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A natural number » is called very perfect if o(o(n))=2n (see [1]).
Theorem. The square of an odd prime number cannot be very perfect number.
Proof: Let’s consider n = p*, where p is an odd prime number, then

o(m)=1+p+p’, o(om)=c(+p+p’)=2p".
We decompose o(n) in canonical form, from where 1+ p + p* = p pS*...p¢* . Because
p(p+1)+1 isodd, in the canonical decompose must be only odd numbers.
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o(o(M))=(1+p +...+ p*)..(1+ p, +...+ p* =2p?
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one obtains that 2p° cannot be decomposed in more than two factors, then each one is
> 2, therefore £ <2.
Case 1. For k=1 we find o(n)=1+ p+ p*> = p/, from where one obtains

o+l

7 = p, (1+ p+ p*) and
oy +1

~1
o*(o*(n))zp}? —==2p", py(L+ p+ p?)-1=2p% (p,-1),
1

from where
p—1=p(pp,—2p-p,).

The right side is divisible by p, thus p, —1 isa p multiple. Because p, > 2 it results
p>p-land p?>(p+1)° > p*+p+l=po,

thus ¢, =1 and
o(n)=p’+p+1=p,, o(am)=o(p)=1+p,.

If n is very perfect then 1+ p, =2p* or p>+ p+2=2p>. The solutions of the
equationare p=-1,and p =2 which is a contradiction.

Case 2. For k=2 we have o(n)=p*+ p+1=pp%.
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o(o(n)) =(1+ py+..t pf ) (1+ P, +.ot Py ) == 2 =2p?.
pl_l pz_l
Because
a+l a, +1
P 79 and 22 >2,
p—1 p,—1
it results
pa,+l pa2+1_1
L —=p and = =2p
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(or inverse), thus

a1 +1

~1=p(p,-1), p&" -1=2p(p,-1),

then

prpet = pitt = pitt a1=2p7 (p = 1)(p, -1),
thus

o(n)=p*+p+1=pitpet
and

PP, (P°+ p+1)=2p*(p,—1)(p, —1)+ pi** + ps7 -1
or

PP P(P+1)+ PP, ~1=2p% (P, ~1)( P, ~1)+( P ~1)+ (5o ~1)=

=2p"(pr =1 Np, ~ D+ p(p, ~1)+2p(p, - 1)
accordingly p divides p,p, —1,thus p,p, > p+1 and

pipi>(p+1) > p*+p+1=pfps.

Hence:
I,)If ¢,=1and n=2p%,
then
p2_1 pa2+1
o(n)=p’+p+1=pps and & =p, and2—=2p,
p -1 p,—1
thus p, +1= p which is a contradiction.
I,)If a,=1and n=2p*,
then
a+l
o) = p*+ p+1=pip, and L= p and
D~
2
-1
p2 =2p’
pz_l
thus
p,+t1=2p, p,=2p-1
and
o(n)=p*+p+1=p"2p+1),
from where



4o(n)=C2p-D2p+3)+7=4p"2p-1),
accordingly 7 is divisible by 2p —1 and thus p is divisible by 4 which is a contradiction.
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