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ABSTRACT

The focus of this paper is to propose a new notion of Fuzzy Neutrosophic soft set and to study some basic operations
and results in Fuzzy Neutrosophic soft spaces. Further we develop a systematic study on Fuzzy Neutrosophic soft set
and obtain various properties induced by them. Some equivalent characterization and inter-relations among them are
discussed with counter example.
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1. INTRODUCTION

In dealing with uncertainties many theories have been recently developed, including the theory of probability, theory of
fuzzy sets, theory of intuitionistic fuzzy sets and theory of rough sets and so on. Although many new techniques have
been developed as a result of these theories, yet difficulties are still there. The major difficulties arise due to inadequacy
of parameters.

In 1999, Molodtsov[4] , initiated the novel concept of soft set theory, which was a completely new approach for
modeling uncertainty and had a rich potential for application in several directions. This so- called soft set theory is
free from the difficulties affecting existing methods. The fuzzy set was introduced by Zadeh [13] in 1965 where each
element had a degree of membership. The intuitionistic fuzzy set (IFS for short) on a universe X was introduced by
K.Atanaasov [1] in 1983 as a generalization of fuzzy set, where besides the degree of membership and the degree of
non — membership of each element. The concept of Neutrosophic set was introduced by F. Smarandache [10] which is a
mathematical tool for handling problems involving imprecise, indeterminacy and inconsistent data. Pabitra Kumar Maji
[7] had combined the Neutrosophic set with soft sets and introduced a new mathematical model ‘Neutrosophic soft set’.

In the present study, we have defined Fuzzy Neutrosophic soft set and we establish some related properties with
supporting proofs and examples. We consider the topological structure of Neutrosophic soft set as a tool to develop
Fuzzy Neutrosophic soft topological space and derive some of their topological properties. Here we recall the
definitions that are prerequisite for this paper.

2. PRELIMINARIES

Definition 2.1: [10] A Neutrosophic set A on the universe of discourse X is defined as

A=(XT, (%), 1,(X),Fo(x)),x € X where T,1,F: X —[ 0,17 | [and ~0<T,(X)+ (%) + F,(x)<3".
Definition 2.2: [8] A neutrosophic set A is contained in another neutrosophic set B. (i.e.,)

MHAcBaT(X)<Tg(X), 1,(X)<15(X),FA(x) > Fz(X) VxeX

Corresponding author: I. R. Sumathi* and J. Martina Jency**
**Department of Mathematics, Coimbatore Institute of Engineering and Technology,
Coimbatore, (T.N.), India.

International Journal of Mathematical Archive- 4(10), Oct. — 2013 225


http://www.ijma.info/�

I. Arockiarani*, I. R. Sumathi* and J. Martina Jency**/ Fuzzy Neutrosophic Soft Topological Spaces/ IJMA- 4(10), Oct.-2013.
Definition 2.3: [4] Let U be the initial universe set and E be a set of parameters. Let P(U) denote the power set of U.
Consider a non-empty set A, A < E .A pair (F,A) is called a soft set over U, where F is a mapping given by F: A —»
P(U)

Definition 2.4: [7] Let U be the initial universe set and E be a set of parameters. Consider a non-empty set A, A c E.
Let P(U) denote the set of all neutrosophic sets of U. The collection (F, A) is termed to be the soft neutrosophic set
over U, where F is a mapping given by F: A — P(U).

Definition 2.5: [7] The complement of a neutrosophic soft set (F, A) denoted by (F, A)® and is defined as

(F, AF = (F%]A) where F&]A — P(U) is a mapping given by F°(a)=neutrosophic soft complement with
Tee ()= F(X), Ic ()= 100, Fc (X)= T(x).

Definition 2.6:[7] Let (F, A) and (G, B) be two neutrosophic soft sets over the common universe U.(F,A) is said to be
neutrosophic soft subset of (G,B) if AcB and T¢ ) (X) STy (X), 1 £ ey (X) <) (X), Fe o) (X) 2 Fg ey (X)
Vv ee A, x e U. We denote it by (F, A) c (G, B).

(F, A) is said to be neutrosophic soft super set of (G, B) if (G, B) is a heutrosophic soft subset of (F, A).We denote it by
(F, A) o (G, B).

Definition 2.7:[7] Two neutrosophic soft sets (F, A) and (G, B) over the common universe U are said to be equal if
(F, A) < (G,B) and (G, B) < (F, A).We denote it by (F, A) = (G, B).

Definition: 2.8 [7] Union of two Neutrosophic soft sets (F, A) and (G, B) over (U, E) is Neutrosophic soft set where C
=AUB Vee C.

