International Journal of Applied Mathematics & Statistics,
June 2005, Vol. 3, No. J05; 1-36
ISSN 0973-1377, Copyright © 2005, IJAMAS, CESER

A Simple Proportional Conflict Redistribution Rule

F. Smarandache' and J. Dezert?

!Department of Mathematics
University of New Mexico
Gallup, NM 8730, U.SA.
e-mail: smarand@unm.edu

20ffice National d’ Etudes et Recherches Aérospatiales
29 Avenue delaDivision Leclerc
92320 Chatillon, France
e-mail: Jean.Dezert@onera.fr

ABSTRACT

One proposes a first alternative rule of combination to WAO (Weighted Average Operator) proposed
recently by Josang, Daniel and Vannoorenberghe, called Proportional Conflict Redistribution rule
(denoted PCR1). PCR1 and WAQ are particular cases of WO (the Weighted Operator) because the
conflicting massis redistributed with respect to some weighting factors. In thisfirst PCRrule, the pro-
portionalization is done for each non-empty set with respect to the non-zero sum of its corresponding
mass matrix - instead of its mass column average as in WAO, but the results are the same as Ph.
Smets has pointed out. Also, we extend WAO (which herein gives no solution) for the degenerate case
when all column sums of all non-empty sets are zero, and then the conflicting mass is transferred to
the non-empty disjunctive form of all non-empty sets together; but if this disunctive form happens
to be empty, then one considers an open world (i.e. the frame of discernment might contain new
hypotheses) and thus all conflicting mass is transferred to the empty set. In addition to WAO, we
propose a general formula for PCR1 (WAO for non-degenerate cases). Several numerical examples
and comparisons with other rules for combination of evidence published in literature are presented
too. Another distinction between these alternative rules is that WAO is defined on the power set,
while PCR1 is on the hyper-power set (Dedekind's lattice). A nice feature of PCRL, is that it works
not only on non-degenerate cases but also on degenerate cases as well appearing in dynamic fusion,
while WAO gives the sum of masses in this cases less than 1 (WAO does not work in these cases).
Meanwhile we show that PCR1 and WAQO do not preserve unfortunately the neutrality property of the
vacuous belief assignment though the fusion process. This severe drawback can however be easily
circumvented by new PCR rules presented in a companion paper.

Key-words: WO; WAO; PCR rules; Dezert-Smarandache theory (DSmT); Data fusion; DSm hybrid rule of
combination; TBM; Smets' rule; Murphy’srule; Yager'srule; Dubois-Prade’srule; conjunctive rule; disunctive
rule.
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1. INTRODUCTION

Due to the fact that Dempster’s rule is not mathematically defined for conflict 1 or gives counter-
intuitive results for high conflict (see Zadeh's example [23], Dezert-Smarandache-K hoshnevisan's
examples[11]), we looked for another rule, similar to Dempster’s, easy to implement duetoitssimple
formula, and working in any case no matter the conflict. We present this PCR1 rule of combination,
which is an alternative of WAO for non-degenerate cases, in many examples comparing it with other
existing rules mainly: Smets', Yager's, Dubois-Prade’s, DSm hybrid rule, Murphy’s, and of course
Dempster's. PCRL1 rule is commutative, but not associative nor Markovian (it is however quasi-
associative and quasi-Markovian). More versions of PCR rules are proposed in a companion paper

[12] to overcome the limitations of PCR1 presented in the sequel.

2. EXISTING RULESFOR COMBINING EVIDENCE

We briefly present here the main rules proposed in the literature for combining/aggregating several in-
dependent and equi-reliable sources of evidence expressing their belief on agiven finite set of exhaus-
tive and exclusive hypotheses (Shafer’s model). We assume the reader familiar with the Dempster-
Shafer theory of evidence [10] and the recent theory of plausible and paradoxical reasoning (DSmT)
[11]. A detailed presentation of these rules can be found in [11] and [9]. In the sequel, we consider

the Shafer’'s model as the valid model for the fusion problem under consideration, unless specified.

Let© = {0,,6,,...,60,} betheframe of discernment of the fusion problem under consideration
having n exhaustive and exclusive elementary hypotheses 6;. The set of all subsets of © is called the
power set of © and is denoted 2°. Within Shafer’s model, a basic belief assignment (bba) m/(.) :
2© — [0, 1] associated to a given body of evidence B is defined by [10]

m(@) =0  and > om(X)=1 (1)

Xe20

The belief (credibility) and plausibility functionsof X C © are defined as

B(X)= »  m(Y) 2
PX)= > m(Y)=1-Bd(X) ©)

Y €29 YNX#0D

where X denotes the complement of X in ©.
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Thebelief functionsm(.), Bel(.) and PI(.) arein one-to-one correspondence. The set of elements
X € 2° having a positive basic belief assignment is called the core/kernel of the source of evidence

under consideration.

The main problem is now how to combine several belief assignments provided by a set of inde-
pendent sources of evidence. This problem is fundamental to pool correctly uncertain and imprecise
information and help the decision-making. Unfortunately, no clear/unique and satisfactory answer
to this problem exists since there is potentially an infinite number of possible rules of combination
[5, 7, 9]. Our contribution here is to propose an aternative to existing rules which is very easy to
implement and have a legitimate behavior (not necessary the optimal one - if such optimality exists

...) for practical applications.

21 THEDEMPSTER'SRULE

The Dempster’'s rule of combination is the most widely used rule of combination so far in many
expert systems based on belief functions since historically it was proposed in the seminal book of
Shafer in [10]. Thisrule, although presenting interesting advantages (mainly the commutativity and
associativity properties) fails however to provide coherent results due to the normalization procedure
it involves. Discussions on the justification of the Dempster’s rule and its well-known limitations can
be found by example in [22, 23, 24, 18]. The Dempster’srule is defined as follows: let Bel;(.) and
Bel,(.) be two belief functions provided by two independent equally reliable sources of evidence 5,
and B, over the same frame © with corresponding belief assignments m; (.) and m»(.). Then the
combined global belief function denoted Bel(.) = Bel,(.) & Bely(.) is obtained by combining m;(.)
and m.(.) according tom () = 0 and V(X # 0) € 2° by

Z ml(Xl)mg(Xg)

X1,X5€29
X1NXo=X

1 - Z my (X1)ma(Xz)

X1,X0€29
X1NXo=0

m(X) = (4)

m(.) isaproper basic belief assignment if and only if the denominator in equation (4) is non-zero.

The degree of conflict between the sources 3, and B, is defined by

]ﬁzé Z m1(X1)m2(X2) (5)

X1,X2€29
XlﬁXQZQ)
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22 THEMURPHY'SRULE

The Murphy’s rule of combination [8] is a commutative but not associative trade-off rule, denoted
here with index A/, drawn from [20, 3]. It is a special case of convex combination of bbas m;(.) and
ma(.) and consists actually in a simple arithmetic average of belief functions associated with m; (.)
and mo(.). Bely(.) isthen given VX € 2° by:

Bely (X) — %[Bell(X) 4 Bely(X))

23 THESMETS RULE

The Smets’ rule of combination [16, 17] is the non-normalized version of the conjunctive consensus
(equivalent to the non-normalized version of Dempster’srule). It is commutative and associative and
allows positivemass on the null/empty set () (i.e. open-world assumption). Smets' rule of combination
of two independent (equally reliable) sources of evidence (denoted here by index S) is then trivially
given by:

and V(X # () € 2°, by

24 THE YAGER'SRULE

The Yager’'s rule of combination [19, 20, 21] admits that in case of conflict the result is not reliable,
so that k15 plays the role of an absolute discounting term added to the weight of ignorance. This
commutative but not associative rule, denoted here by index Y is given! by my () = 0 and VX €
29X £0,X #0 by

my(X) = > mi(X1)ma(X)

X1,X2€29
X1NXo=X

andwhen X = © by

my(0) = m(O)my(©) + Y ma(X1)ma(Xa)

X1,X5€29
leXQIQ

1O represents here the full ignorance #; U 6, U . .. U 6,, on the frame of discernment according the notation

used in [10].
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25 THEDUBOIS& PRADE'SRULE

