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Abstract 

 

In this paper we present that so-called double Fermat numbers are an infinite subset of 

well-known Fermat numbers and so-called Catalan-type Fermat numbers are also an 

infinite subset of Fermat numbers as well as double Fermat primes and Catalan-type 

Fermat primes are all strongly finite as Fermat primes do. From it we get the same 

result that composite Fermat numbers, composite double Fermat numbers and 

composite Catalan-type Fermat numbers are all infinite.  
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1. Fermat numbers and strong finiteness of Fermat primes 

As well known, if n is natural number (n=0,1,2,3,…) then Fn=
n22 +1 is called Fermat 

number. There are three open problems about Fermat numbers[1]: 

Is Fn composite for all n>4? 

Are there infinitely many Fermat primes? 

Are there infinitely many composite Fermat numbers? 

As of 2014 it is known that Fn is composite for 5≤n≤32 and there is no any new 

Fermat prime found for n>32. It means answer of the first problem possibly is: Yes. 

Our previous papers[2,3] give an argument for Fermat primes being strongly 

finite by the conjecture that Fermat primes are infinite if both the sum of 

corresponding original continuous natural number sequence and the first such prime 

are Mersenne primes but such primes are absolutely finite if one of them is not 

Mersenne prime. So-called absolute finiteness will be called strong finiteness in   

this paper to lead the mathematical concept to be more clear. From Corollary 2.2 

(Conjecture 2.2 )[3] we see Fermat primes are strongly finite, which means Fn is 

composite for all n>4 and is just positive answer of the first problem. 

From above discussion we see Fermat primes are strongly finite i.e. every Fermat 

number is composite except the first five Fermat numbers Fn for n=0,1,2,3,4 being 

primes. Obviously answer of the second problem should be negative, that is, Fermat 

primes are not infinite but finite. Since Fermat primes are finite but Fermat numbers 

are infinite, answer of the third problem should be positive, that is, there are infinitely 

many composite Fermat numbers.  
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Considering the recurrence relations to be suitable to Fermat numbers i.e. 

Fn+1=(Fn–1)
2
+1 with F0=3 for n≥0[1] and the Fermat numbers Fn+1=(Fn–1)

2
+1 to   

be a subset of the set of numbers of the form x
2
+1, we may expect that there are 

infinitely many composite numbers of the form x
2
+1 from existence of infinitely 

many composite Fermat numbers. 

 

2. Double Fermat numbers and strong finiteness of double 

Fermat primes 

   

Definition 2.1 If Fn is a Fermat number then nF
2

= 1
2

nF +1 is called a double Fermat 

number. 

Double Fermat numbers nF
2

are a subset of the set of Fermat numbers Fn and 

satisfy the recurrence relations 12 nF =
1

2
)1(


 n

n

F
F +1

 
with 02

F =5 for n≥0[2].  

 

Definition 2.2 If double Fermat number nF
2

= 1
2

nF +1 is prime then the double 

Fermat number nF
2

is called double Fermat prime. 

Considering all double Fermat primes to arise from double Fermat numbers of 

the form 1
2

nF +1, we have the following definition. 

 

Definition 2.3 All of natural numbers are called basic sequence of number of double 

Fermat primes. 

From Definition 2.3 we see basic sequence of number of double Fermat primes is 

an infinite sequence because natural numbers are infinite. Further we have the 
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following definition. 

 

Definition 2.4 If the first few continuous natural numbers n make 1
2

nF +1 become 

double Fermat primes in basic sequence of number of double Fermat primes then 

these natural numbers are called original continuous natural number sequence of 

double Fermat primes. 

 

Lemma 2.1 The original continuous natural number sequence of double Fermat 

primes is n = 0,1,2. 

 

Proof. Since the first three double Fermat numbers nF
2

for n=0,1,2 i.e. 

02
F =5, 12

F =17, 22
F =65537 all are double Fermat primes but the fourth double Fermat 

number 32
F = 3 1

2
F  +1=F8 is not double Fermat prime, by Definition 2.4 we can 

confirm there exists an original continuous natural number sequence of double Fermat 

primes i.e. n = 0,1,2. 

 

Definition 2.5 Double Fermat primes are strongly finite if the first few continuous 

terms generated from the original continuous natural number sequence are prime but 

all larger terms are composite. 

 

Conjecture 2.1 Double Fermat primes are infinite if both the sum of corresponding 

original continuous natural number sequence and the first such prime are Mersenne 
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primes, but such primes are strongly finite if one of them is not Mersenne prime. 

 

Corollary 2.1 If Conjecture 2.1 is true, then double Fermat primes are strongly finite. 