F(e) ; ifee A-B
H(e) =<G(e) . ifeeB-A  andiswritten as (F,A) U (G ,B) = (H,C).
Fe)uG(e) ; ifeeAnB

Definition: 2.9 [7] Intersection of two Neutrosophic soft sets (F,A) and (G,B) over (U, E) is Neutrosophic soft set
where C = AnB V ee C. H(e) = F(e) n G(e) and is written as (F,A) A (G,B) =(H,C).

3. FUZZY NEUTROSOPHIC SOFT SET

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard subset of
[-0, 17]. But in real life application in scientific and Engineering problems it is difficult to use neutrosophic set with
value from real standard or non-standard subset of [0, 1*]. Hence we consider the neutrosophic set which takes the
value from the subset of [0, 1].

Definition 3.1: A Fuzzy Neutrosophic set A on the universe of discourse X is defined as
A=(XT, (%), 1,(x),Fy(x)),xe X where T,1,F : X —[0,1] and 0<T,(X)+1,,(x) + F,(x)<3.

Definition 3.2: Let U be the initial universe set and E be a set of parameters. Consider a non-empty set A, A c E. Let
P (U) denote the set of all fuzzy neutrosophic sets of U. The collection (F, A) is termed to be the fuzzy neutrosophic
soft set over U, where F is a mapping given by F: A - P(U).

Throughout this paper Fuzzy Neutrosophic soft set is denoted by FNS set / FNSS.

Definition 3.3: A fuzzy neutrosophic soft set A is contained in another neutrosophic set B. (i.e.) A < B if
VxeX, To(X) ST (X), 1,(X) <15(x),Fu(x) > Fz(x).

Definition 3.4: The complement of a fuzzy neutrosophic soft set (F, A) denoted by (F, A)® and is defined as
(F, A) = (F°, 1A) where F° : ]A — P(U) is a mapping given by
Flo)=<x, Te ()= F(X), e ()=1-1(x), Fc ()= Tc(x)>
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Definition 3.5: Let X be a non empty set, and A= <X,TA(X), ,(x),F, (X)>, B:<X,TB (x), 15(x), Fg (X)> are
fuzzy neutrosophic soft sets. Then

A D B=(x,max (T,(x), Tg (x)), max(l , (x), 1 (x)), min(F,(x), F5 (X))

AAB=(x,min (T, (x), T (X)), min(l , (x), I 5 (X)), max(F, (x), F5 (X))

Definition 3.6: A fuzzy neutrosophic soft set (F,A) over the universe U is said to be empty fuzzy neutrosophic soft set
with respect to the parameter Aif T. ., =0,1¢, =0,F, =1,V XxeU,Vee A ltisdenoted by Oy.

Definition 3.7: A FNS set (F, A), over the universe U is said to be universe FNS set with respect to the parameter A if
Tee =L 1 =1, F =0,VxeU,Ve e A.ltis denoted by 1.

Note: 0 = 1, and (IN )C =0,
Definition 3.8: Let A and B be two FNS sets then A\B may be defined as
AB= (X, min (T, (x), Fg (X)), min(l , (x).1— 15 (X)), max(F, (x), T4 (X)) .

Definition3.9:
(i) Feis called absolute Fuzzy Neutrosophic soft set over U if F(e) = 1, for any e e E. We denote it by Ug

(if) Fgis called relative null Fuzzy Neutrosophic soft set over U if F(e) = 6N for any e € E. We denote it by ¢g.

Obviously ¢e =U ¢ andU . = ¢ .
Definition 3.10: The complement of a fuzzy neutrosophic soft set (F, A) can also be defined as
(F, A)® =Ug\F(e) forall eeA
Note: We denote Ug by U in the proofs of the proposition.

Definition 3.11: If (F, A) and (G, B) be two fuzzy Neutrosophic soft set then “(F, A) AND (G, B)” is a FNSS denoted
by (F, A) A (G, B) and is defined by (F, A) A (G, B) = (H, Ax B)

where H(a, b) = F(a) n G(b) V acA and V beB where n is the operation intersection of FNSS.

Definition 3.12: If (F, A) and (G, B) be two fuzzy Neutrosophic soft set then “(F, A) OR (G, B)” is a FNSS denoted by
(F, A) v (G, B) and is defined by (F, A) v (G, B) = (K, Ax B)

where K(a, b) = F(a) u G(b) V acA and V beB where U is the operation union of FNSS.