The Dubois & Prade’s rule of combination [3] admits that the two sources are reliable when they are
not in conflict, but one of them is right when a conflict occurs. Then if one observes a value in set
X, while the other observesthisvaluein aset X, thetruthliesin X; N X, aslong X; N X, # 0. If
X, N X, = 0, then the truth liesin X; U X, [3]. According to this principle, the commutative (but
not associative) Dubois & Prade hybrid rule of combination, denoted here by index D P, whichisa
reasonable trade-off between precision and reliability, is defined by mpp () = 0 and VX € 29 X #
0 by

mDp(X) = E m1<X1)m2(X2) -+ E m1<X1)m2(X2) (6)
X1,X2€29 X1,X2€2°
X1NXa=X X1UXo=X
X1NXa#D X1NXo=0

26 THE DISJUNCTIVERULE

The disunctive rule of combination [2, 3, 15] is a commutative and associative rule proposed by
Dubois & Prade in 1986 and denoted here by the index U. my(.) is defined VX € 2° by m () = 0
and V(X # 0) € 2° by

my(X) = Z ma (X1)ma(X2)

X1,X2€29
X1UXo=X

The core of the belief function given by m equals the union of the cores of Bel; and Bel,.
This rule reflects the disjunctive consensus and is usually preferred when one knows that one of the
sources B; or B, is mistaken but without knowing which one among 5; and B3,. Because we assume

equi-reliability of sourcesin this paper, this rule will not be discussed in the sequel.

2.7 UNIFICATION OF THE RULES (WEIGHTED OPERATOR)

In the framework of Dempster-Shafer Theory (DST), an unified formula has been proposed recently
by Lefevre, Colot and Vanoorenberghe in [7] to embed all the existing (and potentially forthcoming)
combination rules (including the PCR1 combination rule presented in the next section) involving
conjunctive consensus in the same general mechanism of construction. We recently discovered that
actually such unification formulahad been already proposed 10 years before by Inagaki [5] asreported
in[9]. Thisformulation is known as the Weighted Operator (WO) in literature[6], but since these two
approaches have been devel oped independently by Inagaki and Lefevre et a., it seems more judicious
to denoteit asILCV formulainstead to refer to its authors when necessary (ILCV beeing the acronym
standing for Inagaki-L efevre-Colot-Vannoorenberghe). The WO (ILCV unified fusion rule) is based

on two steps.
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e Step 1. Computation of the total conflicting mass based on the conjunctive consensus

k12 £ Z m1(X1)m2(X2) (7)
X1,X2€29
X1NX2=0
e Step 2: This step consists in the reallocation (convex combination) of the conflicting masses
on (X # 0) C © with some given coefficients w,,,(X) € [0,1] such that }° g w,n(X) = 1
according to

m(0) = wp, (D) - k1o
and V(X # () € 29

m(X)=[ Y ma(X))ma(X2)] + wpn(X )k 8
s ot

This WO can be easily generalized for the combination of N > 2 independent and equi-reliable
sources of information as well for step 2 by substituting k5 by

kio.n £ Z H m;(X;)

and for step 2 by deriving for al (X # () € 2° themass m/(X) by

m(X) = [ Z H mi(Xi)] + win (X)ki2. v

X1,..,XnE29 1=1,N
X1N..NXny=X

The particular choice of the set of coefficients w,,(.) provides a particular rule of combination.
Actually this nice and important general formulation showsthere exists an infinite number of possible
rules of combination. Some rules are then justified or criticized with respect to the other ones mainly
on their ability to, or not to, preserve the associativity and commutativity properties of the combina-
tion. It can be easily shown in [7] that such general procedure provides all existing rules involving
conjunctive consensus developed in the literature based on Shafer’s model. We will show later how

the PCR1 rule of combination can also be expressed as a special case of the WO.

28 THE WEIGHTED AVERAGE OPERATOR (WAO)

This operator has been recently proposed by Josang, Daniel and Vannoorenberghe in [6]. It is a
particular case of WO where the weighting coefficients w,,(A) are chosen asfollows: w,, () = 0 and
VA €29\ {0},

W (A) = % Z m;(A)
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where N isthe number of independent sources to combine.

29 THEHYBRID DSmRULE

The hybrid DSm rule of combination is a new powerful rule of combination emerged from the re-
cent theory of plausible and paradoxist reasoning developed by Dezert and Smarandache, known as
DSMT in literature. The foundations of DSMT are different from the DST foundations and DSmMT
covers potentially awider class of applications than DST especially for dealing with highly conflict-
ing static or dynamic fusion problems. Due to space limitations, we will not go further into a detailed
presentation of DSMT here. A deep presentation of DSmT can be found in [11]. The DSMT deds
properly with the granularity of information and intrinsic vague/fuzzy nature of elements of the frame
© to manipulate. The basic ideaof DSMT isto define belief assignments on hyper-power set D® (i.e.
free Dedekind's lattice) and to integrate all integrity constraints (exclusivity and/or non-existential
constraints) of the model, say M (©), fitting with the problem into the rule of combination. Thisrule,
known as hybrid DSm rule works for any model (including the Shafer’'s model) and for any level
of conflicting information. Mathematically, the hybrid DSm rule of combination of N independent

sources of evidence is defined as follows (see chap. 4in[11]) for al X € D®
mare)(X) £ 6(X) [$1(X) + $2(X) + S5(X)] (©)

where ¢(X) is the characteristic non-emptiness function of aset X, i.e. ¢(X) = 1if X ¢ 0 and
#(X) = 0 otherwise, where @ = {@,,0}. @, isthe set of al elements of D® which have been
forced to be empty through the constraints of the model M and () is the classical/universal empty set.
S1(X), S2(X) and S3(X) are defined by

Si(X) £ > [T mix) (10)

X1,X2,.., XNyeD® =1
(X1ﬁX2fT..ﬂXN):X

Sy(X) 2 > [mi(x) (1)

X1,X2,...XNED 1=1

S3(X) £ > [T mi(x) (12)

X1,X2,..,XneD® =1
(X1UX2U..AUXN):X
(X1ﬂX2F‘I..‘I"IXN)€®

withtd = u(X;) Uu(Xy) U... Uu(Xy) whereu(X;), i = 1,..., N, isthe union of al singletons
O, k € {1,...,]0|}, that compose X; and I, = 6, U, U ... U0, isthetota ignorance. S;(X) cor-

responds to the conjunctive consensus on free Dedekind’s lattice for NV independent sources; Sy (X)
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represents the mass of all relatively and absolutely empty sets which is transferred to the total or rel-
ative ignorances; S3(X) transfers the sum of relatively empty setsto the non-empty sets.

In the case of adynamic fusion problem, when all elements become empty because one gets new
evidence on integrity constraints (which corresponds to a specific hybrid model M), then the con-
flicting mass is transferred to the total ignorance, which also turns to be empty, therefore the empty
set gets now mass which means open-world, i.e, new hypotheses might be in the frame of discern-
ment. For example, Let's consider the frame © = { A, B} with the 2 following bbas m;(A) = 0.5,
myi(B) = 0.3, mi (AU B) = 0.2 and my(A) = 0.4, ma(B) = 0.5, ma(A U B) = 0.1, but one finds
out with new evidence that A and B aretruly empty,then AU B = © g (. Then m(0) = 1.

The hybrid DSm rule of combination is not equivalent to Dempter’s rule even working on the
Shafer’s model. DSMT is actually a natural extension of the DST. An extension of this rule for the
combination of imprecise generalized (or eventually classical) basic belief functions is possible and

ispresented in [11].