 

Proof. Since the sum of original continuous natural number sequence of double 

Fermat primes i.e. 0+1+2=3 is a Mersenne prime i.e. M2=3 but the first double Fermat 

prime 02
F = 5 is not a Mersenne prime, we will get the result. 

    Since double Fermat primes are strongly finite but double Fermat numbers are 

infinite, composite double Fermat numbers are infinite. 

 

3. Catalan-type Fermat numbers and strong finiteness of 

Catalan-type Fermat primes 

 

Definition 3.1 A part of Fermat numbers Fc (n), which satisfy the recurrence relations 

Fc (n+1) = 2
Fc(n)–1 

+1 with Fc (0) = F0 = 3 for n ≥ 0, are called Catalan-type Fermat 

numbers[4]. 

An anonymous writer proposed that such numbers were all prime, however,  

this conjecture was refuted when Selfridge showed F16 is composite in 1953[5]. 

Catalan-type Fermat numbers are infinite and grow very quickly:  

Fc (0) = F0 = 3 

Fc (1) =2
Fc(0)–1 

+1 = 02
F = F1= 5 

Fc (2) =2
Fc(1)–1 

+1 = 12
F = F2 = 17  

Fc (3) =2
Fc(2)–1 

+1 = 22
F = F4 = 65537 
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Fc (4) =2
Fc(3)–1 

+1 = 42
F = F16 = 2

65536
+1 

Fc (5) =2
Fc(4)–1 

+1 = 162
F = F65536  

Fc (6) =2
Fc(5)–1 

+1 = 655362
F    

…  

Catalan-type Fermat numbers are another subset of the set of Fermat numbers but 

are not a subset of double Fermat numbers since the first Catalan-type Fermat number 

Fc (0) = F0 = 3 is a Fermat number but is not a double Fermat number though Fc (1) 

and all of the following Catalan-type Fermat numbers are double Fermat numbers.  

 

Definition 3.2 If Catalan-type Fermat number Fc (n) is prime then the Catalan-type 

Fermat number Fc (n) is called Catalan-type Fermat prime. 

Considering all Catalan-type Fermat primes to arise from Catalan-type Fermat 

numbers generated from the recurrence relations Fc (n+1) = 2
Fc(n)–1 

+1 with Fc (0) =  

F0 = 3 for n ≥ 0, we have the following definition. 

 

Definition 3.3 All of natural numbers are called basic sequence of number of 

Catalan-type Fermat primes. 

From Definition 3.3 we see basic sequence of number of Catalan-type Fermat 

primes is an infinite sequence because natural numbers are infinite. Further we have 

the following definition. 

 

Definition 3.4 If the first few continuous natural numbers n make Fc (n) become 

Catalan-type Fermat primes in basic sequence of number of Catalan-type Fermat 
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primes then these natural numbers are called original continuous natural number 

sequence of Catalan-type Fermat primes. 

 

Lemma 3.1 The original continuous natural number sequence of Catalan-type Fermat 

primes is n = 0,1,2,3. 

 

Proof. Since the first four Catalan-type Fermat numbers Fc (n) for n=0,1,2,3 i.e.    

Fc (0) = 3, Fc (1) = 5, Fc (2) = 17, Fc (3) = 65537 are Catalan-type Fermat primes but 

the fifth Catalan-type Fermat number Fc (4) = F16 is not Catalan-type Fermat prime, by 

Definition 3.4 we can confirm there exists an original continuous natural number 

sequence of Catalan-type Fermat primes i.e. n = 0,1,2,3. 

 

Definition 3.5 Catalan-type Fermat primes are strongly finite if the first few 

continuous terms generated from the original continuous natural number sequence are 

prime but all larger terms are composite. 

 

Conjecture 3.1 Catalan-type Fermat primes are infinite if both the sum of 

corresponding original continuous natural number sequence and the first such prime 

are Mersenne primes, but such primes are strongly finite if one of them is not 

Mersenne prime. 

 

Corollary 3.1 If Conjecture 3.1 is true, then Catalan-type Fermat primes are strongly 

finite. 



 8 

 

Proof. Since the first Catalan-type Fermat prime Fc (0) = 3 is a Mersenne prime i.e. 

M2=3 but the sum of original continuous natural number sequence of Catalan-type  

Fermat primes i.e. 0+1+2+3=6 is not a Mersenne prime, we will get the result. 

Since Catalan-type Fermat primes are strongly finite but Catalan-type Fermat 

numbers are infinite, composite Catalan-type Fermat numbers are infinite. 

From discussion in this paper we see if our previous Conjecture 2.2 about Fermat 

primes[3] is generalized to double Fermat and Catalan-type Fermat primes then    

we will get the same result: Fermat, double Fermat and Catalan-type Fermat primes 

are all strongly finite. 
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