Proposition 3.13: Let (F,A) and (G,A) be FNSS in FNSS(U) .Then the following are true.
(i) (FA) C (GA)iff (F, A)ﬁ(G,A) =(F, A)
(i) (F.A) C (GA)iff (F, A)Q(G,A) =(F, A)

Proof:

(i) Suppose that (F,A) = (G,A) Then F(e) —G(e) forall e eA. Let (F, A)F\(G,A) =(H, A

Since H(e) = F(e) N G(e) = F(e) for all ecA ,by definition (H, A) = (F, A). Suppose that (F, A) A (G,A) = (F, A). Let
(F, A) A (G,A) = (H, A).Since H(e) = F(e) N G(e) = F(e) for all ecA, we know that F(e) < G(e) for all e eA. Hence
(F.A) € GA)

(it) The proof is similar to (i)
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Proposition 3.14: Let (F, A), (G, A), (H, A), (S, A) € FNSS(U)a. Then the following are true
() If(F, A)N(GA) = dathen (F,A) C (GA)

(i) If (F,A) C (G,A) and (G,A) C (H,A) then (F,A) C (HA)

(i) If (F,A) € (G,A)and (H,A)  (S,A) then (F, A) N (H,A) S (G, A) N (S,A)

(iv) (F.A) C (GA)iff (GA)F C (FA)Y

Proof:
(i) Suppose that (F, A) A (G,A) = da.Then F(e) N G(e) = ¢ . So F(e) = U\G(e) =G°(e) for all ecA.

Therefore we have (F, A) (G, A)°Proof of (ii) and (iii) are obvious.
(iv) (F.A) C (GA)e F(e) = G(e) for all ec A

< (G(e))"c(F(e))" for all ecA

& G(e) = F'(e) for all ecA

& (G, AF C (FA)

Definition 3.15: Let | be an arbitrary index set and {(F; , A)}ic) be a subfamily of FNSS(U)a.
(i) The union of these FNSS is the FNSS (H, A) where H(e) = U Fi(e) for each ecA.
iel
We write (_ (Fi, A) = (H,A)
iel
(ii) The intersection of these FNSS is the FNSS (M, A) where M(e) = ﬂ Fi(e) for each ecA.

iel

We write (— (Fi, A) = (M,A).

iel
Proposition 3.16: Let | be an arbitrary index set and {(F; , A)}ic, be a subfamily of FNSS(U), .

Then (i) [ (Fi, A = () (FA)"

iel iel
(i) [ (FAT = () (Fi, A
iel iel
Proof:
(i) [Q (Fi, A)I° = (H,A)° By definition H°(e) = Ug \ H(e) = Ug \ U Fi(e) = n (Ug \ Fi(e)) for all eeA. On the other
iel iel iel

hand , [~ (Fi A)I° =(K ,A) By definition ,K(e) =) Ffe) = [) (U-Fi(e)) for all ecA.

iel iel iel
(i) [F\ (Fi, A)I° = (H,A)° By definition H°(e) = Ug \ H(e) = Ug \ ﬂ Fi(e) = U (Ug \ Fi(e)) for all ecA. On the other
iel iel iel
hand , [\_) (Fi. A)I° =(K .A) By definition K(e) = J F(e) = | J (Ue - Fi(e)) for all ecA.
iel iel iel

Note: We denote ¢g by ¢ and Ug by U

Proposition 3.17:
) (0.A) = A
i) (U A)°=(.A)

Proof:
i) Let(¢,A)=(FA
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Then Vee A,

F(e) = {(X, Tre(X), lre(¥), Fre(X)): xeU}

= {(x, 0,0, 1): xeU}

@, A) = (FA)

Then Vee A,

(F©))° = {(% Tre)(X), lre)(X), Fre)(X)): xe U3
={(X, F(¥), 1 - lrg(X), Tre(X)): XU}
={(x,1,1,0):xeU}=U

Thus (¢, A)°= (U, A)

i) Proof is similar to (i)

Proposition~3.18:
) (FA) V(A =(FA)
i) (FA) U(U,A) =(UA)

Proof:
i) (FA)={e, (X, Te(X), lre)(X), Fre(X)): xeU}vee A
(¢,A)={e(x 0,0, 1): xeU}Vvee A
(F.A) O (9, A) = {e, (x, max(Tr(x), 0), max(lee(x),0), min( Fre(¥),1)): xeU}vee A
={e(X, Tre)(X), lre)(X), Fre(X)): xeU}}vee A
=R A)
ii)  Proof is similar to (i)

Proposition~3.19:
) (FA) DA =(0A)
i) (FA) N(U,A) =(FA)

Proof:
) (FA)={e X Tre(X), lre)(X), Fre(X)): xeU}vee A

(0, A) ={e(x, 0,0, 1): xeU}Vee A
(FA) N (0, A) = e, (x, min(Te(x), 0), min(lre(x),0), max( Fee(X),1)): xeU}vee A
={e(x, 0, 0, 1): xeU}vee A
= (% A)
Thus (F, A) N (), A) = (¢, A)
ii)  Proof is similar to (i)