3. THE PCR1 COMBINATION RULE

31 THEPCR1RULE FOR 2 SOURCES

Let © = {6y, 6,} betheframe of discernment and its hyper-power set D® = {0, 0,, 05,6, U0, 0, M6} .
Two basic belief assignments/ masses m;(.) and m»(.) are defined over this hyper-power set. We
assume that m4(.) and my(.) are normalized belief masses following definition given by (1). The

PCR1 combination rule consistsin two steps:

e Step 1: Computation of the conjunctive consensus® mn(.) = [m; @ my](.) and the conflicting

mass according to
mn(X) = Z my (X1)ma(Xs) (13)

X1,X2€D®
X1NXo=X

and

/{312 é Z mq (Xl)mg(Xg) (14)

X1,X2€D®
leXQ:@

This step coincides with the Smets’ rule of combination when accepting the open-world as-

sumption. In the Smets' open-world TBM framework [14], k1, isinterpreted as the mass m(()

2@ denotes here the generic symbol for the fusion.
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committed to the empty set. () corresponds then to all missing unknown hypotheses and the

absolute impossible event.

Step 2 (normalization): Distribution of the conflicting mass &, onto m~(X) proportionally
with the non-zero sums of their corresponding columns of non-empty sets of the effective mass
matrix M, [m;;] (index 12 denotes the list of sources entering into the mass matrix). If all sets
are empty, then the conflicting mass is redistributed to the digunctive form of all these empty

sets (which is many cases coincides with the total ignorance).

More precisely, the original mass matrix M, isa (N = 2) x (2/°/ — 1) matrix constructed by

stacking the row vectors

my = [my(01) mi(f2) ma(61U6,)]

my = [my(6h) ma(f) ma(6h U b))

associated with the beliefs assignments m (.) and m(.). For convenience and by convention,
therow index : followstheindex of sources and theindex j for columnsfollowsthe enumeration
of elements of power set 2° (excluding the empty set because by definition its committed mass
iszero). Any permutation of rows and columns can be arbitrarily chosen aswell and it doesn’t
not make any difference in the PCR1 fusion result. Thus, one has for the 2 sources and 2D

fusion problem:
m;y m1(91) mq (92) m1(91 U 92)
M12 = =
m2(91) mg(eg) m2(91 U 92)

my

We denote by ¢, (X)) the sum of the elements of the column of the mass matrix associated with

element X of the power set, i.e

012(X = 91) = m1(91) + m2(91)
Clz(X = 92) =m (92) + m2(92)

012(X = 91 U 92) = m1(91 U 92) + m2(91 U 02)

The conflicting mass &, is distributed proportionally with al non-zero coefficients ¢;5(X ). For
elements X € D® with zero coefficients c;5(X ), no conflicting masswill be distributed to them.
Let’'s note by w(6,), w(62) and w(#; U 6,) the part of the conflicting mass that is respectively
distributed to 0y, 62 and 6; U 65 (assuming ci2(01) > 0, ¢12(62) > 0 and c¢12(61 U 6y) > 0. Then:
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UJ(Ql) B W(eg) B UJ(91 U 92) . IU(el) + UJ(QQ) -+ ’LU(91 U (92) B k’lg 15
c12(61) B c12(62) B c12(61 U 6y) B c12(61) + c12(02) + c12(61 U 02) B d_12 (15)

because

012(91) + 012(92) + 012(91 U 02) = Z ml(Xl) + Z mg(XQ) = dlg
X1€DO\{0} X2€DO\{0}

Hence the proportionalized conflicting masses to transfer are given by

w(bh) = c1a(61) - 2

w(fz) = c12(0s) - %

w(f Uby) = c10(6; UBbsy) - C%
which are added respectively to mq (6 ), mna(62) and mq(6; U 6s).

Therefore, thegeneral formulafor the PCR1 rulefor 2 sources, for [©| > 2, isgivenby mpcer: (0) =

0 and for (X # () € D°,

k
mpep(X) = Y mi(Xi)ma(Xe) + en(X) - 22 (16)
X1,X2€D® 12
X1NXo=X

where k;, isthe total conflicting massand c;2(X) £ >°,_, , m;(X) # 0, i.e. the non-zero sum of the

column of the mass matrix M, corresponding to the element X, and d, is the sum of al non-zero

column sumsof all non-empty sets (in many casesd;, = 2 but in some degenerate casesit can beless).

In the degenerate case when al column sums of all non-empty sets are zero, then the conflicting
mass is transferred to the non-empty disunctive form of all setsinvolved in the conflict together. But
if this digunctive form happens to be empty, then one considers an open world (i.e. the frame of
discernment might contain new hypotheses) and thus al conflicting mass is transferred to the empty

Set.

As seen, the PCR1 combination rule works for any degree of conflict k12 € [0, 1], while Demp-
ster’s rule does not work for k1, = 1 and gives counter-intuitive results for most of high conflicting

fusion problems.
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3.2 GENERALIZATION FOR N > 2 SOURCES

The previous PCRL1 rule of combination for two sources (N = 2) can be directly and easily extended
for the multi-source case (V' > 2) as well. The general formula of the PCR1 rule is thus given by
mpcor(0) = 0andfor X # () € D®

d12,..N

mpcm(X) = [ Z H Wli(Xi)] + ClQ...N(X) (17)

k1. N = Z H m;(X;) (18)

-----

andcyp N(X) 2 Ei:w m;(X) # 0, i.e. thenon-zero sum of the column of the mass matrix Mis_ v

corresponding to the element X, while d;5_ y represents the sum of all non-zero column sums of all

non-empty sets (in many cases d».. v = N but in some degenerate cases it can be less).

Similarly for IV sources, in the degenerate case when all column sums of all non-empty sets are
zero, then the conflicting mass is transferred to the non-empty disjunctive form of all sets involved
in the conflict together. But if this disunctive form happens to be empty, then one considers an open
world (i.e. the frame of discernment might contain new hypotheses) and thus all conflicting massis

transferred to the empty set.

The PCR1 rule can be seen as a cheapest, easiest implementable approximated version of the
sophisticated MinC combination rule proposed by Daniel in [1] and [11] (chap. 10). Note also that
the PCR1 rule works in the DSmT framework and can serve as a cheap alternative to the more so-
phisticated and specific DSm hybrid rule but preferentially when none of sourcesis totally ignorant
(see discussion in section 3.6). One appliesthe DSm classic rule [11] (i.e. the conjunctive consensus
on D®), afterwards one identifies the model and its integrity constraints and one eventually employs
the PCRL1 rule instead of DSm hybrid rule (depending of the dimension of the problem to solve, the
number of sources involved and the computing resources available). PCR1 can be used on the power
set 2° and within the DS Theory.

The PCR1 combination rule is commutative but not associative. It converges towards Murphy’s
rule (arithmetic mean of masses) when the conflict is approaching 1, and it converges towards the

conjunctive consensus rule when the conflict is approaching O.
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3.3 IMPLEMENTATION OF THE PCR1RULE

For practical use and implementation of the PCR1 combination rule, it isimportant to save memory
space and avoid useless computation as best as possible and especially when dealing with many
sources and for frames of high dimension. To achieve this, it's important to note that since all zero-
columns of the mass matrix do not play a role in the normalization, al zero-columns (if any) of
the original mass matrix can be removed to compress the matrix horizontally (this can be easily
done using MatLab programming language) to get an effective mass matrix of smaller dimension
for computation the set of proportionalized conflicting masses to transfer. The list of elements of
power set corresponding to non-empty colums must be maintained in parallel to this compression for
implementation purpose. By example, let's assume |©| = 2 and only 2 sources providing m4 () =

ms(62) = 0 and al other masses are positive, then the effective mass matrix will become

M12 _ [ml(ﬁl) my (61 U 92)]
m2(<91) m2(91 U 92)

with now the following correspondance for column indexes: (j = 1) < 6, and (j = 2) < 6, U 6,.

