, > 0
# _ # #
exp”(a + ) = exp™(a) exp”(f), (2.56)
(exp(@))” = exp*(Ba).
(2) Foranya,be*R
@)" = @)"". (2.57)
(3) Foranya,p,y € *Rq,a,8,y >0
(alP)’ = a?f (2.58)
(4) Foranyace*R
# Hoat\) — att
In*(exp”(a™)) = a”, (2.59)

exp*(In(a*)) = a”.

Note that we must always beware of the restriction in the domain when it comes to
multiplication

Theorem 2.24.[7].The map a — [exp],(a) maps the set of additive

idempotents onto the set of all multiplicative idempotents other than 0.

2.10.The rings *R~(g) and *Q~(¢).



For the remainder of this paper note that:
(i) we use the canonical embeding R — *R by formulaa » *a = (a,3a,...);
(i) we use the canonical notation a = b, for a infinitely close to b and S(«)
for the unique standard number infinitely close to a finite nonstandard
number «;
(iii) the monad of a, the set {x € "R|x ~ a} is denoted, u(a);
(iv) the subset of the all finite numbers in *R is denoted, *Rfi";
(v) the subset of the all finite numbers in *Q is denoted, *Qfi;
(vi) the subset of the all finite numbers in *R4 is denoted, *IRL“‘;
(vii) the subset of the all finite numbers in *Qq is denoted, *@Ij”;
Definition 2.23.Standard number a € *R that is a number such that a = *b,b € *R.
The set of all standard numbers is denoted *Rg.
Definition 2.24.Let ¢ ~ 0.The e-monad of 0,the set ¢ - u(0) is denoted, p.(0).
Definition 2.25.Let a € R,e = 0.We will say that *a infinitely e-close to b € *R
iff *a—b e u.(0).
Definition 2.26.Leta € R,& ~ 0.The -monad of a, the set {x € R|x~ “a} is
denoted, u.(*a).
Definition 2.27.Let a € *R,3S(a),e ~ 0. We will say that a is e-near-standard number
iff
In:(n: € 1:(0)) [a- (*S(@)) < 1. ]. (2.60)

Definition 2.28.The set of the all e-near-standard numbers is denoted, *R~(¢).

Theorem 2.25.The set *R*(¢) as algebraic structure in a natural way is an ordered
ring,

i.e.,a structure of the form

(*R*(&),+*R=~(e) » **R*(e) »<*R=(e) , 0, 1), (2.61)

where *R~(¢) is the set of elements of the structure,where

() +r=@) = +R | Re(e) o)

(i) **R>(¢) 2 g T*W(g)x "R=(s)

are the binary operations of additions and multiplication, and

(iii) <'mee) = <R | Regeox Ro)

is the ordering relation induced from corresponding operations and relation on *R,and

(iv)*0,*1 € *R are distinguished canonical elements of the domain.

Proof.Immediately from definitions.

Definition 2.29.Let

a=" e Qme7\Zn eNWN,3S(a), ~ 0.
We will say that a is e-near-standard hyper rational number iff
In:(n: € u(O)[ |~ CK@)[ < 7. ]-

Definition 2.30.The set of the all e-near-standard hyper rational numbers is denoted,
*Q~(¢).

Theorem 2.26.The set *Q~(¢) as algebraic structure in a natural way is an ordered
ring,i.e., a structure of the form

(FQF(€),+a%¢) »**a%e) »<*a%e) » 0, *1), (2.62)



where *Q*(¢) is the set of elements of the structure, +-q=¢) and -.q~., are the binary

operations of additions and multiplication, <«q=( is the ordering relation induced from
corresponding operations and relation on *R, and *0, *1 are distinguished canonical
elements of the domain.

Proof.Immediately from definitions.

2.11.The semirings *R3(¢) and *Qj(¢).
2.11.1.The semiring *Rj(¢).

Definition 2.31. (Wattenberg embeding) We embed *R~(¢) into *R3(¢) of the
following way:
(i) If & € *R*(¢), the corresponding element a%;- (., = a* of *R3(¢) is

afﬁ%a(‘g) = a% 2 {xe R(&)X <re(e) a) (2.63)
and
—ye 0 = {ae "R¥e)|-wa e a*} U{a}. (2.64)
(ii) If o, p € *R3(e) we define the sum a +:x5() £ by
a+r3e) f = {a+r blae a,be ). (2.65)
(i) If @ € *R5(e), B ¢* R3(¢),B € *Rf" we define the sum « T B by
a JF*Rgn B = {a+=x blae a,be p}. (2.66)

(iv) Suppose a,f € *R5(¢).Then we define the ordering relations o <-s.) f and
o <-r3e) f and equivalence relation a =) £ by

o S*R;(S) IB < a < ﬁ,
a <wje) f = a &P (2.67)
o =3 f = <0£ <*R3(e) ﬂ) A (ﬁ <*R3(e) 0!)-

(V) Suppose a € *R3(g), p ¢* R5(e),p € *[RQ”.Then we define the ordering relations
@ X gm B RG(e) x *RI" and o i B S R3(E) x *Rf" and equivalence relation
@ =y B R < RY" by
o VS*RLin B <= Va(a e a)db(b € B)[a <+ b],
o <gin f = Jb(b € p)Va(a € a)[a <+ b, (2.68)
@ =y qm f = (aZzmB) AVD(b e f)Ia@e )b < al,
(vi) Suppose a € *[Rg”, p e *[Rg”,ﬂ € *R3(¢).Then we define the ordering relations
o Zpm fC RN x *R5(e) and a g B R x *R5(e) by
a E*Rgn B <= Va(ae a)dbb e p)[a < b],

9 - _ (2.69)
o <.gin S < 3b(b € B)Va(a € a)[a <+ b].



(vii) If A = *R5(¢) is bounded above in *R"" then we define

supA = Ja e "Rje) (2.70)
acA
and
infA=ae "Rie). (2.71)
acA

(viii) Suppose a,f € *R§(g). The product a --r3) f, is defined as follows.
Case (1) O*R5(e) > 0#5,,3 *R3(e) > 0%

o **R3(e) ﬁ 2
{a - bl0* <*R3(¢) a* <*R3(e) a,0% <*R3(e) b* <r3e) Br U{"RZ(e) U{"0}}.

Case (2) a = 0% or = 0%

(2.72)

@ +aie f = OF. (2.73)
Case (3) a <-r3() 0% or f <3 0%
& a2 ftl +onze) (81 (o <omze) OF) A (B < ny)0F),
a *R3(e) = —R35(e) |ex| **RG(€) |B] iff (a <*R5(e) 0#5) A (ﬁ “RG(8) > 0#§>1 (2.74)
0 ko) B 2 —rae) o] ~rae) |BIIFF (@mse) > 0%) A (B <-mze) 0%).

(ix) Suppose a € *R5(¢),p ¢* R3(e),p € *[RQ” The product a “gln B, is defined as

follows.
Case (1) o *R5(e) > O#Z,ﬁ «Rfin > 0%

o :*n&{j” B =
{a. b0 <gxe) @%F <mse) @,0% <, B < in ﬁ} U {R U* O}, (2.75)
@ ale) = "Ry Rfi
Case (2) a = 0% or p= 0%
a i f 2 0% (2.76)

Case (3) a <3 0% or g <egin 0%
a-, finﬁ = |O£| <o fin |ﬂ| iff (Ot <*RE(g O#Z) A ,B < ., finQ"
R R ) R '
o S B = —re) lo S [BLHFF (@ <mie) 0%) A (ﬁ i ” O#Z)’ (2.77)

a Sgin B2 k3@ || S |B] iff (a > 0#;) A (,B < O#Z),
d d Rd(g) R

d
Such embeding *R~(¢) into *R3(¢) as required above we will name Wattenberg
embeding
and is denoted by *R*(¢) & *R3(€).
Theorem 2.27.*Rj(¢) is complete ordered semiring.
Proof.Immediately from definitions.
Remark 2.15.The following element of *R3(¢) will be particularly useful for examples,
&5(e;*R®) & {*R=(¢&)} U u(0). (2.78)
Examples.Note,for importent examples, that:



&3(e; "R*) + E5(e; "R*) = E5(; "R™),

(2.79)
€3(&;"RY) ++r5ie) (—rje) Ed(€; "RY)) = —rj(e) Eq(e; "R7).
2.11.2.The semiring *Qj(¢).
Definition 2.32. (Wattenberg embeding) We embed *Q~(¢) into *Qj(&) of the
following way: (i) if a € *Q=(¢), the corresponding element o of *Q3(¢) is
ag%(g) =a¥ £ {X e "Q¥(&)X <o ) a} (2.80)
and
—a30) 0% = {ae Q%(e)| —a @ & a¥ } Ua}. (2.81)
(i) If o, f € *QF(e) we define the sum a +q3¢) S by
o +a3e) B = {a+blaeabe ) (2.82)
(iii) If @ € *Q3(e), B &* Q3(e),p € *Ry(e) we define the sum a ++rs() S by
a Fr3e) f = {a+wblac a,be ). (2.83)
(iv) Suppose a,f € *Qj(e). Then we define the ordering relations a <-q3¢) # and
a <-a3@) B by
o <+Q3(e) p = acp, (2.84)

a <o) f = a & p.

(v) Suppose a € *Rg(e), a ¢ *Qj(e),p € *Qj(¢).Then we define the ordering relations
a vSl*R;(g) ﬁ C *[Rz(é‘) X *Qz(é‘) and a il*ug;(g) IB C *Rz(é‘) X *Qz(é‘)
by

a vfl*ugg(g) ﬂ = Va(a S a)EIb(b S ﬁ)[a <*R b],

; - _ (2.85)
a <1*R3(e) ,B = Hb(b S ,B)Va(a € a)[a < b]

(vi) Suppose a € *Qj(¢), B ¢ *Qj(e),p € *Ry(e).Then we define the ordering relations
a Zrwr3e) B C *Q5(e) x* Ri(e) and a <23 B < *Q5(e) x* R§(e)

by
o Spwye) f < Va(ae a)db(b € f)la <= b, (2.86)
a Zrwye) f = 30D € B)Va(a e a)[a <. b] '
(vii) If A = *Qj(¢) is bounded above in *Rfi" then we define
supA = |Ja e "Qj(e) (2.87)
acA
and
inffA=ae "Q5). (2.88)
acA

(viii) Suppose a,f € *Qg(e). The product a --q3() B, is defined as follows.



Case (1) a +05@) > O#Z,ﬁ Q5(s) > 0%

o a5 B =
{@++q=(e) b0% <sq30) 8% <+q3e) @,0% <:q3) b <wq3¢) B} U {*Q3(g),{*0}}.

Case (2) a = 0% or p= 0%

(2.89)

a a3 f = 0. (2.90)
Case (3) a < 0% or p < 0%
o a0 B2 ] +azee) IBIF (@ < gz 0% ) A (B < qz0)0),
@ o) B = =g 12l oz B (& < ooz 0 ) A (B gz > 0%), (290)
o a0 B2 oz Il oz IBIF (0 gz > 0F) A (B <waz) 0F).
(ix) Suppose a € *Qg(g),B ¢ *Qj(¢),p € *Ri(¢) The product a *+rs() f, is defined as
follows.
Case (1) o *Q5(s) > O#Z,ﬁ *R5(e) > 0%
{@a=a 0" < .o @ < Lo 0,0% <l D% < B (2.92)
UL RZ(e) U {*0} ).
Case (2) a = 0% or = 0% :
a :*Ré(s) b 2 0%, (2. 93)

Case (3) a <+03(e) 0% orp <*R3(¢) 0%

o Fnge) B2 ol Pz 1B (@ < o507 ) A (B <tmge) 0%),
a 'V*[Rj(s) B = —Qg(e) Jor| :*Rﬁ(s) 8] iff (0! < *03(8)0#§> A (ﬁ *RE(€) > O#Z>’ (2.94)
o Faye) B2 —age Il Frse I8 (@ 03 > 0% ) A (B <-wje) 0%).

Such embeding *Q*(¢) into *Qj(¢) as required above we will name Wattenberg

embeding and is denoted by *Q~(¢) & *Q3(e)
Theorem 2.27.*Qj(¢) is complete ordered semiring.
Proof.Immediately from definitions.
Remark 2.15.The following element of *Q(¢) will be particularly useful for examples,

£5(g;*Q~) £ {*Q>(¢)} U u:(0). (2.95)
Examples.Note,for importent examples, that:
ég(é‘, *Qz) ++Q3(e) ég(é‘, *Qz) = 53(8, *Qz),

. - _ - - - (2.96)
&3(¢; "Q%) +a3() (—ra30) £3(&;7 Q%)) = —qz) E3(; Q7).

2.12.Absorption numbers in *R3(¢) and in *Qj(¢).

