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Introduction 

The 15-t.h SlIIarandache's problem [1'0111 [lJ is the following: "Smarandache's simple 

numbers: 

2. ·3, -I, 5, 6. 7. S, 9,10, ll, 1:3, [·1, 15,17, 19, 21, 22, 2:3, 25, 26, 27, 2!). 31, :n, ... 

A 11\11111,,1'1' 1/ is called "Smaralldaclw's simple number" i[ the prolluct of its propel' divisors 

is Ie:;s than 01' equal to /I. Generally speaking, /I ha_~ the form /I = p. or n = p2, 01' n = /'\ 

01' /I = /I'{, where p and q are distinct primes". 

Let us denote: by S - the sequence o[ all Sma.randache's simple numbers and by s. -

the II-t.h term o[ $; by P - t.he sequence o[ all primes and by p. - the n-th term of P; by 

P! - the sequence {I':'}',~;;'I: by 'P:1 - the sequence {I'~}'~I; by 'PeJ. - the sequence {p·q}p.'IEr, 

where p < '{. 
For an iI.bit.rary illueilsing sequence o[ natmal numbers C == {Cn}~l we denote by 

;rc!,,) the nllmber of terms of C, II'hich are not greater that 11. When 11 < CI we must put 

;rc(II) = O. 

In the present. paper we find 7rs( 1/) in an explicit [orlll and using this, we Find the II-th 

t('rm o[ $ ill ~xplicit form. too. 

1. 7rs( 1/ )-representatiol1 

First. we mllst not.e thi\.t instei\.d o[ 7rp(n) we shall use the well known denotation 7r(n). 

Il~lIc(, 

Thns.-lIsing t.he definit.ion of S, we get 

(l) 

Our first aim is to express 11'5(11) in an explicit form. For 7r(n) some explicit formulae 

are proposed in [2J. Ot.ller explicit formulae for 11'(/1) are contained in [:3J. One of them is 

known as i\lina("s [ol'lllula .. It is given below 

I:" [(~. - I)! + I [(~. - I)!II 
;r(/I) = . - --- . 

k ~, 
(2) 

k=Z 

where [_I denotes the function integer part. Therefore, the question about explicit formulae 

for functions 11'( 1/). 11'( JiI), 1I'(.y;I) is soh'e,l successfully. It remains only to express 11' r~( 1/) 

in an explicit form. 

Let k E {l, 2, ... , 11'( JiI)} be fixed. We consider all numbers of the kind /,k.q. II'here 

'I E P, 'I> /'k for which /'k.'1 S; 1/. The number of these numbers is 7r(?,;-) - 7r(l'd, or which 

is the same 

When ~, = 1,2, ... , 11'( Jill. numbers /,k.q, that lVere defined above, describe all nllmbers 

of the kind 1'.'1, where I',q E P,p < '1,p.'1 S; 11. But the III I III bel' of the last numbers is equal 

to 11'1".;>(11). HelIce 
"I.fiil 

7rN(II) = I:(7r(~)-k), 
k=1 /'k 

( 4) 

because of (:1). The equality (-I), after a simple computation yields the formula 

<I.fiil r.: r.: 
'" II 11'( vn).(11'( VII) + 1) 

7rrlJl n ) = L 11'(-) - .} 
Pk -

(5) 
k=1 

In [-II the ideutity 

1/ 
;r(--) (Ii) 

P<Ij;)+k 

is proved, under the condition b ~ 2 (b is a real number). \Vhen 7r(i) = 1I'(I)' the right 

hand-side of (6) reduces to 11'( %).11'(11). In the case II = JiI and /I ~ -I equality (6) yields 

/I 
11'(--). (7) 

P<I.fii)+k 

If we compare (.5) with (7) we obtain [or n ~ ·1 

11 
11'(--). (8) 

fI.TI.fiiIH 

Thus, we ha\'f~ two different explicit representations for 7rrlJln). These are formulae 

(5) and (8). We lIIust note that the right hanel-side of (S) reduces to "1.;n1-I~IvIfl)-II, when 

11'( 1) = 11'( JiI). 
Finally. \l'e ohsel'\'e that (1) gives an explicit representat.ion for 11'5(11), siuce we may use 

forllluia (2) [or 11'(11) (or other explicit formulae [or 11'(/1)) and (5), or (S) for 7rrlJll/). 



2. Explicit formulae for .~" 

'I'll<' [ollOll"ing ~ss<:'rtion d<:,cidc~ t.he qUI"stion about. explicit repreRental.ion o[ .s". 

Theorem: 'I'll<:' /1-th t.erm .~" of S admits the following three differcnt. explicit rcpreRcnta-

t.ionR: 
8(tl) 

1 
"" = L( 1I',(k) ]i (9) 

k=O 1 + [---11-] 

Of .. ) ~ 
__ 'J \' O( _.J[ 1I's( ')]). ( 10) Sn - .... L....; ... 11. 1 

k=O 

Of,,) 
I 

S" = L ' (11 ) 
k=O f( 1 _ [1I'S,\k) j) 

where 
_ [,,2 + :In +.\] 

0(/1) = , 
.\ 

n = 1,2, ... , (12) 

( is niemann's [unction zet.a and r is Euler's [ulld,ion gamma. 

Remark. \Ye must note thaI. in (9)-(1l) 1I's(k) is given by (1), ro(~') is given by (2) (or by 

otlH'rs [onnulae like (::!)) and rordn) is giH~n by (!i), or by (8). Therefore, formulae (9)-(11) 

arc explicit .. 

Proof of the Theorem. In [2] the following three universal formula.e are proposed, using 

1I'cf~·) (~. = 0, 1 .... ). which one could apply to represent e". They a.re the following 

'X, 1 
c" = I) ~ ]i 

k-o 1 + [1I'd eJ] 
- 11 

(13) 

( 1·1) 

(1!i) 

[n [:j] is shown that. t,he ineqna.lit.y 

1'" :s: IJ(,,), " = 1. '2, .... ( IG) 

holds. Hence 

.s" = 0(/1).11 = 1,2, ... , (Ii) 

,q" :s: /I ... 11 = 1. '2 ..... ( 18) 

Then t.o pl'O"e t.he Theorem it remains ollly to apply (I:3)-(I!i) ill the case C' = S, i.e., for 

c" = s". putting there ;;s(~·) instead of 1I'c(~.) and 0(,,) inst.ead of 'Xl. 
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