The computation the set of proportionalized conflicting masses to transfer will be done using the

PCR1 general formuladirectly from this previous effective mass matrix rather than from

m;q m1(91) ml(eg) =0 m1(91 U (92)
My, = =
ms mg(el) mg(eg) =0 m2(91 U 92)
34 PCR1RULE ASA SPECIAL CASE OF WO
The PCRL rule can be easily expressed as a special case of the WO (8) for the combination of two
sources by choosing as weighting coefficients for each X € 29\ {0},

wm(X) = Clg(X)/dlz

For the combination of N > 2 independent and equi-reliable sources, the weighting coefficients will
be given by
Wi (X) = cr2..n(X)/d12.. N

3.5 ADVANTAGESOF THE PCR1RULE

e the PCR1 rule works in any cases, no matter what the conflict is (it may be 1 or less); Zadeh's

example, exampleswith k15 = 1 or k15 = 0.99, etc. All work;
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¢ the implementation of PCR1 rule is very easy and thus presents a great interest for engineers

who look for acheap and an easy aternative fusion rule to existing rules;

e the PCR1 formulais simple (it is not necessary to go by proportionalization each time when

fusionning);

e the PCR1 rule works quite well with respect to some other rules since the specificity of infor-
mation is preserved (i.e no massis transferred onto partial or total ignorances, neither onto the
empty set asin TBM);

o the PCRL rule reflects the mgjority rule;

e the PCRL1 ruleis convergent towards idempotence for problems with no unions or intersections
of sets (we know that, in fact, no combination rule is idempotent, except Murphy elementary

fusion mean rule);

e the PCRL1 rule is similar to the classical Dempster-Shafer’s rule instead of proportionalizing
with respect to the results of the conjunctive rule as is done in Dempster’s, we proportionalize
with respect to the non-zero sum of the columns masses, the only difference is that in the DS
combination rule one eliminates the denominator (which caused problems when the degree of
conflictis1 or closeto 1); PCR1 on the power set and for non-degenerate cases gives the same
results as WAO [6]; yet, for the storage proposal in a dynamic fusion when the associativity is
needed, for PCR1 is needed to store only the last sum of masses, besides the previous conjunc-
tiverulesresult, whilein WAQ it isin addition needed to store the number of the steps and both

rules become quasi-associative;

e the normalization, done proportionally with the corresponding non-zero sum of elements of the
mass matrix, is natural - because the more massis assigned to an hypothesis by the sourcesthe

more mass that hypothesis deserves to get after the fusion.

3.6 DISADVANTAGESOF THE PCR1RULE

e the PCRL1 rule requires normalization/proportionalization, but the magjority of rules do; rules
which do not require normalization loose information through the transfer of conflicting mass

to partial and/or total ignorances or to the empty set.

e the results of PCR1 combination rule do not bring into consideration any new set: formed by
unions (uncertainties); or intersections (consensus between some hypotheses); yet, intheDSmT

framework the intersections show up through the hyper-power set.
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o the severe drawback of PCR1 and WAO rulesisthat they do not preserve the neutrality property

of the vacuous belief assignment m,(.) (defined by m,(©) = 1) as one legitimately expects
since if one or more bbas m,(.), s > 1, different from the vacuous belief, are combined with
the vacuous belief assignment the result is not the same as that of the combination of the bbas

only (without including m,(.)), i.e. m,(.) does not act as a neutral element for the fusion

combination. In other words, for s > 1, onegetsfor my(.) # my(.), ..., ms(.) # my,(.):
mpori () = [m1 @ ...ms ®my|(.) # [m1 & ...ms(.) (19)
mwao(.) = [m1 @ ...ms ®my](.) # [m1 @ ...m(.) (20)

For the cases of the combination of only one non-vacuous belief assignment m4(.) with the
vacuous belief assignment m,(.) where m;(.) has mass asigned to an empty element, say
my (@) > 0 asin Smets TBM, or as in DSmT dynamic fusion where one finds out that a
previous non-empty element A, whose mass m;(A) > 0, becomes empty after a certain time,
then this mass of an empty set has to be transferred to other elements using PCRL1, but for such

case [my & m,](.)] isdifferent from m,(.).

Example: Let'shave © = {A, B} and two bbas

together with the vacuous bbam,(© = AU B) = 1. If one applies the PCRL1 rule to combine

the 3 sources altogether, one gets

0.38
mpceripze(A) =038+ 1- = = 0.506667

0.38
mpcoripze(B) = 0.22 4 0.7 - = = 0.308667

0.38
mpcripze(AUB) =0.02+1.3- e 0.184666

since the conjunctive consensusis given by mys,(A) = 0.38, mya,(B) = 0.22, my9,(AU B) =

0.02; the conflicting massis k12, = 0.38 and one has

r y oz 038
1 07 13 3
while the combination of only the sources 1 and 2 withe the PCR1 provides

mpchg(A) =0.384+0.19 = 0.570
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mpCRmQ(B) = 022 + 0133 = 0353

since the conjunctive consensus is given by mj5(A) = 0.38, m2(B) = 0.22, m3(AU B) =

0.02; the conflicting massis k1, = 0.38 but one has now the following redistribution condition

Y

z 0.38
== o1
' ) 0.19

L
107 03

Thusclearly mpcriji2.(.) # mpceripz(.) dthoughthethird source brings no informationin the
fusion since it is fully ignorant. This behavior is abnormal and counter-rintuitive. WAO gives
the same results in this example, therefore WAO also doesn't satisfy the neutrality property of
the vacuous belief assignment for the fusion. That's why we have improved PCR1 to PCR2-4

rules in a companion paper [12].
3.7 COMPARISON OF THE PCR1RULE WITH THE WAO

3.7.1 The non degenerate case

Let’s compare in this section the PCR1 with the WAO for a very simple 2D general non degenerate
case (none of the elements of the power set or hyper-power set of the frame © are known to be truly
empty but the universal empty set itself) for the combination of 2 sources. Assume that the non

degenerate mass matrix M, associated with the beliefs assignments m; (.) and my(.) isgiven by
m, = [m1 (91) mq ((92) my (91 U 92)]
my = [mg(Gl) mg(eg) m2(91 U 92)]

In this very simple case, the total conflict is given by

kra = my(61)ma(62) + my(62)ma(6:)

According to the WAO definition, one gets my 40(0) = w,,,(0) - k12 = 0 because by definition
wy, (M) = 0. The other weighting coefficients of WAO are given by

Wy (61) = %[ml(&) + ma(61)]

Wi (02) = %[ml((gQ) + ma(0s)]

1
wm(91 U (92) = §[m1 (91 U (92) + m2(91 U 92)}

Thus, one obtains
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mWAO(Ol) = [m1 (91)7)12(01) + mq (91 U 92)7’)12(01) + mq (01)7’)12(01 U 92)]

+3ma(6) + ma()] - [ (60)ma8:) -+ ma (Ba)ms(61)

mWAo(eg) = [m1 (92)m2(92) + mq (91 U 02)m2(02) + mq (02)m2(01 U 02)]

+ %[ml(@) + ma(02)] - [ma(01)ma(02) + ma(0a)ma(61)]

mWAO(91U02) = [ml (91 U92)m2 (91 ng)]+%[m1 (61 U92)+m2 (91 U@g)] . [ml (91)m2 (92)+m1 (92)m2 (91)]

Itiseasy toverify that ) o mao(X) = L.

Using the PCR1 formula for 2 sources explicated in section 3.1, one has mpcg: () = 0 and the

weighting coefficients of the PCRL1 rule are given by
c12(61) = mq(01) + ma(6h)
c12(02) = my(02) + mo(62)
012(01 U 92) = m1(91 U 02) + m2(91 U 02)
and dy2 by dia = ¢12(61) + c12(62) + c12(01 U 03) = 2. Therefore, one finally gets:

mpcri(61) = [ma(61)ma(61) + ma (01 U Oy)ma(61) + my(61)me (61 U )]

C12 (91)
+
dy2

. [m1 (91)MQ(92) + my (92)7712(91)}

mpCRl(eg) = [m1 (92)7712(92) + m1(91 U (92)7712(92) + ml(eg)mg(Gl U (92)]

i 012(132) - [ma(61)ma(02) + my (02)ma(61)]
mpcer1 (01 U 02) = [mq (01 U ba)ma (61 U by)] + % < [ma(01)ma(02) + mi(02)ma(61)]

Therefore for al X in 29, one has mpcopi (X) = mw 40(X) if no singletons or unions of single-
tons are (or become) empty at a given time, otherwise the results are different as seen in the below
three examples. This property holdsfor the combination of NV > 2 sourcesworking onan — D frame
(n > 2) © aswedll if no singletons or unions of singletons are (or become) empty at a given time,

otherwise the results become different.
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3.7.2 The degenerate case

In the dynamic fusion, when one or more singletons or unions of singletonsbecome empty at acertain

time ¢ which corresponds to a degenerate case, the WAO does not work.