Absorption numbers in *Rj(¢)
Definition 2.33. Suppose a € *Rj(¢),then



ab.p.(a) £ {d > 0% |VXyeo[X ++r=) d € a]}. (2.97)
Examples.
(i) Va € *R*(¢) : ab.p.(a*) = 0%,
(i) ab.p. (&5(s: "R*)) = &3(s; *R™),
(iif) ab. p. (—-r;e) E3(e; "R7)) = Ej(e; "R7),
(iv) Ya € *R¥(g) : ab.p.(a™ ++r3 () E(e; *RY)) = &5(e; *R7),
(v) Va € *R=(e) : ab.p.(a™ — 3¢ E5(e; *R™)) = E5(¢; *R™).
Theorem 2.28.
(1) ¢ <*r3(e) @b.p.(a) and 0 <+gz() d <+r3¢) C = d € ab.p.(a)
(i) c e ab.p.(a) and d € ab.p.(a) = C+-r3e) d € ab.p.(a).
Remark 2.16. By Theorem 2.28 ab.p.(a) may be regarded as an
element of *R3(¢) by adding on all negative elements of *Rj(¢) to ab.p. (a).
Of course if the condition d > 0% in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p.(a) since
X <-r3) Y € @ = X € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We
then identify ab.p. (&) with 0%.
Remark 2.17. By Theorem 2.28 (ii), ab.p. () is additive idempotent.
Theorem 2.29.
(i) ab.p. (a) is the maximum element g € *Rg(¢) such that a ++r3) B = a.
(II) abp(a) S*R;(s) a for a > 0%,
(iii) If a is positive and idempotent then ab.p.(a) = «.
Theorem 2.30.Let a € *Rj(¢) satsify a «r3) > 0%. Then the following are
equivalent. In what follows assume a,b «gs¢) > 0%.
() «isidempotent,
(i) abea= a+rx;e) bea,
(ilaea= 2pseaca,
(iV) VNpen[@ € @ = Nepse) @ € a,
(V) a€a=r-pse ac a, forallfinite r € *R(¢).
Theorem 2.31. (_*RZ(S) Ol) T*R3(e) @ = —*R3(e) [abp(a)]
Theorem 2.32. ab.p. (« Foese) B) - > ab.p.(a).
Theorem 2.33.
(i) a T B S*R;@ Oty V= "oz ab.p.(a) Terse B S*Rg(g) V-
(i) o ez p=a Foaze ¥ ™ Tz [ab.p.(a)] Faaz) B = ~ 230 [ab.p.(a)] Fonse) V-
Theorem 2.34.Suppose a, f € *Rj(¢),then
() ab.p.(—*wg) a) = ab.p.(a),
(ii) ab.p.(a +..-,, B) = max{ab.p.(a),ab.p.(B)}
Theorem 2.35. Assume e 0. If a absorbs —a3e) B then o absorbs .
Theorem 2.36. Let 0% < a € *R5(¢). Then the following are equivalent
(i) ais an idempotent,

(“) <_*uz<§(g) (Z) +*nz<§(g) <_*R§(s) (Z) = TR a,

(i) (= sy @) Fongy @ = —00.



(iv) Let A1 and A, be two positive idempotents such that A, e A1.
d t3

Then AZ +*[R§(g) <_*[R<§(s) Al) - AZ.
d

Absorption numbers in *Qj(¢)
Definition 2.34. Suppose a € *Qj(¢),then
ab.p. (@) 2 {d gz = 0% |VXealX +ra50) d € @] }. (2.98)

Examples.

(i) Va € *Q*(¢) : ab.p.(a%) = 0%,

(ii) ab.p. (&5(g; "Q%)) = &j(; "Q7),

(iii) ab.p. (—a5() &d(e; "QY)) = &(e; "Q7),

(iv) Ya € *Q%(¢) : ab.p.(a* +-a3e) E5(s; *Q7)) = E5(s; *Q7),

(V) Va €*Q%(¢) : ab.p.(a® —a3e) E5(e; Q%)) = &5(e; Q7).

Theorem 2.37.

@c <*Q3(e) ab.p.(¢) and 0 =+Q3(e) d <xQ3e) C = de ab.p.(a)

(i) c € ab.p.(a) and d € ab.p.(a) = C+-q3¢) d € ab.p.(a).

Remark 2.18. By Theorem 2.37 ab.p.(a) may be regarded as an

element of *Qj(¢) by adding on all negative elements of *Qj(¢) to ab.p.(a).
Of course if the condition d «o;(;) > 0% in the definition of ab.p. () is deleted we
automatically get all the negative elements to be in ab.p.(a) since

X <y e a = X € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We
then identify ab.p. (&) with 0%,

Remark 2.19. By Theorem 2.37(ii), ab.p. (a) is additive idempotent.
Theorem 2.38.

(i) ab.p.(a) is the maximum element B € *Qj(¢) such that a ++q3¢) B = a.
(i) ab.p.(a) <03 a for a g3 > 0%.

(iii) If a is positive and idempotent then ab.p.(a) = a.

Theorem 2.39.Let a € *Qj(¢) satsify a > 0%. Then the following are
equivalent. In what follows assume a,b o3, > 0%.

(i) «aisidempotent,

(ll) a,b E o = a+*Q;(5) be a,

(iilaea= 2q3eaca,

(iv) VNpen[@ € @ = Newq3) @ € a,

(V) a€a = (-q3e ac a, forall finite q € *Q(¢).

Theorem 2.40. (_*QZ(S) Ol) t5) O = —*Q5(e) [abp(a)]

Theorem 2.41. ab.p. (a ++a3¢) B) a3 = ab.p.(a).

Theorem 2.42.

(1) @ ++aze) B <+az) @ +a5) ¥ = —ra3(e) AD.P. (@) ++a56) B <a3(e) V-

(i) @ ++030) B = @ ++a3(e) ¥ = —+aze) [AD.P.(@)] ++a3¢) B = —*a3(0) [AD.P-(@)] ++05¢) 7
Theorem 2.43.Suppose a, B € *Qj(¢),then

(i) ab.p.(—-aze) @) = ab.p. (),

(i) ab. p. (@ +-a3) B) = max{ab.p.(a),ab.p. ()}



Theorem 2.44. Assume f > 0. If a absorbs —-q3(;) B then a absorbs f.
Theorem 2.45. Let 0 < a € *Qj(¢). Then the following are equivalent
() «is an idempotent,

(i) (—+0ze) @) +r03() (—03e) @) = —*05() @,

(iii) (—+0z¢) @) +r03) @ = —*05(e) -

(iv) Let A; and A be two positive idempotents such that Az -q3() > A1.
Then A, t=a3(e) (_*Qa(g) Al) = Ao.

2.13.Gonshor’s types of a € *Rj(¢) and o € *Qj(¢g) with
given ab.p. (a).

2.13.1.Gonshor’s types of a € *Rj(g) with given ab.p. (a).
Among elements of a € *Rj(¢) such that ab.p.(¢) = A one can distinguish two many
different types following Gonshor’s paper [7].

Definition 2.35.Assume A > 0%,

() @ € *R§(¢) has type 1if IX(X € a)Vy[X++r5¢) Y € @ = Y € A,

(i) & € *R(e) has type 2if VX(X € a)Ay(y ¢ A)[X+r3e) Y € al,l.e.

a € *R3(e) has type 2 iff o does not have type 1.

(i) a € *R3(e) has type 1A if IX(X & a)VY[X—rse)Y € @ = Y € A],
Theorem 2.46.

(i) a € *Rg(e) has type 1iff —r:() a has type 1A,

(i) a € *R3(e) cannot have type 1 and type 1A simultaneously.

(ii) Suppose ab.p.(a) = A > 0%, Then a has type 1iff a has the form

a" +.r3) Aforsomeae *R¥(¢)

(iv) Suppose ab.p.(a) = —r3e) A, A > 0%.a € *Rq has type 1A iff a has the form
a +R3(e) (_*Ra(g) A) for some a € *R~(¢).

(v) Ifab.p.(a) > ab.p.(p) then a +-rz() B has type 1iff a has type 1.

(vi) If ab.p.(a) = ab.p.(B) then a +-x3) B has type 2 iff either o or

has type 2.

Proof. (iii) Let a = a++rse) A. Then ab.p.(a) = A.Since A > 0,a € a+-g3e) A
(we chose d € A such that 0 < d and write a as (a —+r3() d) +r5() d).

It is clear that a works to show that a has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vy[a+-rie) Y € @ = Y € Al.Then we claim that: a = a++3) A.

By definition of ab.p. (a) certainly a++rs.) A <-r3¢) a. Onthe other hand by choice
of a,every element of o has the form a +:g3,) dwithd € A.

Choose d’ € A such thatd' > d, then a+-g3,) d =

*R(e)
[a—r;e) (d' RS d) ] +rie d' € @ty A
Hence a <-r3,) a+-=r3e) A.Therefore a = a+-wse) A.
Examples. (i) &5(¢; *R~) has type 1 and therefore —g3() &j(¢; *R~) has type 1A.Note
that
also —r3() £5(¢; *R~) has type 2. (ii) Suppose ¢ ~ 0,¢ € *R. Then &% «gs() £5(e; *R)
has



type 1 and therefore —-gx() €% «-r3() £5(¢; *R™) has type 1A.

(if) Suppose a € *R3(¢),ab.p.(a) = €5(e; *R*) > 0, i.e. a has type 1 and therefore

by Theorem 2.46 a has the form (*a)™ + &5(e; *R~) for some unique
ae R,a=Wst(a).

Then, we define unique Robinson part Rp[a] of absorption number a by formula

Rpla] 2 ("a)",a = (*Wst(a))™.

(iii) Suppose a € *R5(g),ab.p.(a) = —€3(¢; *R*), i.e. a has type 1A and therefore by

Theorem 2.46 a has the form (*a)” — £5(¢; *R~) for some unique a € R,a = Wst(a).

Then we define unique Robinson part Rp[a] of absorption number a by formula

Rpla] £ ()", a = ("Wst(a))™.

(iv) Suppose a € *R5(e),ab.p.(a) = A,A g3 > 0% and a has type 1A, i.e. a has the
form

a" ++r3;) Aforsome a e *R.Then, we define Robinson part Rp{a} of absorption
number

a by formula

Rpla] £ a*.

(v) Suppose a € *Rg(¢),ab.p.(a) = —r3e) A, A3y > 0and a has type 1A,i.e. a has
the

form a% +-r3(;) (—r3) A) for some a € *R.Then, we define Robinson part Rp[a] of

absorption number o by formula

Rp[a] £ a*.

Remark. Note that in general case,i.e. if « ¢ (—Aq4,Aq) Robinson part Rp[a] of

absorption number «a is not unique.

Remark. Suppose a € *Rj(¢) and a € (—r3() Ad,Aq) has type lor type 1A.Then by
definitions above one obtains the representation

o = Rpla] +r3e) ab.p.(a).

2.13.2.Gonshor’s types of a € *Qj(¢) with given ab.p. (a).
Among elements of a € *Qj(¢) such that ab.p.(a) = A one can distinguish two many
different types following Gonshor’s paper [7].

Definition 2.36.Assume A > 0%.

() a € *Q3(e) has type 1if IX(X € a)Vy[X++a3¢6) Y € @ = Y € A],

(i) a € *Q3(¢) has type 2if VX(X € a)3Iy(y € A)[X++q3¢) Y € a],i.e.

a € *Q3(¢) has type 2 iff @ does not have type 1.

(i) @ € *Q3(¢) has type 1A if Ix(x ¢ a)Vy[x—*Qﬁw yea=yeA]

Theorem 2.47.

() a € *Q3(¢e) has type 1iff —q3() a has type 1A,

(i) a € *Qj(¢) cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A oz > 0%. Then « has type 1iff a has the form

a™ +-3;) Afor some a € *Q*(¢)

(iv) Suppose ab.p.(a) = =3¢ A/A 05 > 0%.a € *Qj(¢) has type 1A iff a has the
form



a’ + (—+q3() A) for some a € *Q~(¢).

(v) Ifab.p.(a) -a3¢) > ab.p.(B) then a ++q3() B has type 1iff a has type 1.

(vi) If ab.p. (a) = ab.p.(B) then a +-q3) B has type 2 iff either o or 8

has type 2.

Proof. (iii) Let @ = a++q3,) A. Then ab.p.(a) = A.Since A-q3) > 0,8 € a+-q3e) A
(we chose d € A such that 0 < d and write a as (a—-q3() d) ++a3() d).

It is clear that a works to show that a has type 1.

Conversely, suppose «a has type 1 and choose a € « such that:

Vy[a+-ase) Y € a = Yy € A].Then we claim that: a = a+-q3¢) A.

By definition of ab.p. (a) certainly a+-q3) A <-q3) @. Onthe other hand by choice
of a,every element of « has the form a+:q3,) dwith d € A.

Choose d' € A such that d.g(,) > d, then a+-q3(,) d =

[a—a5) (d' =0z d) ] ++05) d' € a+-a36) A

Hence o <-q3¢) a@+-a3¢) A.Therefore o = a+ A.

Examples. (i) &5(¢; *Q~) has type 1 and therefore —-q;3() £€5(¢; *Q~) has type 1A.Note
that

also —q;z(s) £3(¢; *Q) has type 2. (i) Suppose ¢ = 0,& € *R. Then &% «.q=(;) £5(¢; *Q~)
has

type 1 and therefore —«q3() £ - €3(¢; *Q*) has type 1A.

