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Abstract
This is the shortest and most direct version of proofs of FLT based on deduced for two main cases of the equation

a™ + b™ = ¢ polynomial expressions & = uww + v™; b = uwr +w™; ¢ = uwv + v™ + w™. Contradiction
revealed in the polynomials prevents them from being integer numbers and proves the Theorem.
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1. Introduction

Though the FLT belongs to the number theory it is taken in this proof rather as a problem of algebra. The proof is
based on binomial theorem that allowed to deduce polynomial values of terms a, b, ¢ required for them to satisfy as
integers equation.

a® + 5" =" (1)
All means used to build this proof are elementary and well known from courses of general algebra. There is no
References section at the end of this paper,

2. The Proof

According to the Fermat's Last Theorem (FLT) the equation
a" +b" ="
cannot be true when a, b, ¢ and n are positive integers and n>2
It is assumed that a, b, ¢ are coprime integers and N is a prime number.

Lemma-1. When n is a prime number the coefficients at all middle terms of the expanded by binomial theorem
(e + 57 are divided by n.

Proof. This is well known (see Pascal’s Triangle).

Lemma-2 Thesum o ff + @, + -+ @, f + o, with &4, &5, ..., F - integers and &,, coprime with /&
is not divisible by f.

Proof. Assume a8 + o, f + -+, _f+a,=Af

Then A[A — (ai + o, + +a,_,)] =, i.e S mustdivide coprime ¢,

Lemma-3. When integers A and coprime B and C are related as A™ = BC then both B and C are numbers to the
power n.
Proof. Assume s is a prime and 5™ is factor of A.

Then A™ is divisible by 5™". Let mn=p+t with p and t coprime with n.

Since B and C are coprime only one of them can be divided by =+ i.e. it must be to the power n. Then both B and
C must have all their divisors to the power n..

Assume the equation (1) is true.
Let us express
c=a+k=b+Ff (2)



Obviously k and f are integers. Then
"+ =a+ K =0+ (3)

After expansion of sums in parentheses by binomial theorem we obtain
no_ n-1, 1 _ -2 n-1
a" = flnb" " +onln = DP"F + o+ 7] (4a)

B" = k[na"~* + Znln —1)a" %k + -+ k7Y (4b)

Since f divides a™ and k divides " they are coprime. Only first terms of the sums in brackets are not divided by f
in Eq.(4a) and by k in Eq.(4b) and only last terms are not divided respectively by b and a.

In both equations (4a) and (4b) last terms have no factor n.

There are two equally possible cases.
A: n divides neither f nor k;
B: n divides either f or k. The case B will be discussed separately.

2.1. Case A
Here n is assumed to be coprime with f and k.

Lemma-4. There exist positive integers v, p, w, g, such that in the equation (1) & = vp and b = wqg

Proof. According to Lemma-2 the sums in brackets are coprime with f in Eq.(4a) and with k in Eq.(4b) and are not
divided by n
Accordini] to Lemma-3 there must exist positive integers v and w satisfying in the equations (4a) and (4b)
f=v" (5a)
f=wt (5b)
There also must exist positive integers p and g that satisfy in equations (4a) and (4b)
p" = nb" " 4+ Tnln — DB 4 g o (63)

(6b)
Now the equations (4a) and (4b) can be presented as a™ = +™p™ and b" = w"g"
and we obtain

g" = ﬂa“'l+%ﬂ{ﬂ —1la" 2k + -+ k70

= w (72)
b =wg (7b)

Lemma-5. For equation (1) with a = vp and b = wq there exists a positive integer u such that
g =uwr + "
b =wwry +wh;
c=uwr + v +wh .
Proof. With regard to equations (5a), (5b), (7a), and (7b) the expression (2) becomes
vp +w" =wg+v" (8)
After regrouping we obtain
vip —v™ ) = wig —w™ 1) 9)
Since v and w are mutually coprime each of them must divide a polynomial in parentheses on the opposite side of
the equation.
Now the equation (9) can be rewritten as

n—1 n—
p—v g—w
= =1u

w v (10)




Since in both fractions numerators are divisible by denominators u is an integer.
Since p* > ! = v"" VinEq.6a) and g" = K"t = w1 in Eq.(6b) u is a positive integer.
From Eq.(10)

vp—v" = wg—w" = uwrw 11)

With regard to equations (7a) and (7b) we obtain

a=uwr + 1" (12a)
b= wwr +w"; (12b)
c=uwrv + 1"+ w“. (12¢)

Now the equation (1) becomes

(wwr + ™) + Gwr +w™)? = Guwe + 07 +w ™) . (13)

The equation (13) can be solved for u when n = 2: u = +4/2..

Since v and w are integers a, b, ¢ cannot be integers and the case A is unacceptable for obtaining Pythagorean
triples.
The discussion for . = 3 will be common for both cases A and B.

2.2.Case B

In the equation (4b) n is assumed to be factor of k.
The expression (7a) deduced for case A remains valid: a = vp.

Lemma-6. Assume there exist positive integers k; and t such that k& = k;n® and n does not divide &, .
Then there exist positive integers g, w, g such that b = nfwq.