Example 1: Let's consider the Shafer’s model (exhaustivity and exclusivity of hypotheses) on © =

{A, B, C'} and the two following bbas
mi(A) =0.3 my(B) =04 m(C)=0.3

mo(A) =0.5 my(B)=0.1 my(C) =04

Then the conjunctive consensus yields

and the conflicting mass &, = 0.69. Now assume that at time ¢, one finds out that B = (), then the
new conflict mass which becomes &, = 0.69 + 0.04 = 0.73 isre-distributed to A and C' according
to the WAO formula:
mWAo(B) =0
mwao(A) = 0.15 + (1/2)(0.3 4 0.5)(0.73) = 0.4420
mw 40(C) = 0.12 + (1/2)(0.3 4 0.4)(0.73) = 0.3755

From this WAO result, one sees clearly that the sum of the combined masses m(.) is0.8175 < 1 while

using PCR1, one redistributes 0.73 to A and B following the PCR1 formula:

mpcr1(B) =0
(0.3 + 0.5)(0.73)
(03+05+0.3+0.4)

(0.3 4 0.4)(0.73)
(0.3+0.5+0.3+0.4)

which clearly shows that he sum of massesmpcg: (.) is 1 as expected for aproper belief assignment.

= 0.539333

mpCRl(A) =0.15+

Example 2 (totally degenerate case) : Let’s take exactly the same previous example with exclusive
hypotheses A, B and C' but assume now that at time ¢ one finds out that A, B and C' are al truly
empty, then &}, = 1. Inthis case, the WAQO is not able to redistribute the conflict to any element A, B,

C or partial/total ignorances because they are empty. But PCRL1 transfers the conflicting mass to the
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ignorance A U B U C, which isthe total ignorance herein, but thisis aso empty, thus the conflicting
mass is transferred to the empty set, meaning we have an open world, i.e. new hypotheses might

belong to the frame of discernment.

Example 3 (Open-world): In the Smets' open-world approach (when the empty set gets some mass
assigned by the sources), the WAO doesn’t work either. For example, let’sconsider © = {A, B} and
the following bbas m, () = 0.1, my(0) = 0.2 and

mi(A) =04 my(B)=03 m(AUB)=0.2
me(A) =0.5 my(B) =02 my(AUB)=0.1
Then the conjunctive consensus yields m1,(f)) = 0.28 and
miz(A) = 0.34 mip(B) =013 m(AU B) = 0.02
with the conflicting mass
k12 = my2(AN B) +my2(0) = 0.23 4 0.28 = 0.51

Using WAO, one gets
mWAo(@) =0
mwao(A) = 0.34 + (1/2)(0.4 + 0.5)(0.51) = 0.5695
mwao(B) = 0.13 + (1/2)(0.3 + 0.2)(0.51) = 0.2275
mwao(AU B) =0.02 + (1/2)(0.2 + 0.1)(0.51) = 0.0965

The sum of massesmy 40(.) 150.9235 < 1 while PCR1 gives:
mpceri () =0

mpcr1(0) =0
(0.4 +0.5)(0.51)

A) = 0.34 = 0.61
mpcri(4) * (04405403+0.2+0.2+0.1)
(0.3 +0.2)(0.51)
B) = 0.13 =0.28
mpcri(B) * (04+05+0.3+0.2+02+0.1)
24 0.1)(0.51
mpceri (AU B) =0.02 + (024 0.1)(0.51) =011

(044054 0.3+ 0.2+ 0.2+0.1)
which shows that the sum of masses mpcg; (.) IS 1.
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3.7.3 Comparison of memory storages

In order to keep the associativity of PCR1 one stores the previous result of combination using the
conjunctive rule, and also the sums of mass columns [2 storages]. For the WAQO one stores the pre-
vious result of combination using the conjunctive rule (asin PCR1), and the mass columns averages
(but the second one is not enough in order to compute the next average and that’s why one still needs

to store the number of masses combined so far) [3 storages).

For example, let's © = {A, B,C'} and let's suppose first that only five bbas available, m;(.),
ma(.), ms(.), my(.), ms(.), have been combined with WAO, where for example m;(A) = 0.4,
mo(A) = 0.2, mz(A) = 0.3, my(A) = 0.6, ms(A) = 0.0. Their average miazs(A4) = 0.3 was
then obtained and stored. Let’s assume now that a new bba mg(.), with mg(A) = 0.4 comesin asa
new evidence. Then, how to compute with WAO the new average mi23456(A) = [miazas © me)(A)?
We need to know how many masses have been combined so far with WAO (while in PCRL1 thisis not
necessary). Therefore n = 5, the number of combined bbas so far, has to be stored too when using

WAO in sequential/iterative fusion. Whence, the new average is possible to be computed with WAO :

5-03+0.4
Mi123as6(A) = T = 0.316667

but contrariwise to WAO, we don’t need an extra memory storage for keep in memory n = 5 when
using PCR1 to compute® m p¢ Rri123456 (A) frommpe giji2345 (A) @nd me(A) which ismoreinteresting
since PCR1 reduces the memory storage requirement versus WAO. Indeed, using PCR1 we only store
the sum of previous masses. cjo345(A) = 0.4+ 0.2 + 0.3 + 0.6 + 0.0 = 1.5, and when another bba
me(.) withmg(A) = 0.4 comesin as anew evidence one only adds it to the previous sum of masses:

c123456(A) = 1.5+ 0.4 = 1.9 to get the coefficient of proportionalization for the set A.

4. SOME NUMERICAL EXAMPLES

41 EXAMPLE1

Let's consider a general 2D case (i.e. © = {61, 6,}) including epistemic uncertainties with the two

following belief assignments
mi(61) = 0.6, mi(0:) =03, my(yUby)=0.1

ma(0y) = 0.5, ma(fy) = 0.2, ma(fy Uby) =0.3

3The notation mpcriji2..n(-) denotes explicitly the fusion of n bbas m;(.), ma(.), ..., mn(.); i.e. given

the knowledge of the n bbas combined altogether.
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The conjunctive consensus yields:
mn(01) = 0.53, mn(f2) =0.17, mn(6; Uby) =0.03

with the total conflicting mass k1, = 0.27.

Applying the proportionalization from the mass matrix

0.6 0.3 0.1
M, =
0.5 0.2 0.3
one has
wi2(01) _ w12(6s) _ wi2(61 U By) _ wi2(601) + wi2(02) + wi2(61 U 62) _ 0.27 —0.135
0.6+ 0.5 0.340.2 0.1+0.3 2 2 '
and thus one deduces:

wiz(f1) = 1.1-0.135 = 0.1485
wy2(05) = 0.5 - 0.135 = 0.0675
wy2(0; U 6y) = 0.4-0.135 = 0.0540
One adds wq2(0;) to mn(601), wi2(62) to ma(0) and wi2(6; U ;) to mn (61 U O). Onefinaly getsthe
result of the PCR1 rule of combination:

mpcr (62) = 0.17 + 0.0675 = 0.2375

mpcr1 (01 U 62) = 0.03 + 0.0540 = 0.0840

4.2 EXAMPLE 2

Let’s consider the frame of discernment with only two exclusive elements, i.e. © = {6;,0,} and

consider the two following Bayesian belief assignments
m1(91) = O.2,m1(92) =0.8
mg(el) = O.9,m2(02) =0.1

The associated (effective) mass matrix will be

0.2 0.8
09 01

12 =



International Journal of Applied Mathematics & Statistics 21

The first row of M, corresponds to basic belief assignment m(.) and the second row of M,
corresponds to basic belief assignment m(.). The columns of the mass matrix M, correspond to
focal elements of m;(.) and my(.) and the choice for ordering these elements doesn’'t matter. any
arbitrary choice is possible. In this example the first column of M, is associated with ¢, and the

second column with 6,.