2.14.The Special Kinds of Idempotents in *Rg.

Let a € *R,a > 0.Then a gives rise to two idempotents A, B, in a natural way [7]:
As £ {x e (*R)An(n € N)[x < (*n) - a]}, (2.99)
and
Ba £ {Xx € (*R)|Vr(r € Ry)[x < (*r) -a]}. (2.100)

Remark 2.18. It is immediate that A, and B, are idempotents.lIt is also clear that A, is
the smallest idempotent containing a and B, is the largest idempotent not containing a. It
follows that B, and A, are consecutive idempotents.Note that B; = gg.

Theorem 2.48.[7].(i) No idempotent of the form A, has an immediate successor.

(ii) All consecutive pairs of idempotents have the form B, and A, for some a € *R,

a>0.

Proof.(i) Let Ay & A. Suppose x € A but x ¢ Aa. Then x > n - afor all positive

standard integers n.Lety = /x+=a which is defined since *R is a nonstandard model of

R. Theny > a/n for all positive standard integers nso thaty ¢ Aa. So Ay > A..

Similarly x > y/n so x ¢ Ay. Hence Ay < A.Thus A, and A are not consecutive.

(ii) Let C and D be consecutive idempotents such that C < D. Leta € Dwitha ¢ C.

Then C < Ba < Aa <D.Hence C=Baand D = A,.

Theorem 2.49.[7].If ab.p. (a) has the form B, then « has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p.(a) cannot have type 1 and
1A simultaneously. Now a ¢ B, and therefore 3b(b € a)3c(c ¢ a)[a” = ¢ - b].We now
define an ordinary Dedekind cut Ly, for the real numbers R, where Ly, is the set of lower
elements, as follows. Letr € Ly, iff b+ r# . a” € a.It is immediate that
Oe€lpl¢Llpz<yelp,= ze Lp. Sowe have a Dedekind cut. Then L, has a



maximum or L, has a minimum. Suppose first that L, has a maximum 7 = rm. Then
b+7#.a% € abutforanyreals>r, b+s-a* ¢ a. We now claim that b + 7 - a* works
to show that « has type 1.In fact, suppose b +7# . a* — x € a.Let s > F.Sinceb + s*a” ¢ «q,
b+s.a* > b+r#.a+x Therefore x < (s* - 7#) . a*. Thus x < " - a for every positive
real 5 € R,; i.e. X € B,. A similar argument shows that « has type 1A if L, has a
minimum.

Examples.(i)The result applies to B; = g4. It follows from Theorem 2.49 that every o
with ab.p. (a) = g4 must be either of the form a# + g4 or a” + (—4) with a € *R, a > 0%,

(i)The result applies to B.,¢ = 0;i.e. B, = ¢ « gq. It follows from Theorem 2.49 that
every a with ab.p. (a) = ¢ - g4 must be either of the form a# + ¢ - g4 or a” + (—¢ - g4) With
a < *R, a> 0%

2.15.The Special Kinds of Idempotents in*R%(g) and in
*Q3(¢e).
2.15.1.The Special Kinds of Idempotents in*Rj(¢e).

Let a € *R*(¢),a > 0.Then a gives rise to two idempotents A3 (g; *R*(g)),Bi(e; *R*(¢))
in a natural way :

Ax(e;"R*(e)) 2 {x € ("R*())BN(n € N)[X Svr~y ("N) gy @]}, (2.101)
and
Bi(e: "R=()) £ {x & (R=())IVr(r € R)[X Sm=ey (°T) =y @]}, (2.102)

Remark 2.19. It is immediate that A3 (¢; *R~(¢)) and B3(¢; *R~(¢)) are idempotents.It is
also clear that A3(¢; *R*(¢)) is the smallest idempotent containing a and B3(¢; *R*(¢)) Is
the largest idempotent not containing a. It follows that B3(¢; *R*(¢)) and A3 (¢; *R*(¢))
are consecutive idempotents.Note that B (g; *R*(¢g)) = &3(¢; *R~(¢)).

Theorem 2.50.(i) No idempotent of the form A3 (g; *R*(¢)) has an immediate
successor.

(ii) All consecutive pairs of idempotents have the form B3 (g; *R*(¢)) and A3(e; *R~(¢))
for

some a € *R~(¢),a > 0.

Proof.(i) Let Aa & A. Suppose x € A but x ¢ A3(e; *R*(¢)). Then x > n -z~ afor all
positive standard integers n.Lety = /X+g=) a which is defined since *R~(¢) is a subset
of nonstandard model of R. Then y:z~,) > a,/n for all positive standard integers n so that
y ¢ Ai(e; *R~(g)). S0 Ay w3 AZ(g; *R*(¢g)). Similarly X «r=) > y/n so x ¢ Ay. Hence
Ay <'r3¢) A.Thus A3(¢; *R*(¢)) and A are not consecutive.

(ii) Let C and D be consecutive idempotents such that C <-z3,) D. Leta € D with
agC.

Then C <*R3(¢) Bz (eg; *R:(é‘)) <*R3(¢) Ai(e; *R:(é‘)) <*R3(e) D.Hence C = B3 (¢; *R:(é‘))
and

D = Aa(e; "R(¢)).

Theorem 2.51.[7].If ab.p. (@) has the form B3(¢; *R*(¢)) then o has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p.(a) cannot have type 1 and
1A simultaneously. Now a ¢ B3(¢; *R*(¢)) and therefore
3b(b € a)3c(c ¢ a)[a = c—+r3) b]. We now define an ordinary Dedekind cut L, for the



real numbers R, where Ly, is the set of lower elements, as follows. Letr € Ly, iff
b ++rs(e) 1" +r3) @ € a.ltis immediate that 0 € Lp,1 ¢ Ly, Z<y € Lp = z € Lp. Sowe
have a Dedekind cut. Then Ly has a maximum or L has a minimum. Suppose first that
Lp has @ maximum F = rme. Then b ++gs) I +-r3(;) @ € a but for any real s > r,
b ++rse) S +r3) @ € a. We now claim that b ++g3() F* «-r3() @ works to show that a has
type 1.In fact, suppose b+ % «-g=(,) a+r3e) X € a.Let s> F. Since b++gz) S+ @
¢ a, b+s% .a>b+r% .a+x Therefore x < (s% —7%) - a. Thus X <«gs(s) 6™ 3 @
for every positive real 6 € R;; i.e. X € B3(¢; *R*(¢)).A similar argument shows that a« has
type 1A if Ly has a minimum.

Examples.(i)The result applies to B; = £5(¢; *R). It follows from Theorem 2.51 that
every a with ab.p. (a) = &(¢; *R*(¢)) must be either of the form a* + &5(¢; *R*(¢)) or
a* + (—§5(¢; *R*(¢g))) with a € *R=(¢), a > 0.

(i) The result applies to B, (¢; *R*(¢)),e1 = 0;i.e. B, (¢;*R*(¢)) = €1 - €5(¢; *R(¢)). It
follows from Theorem 2.51 that every o with ab.p. (@) = €1 - £](&; *R) must be either of
the form a* + ¢ - 85(¢; *R*(¢)) or a* + (—¢ - &5(¢; *R*(¢))) with a € *R*(¢), a > O.

2.15.2.The Special Kinds of Idempotents in*Qj(¢)

Let a € *Q*(¢),a > 0%.Then a gives rise to two idempotents
Ai(e; *Q~(g)),B3(g; *Q%(¢)) in a natural way

Ai(g;*Q%(g)) = {x € (*Q%(&))An(n € N)[X <+q=¢) (*N) *=a~¢) @]},  (2.103)
and
Ba(e; "Q%(e)) = {x € (*Q%(e))IVr(r € Q.)[X <+q*¢) (*r) **a*e) a]}. (2.104)

Remark 2.20. It is immediate that A3(e; *Q~(¢)) and B3(¢; *Q~(¢)) are idempotents.It
is also clear that A3(e; *Q~(¢)) is the smallest idempotent containing a and B3(¢; *Q~(¢))
is the largest idempotent not containing a. It follows that B5(&; *Q~(¢)) and A3(¢; *Q~(¢g))
are consecutive idempotents.Note that Bi(¢; *Q) = £5(¢; *Q~(¢)).

Theorem 2.53.(i) No idempotent of the form A3(¢g; *Q*(¢)) has an immediate
successor.

(ii) All consecutive pairs of idempotents have the form B3(g; *Q) and A3 (g; *Q~(¢g)) for

some a € *Q%(¢),a > 0.

Proof.(i) Let A3(e; *Q~(g)) & A. Suppose x € A butx ¢ A3(e;*Q~(¢)). Thenx > n-a
for

all positive standard integers n.Lety = /X=a which is defined since *R is a
nonstandard

model of R. Theny > a/n for all positive standard integers nso thaty ¢ Aa. So Ay >

A3(g; *Q*(g)). Similarly x > y,/n so x ¢ Ay. Hence Ay < A.Thus A3(e; *Q~(¢)) and A
are

not consecutive.

(ii) Let C and D be consecutive idempotents such that C < D. Leta € Dwitha ¢ C.

Then C < B3(g; *Q~(g)) < Ai(e;*Q~(¢)) < D.Hence C = B3(¢; *Q*(¢)) and

D = Ai(e; "Q7(¢)).

Theorem 2.54.1f ab.p. (a) has the form B, then o has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p.(a) cannot have type 1 and
1A simultaneously. Let d € *Rj(¢) and d ¢ *Qj(e) then we write



d € a < 3q(q € a)[d <3 4] (2.105)

Now a ¢ B3(e; *Q*(¢)) and therefore Jb(b € a)3c(c ¢ a)[a = C—+q3¢) b]. We now define
an ordinary Dedekind cut L, for the real numbers R, where Ly, is the set of lower
elements, as follows. Letr € Ly iff b ++gs() 1" +-r3() @ € a.lt is immediate that
OelpleLlp z<yelp,= ze Ly, Sowe have a Dedekind cut. Then Ly, has a
maximum or L, has a minimum. Suppose first that L, has a maximum 7 = rms. Then
b ++rs) I +r3() @ € a and therefore by definition (2.105) there exist q £ q(f) € a such
that

b+*R§(a) 8 *R3(e) A <*R3(e) q(T), (2 106)

but for any real s > r, b++g5¢) S* +rs) @ € a.We now claim that b+ % «r3() @
works to show that o has type 1.In fact, suppose q(T) +-o3¢) X € a then from enequality
(2.106) follows that

b +*R§(s) T#g **R3(e) a+*R§(8) X <*R§(s) q(T) +*|R§(g) X. (2 107)
and therefore b +r3() F* +:r3) @++r3e) X € a.Lets>T. Sinceb+.. .. s%a ¢ a,
d &

b+ s Aty X (2.108)

R5(0) RS )

a> q(T) +*Q§(8) X > b+*R§(g) T

*R(e)
Therefore x < (s — %) . a. Thus x < 6% - a for every positive real § € Q,; i.e.
X € B5(g; *Q~(¢)). A similar argument shows that a has type 1A if L, has a minimum.
Examples.(i)The result applies to Bi(g; *Q*(¢)) = &3(¢; *Q>(¢)). It follows from
Theorem 2.54 that every a with ab.p. (@) = &5(g; *Q~(e)) must be either of the form
a’ +85(e; *Q(¢)) or a* ++q3) (—050) E5(€; *Q~(€))) with a € *Q(¢), a > 0.
(i) The result applies to B, (¢; *Q~(¢)),e1 = 0;i.e. Bi(&;*Q~(¢)) = ¢ -
«0=)&5(&; *Q*(¢)). It follows from Theorem 2.54 that every o with ab.p.(a) = ¢ -
“0~(e)E5(€; *Q) must be either of the form a* +:q3() € *03() &5(¢; *Q(g)) or
a ++Q3(e) (_*Qa(‘g) € **05(e) £5(e;,*Q%(¢))) with a e *Q~(¢), a > 0.

2.16. The semirings *Q~(g,p) and *Qg(¢,p).
2.16.1. The semiring *Q~(¢,p).

Definition 2.37.Leta = krf'n € *Q,m € *Z\Z,n € *N\W,k € N,3(a),e = 0, p € *NW,

where p is an given infinite prime number. We will say that a is ¢-near-standard hyper

rational p-number iff:

O 3n:ne < O |25 - (-2(525))] = 0.

(i) mjp,m Jk, and

@ii) ny p.

Definition 2.38.The set of the all e-near-standard hyper rational p-numbers is
denoted,

*Q~(g,p).

Theorem 2.55.The set *Q~(¢,p) as algebraic structure in a natural way is an ordered

semiring,i.e., a structure of the form

(*Q%(g,p), +a%ep) »**a%ep) »<*a~ep) » 0, *1), (2.109)

where *Q*(¢,p) is the set of elements of the structure, ++q=p) and +.q~.,, are the

binary




operations of additions and multiplication, <:q=(p) IS the ordering relation,and *0, *1
are

distinguished elements of the domain.

Proof.Immediately from definitions.