Proposition 3.20:
(i) (FA) U@,B)=(FA)iff BCA
(i) (F,A) U(U,B)=(UA)iff AcB
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Proof:
i)  We have for (F,A)

F(e) = {(X, Tre)(X), Ire)(X), Fre)(X)): xeU}vee A

Also let (¢ , B) = (G, B) then

G(e) ={(x,0,0,1): xeU}vee B

Let (F, A) U (¢, B) = (F, A) U (G, B) = (H, C) where C = AUB and Vee C
{(X, Teey (¥, ey (X), Frey (X)) :x e UYif e A-B

{(X, Toe (¥, I (X), F (X)) :x e Utif ee B-A
{(x, max (Tey (X), Tog (X)), max (I (X), Ige (X)) s min(Fe, (X), Foy (X)) ) : X e Ulife e ANB

H (e)

{X Teg (X)) e (¥), Fey (X)) :x e UYif e e A-B
=:{(x,0,0,1):xeU}ifeeB-A
{(x, max (Tge, (%),0), max (I ¢, (x),0) , min(F,, (%), 1)) :x e U}ifee AN B

{(X, T (X)), T (X), Fey (X)) :x e U}if e A-B
{(x,0,01):xeU}ifeeB-A
{(X, T (¥, I (X), Fey (X)) :x e UYif ee ANB

LetBc A

{(X' TF(e) (X)v IF(e) (X)! FF(e) (X)) X e U}If ee A - B

Tren 1 (e) ) {{(X, TF(e) (X), IF(e) (X)’ FF(E) (X)) X e U}If eeANB

=F(e) Vee A
Conversely Let (F, A) O (0,B)=(F, A
Then A= AUB = BcA
(ii) Proof is similar to (i)

Proposition~3.21:
) (FA) 0 (% ,B) = ($.ANB)
@iy (F,A) N(U,B)=(F,ANB)

Proof:
i)  We have for (F,A)

F(e) = {(x, Teg(¥), Ire(¥), Fre(X): xeU}vee A
let (¢ ,B) = (G,B) then

G(e) ={(x, 0, 0, 1): xeU}Vee B

Let (F, A) N (¢, B) = (F, A) M (G, B) = (H, C) where C = ANB and Vee C

H(e) = {(x, min (T, (X), T (X)), Min (I (X), Tge (X)), Max(Fee (X), Foe (X)) ) :x € UL
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= {(x, min (T, (X),0), min (I, (x),0) , max(F, (X),1) ) : x € U}
={(x,0,0,1):x e U}
=(G,B) =(¢.B)
Thus (F, A) M (¢, B) = (¢, B).
ii)  Proof is similar to (i).

Proposition 3.22:
) ((FA) UG .B) C (FAF UG BY
i) (FA° N (G,B)° C ((FA) N (G,B)°

Proof: Let (F,A) O (G,B) = (H,C) where C = AUB and Vee C

{(X, Tey (), 1gey (X), Ry (X)): x € U}ifee A-B
H (€) = <{(X, Tey (X), lge (X), Foe (X)): x € U}ifee B-A
{(%, max (T (%), Toe (X)), Max (Ieg (X), g (X)) Min(Fee, (X),Fs (X)) ): x € Ulifee ANB

Thus ((F, A) U (G, B))® = (H,C)° where C = AUB and Vee C
(F(e))° ifecA-B
(H(e)) =1(G(e) ecB-A
((Fe)uG(e))ifeecAnB
{06 P (), 1 - Iy (%), Tey (¥)): x € UYifee A-B
=X Fo (%), L-lgy (X), Tey (X)): X € UYife e B-A
{(Xv min (FF(e) (X)!FG(e) (X))a 1-max (IF(e) (X)’IG(e) (X)) vmaX(TF(e) (X)’TG(e) (X)) ): X e U}If eecAnB

Again, (F, A)° U (G, B)° = (I, J) say J = AUB and Vee J.