4.2.1 Fusionwiththe PCR1 rule
The conjunctive consensus yields:

The remaining mass corresponds to the conflict k-, i.e.
klg =1- mm(el) — mm(eg) = ml(el)mg(ﬁg) + ml(eg)mg(ﬁl) = (02 . 01) + (09 . 08) =0.74

Now the conflicting mass, k1, = 0.74, is distributed between mq(6,) and mn(6) proportionally
with the non-zero sums of their columns. Thus, the column vector associated with 6, is[0.2 0.9] and
we add the elements 0.2 + 0.9 = 1.1. The column vector associated with 6, is[0.8 0.1]" and we add
the elements 0.8 + 0.1 = 0.9.

Let wi2(61), wia(02) be the parts from the conflicting mass to be assigned to m (6, ) and m(6s)

respectively. Then:

wia(61) _ wia(02) _ wi2(6r) + wia(02) _ 0.74
1.1 0.9 1.1+0.9 2

Whence, ’Ujlg(el) =1.1-0.37 = 0.407, UJ12<02) =0.9-0.37 = 0.333. OneaddSUJ12(01) to mm(Ql)

=0.37

and w5 (6,) to mn(0-) and one finally gets the result of the PCR1 rule of combination:

mper (0;) = 0.18 + 0.407 = 0.587

where mpc g (.) means the normalized mass resulting from the PCR1 rule of combination.

We can directly use the PCR1 formulafor computing the mass, instead of doing proportionaliza-

tions al thetime.
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4.2.2 Fusion with the Dempster’srule

Based on the close-world Shafer’'s model and applying the Dempster’s rule of combination, one gets
(index DS standing here for Dempster-Shafer)

6,) 0.18

mps(6h) = —Ti(ki = 53 = 0602308
6,)  0.08

mps(fa) = Ti(ka = g = 0307692

4.2.3 Fusionwith the Smets rule

Based on the open-world model with TBM interpretation [14] and applying the Smets' rule of combi-
nation (i.e. the non-normalized Dempster’s rule of combination), one trivialy gets (index S standing
here for Smets)

ms(61) = mn(6) = 0.18
ms(0s) = mn(0s) = 0.08

ms(Q)) = ]ﬁg =0.74

4.2.4 Fusionwith other rules

While different in their essence, the Yager's rule[19], Dubois-Prade [3] rule and the hybrid DSm rule

[11] of combination provide the same result for this specific 2D example. That is
4.3 EXAMPLE 3 (ZADEH'SEXAMPLE)

Let’s consider the famous Zadeh's examples [22, 23, 24, 25] with the frame © = {6y, 02,605}, two
independent sources of evidence corresponding to the following Bayesian belief assignment matrix
(where columns 1, 2 and 3 correspond respectively to elements 6;, 6, and 65 and rows 1 and 2 to

belief assignments m (.) and my(.) respectively), i.e.

0.9 0 0.1
My, =
0 09 01

S ——

In this example, one has
ma(6h) = [m1 @ mo](61) =0
mn(62) = [mq & ma)(62) = 0
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and the conflict between the sourcesisvery high and is given by
klg =1- mn(el) — mm(eg) — mm(93) =0.99

431 Fusonwiththe PCR1 rule

Using the PCR1 rule of combination, the conflict k1, = 0.99 is proportionally distributed to mq(6,),
man(02), mn(03) with respect to their corresponding sums of columns, i.e. 0.9, 0.9, 0.2 respectively.
Thus: wy2(01)/0.9 = wi2(62)/0.9 = wy2(03)/0.2 = 0.99/2 = 0.495. Hence: wi5(61) = 0.9-0.495 =
0.4455, wi2(f2) = 0.9 - 0.495 = 0.4455 and w15(3) = 0.2 - 0.495 = 0.0990. Finally the result of the

PCR1 rule of combination is given by
mpcr(01) = 0+ 0.4455 = 0.4455

mpcm(@g) =0 + 0.4455 = 0.4455
mper(f3) = 0.01 +0.099 = 0.109

This is an acceptable result if we don’t want to introduce the partia ignorances (epistemic partial
uncertainties). This result is close to Murphy’s arithmetic mean combination rule [8], which is the

following (M index standing here for the Murphy’srule) :

mar(0s) = (mi(63) + ma(8))/2 = (0.1 +0.1)/2 = 0.10

4.3.2 Fusionwith the Dempster’'srule

The use of the Dempster’srule of combination yields here to the counter-intuitiveresult mpg(6s) = 1.
This example is discussed in details in [11] where several other infinite classes of counter-examples
to the Dempster’s rule are a so presented.

4.3.3 Fusionwith the Smets’ rule

Based on the open-world model with TBM, the Smets' rule of combination gives very little informa-
tion, i;e. m5(93) = 0.01 and mg(@) = k12 = 0.99.

4.3.4 Fusionwith the Yager’srule

The Yager's rule of combination transfers the conflicting mass k1, onto the total uncertainty and thus

provides little specific information since one gets my (65) = 0.01 and my- (6, U 6, U 63) = 0.99.
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4.3.5 Fusonwith the Dubois & Prade and DSMT rule

In zadeh's example, the hybrid DSm rule and the Dubois-Prade rule give the same result: m(f3) =
0.01, m(0; U 0y) = 0.81, m(#; U O3) = 0.09 and m(0s U 65) = 0.09. This fusion result is more
informative/specific than previous rules of combination and is acceptable if one wants to take into

account all aggregated partial epistemic uncertainties.

44 EXAMPLE 4(WITH TOTAL CONFLICT)

Let’s consider now the 4D case with theframe © = {6, 05, 03, 64} and two independent equi-reliable
sources of evidence with the following Bayesian belief assignment matrix (where columns 1, 2, 3 and

4 correspond to elements 6¢,, -, 65 and 6, and rows 1 and 2 to belief assignments m(.) and my(.)

respectively)
03 0 07 0
M12:

0 04 0 06
441 FusionwiththePCR1 rule

Using the PCR1 rule of combination, one gets k1, = 1 and
mm(el) = mm(02> = mm(93) = mm(94> =0

We distribute the conflict among mn(6,), mn(62), mn(65) and mn(64) proportionally with their sum

of columns, i.e, 0.3, 0.4, 0.7 and 0.6 respectively. Thus:

w12(91) _ w12(92) _ w12(93) _ w12(94) _ w12(91) + w12(92) + w12(93) + w12(94) _ 1 —05
0.3 0.4 0.7 0.6 0.34+044+0.7+0.6 2 '

wia(f4) = 0.6 - 0.5 = 0.30 and add them to the previous masses. One easily gets:

mpcri(01) = 0.15 mpcri(f2) = 0.20

mpcm(ﬁg) =0.35 mp0R1(6’4) = 0.30
In this case the PCR1 combination rule gives the same result as Murphy’s arithmetic mean com-
bination rule.
4.4.2 Fusionwith the Dempster'srule

In this example, the Dempster’s rule can't be applied since the sources are in total contradiction
because k1, = 1. Dempster’s rule is mathematically not defined because of the indeterminate form
0/0.
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4.4.3 Fusionwiththe Smets' rule

Using open-world assumption, the Smets’ rule provides no specific information, only mg(0) = 1.

4.4.4 Fusionwiththe Yager'srule

The Yager's rule gives no information either: my (6, U 6, U 63 U §,) = 1 (total ignorance).

445 Fusionwith the Dubois & Prade and DST rule

The hybrid DSm rule and the Dubois-Prade rule give here the same result:

45 EXAMPLE5(CONVERGENT TO IDEMPOTENCE)

Let’sconsider now the 2D case with theframe of discernment © = {6,, 6, } and two independent equi-
reliable sources of evidence with the following Bayesian belief assignment matrix (where columns

1 and 2 correspond to elements ¢, and 0, and rows 1 and 2 to belief assignments m;(.) and my(.)

respectively)
0.7 0.3

0.7 0.3

12 =
The conjunctive consensus yields here:
ma(61) =049  and  mn(6;) = 0.09
with conflict k15 = 0.42.