2.16.2 The semiring *Qj(&,p).

Definition 2.39. (Wattenberg embeding) We embed *Q*(¢,p) into *Qj(e,p) of the
following way: (i) if « € *Q*(¢), the corresponding element a* of *Q3(¢,p) is

ag%(&p) — g 2 {x e Q&)X <rar(ep) a} (2.110)
and
—agep @ = {ae "Q(e)| —rawp @ € a® } U{a}. (2.111)
(i) If a,p € *Qj(¢,p) we define the sum a +azep) S DY
a +q3ep) f = {@+a~ep) bla € a,b € B}. (2.112)
(iii) If @ € *Qg(e,p), B 2* Qi(e,p).p € *R5(e) we define the sum a ++r3(,) f by
a +r3e) f = {a+wr~e) blae a,be B} (2.113)

(iv) Suppose a,p € *Qg(¢,p). Then we define the ordering relations a <+q3(p) # and
a <-ajep) B OY

o <+q3ep) p = a < P,

(2.114)
a <zep) b= a &P
(V) Suppose a € *Rj(g), a ¢ *Qj5(&,p),p € *Q3(e,p).Then we define the ordering
relations
a <1wye) B *Ri(e) x *Q§(e,p) and a <1wye) f < *Ri(e) x *Q5(e,p)
by
o §1*R;(5) p = va(@ e a)3b(b € pla <= b], (2 115)
a <ir3e) B < 3b(b € B)Va(a € a)[a <-r b]
(vi) Suppose a € *Q5(g,p), B ¢ *Q5(&,p),p € *R5(¢).Then we define the ordering
relations o éz*kg(g) p < *Qi(e,p) x* Ri(e) and a <z+r3() f < *Q(e,p) x* R5(e)
by
o §2*R;(5) p = va(@ e a)3b(b € pla <= b], 2.116)
a <zr3) B < 3b(b € B)Va(a € a)[a <-r b]
(vii) If A = *Qj(e,p) is bounded above in *Rfi" then we define
supA= Ja € "Qi(ep) (2.117)
acA
and
infA=ae "Q5,p). (2.118)
acA

(viii) Suppose a, € *Qg(e,p). The product a «-q3(p) B, is defined as follows.



Case (1) @ -a3ep) > 0%, 8 “a5ep) > 0%
a azep) B =
{@avep) DI0% <-03ep) @ <cozep) @07 <qiep) B <-ojep AU (2.119)
U{*Q=(¢,p),{*0} }.
Case (2) a = 0% or g = 0%
a *oyep) B = 0%. (2.120)
Case (3) a < 0% or g < 0%
o a5 B 2 12l a3 BT (0 < g0 ) A (B < wgrop)0"
Q3(ep) Qgep) *Q3(e.p) Q3 (e.p) ,
@ +azep) B2 =z 2] agep) IBIF (€ < gz 0% ) A (B rgsepy > 0%),  (2121)
o azem B 2 —azen ol <azep) BT (@ gz > 0% ) A (B <-azep) 0%).
(iX) Suppose a € *Qg(&,p), B ¢ *Qj(e,p).p € *Ri(e) The product a *-rs() f, is defined
as
follows.
Case (1) Q *Q3(ep) > O#Z,ﬁ *R3(e) > 0%
a :*RZ(S) b £
{@a-a b0 < .o 0@ < Lo @0 <l b < B (2.122)
U{RZ(e,p) U {*0} ).
Case (2) a = 0% or g = 0% :
o Frse f 2 0% (2.123)
Case (3) a <*Q3(e.p) 0% orp <*R3(e) 0%

o Fwie) B2 Jal rge) 1B (@ < a0 ) A (B <oz 0%),
o Frie) B2 —agem Il Frze) B (@ < oqzop 0% ) A (B gy > 0%),  (2.124)
a S w36 B = —ozep lo| “rye) |BI (0‘ Qi) > O#§> A (B <3 0%).

Such embeding *Q*(¢,p) into *Qj(&,p) as required above we will name Wattenberg

embeding and is denoted by *Q~(&,p) & *Qz(e,p)

Theorem 2.56.*Qj(e,p) is complete ordered semiring.

Proof.Immediately from definitions.

Remark 2.21.The following element of *Qj(e,p) will be particularly useful for
examples,

E3(&;,"Q%(e,p)) = {"Q3(e,p)} U u:(0). (2.125)
Examples.Note,for importent examples, that:
Ei(e;"Q%(e,p)) +ro5() EG(&; "Q7(e,p)) = E5(&; " Q7 (e, P)),

. . - A =’ . (2.126)
€3(e;7Q%(e,p)) +a3ep) (—ra3ep) E3(E *Q™(€,P))) = —a3ep) Ed(eE; *Q(e,p)).



2.16.3. Absorption numbers in *Qj(¢g,p)
Definition 2.34. Suppose a € *Qj(&,p),then
ab.p.(a) & {d casep) = 0% IVXkea[X+050p) d € a]}. (2.127)

Examples.

(i) Va € *Q*(g,p) : ab.p.(a*) = 0%,

(ii) ab.p. (B3(s: *Q7(e,p))) = &i(e: *Q(e,p)),

(ili) ab. p. (—-azep E5(e; "Q%)) = &3(e: "Q%),

(iv) Va € *Q*(e,p) : ab.p.(a* +-ozep) E(e; *Q7(e,P))) = &5(e; *Q7(¢,p)),

(V) Va € *Q%(g,p) : ab.p.(a* —a3ep) Ei(e: *Q%(e,p))) = E3(e; *Q7(e,p)).
Theorem 2.57.

(1) ¢ <+q3(ep) ab.p.(a) and 0 <-q3(p) d <:q3ep) C = d € ab.p.(a)

(i) c e ab.p.(a) and d € ab.p.(a) = C++q3ep) d € ab.p.(a).

Remark 2.22. By Theorem 2.57 ab.p.(«) may be regarded as an

element of *Qj(e,p) by adding on all negative elements of *Qj(e,p) to ab.p.(a).
Of course if the condition d «q;(:p) > 0% in the definition of ab.p. () is deleted we
automatically get all the negative elements to be in ab.p.(a) since

X < +q3ep)Y € @ = X € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We
then identify ab.p. (&) with 0%.

Remark 2.23. By Theorem 2.57(ii), ab.p. () is additive idempotent.
Theorem 2.58.

(i) ab.p. (a) is the maximum element 8 € *Qg(&,p) such that a +-q3¢p) B = a.
(i) ab.p. () =+Q3(ep) @ for a *Q3(ep) > 0%.

(iii) If a is positive and idempotent then ab.p.(a) = «.

Theorem 2.59.Let a € *Qj(¢) satsify a > 0%. Then the following are
equivalent. In what follows assume a,b «q3(;p) > 0%.

() aisidempotent,

(i) a,b e a= a+qiepbea,

(iii)ae a= 2qsep aca,

(V) VNpen[@ € @ = N eqzep) @ € a],

(V) a€ a = (-a3ep a € a, forall finite g € *Q*(¢, p).

Theorem 2.60. (_*Qé(&p) a) +*Q§(&p) a = —*Q3(ep) [ab p. (Ot)]

Theorem 2.61. ab.p. (& ++q3(p) B) *a3ep) = ab.p.(a).

Theorem 2.62.

() @ +-03ep) B <r036p) @ +0gep) ¥ = —0jep) aD-P-(@) +ro5ep) B < 0jep) V-
(i) @ ++056p) B = @ +-05ep) ¥ = —*0jep) [D-P.(@)] +-05ep) B =

= —03(ep) [AD-P.(@)] +-05ep) 7-

Theorem 2.63.Suppose a, f € *Q3(e,p),then

(i) ab.p.(—-ajep) @) = ab.p.(a),

(ii) ab.p. (a +a3p) B) = max{ab.p.(a),ab.p.(B)}

Theorem 2.44. Assume f > 0. If o absorbs —+qs(p) B then a absorbs B.
Theorem 2.45. Let 0 < a € *Qj(&,p). Then the following are equivalent



(i) ais an idempotent,

(il) (=g @) +ra5ep (—a5ep @) = —*3ep) %,

(il}) (=-a3ep) @) +05ep) @ = —*03ep) O

(iv) Let A; and Az be two positive idempotents such that Az «q3p) > As.
Then Ao +*Q§({;’p) (—*qg(&p) Al) = Ao.

2.17.Gonshor’s types of a € *Qj(¢g,p) with given ab.p. (a).
Among elements of a € *Qj(e,p) such that ab.p.(a) = A one can distinguish two many
different types.

Definition 2.36.Assume A «g3(;p) > 0%.

() a € *Qg(e,p) has type 1if IX(X € a)VY[X++q3ep Y € @ = Y € A],

(ii) a € *Q3(e,p) has type 2if VX(Xx € a)3y(y € A)[X+-q3ep) Y € @],l.€.

a € *Q3(¢&,p) has type 2iff @ does not have type 1.

(i) a € *QF(e,p) has type 1A if IX(X ¢ a)VY[X—q3ep Y € @ = Y € A]

Theorem 2.47.

(i) a € *Qj(e,p) has type 1iff —qs(p) a has type 1A,

(i) a € *Qj(&,p) cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A «g3¢p) > 0%. Then a has type 1iff a has the form

a" +-3cp) A for some a € *Q(g,p)

(iv) Suppose ab.p.(a) = —+g3(p) AA 036 > 0%.a € *Q5(e,p) has type 1A iff ¢ has the

form a* + (—«q3¢p) A) for some a € *Q(¢,p).

(v) Ifab.p.(a) a3ep) > ab.p.(B) then a +-q3(py B has type 1iff a has type 1.

(vi) If ab.p.(a) = ab.p.(B) then a ++q3¢p) B has type 2 iff either a or

has type 2.

Proof. (iii) Let a = a++q3¢p) A. Then ab.p.(a) = A.Since A«qzep) > 0,2 € a++q3ep) A

(we chose d € A such that 0 <«q3¢,p) d and write a as (a—+q3(p) d) ++a3ep) d)-

It is clear that a works to show that a has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vy[@a+-qiep Y € @ = Y € Al.Then we claim that: @ = a++q3¢p) A.

By definition of ab.p. (a) certainly a+-q3¢p) A <-q3¢p) @. On the other hand by choice

of a,every element of o has the form a +-q3p) dwith d € A.

Choose d' € A such that d-g-(, ) > d, then a++q;ep) d =

[a_*Qé(syp) (d/ TrQ5(Ep) d> :| +a5) d' € @++azep) A

Hence a <-q3ep) @++a3ep) A.-Therefore a = a+ «q3p) A.

Examples. (i) &5(¢; *Q~(¢,p)) has type 1 and therefore —q3() €5(¢; *Q™(¢,p)) has type

1A.Note that also —+q3(p) &5(¢; *Q~(¢,p)) has type 2. (ii) Suppose ¢ = 0,¢ € *R. Then

€% era3ep) 85(€;7Q(e,p)) has type 1 and therefore —«q:p) €™ + 85(e; *Q~(¢,p)) has
type 1A.

2.18.The Special Kinds of Idempotents in*Qg(e,p)

Let a € *Q%(¢,p),a *o3:p) > 0%.Then a gives rise to two idempotents A3(¢; *Q>(¢,p)),
Bi(g; *Q*(¢g,p)) in a natural way

Az(e;7Q%(g,p)) = {x € ("Q7(&,p))AN(N € N)[X <:q=cp) (*N) aep @]}, (2.128)



and
B3(g;"Q%(e,p)) = {x € (*Q%(&,p))IVr(r € Q)[X Svo=ep) (1) *a=ep Al}.  (2.129)

Remark 2.20. It is immediate that A3(e; *Q~(¢,p)) and B3 (g; *Q*~(¢,p)) are
idempotents.lIt

is also clear that A3(e; *Q~(e,p)) is the smallest idempotent containing a and

Bi(g; *Q%(¢g,p)) is the largest idempotent not containing a. It follows that
Bi(e; *Q~(e,p))

and A3 (g; *Q*(¢g,p)) are consecutive idempotents.Note that Bi(g; *Q~(¢,p)) =

E3(g;"Q%(e,p)).

Theorem 2.53.(i) No idempotent of the form A3(¢; *Q*(¢,p)) has an immediate

successor.

(ii) All consecutive pairs of idempotents have the form B3(e; *Q*(¢,p)) and

A3(g;*Q>(g,p)) for some a € *Q~(g,p),a ~a=¢p) > 0%.

Proof.(i) Let A3 (g; *Q*(e,p)) & A. Suppose x € A but x ¢ A3(g; *Q~(g,p)). Then

X+q3ep) > N *+a3ep) @ for all positive standard integers n.Lety = /X-a which is defined

since *R is a nonstandard model of R. Then y > a,/n for all positive standard integers
n so

thaty ¢ Aa. So Ay > A3(g; *Q%(e,p)). Similarly x > y/n so x ¢ Ay. Hence Ay < A.Thus

Ai(g; *Q~(g,p)) and A are not consecutive.

(ii) Let C and D be consecutive idempotents such that C <-q3(p) D. Leta € D with
agC.

