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As we know, it has been quite common nowadays for particle physicists to think of
six impossible things before breakfast, just like what their cosmology fellows used to
do. In the present paper, we discuss a number of those impossible things, including
PT-symmetric periodic potential, its link with condensed matter nuclear science, and
possible neat link with Quark confinement theory. In recent years, the PT-symmetry
and its related periodic potential have gained considerable interests among physicists.
We begin with a review of some results from a preceding paper discussing derivation of
PT-symmetric periodic potential from biquaternion Klein-Gordon equation and proceed
further with the remaining issues. Further observation is of course recommended in
order to refute or verify this proposition.

1 Introduction

As we know, it has been quite common nowadays for parti-
cle physicists to think of six impossible things before break-
fast [1], just like what their cosmology fellows used to do.
In the present paper, we discuss a number of those impossi-
ble things, including PT-symmetric periodic potential, its link
with condensed matter nuclear science, and possible neat link
with Quark Confinement theory.

In this regards, it is worth to remark here that there were
some attempts in literature to generalise the notion of sym-
metries in Quantum Mechanics, for instance by introducing
CPT symmetry, chiral symmetry etc. In recent years, the PT-
symmetry and its related periodic potential have gained con-
siderable interests among physicists [2, 3]. It is expected that
the discussions presented here would shed some light on these
issues.

We begin with a review of results from our preceding pa-
pers discussing derivation of PT-symmetric periodic potential
from biquaternion Klein-Gordon equation [4–6]. Thereafter
we discuss how this can be related with both Gribov’s theory
of Quark Confinement, and also with EQPET/TSC model for
condensed matter nuclear science (aka low-energy reaction
or “cold fusion”) [7]. We also highlight its plausible impli-
cation to the calculation of Gamow integral for the (periodic)
non-Coulomb potential.

In other words, we would like to discuss in this paper,
whether there is PT symmetric potential which can be ob-
served in Nature, in particular in the context of condensed
matter nuclear science (CMNS) and Quark confinement
theory.

Nonetheless, further observation is of course recommend-
ed in order to refute or verify this proposition.

2 PT-symmetric periodic potential

It has been argued elsewhere that it is plausible to derive a
new PT-symmetric Quantum Mechanics (PT-QM; sometimes
it is called pseudo-Hermitian Quantum Mechanics [3, 9])
which is characterized by a PT-symmetric potential [2]

V (x) = V (�x) : (1)

One particular example of such PT-symmetric potential
can be found in sinusoidal-form potential

V = sin' : (2)

PT-symmetric harmonic oscillator can be written accord-
ingly [3]. Znojil has argued too [2] that condition (1) will
yield Hulthen potential

V (�) =
A

(1� e2i�)2 +
B

(1� e2i�)
: (3)

Interestingly, a similar periodic potential has been known
for quite a long time as Posch-Teller potential [9], although
it is not always related to PT-Symmetry considerations. The
Posch-Teller system has a unique potential in the form [9]

U(x) = �� cosh�2 x : (4)

It appears worth to note here that Posch-Teller periodic
potential can be derived from conformal D’Alembert equa-
tions [10, p.27]. It is also known as the second Posch-Teller
potential

V�(�) =
� (�� 1)
sinh2 �

+
` (`+ 1)
cosh2 �

: (5)

The next Section will discuss biquaternion Klein-Gordon
equation [4, 5] and how its radial version will yield a sinu-
soidal form potential which appears to be related to equa-
tion (2).
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3 Solution of radial biquaternion Klein-Gordon equa-
tion and a new sinusoidal form potential

In our preceding paper [4], we argue that it is possible to
write biquaternionic extension of Klein-Gordon equation as
follows��
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or this equation can be rewritten as�}�}+m2�'(x; t) = 0 (7)

provided we use this definition
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where e1, e2, e3 are quaternion imaginary units obeying
(with ordinary quaternion symbols e1 = i, e2 = j, e3 = k):

i2 = j2 = k2 = �1 ; ij = �ji = k ; (9)

jk = �kj = i ; ki = �ik = j ; (10)

and quaternion Nabla operator is defined as [4]
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: (11)

Note that equation (11) already included partial time-
differentiation.

Thereafter one can expect to find solution of radial bi-
quaternion Klein-Gordon Equation [5, 6].

First, the standard Klein-Gordon equation reads�
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'(x; t) = �m2'(x; t) : (12)

At this point we can introduce polar coordinate by using
the following transformation
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Therefore by introducing this transformation (13) into
(12) one gets (setting ` = 0)�
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By using the same method, and then one gets radial ex-
pression of BQKGE (6) for 1-dimensional condition as fol-
lows [5, 6]�
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Using Maxima computer package we find solution of
equation (15) as a new potential taking the form of sinusoidal
potential

y = k1 sin
� jmj rp�i� 1

�
+ k2 cos

� jmj rp�i� 1

�
; (16)

where k1 and k2 are parameters to be determined. It appears
very interesting to remark here, when k2 is set to 0, then equa-
tion (16) can be written in the form of equation (2)

V = k1 sin' ; (17)
by using definition

' = sin
� jmj rp�i� 1

�
: (18)

In retrospect, the same procedure which has been tradi-
tionally used to derive the Yukawa potential, by using radial
biquaternion Klein-Gordon potential, yields a PT-symmetric
periodic potential which takes the form of equation (1).

4 Plausible link with Gribov’s theory of Quark Confine-
ment

Interestingly, and quite oddly enough, we find the solution
(17) may have deep link with Gribov’s theory of Quark con-
finement [8, 11]. In his Third Orsay Lectures he described a
periodic potential in the form [8, p.12]

� � 3 sin = 0 : (19)

By using Maxima package, the solution of equation (19)
is given by
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R

1p
k1�cos(y)

dy
p

6

x2 = k2 +

R
1p

k1�cos(y)
dy

p
6

9>>=>>; ; (20)

while Gribov argues that actually the equation shall be like
nonlinear oscillation with damping, the equation (19) indi-
cates close similarity with equation (2).