451 Fusionwiththe PCR1 rule

Using the PCR1 rule of combination, one gets after distributing the conflict proportionally among
mn(61) and mn(6s) with0.7 + 0.7 = 1.4 and 0.3 + 0.3 = 0.6 such that

wiz(6h) _ w12(62) _ wi2(61) + wia(02) _ 0.42

=0.21
1.4 0.6 1.440.6 2 0

whence wi2(6;) = 0.294 and w15 (h2) = 0.126 involving the following result

4.5.2 Fusionwith the Dempster'srule

The Dempster’s rule of combination gives here:
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45.3 Fusionwith the Smets' rule

Based on the open-world model with TBM, the Smets' rule of combination provides here:
mg(el) =0.49 m5<92) = 0.09 mg(Q)) = 0.42

45.4 Fusionwith the other rules

The hybrid DSm rule, the Dubois-Prade rule and the Yager's give here:

455 Behavior of the PCR1 rule with respect to idempotence

Let’s combine now with the PCRL1 rule four equal sources m,(.) = ma(.) = ms(.) = my(.) with
m;(01) = 0.7and m;(6;) = 0.3 (i = 1,...,4). The PCR1 result* is now given by

mpeg (61) = 0.76636  migg, (62) = 0.23364

Then repeat the fusion with the PCRL1 rule for eight equal sources m;(6;) = 0.7 and m;(62) = 0.3
(:=1,...,8). One gets now:

Mmpeae (01) = 0.717248  mbpin, (0y) = 0.282752

Therefore mpcr1(61) — 0.7 and mpcgi (f2) — 0.3. We can prove that the fusion using PCR1 rule

converges towards idempotence, i.e. fori = 1,2

lim [me&ma...dm|(6;) =m(b;)

n—oo

ntimes
in the 2D simple case with exclusive hypotheses, no unions, neither intersections (i.e. with Bayesian

belief assignments).

Let © = {6, 02} and the mass matrix

a 1l—a

a 1—a
Mlun:

a 1l—a

4The verification isleft to the reader.
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Using the general PCR1 formula, one getsfor any A # (),

k n
lim mbie, (01) =a"+n-a- —" =a"+a[l —a"—(1—a)"| =a
n

becauselim,, .., a” = lim,, o, (1 —a)" =0when0 < a < 1;ifa =00ra = 1 asolim, .., ms%s, (6;) =

a. We can prove similarly lim,, .., mpis, (f2) =1 —a

Onesimilarly provesthen-D, n > 2, simplecasefor © = {6,,6,, ..., 0, } with exclusiveelements

when no mass is on unions neither on intersections.

46 EXAMPLE 6 (MAJORITY OPINION)

Let’s consider now the 2D case with the frame © = {6;,6,} and two independent equi-reliable
sources of evidence with the following belief assignment matrix (where columns 1 and 2 correspond

to elements ¢, and 6, and rows 1 and 2 to belief assignmentsm(.) and my(.) respectively)

0.8 0.2
0.3 0.7

12 =

Then after a while, assume that a third independent source of evidence is introduces with belief
assignment ms(#;) = 0.3 and m3(6>) = 0.7. The previous belief matrix is then extended/updated as

follows (where the third row of matrix M corresponds to the new source m;(.))

0.8 0.2
Mo = (0.3 0.7
0.3 0.7

46.1 Fusonwiththe PCR1 rule

The conjunctive consensus for sources 1 and 2 gives (where upper index 12 denotes the fusion of
source 1 and 2)
mi2(0,) =024  m(hy) =0.14

with conflict k1, = 0.62.

We distribute the conflict 0.62 proportional ly with 1.1 and 0.9 respectively to m2(6; ) and m/2(62)

such that
wiz(01)  wia(fh)  wia(6r) + wiz(0a) _ 0.62

1.1 09 1.14+0.9 2
and thus wy5(6;) = 1.1-0.31 = 0.341 and wy5(f2) = 0.9 - 0.31 = 0.279.

=0.31
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Using the PCR1 combination rule for sources 1 and 2, one gets:
Mpop (01) = 0.24 +0.341 = 0.581  mprp(f2) = 0.14 + 0.279 = 0.419

Let’'s combine again the previous result with m3(.) to check the majority rule (if the result’s trend
is towards ms = ms). Consider now the following matrix (where columns 1 and 2 correspond to

elements 6, and 6, and rows 1 and 2 to belief assignments m}s-, (.) and ms(.) respectively)

0.581 0.419
0.3 0.7

My 3 =

The conjunctive consensus obtained from m ., (.) and mj(.) gives
mt23(0,) = 01743 m>3(0y) = 0.2933

with conflict k123 = 0.5324 where the index notation 12,3 stands here for the combination of the
result of the fusion of sources 1 and 2 with the new source 3. The proportionality coefficients are
obtained from

w12(91) o wlg(ez) B w12(91) + w12(92) N 0.5324

= = = = 0.2662
0.5814+0.3 0419+4+0.7 0.581+0.3+0.419+0.7 2

and thus:
wi(6r) = 0.881-0.2662 = 0.234522  wi(62) = 1.119 - 0.2662 = 0.297878

The fusion result obtained by the PCR1 after the aggregation of sources 1 and 2 with the new source
3is

Mpeve (01) = 0.1743 + 0.234522 = 0.408822  mpivs, (62) = 0.2933 + 0.297878 = 0.591178

Thus mp,, = [0.408822 0.591178] starts to reflect the majority opinion my(.) = mg = [0.3 0.7]

(i.e. the mass of §; becomes smaller than the mass of 6,).

If now we apply the PCRL1 rule for the 3 sources taken directly together, one gets
mi2(0;) =0.072  ml(0y) = 0.098

with the total conflicting mass k123 = 0.83.
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Applying the proportionalization from M3, one has
UJ123(91) w123(92) w123(91) + UJ123(92) _ 0.83

08+03+03 02407407 3 3

Thus, the proportionalized conflicting masses to transfer onto m23(6; ) and m/?3(6,) are respectively

given by

0.83 0.83
(1) = 14~ =57 = 0387333 win(6) = 16—~ = 0442667

Thefinal result of the PCR1 rule combining all three sources together isthen
mpop (01) = 0.072 4+ 0.387333 = 0.459333  mpa g, (62) = 0.098 4 0.442667 = 0.540667

Themajority opinionisreflected sincem 2, (61) < mie s, (62). Note however that the PCR1 rule of
combinationis clearly not associative because (m sy, (01) = 0.408822) # (M2, (6) = 0.459333)
and (mpein, (02) = 0.591178) # (M}, (02) = 0.540667).

If we now combine the three previous sources altogether with the fourth source providing the
majority opinion, i.e. my(6;) = 0.3 and m4(62) = 0.7 one will get

mi2340,) = 0.0216  m}3(6,) = 0.0686

with the total conflicting mass k123, = 0.9098.

Applying the proportionalization from mass matrix

0.8 0.2
0.3 0.7
M1234 =

0.3 0.7

0.3 0.7
yields

0.9098 0.9098
and finally the followwing result
1234 0.9098

mpep (61) = 0.0216 + (0.8 4+ 0.3 + 0.3 +0.3] - 1 - 0.408265

0.9098
mipc (02) = 0.0686 + 0.2+ 0.7+ 0.7+ 0.7] - == = 0591735

Hencem 121, (6) isdecreasing more and more while m135%, (6,) isincreasing more and more, which

reflects again the majority opinion.
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47 EXAMPLE 7 (MULTIPLE SOURCESOF INFORMATION)

Let’s consider now the 2D case with theframe © = {6,, 6, } and 10 independent equi-reliable sources
of evidence with the following Bayesian belief assignment matrix (where columns 1 and 2 correspond

to elements ¢, and 0, and rows 1 to 10 to belief assignmentsm; (.) to mo(.) respectively)

1 0
0.1 0.9
0.1 09
0.1 09
0.1 09
0.1 09
0.1 09
0.1 09
0.1 09
0.1 0.9

1\/11.4.10 =

The conjunctive consensus operator gives here
ma(01) = (0.1)°  ma(6) =0
with the conflict k;_19 = 1 — (0.1)°.