(F(e))° ifecA-B

I(e)=:(G(e))eeB-A

(Fe)° v (Ge) ifeeAnB

{(% Fr (%), 1- Ty (%), Tey (X)) :x e UYif e A-B

= {(X, Fg (%), 1- 5 (X), T (X)) :x e Ubifee B- A

{(x, max (F) (X), Fogey (X)), max (1- Tegy (X),1- Ty (X)), Min(Te, (%), Toy (X)) : X eUlifee AN B

Ccl veel, (H(E) clE)

Thus ((F, A) U (G, B))® < (F,A)’ U (G, B)

ii) Let(F, A) N (G, B) = (H, C) where C = AnB and Vee C
H(e) = F(e) N G(e)

= {(x, min (Tee)(X), TeEX)), Min(lge)(X), loe(X)), max( Fre(X), Foe(X))}

© 2013, IJMA. All Rights Reserved 231



I. Arockiarani*, I. R. Sumathi* and J. Martina Jency**/ Fuzzy Neutrosophic Soft Topological Spaces/ IJMA- 4(10), Oct.-2013.
Thus ((F,A) M (G ,B)) ® = (H, C)° where C = AnB and Vee C
(H(e))* = {(x, min(Tee)(X), Tae(X)), Min(lee(X), loe)(X)), max( Fre(X), Foe X))}
= {(x, max(Fre)(X), Fae(X)), 1 = min(lge)(X), loe(X)), min( Tee(X), Toe(X))}

Again (F, A)° N (G ,B)° = (I, J) say where J = A ~ B and Vee J
I(e) = (F(e))° N(G(e))*

= {(x min(Fee(X), Fege (X)), min(1 - lee(X), 1 - loe)(X)), max( Tee(X), Tee(X))}
We see that C = J and Vee J, I(e) = (H(e))°
Thus (F, A)° N (G, B)® & (F.A) N (G,B))Y

Proposition 3.23: (De Morgan’s Laws) For Fuzzy Neutrosophic soft sets (F, A) and (G, A) over the same universe U
we have the following

) ((FA) UG,A) - (FA'NG,AF
i) ((FA) N (G,A)=FA° U (G A
Proof: (i) Let (F,A) U (G,A) = (H,A) where Vee A
H(e) = F(e) v G(e)
= {(x, Max(Tr(e)(X), Tae (X)), Max( lee(X), loe(X), Min( Fee(X), Foe(X))}
Thus ((F, A) U (G ,A))° = (H,A)° where Vee A
(H(e)* = (F(e) v G(e))’
= {(x, max(Teg(X), Toe(X)), Max(lee(x), loe (), Min( Fre(x), Foe(X))}*
= {(x, min(Fe(X), Foe(X)),1 = max(lee(X), loe(X)), max( Tee(X), Toe ()}
Again (F, A)° N (G, A = (I, A) say where Vee A
I(e) = (F(e))° N(G(e))*
= {(x, min(Fee(X), Foe(X)), Min(L = lre(X), 1 = loe(X), Max( Tre(X), Toe ()}
= {(x, min(Fe(X), Foe(X)), 1 = max( lee(X), loe(X)), max( Tee(X), Toe ()}

Thus ((F, A) U (G, A))° _ (F,A)° N (G ,A)°

(ii) Let (F,A) N (G ,A) = (H, A) where Vee A
H(e) = F(e) N G(e)
= {x min(Tee)(X), Tee(X)), Min(lee(X), loe(X)), max( Fee(X), Foe (X))} where vee A
(FA) O (G, A) = (H, AF
(H(e))" = (F(e) n G(e))°
={x, Max(Fe(X), Foe()).1 - Min(lee(X). lo@X)). Min( Tee(X). Taw (X))} where Yee A

Again (F, A U (G ,A) = (I, A) say where Yee A
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I(e) = (F(e))° v G(e))°
= {(x, max(Fee)(X), Foe)(X)), max(L = lre(X), 1 = loe(X)), min( Tee(X), ToeX)}

= {( %, max(Fee)(X), Foe)(X)),1 = min(lee(X), lee)(X)), min( Tee(X), Tee(x))}

Thus (F.A) O (G.A) = (FA) U (G A

Proposition 3.24: For FNSS (F,A) and (G, B) over the same universe U, we have the following.
() (F, A) A (G, B))* = (F.A) v (G,B)

(ii) ((F, A) v (G, B))* = (F,A) A (G,B)*

Proof:

(i) Let (F,A) A (G,B) = (H, A x B) where H(a,b) = F(a) » G(b) V acA and V beB where n is the operation
intersection of FNSS.

Thus H(a, b) = F(a) ~ G(b)

=X, min(Tee(X), Tew (X)), Min(lr@(X), lee) (X)), max( Fee(X), Fop(X))}
((F.A) A (G,B))° = (H, AXB)° V¥ (a,b) e AXB
(H(@,b))* = {x, max(Fe()(X), Fow (X)), 1 = min(lee(X), lop(X)), min( Tee(X), Tew X))}
Let (F, A v (G,B)° = (R, Ax B)
where R(a, b) = (F(a))° U (G(b))° V acA and ¥ beB where r is the operation intersection of FNSS.
R(a, b) = {x, max(F(x), Fee()), max(L = le(x), 1= leg(X)), min( Teg(x), Tem()}

= {x, max(Fg(¥), Foey (X)), = Min(lea(x), logy(®)), Min( Teg(), Tee())}

Thus ((F, A) A (G, B))° = (FA) v (G,B)°
(ii) Similarly we can prove (ii).
4. FUZZY NEUTROSOPHIC SOFT TOPOLOGICAL SPACES

Definition 4.1: Let (Fa, E) be FNS set on (U, E) and t be a collection of Fuzzy Neutrosophic soft subsets of (Fa , E).
(Fa, E) is called Fuzzy neutrosophic soft topology (FNST) if the following conditions hold.