Then C <*Q3(e.p) BZ(E; *Q”(s,p)) <*Q3(e.p) A;(é‘; *Q”(s,p)) <*Q3(e.p) D.Hence

C = Ba(&;*Q%(e,p)) and D = A3(¢; *Q(¢,p)).

Theorem 2.54.1f ab.p. (a) has the form B3(¢; *Q~(g,p)) then a has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p.(a) cannot have type 1 and
1A

simultaneously. Let d € *R5(¢) and d ¢ *Qj(¢&,p), then we write

d € a < 3q(q € a)[d <3 4] (2.130)

Now a ¢ B3(e; *Q*(¢)) and therefore Jb(b € a)3c(c ¢ a)[a = C—+q3¢p) b]. We now
define an ordinary Dedekind cut Ly, for the real numbers R, where Ly, is the set of lower
elements, as follows. Letr € Ly iff b ++gs() 1" +-r3() @ € a.lt is immediate that
Oelpl¢Llp z<yelp,= ze Ly, Sowe have a Dedekind cut. Then Ly, has a
maximum or L, has a minimum. Suppose first that L, has a maximum 7 = rms. Then
b ++r:e) I +r3() @ € a and therefore by definition 2.130, there exist q = q(F) € a such
that
b+*R§(a) T **R3(e) a <*R3(¢) q(T), (2 131)

but for any real s > r, b+:g5¢) S* g3y @ € a.We now claim that b+ % «r3) @
works to show that a has type 1.In fact, suppose x € *Qg(¢,p) and q(T) +-a3¢) X € a then
from enequality (2.131) follows that

b +*R§(s) # **R3(e) a+*R§(8) X <*R§(s) q(T) +*|R§(g) X. (2 132)
and therefore b ++gs() I +-r3(;) @+r3e) X € a.Let s> F. Since b+ s*a ¢ a,

b+.,.. s%

= _—
“®30) ") a> q(r) +Q5e) X > b+*R§(s) r a++*R§(S) X. (2. 133)

R ()



)
x € B5(g; *Q~(¢,p)),since x € *Qj(&,p). A similar argument shows that a has type 1A if L,
has a minimum.

Examples.(i)The result applies to Bs(¢; *Q~(¢,p)) = €3(¢; *Q=(¢,p)). It follows from
Theorem 2.54 that every a with ab.p. (a) = &3(¢; *Q~(e,p)) must be either of the form
a% +-a3ep) E3(6 *Q7(,p)) OF @% ++q3ep) (—ajep) E3(e; *Q7(e,p))) With a € *Q*(¢,p),
a> 0.

(i) The result applies to B, (¢; *Q~(¢e,p)),e1 = O;i.e. BZ(g; *Q*(¢g,p))
= £1 **q3(ep) £4(&; *Q7(g,p)). It follows from Theorem 2.54 that every o with ab.p. (a) =
€1 *+05(p) Eg(€; *Q) must be either of the form a* +-q3(p) e ~a3(ep) £4(€ *Q™(g,p)) or
" +eo3ep) (—ragep) €1 *ragep a6 *Q7(e,p))) with a € *Q*(¢,p), a > 0.

3. The proof of the #-transcendence of the numbers
ek k e N.

In this section we will prove the #-transcendence of the numbers e, k € N.Key idea of
this proof reduction of the statement of e is #-transcendental number to equivalent
statement in *Z4 by using pseudoring of Wattenberg hyperreals *Rqy > *Z4 [6] and
Gonshor idempotent theory [7]. We obtain this reduction by three steps, see subsections
3.2.1-3.2.3.

Therefore x < (s% — a. Thus x < 6% . o for every positive real § € Q,; i.e.

“R3(@) *rr3@)

3.1. The basic definitions of the Shidlovsky quantities

In this section we remind the basic definitions of the Shidlovsky quantities [8].Let
Mo(n,p), Mk(n,p) and ex(n,p) be the Shidlovsky quantities:

400

1 _ _ Pa—x
Mo(n,p) = j[xw [(x (13'_"1(;‘! mJ'e }qutO, (3.1)
0
T = 1), (x= m)]Pe™
M(n,p) = e [| 2 dxk=1,2,... (3.2)
g peore:
k
ex(n,p) = e"f[ Xml[(x_(lg'_“l(;‘!_ e }dx,k ~1,2,... (3.3)

0

where p € N this is any prime number.Using Egs.(3.1)-(3.3.) by simple calculation one
obtains:

My(n,p) + ek(n,p) = eMo(n,p) = 0,k = 1,2,.... (3.4)
and consequently
Mk(”! p) + Sk(n, p)

Mo(n, p) (3.5)
k=12,...

ek =

Lemma 3.1.[8]. Let p be a prime number. Then Mo(n,p) = (-1)"(n!')P + p®1,0; € Z.
Proof. ([8], p.128) By simple calculation one obtains the equality



(+1)xp
XPUX=1)...(x=M]° = (D" (MHPxPL+ D" cuax?,

il (3.6)
Che€Z,u=p,p+1...,[(n+1)xp]-1L,n>0,

where p is a prime. By using equality I'(u) = f: x#le*dx = (u—1)!,where u € N, from

Eq.(3.1) and (3.6) one obtains
.

(+1)xp
Mo(n.p) = (-1)" ()P, 3¢ LG
(p-1! & 7 (p-1)!
3 e (3.7)
= (=1)"(NH)P + cpp + Cpup(p + 1) +...=
L = (-1)"(NH)P +px ©1,0; € Z.
Thus
Mo(n,p) = (=1)"(n!)? + p - ©1(n,p), O1(n,p) € Z. (3.8)

Lemma 3.2.[8]. Let p be a prime number. Then My(n,p) =p - O2(n,p), O2(n,p) € Z,
k=12...,n.
Proof.([8], p.128) By subsitution x = k+ u = dx = du from Eq.(3.3) one obtains

400

- —Uu
My(n,p) = J'[ U+ KPP [(u+k-1) x...xux...x(u+ k-n)]Pe :|du

g (p-1)! (3.9)
k=1,2,...
By using equality
(+1)xp
U+ KPP Uu+k-1)x...xux...x(U+k-n)]P = d,1ust,
gp;l g (3.10)
d, € Z,u=p,p+1,...,[((n+1) xp] -1,
and by subsitution Eq.(3.10) into RHS of the Eq.(3.9) one obtains
+90 (n+1)xp
Mknp) = —2— [ 3" duaurtdu = p-©a(n,p), (3.11)
(P-Db ¢ S
®2(n,p) € Z,k=1,2,... .
Lemma 3.3.[8]. (i) There exists sequences a(n),n € N and g(n),n € N such that
n-g(n - [a(m1”* (3.12)

where sequences a(n),n € N and g(n),n € N does not depend on number p. (ii) For any
neN:eg(np)->0ifp-> .
Proof.([8], p.129) Obviously there exists sequences a(n),n € Nand g(n),k € N,n € N



such that a(n),n € N and g(n),n € N does not depend on number p
X(x—1)...(x—=n)| < a(n),0<x<n (3.13)
and
|(x—1)...(x-n)e>*| < g(n),0 <x<nk=12...,n (3.14)

Substitution inequalities (3.13)-(3.14) into RHS of the Eq.(3.3) by simple calculation
gives

p1 ¢ .q(n) - p-1
ex(n,p) < g(n)[z)(rl—ﬂl)! fax<t 9(?;_[;(!”)] . (3.15)

Statement (i) follows from (3.15). Statement (ii) immediately follows from a statement
(ii).

Lemma 3.4.[8]. For any k < n and for any ¢ such that 0 < 6 < 1there exists p € N
such that

Mk(n, p)
ek — m < 0. (3.16)

Proof.From Eq.(3.5) one obtains
ek B Mk(n1 p) _ |‘9k(n! p)l (3 17)

Mo(n,p) Mo(n,p) -
From Eq.(3.17) by using Lemma 3.3.(ii) one obtains (3.17).

Remark 3.1.We remind now the proof of the transcendence of e following Shidlovsky
proof is given in his book [8].

Theorem 3.1. The number eis transcendental.

Proof.([8], pp.126-129) Suppose now that e is an algebraic number; then it satisfies
some relation of the form

n
ao+ Y aek =0, (3.18)

where ag,as,...,an € Z integers and where ap > 0.Having substituted RHS of the
Eq.(3.5) into Eq.(3.18) one obtains

a0+iakMk(n,p)+gk(n,p) — ag +Za Mi(n,p) +Za 2P _ 5 (319
k=1

Mo(n, p) Mo(n, p) Mo(n, p)
From Eq.(3.19) one obtains

aMo(n,p) + D _ aMi(n,p) + D _ axex(n,p) = 0. (3.20)

k=1 k=1
We rewrite the Eq.(3.20) for short in the form



-

aoMo(n,p) + Z aM(n,p) + Z akek(n,p) =
k=1 k=1

< = aMo(n,p) + E(n,p) + Y akex(n,p) = 0, (3.21)

k=1

2(n,p) = D_ aMi(n,p).
k=1

.
We choose now the integers M1(n,p),M2(n,p), ..., Mn(n,p) such that:

M M ., pM
pIM1(n, p), pM2(n, p), ..., pIMn(n, p) (3.22)
where p > |ao|
and p }/ Mo(n,p). Note that p| Z(n,p). Thus one obtains
P/ aMo(n,p) +E(n,p) (3.23)

and therefore

aoMo(n,p) + Z(n,p) € Z,
where (3.24)
aoMo(n,p) + Z(n,p) # O.

By using Lemma 3.4 for any ¢ such that 0 < 6 < 1 we can choose a prime number
p = p(d) such that:

n n
D aw(np)| <8 Ja =€ < 1. (3.25)
k=1 k=1

From (3.25) and Eq.(3.21) we obtain
aoMo(n,p) + Z(n,p) +€ = 0. (3.26)

From (3.26) and Eq.(3.24) one obtains the contradiction.This contradiction finalized the
proof.

3.2 The proof of the #-transcendence of the numbers
e,k e N.  We will divide the proof into four parts

3.2.1. Part I.The Robinson transfer of the Shidlovsky
quantities Mo(n,p), Mk(n,p), ex(n,p)

In this subsection we will replace using Robinson transfer the Shidlovsky quantities
Mo(n,p), Mk(n,p), ex(n,p) by corresponding nonstandard quantities *Mo(n,p), *Mk(n,p),
*ex(n,p). The properties of the nonstandard quantities *Mo(n,p), *Mk(n,p), *ex(n,p) one
obtains directly from the properties of the standard quantities Mo(n,p), Mk(n, p), ex(n, p)
using Robinson transfer principle [4],[5].

1.Using Robinson transfer principle [4],[5] from Eq.(3.8) one obtains directly



*Mo(n,p) = (-1)"(NHP + px "©1(n,p),
*©1(N,p) € Zo,n,p €N, (3.27)
No 2 "NIN.

From Eq.(3.11) using Robinson transfer principle one obtains Vk(k € N) :

{ “Mi(n,p) = p x (@A, p)),

% (3.28)
*@2(n,p) € Zok=1,2,...., ke N,n,p €*N,,.

Using Robinson transfer principle from inequality (3.15) one obtains Vk(k € N) :
n.(*gn)) - ([*a(n)**
“e(n.p) < (g(n) - ([*a(m)]*™) ’
(p—-21)! (3.29)
k=12,...,ke N,n,p €*N,.

Using Robinson transfer principle, from Eq.(3.5) one obtains Vk(k € N) :

*Mk(nip) + *3k(n’p)
*Mo(n,p) ~ *Mo(n,p)’ (3.30)
k=12,....,ke Nn,p €*N.

(&) = (") =

Lemma 3.5. Let n € *N,,, then for any k € N and for any § ~ 0,5 € "R there exists
p € *Ns such that

xak _ *Mk(n’p)
& iy | <% (3.31)

Proof. From Eq.(3.30) we obtain Vk(k € N) :

cg_ M) | _ Tan,p)l
"Mo(np) | ~ TMo(n,p)[” (3.32)

ke N,n,p e*N,.

From EQq.(3.32) and (3.29) we obtain (3.31).
3.2.2. Part I1.The Wattenberg imbedding *(€X) into *Rg 4(€)

In this subsection we will replace by using Wattenberg imbedding [6] and Gonshor tipe
transfer of the nonstandard quantities *(e*) and the nonstandard Shidlovsky quantities
from *N, and from *R :

"Mo(n,p), "Mi(n, p), “ei(N, p)
by corresponding Wattenberg quantities from *R« 4(e) and from *Rg4(€,q) :

(€)™, ("Mo(n, p)) ¥, (*Mi(n, p)) ", (*ex(n, p))*.

The properties of the Wattenberg tipe quantities NGO (*Mo(n,p))7e, (*My(n, p)) e,
(*ex(n,p))™ one obtains directly from the properties of the corresponding nonstandard
quantities *(e"), *Mo(n,p), *Mk(n,p), *ek(n, p) using Gonshor transfer principle [4],[7].