Therefore one may think that PT-symmetric periodic po-
tential in the form of (2) and also (17) may have neat link
with the Quark Confinement processes, at least in the con-
text of Gribov’s theory. Nonetheless, further observation is
of course recommended in order to refute or verify this pro-
position.

5 Implication to condensed matter nuclear science.
Comparing to EQPET/TSC model. Gamow integral

In accordance with a recent paper [6], we interpret and com-
pare this result from the viewpoint of EQPET/TSC model
which has been suggested by Prof. Takahashi in order to ex-
plain some phenomena related to Condensed matter nuclear
Science (CMNS).
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Takahashi [7] has discussed key experimental results
in condensed matter nuclear effects in the light of his
EQPET/TSC model. We argue here that his potential model
with inverse barrier reversal (STTBA) may be comparable to
the periodic potential described above (17).

In [7] Takahashi reported some findings from condensed
matter nuclear experiments, including intense production of
helium-4, 4He atoms, by electrolysis and laser irradiation ex-
periments. Furthermore he [7] analyzed those experimental
results using EQPET (Electronic Quasi-Particle Expansion
Theory). Formation of TSC (tetrahedral symmetric conden-
sate) were modeled with numerical estimations by STTBA
(Sudden Tall Thin Barrier Approximation). This STTBA
model includes strong interaction with negative potential near
the center.

One can think that apparently to understand the physics
behind Quark Confinement, it requires fusion of different
fields in physics, perhaps just like what Langland program
wants to fuse different branches in mathematics.

Interestingly, Takahashi also described the Gamow inte-
gral of his STTBA model as follows [7]

�n = 0:218
�
�1=2

� bZ
r0

(Vb � Ed)1=2dr : (21)

Using b = 5:6 fm and r = 5 fm, he obtained [7]

P4D = 0:77; (22)
and

VB = 0:257 MeV; (23)

which gave significant underestimate for 4D fusion rate when
rigid constraint of motion in 3D space attained. Nonetheless
by introducing different values for �4D the estimate result can
be improved. Therefore we may conclude that Takahashi’s
STTBA potential offers a good approximation (just what the
name implies, STTBA) of the fusion rate in condensed matter
nuclear experiments.

It shall be noted, however, that his STTBA lacks sufficient
theoretical basis, therefore one can expect that a sinusoidal
periodic potential such as equation (17) may offer better re-
sult.

All of these seem to suggest that the cluster deuterium
may yield a different inverse barrier reversal which cannot be
predicted using the D-D process as in standard fusion theory.
In other words, the standard procedure to derive Gamow fac-
tor should also be revised [12]. Nonetheless, it would need
further research to determine the precise Gamow energy and
Gamow factor for the cluster deuterium with the periodic po-
tential defined by equation (17); see for instance [13].

In turn, one can expect that Takahashi’s EQPET/TSC
model along with the proposed PT-symmetric periodic poten-
tial (17) may offer new clues to understand both the CMNS
processes and also the physics behind Quark confinement.

6 Concluding remarks

In recent years, the PT-symmetry and its related periodic po-
tential have gained considerable interests among physicists.

In the present paper, it has been shown that one can find
a new type of PT-symmetric periodic potential from solu-
tion of the radial biquaternion Klein-Gordon Equation. We
also have discussed its plausible link with Gribov’s theory of
Quark Confinement and also with Takahashi’s EQPET/TSC
model for condensed matter nuclear science. All of which
seems to suggest that the Gribov’s Quark Confinement the-
ory may indicate similarity, or perhaps a hidden link, with the
Condensed Matter Nuclear Science (CMNS). It could also be
expected that thorough understanding of the processes behind
CMNS may also require revision of the Gamow factor to take
into consideration the cluster deuterium interactions and also
PT-symmetric periodic potential as discussed herein.

Further theoretical and experiments are therefore recom-
mended to verify or refute the proposed new PT symmetric
potential in Nature.

Submitted on November 14, 2008 / Accepted on November 20, 2008

References

1. http://www-groups.dcs.st-and.ac.uk/�history/Quotations/
Dodgson.html

2. Znojil M. arXiv: math-ph/0002017.

3. Znojil M. arXiv: math-ph/0104012, math-ph/0501058.

4. Yefremov A.F., Smarandache F., and Christianto V. Progress
in Physics, 2007, v. 3, 42; also in: Hadron Models and Related
New Energy Issues, InfoLearnQuest, USA, 2008.

5. Christianto V. and Smarandache F. Progress in Physics, 2008,
v. 1, 40.

6. Christianto V. EJTP, 2006, v. 3, no. 12.

7. Takahashi A. In: Siena Workshop on Anomalies in Metal-D/H
Systems, Siena, May 2005; also in: J. Condensed Mat. Nucl.
Sci., 2007, v. 1, 129.

8. Gribov V.N. arXiv: hep-ph/9905285.

9. Correa F., Jakubsky V., Plyushckay M. arXiv: 0809.2854.

10. De Oliveira E.C. and da Rocha R. EJTP, 2008, v. 5, no. 18, 27.

11. Gribov V.N. arXiv: hep-ph/9512352.

12. Fernandez-Garcia N. and Rosas-Ortiz O. arXiv: 0810.5597.

13. Chugunov A.I., DeWitt H.E., and Yakovlev D.G. arXiv: astro-
ph/0707.3500.

V. Christianto and F. Smarandache. On PT-Symmetric Periodic Potential, Quark Confinement, and Other Impossible Pursuits 65