() e Ueet )
(ll) Fe.Geg et Implles FE N"Ggen
(iii) {(Fa)E ael }gz‘implies Q{(Fa)E ael }er

The triplet (U, 1, E) is called an Fuzzy Neutrosophic soft topological space (FNSTS)over U.

Every member of t is called an Fuzzy Neutrosophic soft open set in U.

Fe is called an Fuzzy Neutrosophic soft closed set in U if Fe € t°, where 7° = {FEC ‘Fe e Z'}

Example 4.2: Let U = {by, by, b3} and E= {ey, e,}. Let Fg, Gg, Hg, L be Neutrosophic soft set where
H(ey) = {<b;0.8,0.4,0.5>, < h, 0.7,0.7,0.3>, < b;, 0.7,0.5,0.4>}
H(e,) = {< by 0.9,0.5,0.6>, < b, 0.8,0.8,0.4>, < b;, 0.8,0.6,0.5>}
F(e;) = {< b,0.5,0.4,0.5>, < b, 0.6,0.7,0.3>, < b;, 0.6,0.5,0.4>}

F(e,) = {< b.0.6,0.5,0.6>, < b, 0.7,0.8,0.4>, < bs, 0.7,0.6,0.5>}
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G(ey) = {<b,0.8,0.4,0.7>, < by, 0.7,0.3,0.4>, < b3, 0.7,0.5,0.6>}

G(e,) = {< b,0.9,0.5,0.8>, < b, 0.8,0.4,0.5>, < b;, 0.8,0.6,0.7>}

L(e;) = {<b,0.5,0.4,0.7>, < b, 0.6,0.3,0.4>, < bs, 0.6,0.5,0.6>}

L(ey) = {<b,0.6,0.5,0.8>, < b, 0.7,0.4,0.5>, < bs, 0.7,0.6,0.7>}

T = {Fg, Gg, Hg, Lg, 0g, Ug} is an Fuzzy Neutrosophic soft topology on U.

Proposition 4.3: Let (U, 1, E) and (U, 1, E) be two Fuzzy Neutrosophic soft topological spaces.

Denote N1, = {Fe: Fg et;and Fe et} .Then 1Nty is an FNST on U.

Proof: Obviously ¢g, Ug € 11N1,. Let Fg, Ge € 11N1, . Then Fg, Ge et and Fg, Gg €7, . 11 and t, are two FNST’s on

U. Then FEﬂGE €T and FEﬂGE €T Hence FEﬂGE E‘Clm‘le

Let {(Fa )E ael }g T, NT,.Then (Fa)E et and (Fa)E e, for any ael’.
Since t; and T, are two FNST’s on U, O{(Fa )E ‘ael jer, and O{(Fa )E ael Jer,.

Thus O{(Fa )E ael }e T,NT,.
Let T, and T, are two FNSTs on U. Denote
v ={Fe U Ge: Fg € 11 and Gerty}.
T AT = {Fe A Gg: Fg € 11 and Ger,}.
Example 4.2:  Let Fg and Gg be FNST as in example 4.3.
Define t; = {¢g, Ug, Fe}, 12 = {¢e .Ue ,Ge}
Then 1Nty = {dg, Ug} is FNSTs on U.
But 7 U 7= {¢e,Ug, Fe, Ge}, 1 v 12 = {0, Ue , Fe, Ge, Fe U Ge Jand
T A T2 = {bg, Ug, Fg, Gg, Fe A Ge} are not FNSTSs.
Theorem 4.5: Let (U,t, E) be a FNSTS & Lete € E, 1(e) = {F(e): Fg € t} isan FNST on U.

Proof: Lete eE.
() e Uzew, Oy =o(e)and 1, = U(e), we have Oy, 1, < <(e).
(if) LetV, W e 1(e). Then there exist Fg, Gee T, such that V = F(e) and W = G(e).
By tbean FNST on U, Fe M Gge t.
Put He = Fe M Gg. Then Hee .
Note that V N W =F(e) N G(e) = H(e) and t(e) = {F(e): Fe € 1} Then V N W € 1(e).
(i) Let {(Va )E cael }g 7(€) . Then for every ¢ €I, there exist {(Fa )E €T

such that V,, = F,, (e). By T be an FNST on U, O {(Fa )E ca el }e T.