1.By using Wattenberg imbedding *R«(¢) & "Rg.q(€), from Eq.(3.30) one obtains



-

(@917 = [Ce] = [—*Mk(n’p) Té - [—*‘”(”’p) ]#E,

*Mo(n,p) *Mo(n,p)
< *gk(n,p) :|#5 (3.33)
|: *MO(n,p) ; € X &d,
L k=12,...;ke N,n,p €Ny, e = €(p)

2.By using Wattenberg imbedding *R A "Ry4, and Gonshor transfer (see subsection
2.9 Theorem 2.19) from EQq.(3.27) one obtains

[*Mo(n,p)T* = [(-1)"]* x [(N")P]* + p* x [*©1(n,p)]* =
- [(—1#)'1#] X [((n!)#> p#] +p* x [*©1(n,p)]7, (3.34)
*01(N,p) € Zwg,N,p €*Na.

3.By using Wattenberg imbedding *R & (*R),from Eq.(3.28) one obtains

[*Mi(n,p)]* = p* x [ “@2(n,p) ],
[*@2(n,p)]* € "Zn4, (3.35)
k=12,..., ke N,n,p €*N.

Lemma 3.6. Let n € *N.,, then for any k € N and for any § ~ 0,6 € "R there exist
p € *N, such that

rekyte _ (ZMin,p) * e _
(*eX) (*Mo(n,p)) < Gt = .
(M)m _(n-Cogm) - (Tram1™?) e :
*Mo(n,p) (p_ 1)|

Proof. Inequality (3.36) immediately follows from inequality (3.31) by using
Wattenberg imbedding *Rg(¢€) & "Rg.4(€) and Gonshor transfer.

3.2.3.Part lll.Reduction of the statement of eis
#-transcendental number to equivalent statement in

*Z4(€,q) using Gonshor idempotent theory
To prove that e is #transcendental number we must show that e is not

w-transcendental, i.e., there does not exist real @-analytic function ga(x) = Y _ anx" with
n=0
rational coefficients ag,aq, ..., an,...€ Q such that

o0
Z ake" = 0,
n=0

0
Z|ak|e” + o0,
n=0

Suppose that e is w-transcendental, i.e., there exists an Q-analytic function

(3.37)



ga(X) = D _ anx", with rational coefficients:

n=0
. ko - Kk < Kk
aoz_%,alzwll’ ’ n:ﬁ,---e(@, (338)
|do| >0,

(3.39)

o0
D laxle” # oo

In this subsection we obtain an reduction of the equality given by Eq.(3.39) to equivalent
equality given by Eq.(3.). The main tool of such reduction that external countable sum
defined in subsection 2.8.

Lemma 3.7.Let A<(k) and A.(K) be the sum correspondingly

g =
A<(K) = do+ ) dn€",
< T (3.40)
As(K) = D dne.
L n=k+1

Then A.(k) # O,k =1,2,...

Proof. Suppose there exists k such that A. (k) = 0. Then from Eq.(3.39) follows
A<(k) = 0.Therefore by Theorem 3.1 one obtains the contradiction.

Remark 3.2.Note that from Eq.(3.39) follows that in generel case there is a sequence
{mi}, such that

I_im m; = oo,
i ar=u
V(i € N)[;ane < O:|, (3.41)

m;
do +lim (Z dne”> =0,
i—»OO n:l
or there is a sequence {mj}}‘il such that
.

lim mj = oo,
J V(j € N)[édnen > o} (3.42)

j—»OC

m
do +lim ( Zd,ﬁ”) =0,
L n=1
or both sequences {m;}, and {m,-}lf‘io with a property that is specified above exist.



Remark 3.3. We assume now for short but without loss of generelity that (3.41) is
satisfied. Then from (3.41) by using Definition 2.17 and Theorem 2.14 (see subsection
2.8) one obtains the equality [4]

A
(*d0)™ ++Rgq00) |:#€Ext-*[Rst_d(e) D (Fan)* x (ren)* J = —exeq. (3.43)

neN

Remark 3.4.Let A%(k) and A%(k) be the upper external sum defined by

( kel
fe(k) = do + #EXt-"Raa(e) D _(*dn)* x (&M,
n=1
< A (3.44)
Afe(K) = #Ext-"Rga(e) Y dn€.
neN
n>k+1
A
Note that from Eq.(3.43)-Eq.(3.44) follows that
AZ(K) + AZ(K) = —éq. (3.45)

Remark 3.5. Assume that o, € *Rq and g ¢ *R. In this subsection we will write for a
short ab[a|B] iff  absorbs a,i.e. B+ a = B.

Lemma 3.8. —ab[A#%(k)|A%(k)],k = 1,2,...

Proof.Suppose there exists k € N such that ab[A#(k)|A%(k)]. Then from Eg.(3.45) one
obtains

AZK) = —eq. (3.46)

From Eq.(3.46) by Theorem 2.11 follows that A.(k) = 0 and therefore by Lemma 3.7 one
obtains the contradiction.

Theorem 3.2.[4] The equality (3.43) is inconsistent.

Proof.Let us consider hypernatural number 3 € *N,, defined by countable sequence

I = (Mo, My X My, ..., Mg X My X...xMy,...) (3.47)
From Eq.(3.43) and Eq.(3.47) one obtains

A
3 g6 (F30)" +Horygiem) I X Rea(e3) [#EXt' 2 Can)" x (*en)#i - (3.48)

neN

3% x € x gg.

Remark 3.6.Note that from inequality (3.27) by Wattenberg transfer one obtains

n? - [gn(n)]* - [[a(n)]P* ] | (3.49)
[(p—1)1]*
neN,Np e*Ng.

[*en(n,p)]” <

Substitution Eq.(3.30) into Eq.(3.48) gives



A
S§+ |:#EXt- Z (Sn)# % (*en)#:| =

neN\{0}
< A “M # o« # (3.50)
:*# HEXt- c~n #>< [ n(nyp)] + [ gn(nyp)] :| _ _:’#X ,
50{ 2. [“Mo(n,p))* b

342 3 x ("an)"n e N3 = 3 x (“do)”.

N
Multiplying Eq.(3.50) by Wattenberg hyperinteger [*Mo(n,p)]* € *Z4 by Theorem 2.13
(see subsection 2.8) one obtains

A
I§x ["Mo(n,p)]* + #Ext- D {(Sn) x [*Ma(n,p)]* + 3 x [*en(n,p)]*} =

neN
= -3 x [*Mo(n,p)]* x &a.

(3.51)

By using inequality (3.49) for a given 6 € "R, § ~ 0 we will choose infinite prime integer
p €*N, such that:

A
#EXxt- Z (S x [*ek(n,p)]* < 3* x [*Mo(n,p)]* x 6% x &g (3.52)
keN
Now using the inequality (3.49) we are free to choose a prime hyperinteger p €*N,, and
5* € *Ry, 6% = 5*(p) ~ 0in the Eq.(3.51) for a given € € "R,e ~ 0 such that:
3% x [*Mo(n,p)]* x 5%(p) = €, (3.53)
Hence from Eq.(3.52) and Eq.(3.53) we obtain

A
HEXE- D (3n)* x [*en(n,p)]* < —€" x 4. (3.54)
neN
Therefore from Eq.(3.51) and (3.54) by using definition (2.15) of the function Int.p(a)
given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see subsection 2.7) of
the function Int.p(a) we obtain

4 A
Int.p(Sox [*Mo(n,p)]* + #Ext- > {3 [*Mn(n,p)]#+i§ﬁx[*gn(n,p)]#}> _

neN

A 3.55
3 x ["Mo(n,p)]* +#Ext- D {3k x [*"Ma(n,p)]*} = (355

keN

= - nt.p(S# x [*Mo(n,p)]* x gd> = -3% x [*Mo(n,p)]" x &q.

N
From EQq.(3.55) using basic property | of the function Int. p(a) finally we obtain the main
equality

A
3 x ["Mo(n,p)1* +#Ext- D {(30)* x ["Ma(n,p)1¥} = 3% x [*Mo(n,p)]¥ x 24.  (3.56)

neN

We will choose now infinite prime integer p in Eq.(3.56) p = pe*N, such that
p*> max(|3%],n*.) (3.57)
Hence from Eq.(3.34) follows



p* / [*Mo(n,p)1" (3.58)
Note that [*Mo(n,p)]* # 0% Using (3.57) and (3.58) one obtains:
p* 1 [*Mo(n,p)]" x (I0)* (3.59)
Using Eq.(3.35) one obtains
p* | 'Ma(n,p)) ,n=12,.... (3.60)

3.2.4.Part IV.The proof of the inconsistency of the main
equality (3.56)

In this subsection we wil prove that main equality (3.56) is inconsistent. This prooff is
based on the Theorem 2.10 (v), see subsection 2.6.

Lemma 3.9.The equality (3.56) under conditions (3.59)-(3.60) is inconsistent.

Proof. (1) Let us rewrite Eq.(3.56) in the short form

T(n,p) + AN, P) = —A*(P) x &a, (3.61)

where
-

A
IAN,P) = #Ext- D {(Sn)” x [*Ma(n,0)]"},
< 1 (3.62)
r(n,p) = 3% x [*Mo(n,p)1%,

A*(P) = 3% x [*Mo(n,p)]".

From (3.59)-(3.60) follows that

~H# PN
r n! )
pA#* ( Ap ) (3.63)
p* |z (n,p).

Remark 3.7.Note that 2"(n,p) ¢ *R.Otherwise we obtain that
ab.p(I'(n,p) + ZA(n,p)) = {J}. But the other hand from Eq.(3.61) follows that
ab.p(I'(n,p) + ZA(n,Pp)) = —A#(P) x £4.But this is a contradiction. This contradiction
completed the proof of the statement (1)

(1) Let Xo(k,n, p), A (k,n, B), Ae(Ke, k2,1, P) and Ae(k,n, P, &), Ae(k,n, P, £f), be the
external sum correspondingly



k>1
Rikn,p) = T(n,p) + {34 x ["Ma(n,$)]*},
n=1

A
Ko(kn,p) = #Ext- 3 {3 x [*Ma(n,P)]*},

neN
n>k+1

ka
4 Ro(kaka,n,B) = {3k x ["Ma(n, p)1}, (3.64)
n=k1
k>1

Ro(k,n,Boet) = T(0,P) + D {3 x [*Ma(n, B)1* + 34 x [*en(n,p)]*},
n=1
A
RL(kn,p.eh) = #Ext- 30 {3 x ["Ma(n,P)]" + 3 x [“en(n, )17},

neN
n>k+1

N
Note that from Eq.(3.61) and Eq.(3.64) follows that

Xon,p) + Xo(kn,p) = — A*(P) x £a. (3.65)
Lemma 3.10. (i) Under conditions (3.59)-(3.60)
~H# ~H#
ﬂab[Ag(k,n,ﬁ,sﬁ) A>(k,n,ﬁ,gﬁ)]k ~1,2,... (3.66)

And (ii) Under conditions (3.59)-(3.60)
—ab| XX(k,n,p)

Zf(k,n,ﬁ)],k ~12,... (3.67)

Proof. (i) First note that under conditions (3.59)-(3.60) one obtains

Vk[Zi(k,n,ﬁ,gﬁ) 4 o} (3.68)

Suppose that there exists a k > 0 such that ab[ZZ(k, n,p,ek)
Eq.(3.65) one obtains

~H
A.(k,n,p,ed) ].Then from

Xtonpet) = —A*P) x eq. (3.69)
From EQq.(3.69) by Theorem 2.17 one obtains
_ ~H# N PO ~H# ~
—eq = [A*(P)] " x A(k,n,P,ek) = [A*(P)] T x Ao(k,n,P,ef) =
= A¥(k,n,p).

(3.70)

Thus
g4 = A¥(k,n,P). (3.71)
From EQ.(3.71) by Theorem 2.11 follows that A.(k) = 0 and therefore by Lemma 3.7 one
obtains the contradiction. This contradiction finalized the proof of the Lemma 3.10 (i).
Proof. (ii) This is immediate from the Definition 2.14 (Property 1), see subsection 2.7.

Part (ll1)
Remark 3.8.(i) Note that from Eq.(3.62) by Theorem 2.10 (v) follws that =*(n,p) has



the form

ZA(n’ﬁ) = q#+ abp(z:/\(niﬁ)) =

~ (3.72)
=g+ (-A*(P) x €q),
where
q* € £7(n,p) = K.(L,n,p)
k) > ) k) k) (3. 73)
g €*Z, andp|q.
(if) Substitution by Eq.(3.72) into Eq.(3.61) gives
L(n,p) +ZA(n,p) = T(n,P) +q* + (-A*(P) x £a) = -A*(P) x £a. (3.74)
Remark 3.9. Note that from (3.74) by definitions follows that
ab[(T(n,p) + a")|(-A*(P) x &a) ]. (3.75)
From Eq.(3.74) follows that
L(n,P) +9” + (-A*(P) x £4) = —A*(P) x €a. (3.79)
Therefore
(A*(P) T (N, P) +G"] + (—£4) = —&a. (3.80)
From Eq.(3.80) obviously follows that
(A*(D))'[r(n,p) +d*] = O, 3.8)
(A* ()T (n,p) + 9] = (A*(p)) ™
Now we dealing with semiring *Qj(¢,p), (See subsection 2.16.2).By consideration
similarly
as above we obtain
(A () s [T(N,P) Forse) 47 ] ~ 0%, 3.82)
(A#Z(ﬁ))_l **Rg(e) [F(n,ﬁ) ‘T'*[Ré(s) q#] *R5(8)1 VZ (A#Z(ﬁ))_l
and
(A%(D) ™ +a3e) [T(N,D) Fr30) A% ] Frrgee) (—mzep) Eale: R¥(2))) = (3.83)

= —rjep) Ea(& "R*(e)).