471 Fusionwiththe PCR1 rule

Using the general PCR1 formula (17), one gets
10 10
= (0.1)° +0.19-0.19-(0.1)" = (0.1)” - 0.81 + 0.19 ~ 0.19

mbeg (61) = (0.1)° + ¢1.10(61) - = (0.1)° + (1.9) - = (0.1)° + (0.19) - [1 — (0.1)°]

10 10

= (0.9)” 4 0.81 — 0.81-(0.1)° = (0.1)? - 0.19 4 0.81 ~ 0.81

mbet9 (02) = (0.9)° + ¢1.10(62) - = (0.9)" + (8.1) - = (0.9)° + (0.81) - [1 — (0.1)]

The PCRL1 rul€e’s result is converging towards the Murphy’srule in this case, which ism (6,) =

4.7.2 Fusion with the Dempster’srule

In this example, the Dempster’s rule of combination gives mps(#;) = 1 which looks quite surprising
and certainly wrong since nine sources indicate m;(¢,) = 0.1 (: = 2,...,10) and only one shows
my(6,) = 1.
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4.7.3 Fusionwith the Smets’ rule
In this example when assuming open-world model, the Smets' rule provide little specific information
since one gets
mg(61) = (0.1)°  mg(P) =1—(0.1)°
4.7.4 Fusion with the other rules

The hybrid DSm rule, the Dubois-Prade’s rule and the Yager'srule give here:
m(@l) = (01)9 m(91 U (92) =1- (01)9

whichisless specific than PCR1 result but seems more reasonable and cautiousif oneintroduces/takes
into account epistemic uncertainty arising from the conflicting sources if we consider that the major-
ity opinion does not necessary reflect the reality of the solution of a problem. The answer to this

philosophical question is|eft to the reader.

4.8 EXAMPLE 8 (BASED ON HYBRID DSm MODEL)

In this last example, we show how the PCRL1 rule can be applied on a fusion problem characterized
by a hybrid DSm model rather than the Shafer’s model and we compare the result of the PCR1 rule
with the result obtained from the hybrid DSm rule.

Let's consider a 3D case (i.e. © = {6, 60,,0-}) including epistemic uncertainties with the two

following belief assignments
m1(01) =04 m1(92) =0.1 my (93) =0.3 m1(91 U 02) =0.2

m2(91) =0.6 m2(92) =0.2 m2(93) =0.2

We assume here a hybrid DSm model [11] (chap. 4) in which the following integrity constraints
hold

91ﬂ92:91ﬂ93:@

but where 6, N 05 # (.

The conjunctive consensus rule extended to the hyper-power set D® (i.e. the Dedekind's lattice

built on © with union and intersection operators) becomes now the classic DSm rule and we obtain

mm(Hl) =0.36 WLQ(QQ) = 0.06 mm(Hg) = 0.06 mm(QQ N 93) =0.12
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One works on hyper-power set (which contains, besides unions, intersections as well), not on power
set asin al other theories based on the Shafer’s model (because power set contains only unions, not

intersections).

The conflicting mass k1, is thus formed together by the masses of ¢, N 6, and #; N 65 and is given

by

kia =m(6y Nby) +m(0; NbOs3) =1[04-0.240.6-0.1]4+1[0.4-0.240.6-0.2] = 0.14 + 0.26 = 0.40

=1- mm(91> — mm(92> — mm(93) — mm(eg N (93)
The classic DSm rule (denoted here with index DSmc) provides also
Mpsme(f2 Nl3) =0.1-0.2+0.2-0.3 =0.08 Mpsme(03 N (61 U b)) = 0.04

but since 65 N (61 U By) = (63N 61) U (65 N 6y) = O, N O3 because integrity constraint 6; N 63 = ) of
the model, the total mass committed to 6, N 03 isfinaly

mDSmc(Gg N 03) =0.084+0.04 =0.12

4.8.1 Fusionwiththe hybrid DSmrule

If one uses the hybrid DSm rule, one gets
mDSmh(Ql) =0.36 mDSmh(Qg) = 0.06 mpsmh(93> = 0.06
ngmh(Gl U (92) =0.14 mDSmh(91 U 93) =0.26 mDSmh(HQ N 03) =0.12

4.8.2 Fusionwiththe PCR1 rule

If one uses the PCR1 rule, one has to distribute the conflicting mass 0.40 to the others according to

w12(91) N w12(92) - w12(93) _ w12(01 U 92) . 040

1.0 03 05 0.2 - 5 =0.20

Thus one deduces w12(91) = 0.20, w12(92) = 0.06, w12(93) =0.10 and w12(91 U 92) = 0.04.
Nothing is distributed to 6, U 0, because its column in the mass matrix is [0 0], therefore its sum
is zero. Finally, one gets the following results with the PCRL1 rule of combination:
mper1 (1) = 0.3640.20 = 0.56  mpepy(f2) = 0.064+0.06 = 0.12  mpegi(f3) = 0.0640.10 = 0.16

mpCRl(Hl U 92) =0+0.04=0.04 mPCR1(92 N 93) =0.124+0=0.12
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5. CONCLUSION

In this paper a very simple aternative rule to WAO has been proposed for managing the transfer
of epistemic uncertainty in any framework (Dempster-Shafer Theory, Dezert-Smarandache Theory)
which overcomes limitations of the Dempster’s rule yielding to counter-intuitive results for highly
conflicting sources to combine. Thisrule isinteresting both from the implementation standpoint and
the coherence of the result if we don’t accept the transfer of conflicting mass to partial ignorances.
It appears as an interesting compromise between the Dempster’s rule of combination and the more
complex (but more cautious) hybrid DSm rule of combination. This first and simple Proportional
Conflict Redistribution (PCR1) rule of combination worksin all cases no matter how big the conflict
is between sources, but when some sources become totally ignorant because in such cases, PCR1 (as
WAO) does not preserve the neutrality property of the vacuous belief assignment in the combination.
PCR1 correspondsto agiven choice of proportionality coefficientsin theinfinite continuum family of
possible rules of combination (i.e. weighted operator - WO) involving conjunctive consensus pointed
out by Inagaki in 1991 and Lefevre, Colot and Vannoorenberghe in 2002. The PCR1 on the power
set and for non-degenerate cases gives the same results as WAOQ; yet, for the storage proposal in a
dynamic fusion when the associativity is needed, for PCR1 it is needed to store only the last sum of
masses, besides the previous conjunctive rules result, while in WAO it is in addition needed to store
the number of the steps. PCR1 and WAO rules become quasi-associative. In this work, we extend
WAO (which herein gives no solution) for the degenerate case when all column sums of all non-
empty sets are zero, and then the conflicting mass is transferred to the non-empty disjunctive form
of al non-empty sets together; but if this disunctive form happens to be empty, then one considers
an open world (i.e. the frame of discernment might contain new hypotheses) and thus al conflicting
mass is transferred to the empty set. In addition to WAO, we propose a general formula for PCR1
(WAO for non-degenerate cases). Several numerical examples and comparisons with other rules for
combination of evidence published in literature have been presented too. Another distinction between
these alternative rulesis that WAQO is defined on the power set 2©, while PCR1 is on the hyper-power
set D®. PCR1 and WAO are particular cases of the WO. In PCR1, the proportionalization is done
for each non-empty set with respect to the non-zero sum of its corresponding mass matrix - instead
of its mass column average as in WAO, but the results are the same as Ph. Smets has pointed out in
non degenerate cases. In this paper, one has also proved that a nice feature of PCR1, isthat it works
in al cases; i.e. not only on non-degenerate cases but also on degenerate cases as well (degenerate
cases might appear in dynamic fusion problems), while the WAO does not work in these cases since it

gives the sum of masses lessthan 1. WAO and PCR1 provide both however a counter-intuitive result
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when one or several sources become totally ignorant that why improved versions of PCR1 have been

developed in companion papers[12, 13].
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