Proof. Dividing k in Eq.(4b) n becomes a factor of every term of the sum in brackets. Then n can be factored out
leaving the sum in brackets with all terms except the first one divided by ki.e. by n and k;

b = kyn™ @™t 4+ Znln — 1a" 2k 4 o + kyntHETY] 14)

According to Lemma-2 the sum in brackets has no factors n and k&, and according to Lemma-3 there must exist
positive integers w and g such that

ey =w" (15)
and

n_— an—j._'_iﬂ.:ﬂ — 1@ 2 4 oo 4 ki lEn2
q 2 1 (16)

For exponent t+1 to be divided by = there must be integer g = 1 such that

t=gn—1 (17)
Now

k= whind"-t (18)
and the Eq.(14) becomes ™ = w™n<"g".
Then (with & = wp asin case A)

b =nqwg (19)

Lemma-7. For equation (1) with & = =p and & = n9wgq there exists a positive integer u such that in the Eq.(1)
o= nYuwwr + 7.

bl
b = nfuwr + nd L™,



¢ = nfuwy + v" + 0w
Proof. With regard to equations (5a), (7a), (18), and (19) the expression (2) becomes
vp + ndP Lty ® = nfwg + " 20)

After regrouping we obtain
U‘{p — ™) = .ngw(q _ ﬂgin—ﬂ—iwn—j_:] (21)

Since v and nfw are mutually coprime each of them must divide a polynomial in parentheses on the opposite side

ofthe equation. Now the equation (21) becomes

',t:l—vn'_" _ q_ngi.n—ﬂ—*_wn—*_

=u (22)

ndw e
Since in both fractions numerators are divided by denominators u is an integer.
From expression (22)
vp — " = nfwg — nd" " tw " = nfuww (23)

With regard to expressions (7a) and (23) we obtain

o = nJuwr + " . (243.)
b = nduwr + nft " : (24b)
c=n%uwr +v" + ﬂQ”"'w“. (24c)
and similar to Eq.(13) equation
(nfuwe + v + (nfuwe + 290 4™ = (nfuwy + v + nd0 iy R (25)

As it was with the Eq.(13) the Eq.(25) can be solved for « when n = 2: u; , = £1 .
Substituting these roots for 1« in the Eq.(25) we obtain an identity

(+29wv + 0707 + (#29wr + 2997w %)? = ($29wr + v? + 289 w32 =
G+Lyp2y? £ 20+ p? 4 230 11p2) 4 p 4 22(20- 14 (26)

Il
[
)

This is a universal formula for obtaining equality
a® + bt =c?
with any three integers taken as w, v, and g.
The polynomial expressions for terms of the Eq. (26) can be transformed into Euclid’s formulas for generating

Pythagorean triples.

2.3. Common part

The following analysis is common for both cases. The Case A will be used as more simple.
From expressions (12a), (12b), (12c) and from
a+b=2uwr +v*+w"

We obtain
urw =a+ b —¢ (273)
" =c— bk (27b)
whl=r—n (27c)

Obviously as {zw) ™ is divided by v™and w" the {a& + & — )™ is divided by



(.:' — a}(c — -EJ} =c? — r:(:e. + -EJ::I + ab (28)

Obtained in both cases quotient 1" must be according to expression (10) an integer.

Let us present
e —.:'(a-l— EJ:}I-I—aEJ = —[c(a+&:}l —ct —a.!:l] (29)

And

[ela+b) =1 +(ab)"

R
c

(a+b—c)" = (30)

According to equations (7a), (7b)
(ab)" = (pquw)”
This means the numerator of the Eq.(30) is divisible by expression (29). We obtain (sign disregarded)
_ [ela+b)— 1"t + [ela + b) — c*]"ab+ -+ (ab)™ + (pq)”
ch (31)
Each term of the sum in numerator except two last being divided by £ becomes a fraction
0 - (a+b—c)™'(ab) !

o (32)
with denominator’s exponent i different in all terms.
Since ab and pq are coprime with ¢ the last two terms result in fraction
(ab)™ *+(pa)™

(33)
Lemma-8 The sum_(a8)"" + (43" s coprime with c.
Proof.
(ab)"* + (pg)™ = (pqg) ™ [(vw)™~* + pq] (34)
Multiplying sum in brackets by vw with regard to expressions (5a), (5b) we obtain
(vw)" + ab = fk + ab (35)

With regard to Eq.(2)

cf=la+ kb +f) =ab+ fk +af + bk (36)
Sum (35) can be divisible by c only along with
af + bk = fluve + f) + kluwe + &) = wwe(f + &) + (FF + &5 (37)

To be divisible by c the right hand part requires term 2fk coprime with c.
Hence sum (35) and (34) with it are coprime with c.

The sum of fractions (32), (33) cannot be reduced to common denominator equal 1. Hence u" in expression (31) as

well as a, b, and ¢ in Eq.(1) cannot be integers.
This proves the assumption of existence Eq.(1) with a, b, c- integers to be false.

In Case B the Eq.(27a) becomes
nfumwr)" =a+b—c (38)

It is divided by n"—tw" = ¢ — a. So the reasoning stay unchanged, only instead of «* appears =™ in Eq.(31). It
does not influence obtained conclusions.

3. Conclusion

Thus it is proved that the equation



a" + 5" ="

is not true when the exponent = = 3 is a prime number.

If the exponent n = mn; Where n, = 3 is a prime number the equation (1) becomes

(@)™ + (™™ = (@™ (39)
and all foregoing considerations apply.

The only version left to be discussed is the case of the equation (1) with n = 2* where t = 2
Then according to Eq. (26) it can be presented as
az-_l = Wy 4+ 47 (40)

The left hand part of Eq.(40) can be presented as
—z 2

{az-_‘j =(s+ 1:']2 =5t 4 2sv + v (41)
From equations (40) and (41) derives
28wy = s(5 + 2v) (42)

This equality definitely requires s = s, v and the Eq. (42) becomes
Pwr = 5.0 (s, + 2) (43)

As v cannot be a factor of w, this equation cannot be true.

Now all cases of Fermat’s theorem are proved: the equation (1) cannot be true when n = 3.