From inequality (3.36) follows that we willin to choose p and & ~ 0 such that
(A" () ™ ¢ &i(ei "R™(2)). (3.84)
But this is a contradiction. This contradiction completed the proof of the Lemma 3.9.

4.Generalized Lindemann-Weierstrass theorem

In this section we remind the basic definitions of the Shidlovsky quantities,see [8]
p.132- 134.

Theorem 4.1.[8] Let fi(2),| = 1,2,...,r be a polynomials with coefficients in Z. Assume
that

forany | = 1,2,...,r algebraic numbers over the field Q : B1,..., Bk,
kk>11=12,...,r



form a complete set of the roots of f|(z) such that
fi(z) € 2[z],degfi(2) = ki,| = 1,2,...,r 4.1)

anda € 7,1 =1,2,...,r,ap = 0.Then
ki

r
a+ Y a ) e x0. 4.2)

=1 k=1

Let f;(z) be a polynomial such that

4 r
f(2) = Hﬁ(z) =bo +b1z+...+bn, 2N =
=1
< D (4.3)
= by, [ [] [z- Bei).bo # 0o > ON; = 31 Ki.
L I=1 k=1
Let Mo(Ny,p),Mki(Ny,p) and ki (Ny,p) be the quantities [8]:
T Pl 1P (7) e vz
MO(erp) - O (p_ 1)| 1 (44)
where in (4.4) we integrate in complex plane C along line [0,+x],see Pic.1.
T NPl (7) etz
Mk,'(Nl’lp) - eﬁkJ J. (p_ 1)| 1 (4 5)

Bl

where k = 1,...,k and where in (4.5) we integrate in complex plane C along line with
initial point Bx; € C and which are parallel to real axis of the complex plane C,see Pic.1.

Bl _
b P21 (2)e2dz

— ebkl
ek)(Ny,p) = e O p-1) , (4.6)
where k = 1,...,k and where in (4.6) we integrate in complex plane C along contour
[0, Bk ], see Pic.1.
5’1\
p A —
g E— T
Pic.1.Contour [0, Bk, ] in complex
plane C.
From Eq.(4.3) one obtains
(Nr+1)p
by P P(z) = b TP TOBZ D ceaz 4.7)

Ss=p+1



where by, bo # 0,¢cs € Z,s=p,...,(N; —1)p— 1.Now from EQq.(4.4) and Eq.(4.7) using
formula

I'(s) = j: xleXdx = (s—1)!I,s € N

one obtains
-
b(Nr 1)p—lbp +00 L (Nr+l)p CS—l 400 -
Mo(Nr,p) = WIZF’_E dz+ Z D= D) J.Zs_e dz =
9 , (4.8)

bGP bh + (E)p s-D! . _ DR Ipe L oC

s=p+1 ( 1)| ’
\\§

where by, b # 0,C € Z.We choose now a prime p such that p > max(|ao|, bn,, |bo|). Then
from Eq.(4.8) follows that

p f aoMo(Nr,p). (4.9)
From Eq.(4.3) and Eq.(4.5) one obtains

Mi(Nr,p) = (pefki)! [ { N'HszH[]_l[H(z B ,)pJ}e-Hﬂwdz, (4.10)
Bkl |

i=1

where k = 1,...,k,| = 1,...,r.By change of the variable integration z = u + g in RHS of
the Eq.(4.10) we obtain

+00

rok
Mii(Nr,p) = (p—ll)! J' NP+ B)Pture| [T @+ B — Big)° du, (4.11)
0 1 i1

ERIE 3

where k = 1,...,k,l = 1,...,r.Let us rewrite now Eq.(4.11) in the following form

P

My (Nr,p) =
< " oK (4.12)

(p—ll)! I (b, U + by, Bii )P tuPet HH(bN,u+ b, Bki — b, Bij)° du
0 =1 ri=1
jH ik
A
Let Za be a ring of the all algebraic integers. Note that [8]

aij = b Bij € Za,i =1,...,K,] = 1,...,T. (4.13)

Let us rewrite now Eq.(4.12) in the following form
Mia(Nr, p) = j (b U+ i) HuPe HH(bNru tag —a)’du (4.14)

=1 i=1
J¢| i#k

(p-D! 1)'

where k = 1,...,k,l = 1,...,r.From Eq.(4.14) one obtains



r

Sa ZMK.(N,,p) - j“e—q’l)(l“)du

=1

b r (4.15)
®r(u) = Za| Z(bNru+ak|)Hupe HH(bN,U'i‘OCkI _alj)p
=1 1 i=1
JJ¢| ik
(g

The polynomial @, (u) is a symmetric polynomial on any system A, of variables
a1,02),...,0k 1, Where

Al = {a1,|,a2,|,...,ak,,|},| =1,...,r

(4.16)
al,|1a2,|1---1ak|,| € ZA,' = 1,...,r
It well known that @,(u) € Z[u] (see [8] p.134) and therefore
(Nr+1)p
UPD,(U) = D CeaU®tcs € Z. (4.17)
Ss=p+1
From Eq.(4.15) and Eq.(4.17) one obtains
.
uPetd,(u)
Z:‘a' Z‘Mk'('\'“p) I oo
3 (Nr+1)p (Nr+1)p (s— 1) (4.18)
Cs1 s1n-U
usleVdu= D cs1——4 =pCCeZ
&p+1 p 1)I J- s=p+1 (p 1)'
Therefore
Z(Nr, a M (Nr, Z,
(Nr,p) = IX:, |2=j «(Nr,p) € 4.19)
pl‘:‘(Nl’!p)'
Let Or < C be a circle wth the centre at point (0,0). We assume now that
VkVI(fk) € Or). We will designate now
gki(r) =max [oy;fr(2)e x|,
[Z<R ) (4.20)
Jo(r) = max g,,(r),g(r) =max oy Z(2).
1ksky 1<i<r lzI<R
From Eq.(4.6) and Eq.(4.20) one obtains
Bl
| b (@)e HPadz
leki (N, p)| = (-1 <
5 (4.21)
k!
IOl _ GNP (MR
brif(z)e 2P |[|oitz (z) (17 'dz < 9o(NG™ (DBl ,

where k= 1,...,k,l = 1,...,r.Note that



Go(NG* (MR

Gbopr ~0ffp-w

From (4.22) follows that for any € € [0,0] there exists a prime number p such that

r

ki
Sad cuNup) =) < L

=1 k=1
where k = 1,...,k,l = 1,...,r.From Eq.(4.4)-Eq.(4.6) follows

op = Mii(Nr,p) + & (Nr, p)
Mo(Nr,p)

wherek =1,...,k,l = 1,...,r. Assume now that

ao+Za|Zeﬁk' =0.
-1 k1l

Having substituted RHS of the Eq.(4.24) into Eq.(4.25) one obtains

-

Mii(Nr,p) +eki(Nr,p)
a“% Z MoNp)

Muwi(Nr, p) £k(Nnp)
ao+lle Z Mo(N:, p) lle Z Mo(N:,p) ~
N

From EQq.(4.26) by using Eq.(4.19) one obtains

r ki
a0 +Z(Nr,p) + D a D e (Nr,p) = 0

=1 k=1

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

We choose now a prime p € N such that p > max(|ao|, |po|, [bn, [) @and e(p) < 1. Note that
PIE(N;,p) and therefore from Eq.(4.19) and Eq.(4.27) one obtains the contradiction. This

contradiction completed the proof.

5.Generalized Lindemann-Weierstrass theorem

Theorem 5.1.[4] Let fi(2),] = 1,2,..., be a polynomials with coefficients in Z. Assume

that

for any | € N algebraic numbers over the field Q : B1),..., L1, ki > 1,1 =1,2,...

complete set of the roots of f;(z) such that
fi(z) € 7[z],degfi(2) = ki, = 1,2,...
anda € Qa0 # 0,1 = 1,2,..., . We assume now that

Z|a||2|eﬂk'| < o.
=1

Then
ao+Za|Zeﬁk' + 0.
-1 k1l

We will divide the proof into three parts

form a

(5.1)

(5.2)

(5.3)



Part 1. The Robinson transfer

Letf(z) = fi(z) € *2[z],z€ *C,| = 1,2,...,r,r €*N, be a nonstandard polynomial such
that
4 r
f(2) = f:(2) = [ [ (@) = bo+biz+...+bnz" =
=1

< r *k| (5l 4)
= b [ [ ] ¢Bu)).bo # 0,by > O,
I=1 k=1
L N =Nr =37, (k) €N,
Let "Mo(N,p), "Mki(N,p) and *&x(N,p) be the quantities:
*<+ °0> b,(\lN_l)p_lzp_lfp(Z)[*E‘Z]dz
*M N’ — ’
o(N,p) 5D .

0
N,p € *Nw,

where in (5.5) we integrate in nonstandard complex plaine *C along line *[0,+x],see
Pic.1.
“(

+00) N -
M(N,p) = (eay [ D@L ez

(p—-1)! ’ (5.6)

Bl
N,p € "Noo,

where k = 1,..., *k; and where in (5.6) we integrate in nonstandard complex plain *C
along line with initial point *y,; € *C and which are parallel to real axis of the complex
plane *C,see Pic.1.

"Bl

(N-Dp-1_p-1¢p * Az
e (N,p) = (*e'Pu) f by P2 P(2)[*e?]dz
0

(p-1)! ’ (5.7)

N,p € *Nw,

where k = 1,...,*k and where in (5.7) we integrate in nonstandard complex plain *C
along contour *[0, * Bk ], see Pic.1.

1.Using Robinson transfer principle [4],[5],[6] from Eg.(5.5) and Eq.(4.8) one obtains
directly

*Mo(N,p) = by "bf + pC, (5.8)
where bybo # 0,C € *Z...We choose now infinite prime p € *N,, such that
{ p > max(Jaol, bn, [bo). (5.9)

2.Using Robinson transfer principle from Eq.(5.6) and Eq.(4.19) one obtains directly



vr(r e N) :

f K . (5.10)
"EN.p.T) = D _(an) D_(*M(N,p)) = pC, & "Z...
=1 k=1
and therefore
N) :
v*rire ) (5.11)
pI*E(N,p,r).

3.Using Robinson transfer principle from Eq.(5.7) and Eq.(4.21) one obtains directly

P
* B
. carpay [ PETP I P(z)[*e ] dz
" (N, )| = (eﬁ~)£ SRR <
J » (5.12)
1 . w2 B e 1 [*go(r)I*gP ()] Bxi|
-1 J; IbxH(2) (*e 2P [IbrtA(2) )P dz < (-1
~ 9o gPH(1)]
L N (p-1) ’

where k = 1,...,*k,I = 1,...,r.Note that Ve(e €* R)[e = 0], there exists p = p(¢)
* * yp—1
[*Qo(r)][*g""(r)] <e
(p-D!
4. From (5.13) follows that for any € € [0,0] there exists an infinite prime p € *N, such

(5.13)

that
vr(r e N) :
r ki 5.14
D (ra) D (e (N,p)) = €(p) < 1 149
1=1 k=1
wherek=1,...,*k,l =1,...,r..
5. From Eq.(5.5)-Eq.(5.7) we obtain
*a* Pkl — *MkJ(N!p)_{— (*ng(N!p))
[ e = “Mo(N, p) J (19

wherek=1,...,*k,l =1,...,r.

Part I.The Wattenberg imbedding *e "™ into *Rq

1.By using Wattenberg imbedding *R & "Rg4, and Gonshor transfer (see subsection
2.8 Theorem 2.17) from Eq.(5.8) one obtains



(*Mo(N,p))* = (b "bp) " + p*C* = (5.16)
= k) M wh)” + prc?
where b{bj = 0#,C* € *Z4.We choose now an infinite prime p € *N such that
{ p* > max(jag,b{, |b§|). (5.17)

2.By using Wattenberg imbedding *R & "Rg4, and Gonshor transfer from Eq.(5.10)
one obtains directly

vr(r e N) :
r il 5.18
“2(N,p,1)* = D (Ca)®) D_("Mu(N,p))* = p*C e "Zq (5-18)
I=1 k=1
and therefore
vr(r e N)[p*|(*E(N,p,r))*]. (5.19)

3.By using Wattenberg imbedding *R & "Rg4,and Gonshor transfer from Eq.(5.14)
one obtains directly

vr(r e N) :

r ki 5.20
D (Ca)®) D Cen(N.p)? = e*(p*) < 1. 20
I=1 k=1

4.By using Wattenberg imbedding *R il *Rg,and Gonshor transfer from Eq.(5.15)
one obtains directly

{ et 2 gyt = (MuN.p)*+ Cea(Np)” (5.21)
(*Mo(N, p))* ’ '

wherek=1,...,k,l =1,...,r € *N.