Put Fe =D{(Fa )E rael } then Fz € 1. Note that UVa = {Fa (e):ax eF}= F(e) and t(e) = {F(e) :

ael

}.Then |V, e t(e).

ael

Therefore t(e) = {F(e): Fg et} isan FNST on U.
© 2013, IJMA. All Rights Reserved
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Definition 4.6: Let (U, t, E) be a FNSTS and 8 < t. 8 is a basis on 7 if for each Gg e, there exist B8 'c $8 such that
Ge=U B

Example 4.2: Let t be a FNST as in example 4.3. Then
B = {Fe, Gg, Lg, ¢g, U } is a basis for 1.

Theorem 4.8: Let 3B be a basis for FNST ont. Denote 8B, = {F(e): Fe € $B}and t(e) = {F(e): Fg € t}for and e € E.
Then B, is a basis for fuzzy neutrosophic topology t(e).

Proof: LetecE. Forany V e t(e), V = G(e) for G 7. Here 3 is a basis for 7. Then there exists

B 'c B such that Gg = O B.S0V=U B’ where B, = {F(e) : Fe € B '} < B.. Thus B, is a basis for Fuzzy
Neutrosophic topology t(e) for and e € E.

5. SOME PROPERTIES OF FUZZY NEUTROSOPHIC SOFT TOPOLOGICAL SPACES
In this section, we give some properties of Fuzzy Neutrosophic soft topological space.

Definition 5.1: Let (U,t, E) be a FNSTS & Let Fg € FNSS (U)e. Then interior and closure of Fg denoted respectively
by FNSInt(Fg) and FNSCI(F¢) are defined as follows.

FNSInt(Fe) = O {Gg € . G¢ C Fe}

FNSCI (F&) = N{Gg e T F¢ C Ge }.

Example 4.2: We consider the FNST given in example 4.3.

Let M(e;)= {< b, 0.6,0.5,0.4>, < b, 0.7,0.8,0.3>, < b, 0.8,0.6,0.3>}

M(ey)= { <b;,0.7,0.6,0.4>, < b, 0.8,0.9,0.4>, < b3, 0.8,0.7,0.3>}

FNSInt(Mg) = Fe

FNSCI(Mg) = F¢%.

Theorem 5.3: Let (U,t, E) be FNST over U. Then the following properties hold.
(i) Ugand ¢eare FNS closed sets over U.

(if) The intersection of any number of FNS closed sets is a FNS closed set over U.
(iii) The union of any two FNS closed sets is an FNS closed set over U.

Proof: It is obvious from the proposition 3.12

Theorem 5.4: Let (U,t, E) be a FNST & Let Fg € FNSS (U)e . Then the following properties hold.
(i) FNSInt (Fg) C Fe

(i) FeC Ge = FNSInt (Fe) < FNSInt (Gg).

(iii) FNSInt (Fg)ert.

(iv) FgisaFNS open set < FNSInt (Fg) = Fe.

(v) FNSInt (FNSInt (Fg)) = FNSInt (Fg)

(vi) FNSInt (dg) = o, FNSInt (Ug) = UE.

Proof:
(i) and (ii) are obvious.

(iii) Obviously U {Gg € 1:Gg C Fe}er
Note that U {Gg € 1: Gg C Fg} = FNSInt (Fg)

= FNSInt (Fg) €.
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(iv) Necessity: Let Fg be a FNS open set. ie., Fg et.
By (i) and (i) FNSInt (Fg) CFe.

Since Fe etand Fe C Fe

Then Fe © U {Gg et: G C Fe}= FNSInt (F).
ie ., Fe C FNSInt(Fe).

Thus FNSInt = Fe.

Sufficiency: Let FNSInt(Fg) = Fe

By (iii) FNSInt(Fg) e, ie., Fg is a FNS open set.
(v) To prove FNSInt (FNSInt (Fg)) = FNSInt (Fg)
By (iii) FNSInt (Fg) €.

By (iv) FNSInt (FNSInt (Fg)) = FNSInt (Fg).

(vi) We know that Ug and ¢ €.

By (iv) FNSInt (¢g) = ¢, FNSInt (Ug) = Ug.
Theorem 5.5: Let (U, 1, E) be a FNST & Let Fg € FNSS (U)e. Then the following properties hold.
(i) (Fe) C FNSCI(Fe)

(i) FeC Ge = FNSCI (Fg) © FNSCI (Gg).
(iii) (FNSCI(Fg))°er.