Part Ill.Main equality
Remark 5.1 Note that in this subsection we often write for a short a# instead
(*a)”®,a € R. For example we write
vr(r e N) :

ot~ MNP+ £f(N,p)
ME(N,p)

instead Eq.(5.21).

Assumption 5.1. Let fi(2),| = 1,2,..., be a polynomials with coefficients in Z. Assume
that

for any | € N algebraic numbers over the field Q : B1),..., B, ki > 1,1 =1,2,...,r form
a

complete set of the roots of f|(z) such that

fi(z) € 7[z],degfi(2) = ki, = 1,2,... (5.22)
| =1,2,....,a0€ Qag+0,r=12,....



Note that from Assumption 5.1 by Robinson transfer follows that algebraic numbers
over

*Q:*Patyen P, k=11 =1,2,..., forany | = 1,2,..., form a complete set of the
roots

of *f;(z) such that

“fi(z) € “Z[z]),deg(*fi(2)) = ki, = 1,2,... . (5.23)
Assumption 5.2. We assume now that there exists a sequence
i= - eQl=12..r=12,.. (5.24)
and rational number
do = e € Q, (5.25)
such that
0 k|
Dl Dl < oo (5.26)
1=1 k=1
and
o ki
do+ Y a1y ebu =0, (5.27)
=1 k=1
Assumption 5.3. We assume now for a short that the all roots *f1y,..., *Bk.,

ki > 1,1 =12,...0f *fj(z) are real.

In this subsection we obtain an reduction of the equality given by Eq.(5.27) in R to
some equivalent equality given by Eq.(3.) in *R4. The main tool of such reduction that
external countable sum defined in subsection 2.8.

Lemma 5.1.Let A<(r) and A.(r) be the sum correspondingly

4 r>1 k|
A<(r) = do+ Zd' Z ePl,
< =k (5.28)

0

ki
As(r) = Z a Zeﬁkv'.
k-1

lI=r+1

Then A.(r) # O,r = 1,2,...

Proof. Suppose there exist r such that A.(r) = 0.Then from Eq.(5.27) follows
A<(r) = 0. Therefore by Theorem 4.1 one obtains the contradiction.

Remark 5.2. Note that from Eq.(5.27) follows that in generel case there is a sequence
{m;i}, such that

l[im m; = oo,
j»o0
mj k|
V(i eN)| do+ Y a efv <0 |,
( )|: 0 E |§ :| (5.29)

1= I=1

mj k|
o +lim (Zd. Zeﬂw) =0,
k=1

or there is a sequence {mj}}‘il such that



lim m; = oo,

|—>00

m; ki
V(jeN)| do+ Y a ehu > 0:|,
[ 0+ 'kZl: (5.30)

A

=1 =

mj ki
do +lim < ZmZeﬁw) =0,
k=1

] |:1

N

or both sequences {m;}*, and {m,-}lf‘io with a property that is specified above exist.
Remark 5.3. We assume now for short but without loss of generelity that (5.29) is

satisfied. Then from (5.29) by using Definition 2.17 and Theorem 2.14 (see subsection

2.8) one obtains the equality [4]

A ki

(*do)* + |:#Ext- Z(*dl)#Z(*e*ﬁw)#J = —gq. (5.31)
leN k=1

Remark 5.4.Let A%(r) and A%(r) be the upper external sum defined by

4 r>1 k|

Aﬁ(r) = do+ Z(*dl)#Z(*e*ﬂk,l)#’

I=1 k=1
A K (5.32)
AL(r) = #Ext- D (Fan* D (e )",

neN k=1

I=r+1

A
Note that from Eq.(5.31)-Eq.(5.32) follows that
AL(r) + AL(r) = —ea. (5.33)
Remark 5.5. Assume that o, € *Rq and g ¢ *R. In this subsection we will write for a
short ab[a|B] iff  absorbs a,i.e. B+ a = B.
Lemma 5.2. —ab[A%(r)[A%(r)],k = 1,2,...
Proof.Suppose there exists r € N such that ab[A#(r)[A%(r)]. Then from Eg.(5.33) one
obtains
AL(r) = —eéa. (5.34)
From Eq.(5.34) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma 5.1 one
obtains the contradiction.
Theorem 5.2.[4] The equality (5.31) is inconsistent.
Proof.Let us considered hypernatural number 3 € *N,, defined by countable sequence

I = (Mo, Mo X My, ...,Mg X My X...xXMy,...) (5.35)
From Eq.(5.31) and Eq.(5.35) one obtains



A ki
3% x (*do)* + 3% x |:#Ext- Z(*dl)#Z(*e*ﬁkJ)#J =

leN k=1 (5.36)
A ki
=38+ |:#Ext- Zﬁf X Z(*e*ﬁkv')#:| = -3%x gq
leN k=1
where
34 = Tty = S0,
mg
s (5.37)
:i# — :#di# — ‘SOqI
mf
Remark 5.6.Note that from inequality (5.12) by Gonshor transfer one obtains
* H#rx yp-1 Hix n#t
(N pyt| < LI TGO Y|
(p” - 1)! (5.38)
N,p €*N.
Substitution Eq.(5.21) into Eq.(5.36) gives
A ki # # #
Mi, (N N
IE+#EX- D SEx D a ’pl *+ sa(Np) _ ~3* x gg. (5.39)
leN k=1 MO(N!p)

Multiplying Eq.(5.39) by Wattenberg hyperinteger [*Mo(N,p)]* € *Z4 by Theorem 2.13
(see subsection 2.8) we obtain

A I(I k|
35 x M§Nep) +#EXt- 3 3 LS 3 [ME(N.p) + ey (N.p) ] = (5.40)
leN k=1 k=1 .

= —S# X [*MO(N’p)]# X &d-

By using inequality (5.38) for a given 6 € "R, § ~ 0 we will choose infinite prime integer
P €*Ny,p = p(d) such that:

A ki ki
#Ext-ZZkaZ ef|(N,p) € —6% x &q. (5.41)
=1

leN k=1
Therefore from Eq.(5.40) and (5.41) by using definition (2.15) of the function Int.p(a)
given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see subsection 2.7) of
the function Int.p(a) we obtain



Ak ki
|nt.p<so x ME(N,p) +#Ext- > D" 3t < D [ME (N, p) + eﬁi|(N,p)]> -
k=1

leN k=1
AL ki (5.42)
I x MEN,p) +#Ext- D 3 3 x DM (N,p) =
leN k=1 k=1

—Int.p(3* x [*Mo(N,p)]* x £4) = -F* x [*Mo(N,p)]* x £a.

From Eq.(5.42) finally we obtain the main equality

3% x ME(N,p) + #HExt- iisf X i M# (N,p) = =3% x [*Mo(N,p)]* x &q. (5.43)
leN k=1 k=1
We will choose now infinite prime integer p in Eq.(3.56) p = pe*N, such that
{p" > max(a§], by, |bg]|. %) (5.44)
Hence from Eq.(5.16) follows
p" J ME(N, D). (5.45)
Note that [*Mo(n,p)]" + 0%.Using (5.44) and (5.45) one obtains:
P f MEND, ) x 36, (5.46)
Using Eq.(5.11) one obtains
p* | ME(NP) kI =1,2,.... (5.47)

Part IV.The proof of the inconsistency of the main equality
(5.43)

In this subsection we wil prove that main equality (5.43) is inconsistent. This prooff is
based on the Theorem 2.10 (v), see subsection 2.6.

Lemma 5.3.The equality (5.43) under conditions (5.46)-(5.47) is inconsistent.

Proof. (I) Let us rewrite EQ.(5.43) in the short form

(N, p) + ZM(N,p) = -A*(P) x &q, (5.48)
where

ki

A ki
ZAN,P) = #Ext- D 3 I x D ME(N,p),
k=1

leN k=1

r(n,p) = 3 x [*Mo(N,p)]1*,A*(P) = 3* x [*Mo(N,p)]".

(5.49)

From (5.46)-(5.47) follows that
p* f T(N,p)
i b (5.50)
p*|ZM(N,P).

Remark 5.7.Note that ="(N,p) ¢ *R.Otherwise we obtain that
ab.p('(N,p) + ZA(N,P)) = {J}. (5.51)



But the other hand from Eq.(5.48) follows that
ab.p(I'(N,p) + ZA(N,p)) = -A#(P) x &q. (5.52)
But this is a contradiction. This contradiction completed the proof of the statement (1).
(1) Let Xo(k,N,p), Ao (k, N, P), Ae(ka, ka, N, ) and Ae(k,N, P, ), X (k,N, P, %), be the
external sum correspondingly

Ve

r>1 k ki
R(r,N,P) = T(N,P) + 30 S 5t 3 Mt (N p),
=1 k=1 k=1
A ki ki
AL (1N, p) ZZZ%F D ME(N,p),
r+1 k=1 k=1
ro ki k|
< Ro(raraN.B) = 303750 < MY (N, ), (5.53)
I=r; k=1 k=1
» r>1 Kk ki
A<(r,N,P.gt) = T(n,P) + D D 3F x D _{ME(N,p) + &fy (N, ),
=1 k=1 k=1
KN, pL2f)) = #Ext-ZZ~S| xZ{Mt|<N,p)+sﬁ,|(N,p>}.
L I>r+1 k=1 k=1

Note that from Eq.(5.43) and Eq.(5.53) follows that

~tH ~H#
A<(r,N,p) + A.(r,N,p) = — A*(P) x &q,

(5.54)
r=12,...
Lemma 5.4. (i) Under conditions (5.46)-(5.47)
ﬁab[ZZ , ]r ~12,.... (5.55)
And (ii) Under conditions (5.46)-(5.47)
ﬁab[zz , b },r ~1,2.... (5.56)
Proof. (i) First note that under conditions (5.46)-(5.47) one obtains
[Xz(r,N,ﬁ,eﬁj) + 0],r - 12,... (5.57)
Suppose that there exists r > 0 such that ab[zz , ].Then from
Eq.(5.54) one obtains
RATN,Befy) = =A%) x £ (5.58)

From Eq.(5.58) by Theorem 2.17 one obtains
IS SN Aty X B oo# ) — A# A o
—eq = [A"(P)] 7 x A.(r,N,D, &) = [A"(P)] ~ x A.(r,N,P,ek) = AZ(r,N,p,ek;).  (5.59)
Thus
—eq = AZ(r,N, D, &f)). (5.60)

From Eq.(5.60) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma 5.2 one
obtains the contradiction. This contradiction finalized the proof of the Lemma 5.4 (i)



Proof. (ii) This is immediate from the Definition 2.14 (Property I), see subsection 2.7.

(1
Remark 5.8.(i) Note that from Eq.(5.49) by Theorem 2.10 (v) follws that 2(N,p) has

the form
AN, p) = g* +ab.p(ZN(N,p)) =

o (5.61)
= "+ (-A*(P) x &q)
where
# ANDY = X D
q € 2 (Nip) - A>(11N1p)1 (562)
q €*Z. andp|q.
(if) Substitution by Eq.(5.61) into Eq.(5.48) gives
C(N,P) + ZA(N,p) = T(N,P) + g* + (=A*(P) x £q) = —A*(P) x &q. (5.63)
Remark 5.9. Note that from (5.63) by definitions follows that
ab[(T(N,P) + g")I(-A*(P) x &a) ]. (5.64)
From Eq.(5.63) follows that
C(N,P) + g% + (-A*(P) x £4) = —-A*(D) x &q. (5.68)
Therefore
(A*(P)) "[T(N,P) + %] + (&) = —. (5.69)
Now we dealing with semiring *Qj(¢,p), (See subsection 2.16.2).By consideration
similarly
as above we obtain
(A"(P) ™ “r3e) [T(N,, D) Frryee) %] = OF, (5.70)
(A D)™ =rze) [TIN,, D) Fagee) G¥] wpaen = AR (P) '
and
(A%(D) ™ a3 [TIN,, D) Fm30) A% ] Fragee) (—maep) Bl R¥(2))) = 5.71)

= —rep) Eq(e; "R(8)).
From inequality (5.38) follows that we willin to choose p and ¢ ~ 0 such that
(A(P)) ™ & E3(e;"R™(2)). (5.72)

But this is a contradiction. This contradiction completed the proof of the Lemma 5.3.
Remark 5.11. Note that by Definitions 2.19-2.20 and Theorem 2.18 from Assumption
5.1 and Assumption 5.2 follows

A ki
(*do)# + |:#Ext_ Z(*dl)# Z(*e*ﬁk,l )#:|

leN k=1

2
= |—8d|2 = &d- (5. 73)

Theorem 5.3.The equality (5.73) is inconsistent.
Proof. The proof of the Theorem 5.3 copies in main details the proof of the Theorem

5.2.
Theorem 5.3 completed the proof of the main Theorem 1.6.
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