(iv) FgisaFNS closed set < FNSCI(Fg) = Fe.
(v) FNSCI (FNSCI (Fg)) = FNSCI (Fg)

(vi) FNSCI (¢g) = ¢ , FNSCI(Ug) = Ug.

Proof:
(i) and (ii) are obvious.

(iii) By theorem 5.4 (iii) FNSInt( FEc )et.

Therefore [(FNSCI(Fe)I° = (N {Ge € t°: Fe C G })°
= Q{GEGT:GE c FEC }
=FNSInt FS

Then [(FNSCI(Fp)]° .

(iv) Necessity: By theorem 5.5 (i) Fe = FNSCI (Fg)

Let Fe be a FNS closed set ie., Fe € t°and Fg C Fe.

FNSCI(Fe) = " {Ge e ©°:Fe C Ge}C {Fee *:Fe C Fe}

Then FNSCI(Fe) C Fe Thus Fe = FNSCI(Fg).

Sufficiency: This holds by (iii).

(v) and (vi) hold by (iii) and (iv).
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Theorem 5.6: Let (U, 1, E) be a FNST & Let Fg, G € FNSS (U)g .Then the following properties hold.

(i) ENSInt (F) N ENSInt (Fe) = FNSInt (Fe N Gg) |
(i) FNSInt (F)) O ENSInt (Fe) C FNSInt (Fe U Gg)
(iii) FNSCI (Fg) O FNSCI (Gg) = FNSCI (Fe U Gg)
(iv) ENSCI (Fe O Gg) C FNSCI (Fe) ™ FNSCI (Gg)
(v) (FNSInt (Fg))° = FNSCI (F¢%)

(vi) (FNSCI (Fg))° = FNSInt (Fc®)

Proof:
(i) Since F(e) N G(e) < F(e) for any e <E,

We have Fg N Gg C Fe

By theorem 5.4 (i) FNSInt (Fe N Gg) < FNSInt (Fg).

Similarly FNSInt (Fe N Gg) C FNSInt (Gg).

Thus FNSInt (Fe ™ Gg) © FNSInt (Fe) N FNSInt (Gg)

By theorem 5.4 (i), FNSInt (Fg) < (Fg) and FNSInt (Gg) C (Gg).
Then FNSInt (Fe N Gg) C Fe M G

So FNSInt (Fe) A FNSInt (Fe) & FNSInt (Fe N Gg).

Similarly we can prove (ii), (iii) & (iv).

(V) (FNSInt (Fe))’= O({Geet:Ge C Fe})°= N{Ge e t°: Ff C Gg}

=FNSCI(F)
(vi) The proof is similar to (v).
Example 5.7: Let U = {by, b, } and E={ey, €,}. Let Fe be Fuzzy Neutrosophic soft set where
F(ey) = {<b.0.2,0.6,0.8>, < b, 0.6,0.5,0.3>}
F(es) = {< by 0.2,0.4,0.5 > <b, 0.9,0.7,0.1>}
Obviously t = { Fg ,0g ,Ug } is an Fuzzy Neutrosophic soft topology on U.
Gg, Heare
G(ey)= {<b.0.1,0.2,0.8>, <b, 0.6,0.5,0.3 >}
G(ey)={< by 0.2,04,0.5> <D, 0.9,0.7,0.1>}
H(e;)= {<b,0.2,0.6,0.8>, <b, 0.6,0.5,0.3>}
H(e,)= {< b,0.2,0.4,0.5>, < b, 0.7,0.6,0.1>}
(i) FNSInt (Gg) = ¢ = FNSInt (Hg)

GE Q HE: FE

FNSInt (Ge) U FNSInt (He) = ¢ U de =¢ and FNSInt (G U He) = FNSInt (Fe) = Fe.

Therefore ENSInt (Gg) U FNSInt (He) = FNSInt (G U Hg).
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(i) By theorem 5.6 (v)

FNSCI (Ge°) = (FNSInt (Gg))® = ¢&° = Ug
Similarly FNSCI (He®) = Ue.

FNSCI (Ge%) M FNSCI (He) = Ug M Ug= Ug.
Similarly FNSCI(GE® M He®) = FNSCI(Ge U He )

= [FNSInt (Gg U Hg)]°
=F

Thus FNSCI(G:® N He®) # ENSCI (Ge®) ™ FNSCI (HE9).

6. CONCLUSION

We have introduced the concept of fuzzy Neutrosophic soft set and studied some of its properties. We have put forward
some propaosition based on this new notion. We have introduced topological structure on fuzzy Neutrosophic soft set
and characterized some of its properties. We hope that this paper will promote the future study on FNSS and FNSTS to
carry out a general framework for their application in practical life.
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