Equation reconstruction of prime sequence
Zhen Liu

Abstract The theorem for equation reconstruction of prime sequence is presented
and proved. This theorem is that the prime sequence could have the determined
general term formula through diophantine equation reconstruction of prime number.

Using the theorem, the Goldbach Conjecture and Twin Primes Conjecture are proved.

1 Introduction

Because it can not be divisible except 1 and itself, primes are difficult to be described
by appropriate expressions. This property makes prime sequence be difficult to be
described such as arithmetic progression, geometric progression with the determined
term formula. However, this property can make prime number establish some
diophantine equations. And prime numbers can be decided by whether there is
positive whole number solutions of these diophantine equations. Therefore, the
expressions for solutions of these diophantine equations and its transform are used to
describe the divisible property of prime number, and forming an equivalent sequence
for the property. Thus, this will be easy to find the key node and the law implied to
solve the problem. To this end, the theorem for equation reconstruction of prime
sequence is presented and proved in this paper. And according to the theorem, the
Goldbach Conjecture and Twin Primes Conjecture are proved. It could be hope to
provide an idea and methods to solve similar problems.

In this paper, all parameters are positive whole number except where stated.
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2 Proof of the theorem for equation reconstruction of prime sequence

The theorem for equation reconstruction of prime sequence: The prime sequence
could be equivalent to the sequence with the determined general term formula through
equation reconstruction of prime number for the divisible property.

Proof.

Any prime number ccould be expressed as 3a+1(a is an positive even), 4a+1 or
6atl.

Proof is carried out the following in the case of 3a+1 first.

If 3axl isaprime number, it certainly can not be written 3a+1=(3x, £1)(3x, £1),

otherwise, and vice versa.

Case 1:3a+1
3a+1=(3x, +1)(3x, +1) =9x. X, +3(X, +X,) +1
or
3a+1=(3x; —1)(3x; —=1) =9x;X; —3(X; + X;) +1
Where, let —x; =X, —X; =X,.
Then there is a =3xX, + (X, +X,) .
It is easy to see that whether 3a+1 isa prime number depends entirely on the a.

Namely 3a+1 is a prime number that is equivalent x, and x,are both positive
whole number in a=3xx, + (X, +X,) .

Let X, +X,=-0, XX,=p

According to Vieta's formulas, equation (1) is established.

x> +0x+p=0 (1)

—q£ya’-4p

Then thereis x,, = >

Therefore, ifx, and x,of equation (1) roots are not both positive whole number,

3a+1 must be a prime number. Otherwise, it will be a composite number.



There is

a=3p—q
Obviously, if 3a+1 isa prime number, ¢ andMare not both even numbers.
Therefore, in the divisible property of prime number, ¢, in prime sequence {cn} IS
equivalent to a, =3p, —q; Iin sequence {an} , hamely prime sequence {cn} is

equivalent to sequence {a,, }.

Here g, and /g’ —4p, arenotboth even numbers.

In order to facilitate the expression, let q=2s, p=2r.

Here s and rare real numbers.
o X, =8 im
Let vs*-2r =t
There is
a=12st —12t* —2s
Therefore, a, =3p, —q, in sequence {an} (g, and /g’ -4p, are not both even
numbers) is equivalent to a/ =12st, —12t> —2s, in sequence {a/} (s, and t, are
not both positive whole number solutions) .

Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a/ }.

n

It is obvious that

2s-a

Let s+ =e

Then there is

a=3s%+2s—3e?



Therefore, a/ =12s;t, 12t —2s, in sequencefa/} (s, and t, are not both positive

whole number solutions) is equivalent to a/=3s’ +2s, —3¢/ in sequence {a/} (s,

n

and e, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {c,} is

equivalent to sequence {a!}.

n

It is obvious that

o 1% Vv9e’+3a+1

B 3

Let 9e? +3a+1=(3h+1)
Then there is

3a+1=(3h+1)° —(3e)’

a=3h%+2h -3¢’

Therefore, a’=3s?+2s, —3e? in sequence {a’} (s, and e, are not both positive
whole number solutions) is equivalent to 3a”+1=(3h, +1)° —(3¢,)* in sequence
{a’} (e, and h, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {c,} is

equivalent to sequence {a}.

n

Case 2: 3a-1
3a—1=(3x; +1)(3x; —1) =9x;X; +3(X; —x;) -1
Where, let —x{ =X, X;=X,.
Then there is a =-3x,X, + (X, +X,) .
Namely3a—1 is a prime number that is equivalent x,and x, are both positive whole

number in a=-3xX, + (X +X,) .



Let x,+X,=-(Q, XX, =p.Here p isnegative whole number.
According to Vieta's formulas, equation (2) is established.

x> +ox+p=0 2)

—q£4q° —4p

2

Then there is x,, =

Therefore, ifx, and x,of equation (2) roots are not both positive whole number,

3a—1 must be a prime number. Otherwise, it will be a composite number.

There is

a=-3p-q
Obviously, if 3a—1 isa prime number, ¢ andMare not both even numbers.
Therefore, in the divisible property of prime number, ¢, in prime sequence {cn} IS
equivalent to a, =-3p, —q; in sequence {an} , hamely prime sequence {cn} IS

equivalent to sequence {a,, }.
Using the same argument as in the case 1, we can easily get

a=12t* -12st - 2s
Therefore, a, =-3p, —q,in sequence{a,} (g, and /g’ —4p, are not both even
numbers) is equivalent to a/ =12t —12s;t, —2s, in sequence {a’} (s, and t, are
not both positive whole number solutions) .

Namely, in the divisible property of prime number, prime sequence {c,} is

equivalent to sequence {a}.

n

It is obvious that

2s+a

Let s+ e

Then there is



a=3e*-3s* - 2s
Therefore, a/ =12t” -12s;t, —2s, in sequencefa/} (s, and t, are not both positive

whole number solutions) is equivalent to a/=3e? —3s? —2sin sequence {a/} (s,

n

and e, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {c,} is

equivalent to sequence {a!}.

n

It is obvious that

_ —1++/%*-3a+1

3

S

Let 9e’ —3a+1=(3h+1)
Then there is
3a-1=(3e)’ - (3h+1)
a=3e’ -3h* - 2h
Therefore, a=3e? -3s? —2sin sequence {a’} (s, and e, are not both positive

whole number solutions) is equivalent to 3a”-1=(3e,)* —(3h, +1)* in sequence

n

{a’} (e, and h, are not both positive whole number solutions) .

Namely, in the divisible property of prime number, prime sequence {c,} is

m

equivalent to sequence {a}.

The prime sequence that prime number ccould be expressed as 4a+1 or 6az+1,
have equivalent methods that are similar to the case of 3a+1. It can be proved in the
same way as shown in the case of 3a+1 before. Of course, some new equivalent
sequences are reconstructed through establishing other forms equations.

This completes the proof.

According to above proof, in the divisible property of prime number, the prime

sequence {c,} without term formula is analyzed by using the sequence {a,}. {a/}-

n

6



{a’}. {a} with term formula. This will be easy to find the key node and the law

n n

implied to solve the problem.

3 Proof of the Goldbach Conjecture

The Goldbach Conjecture:

Conjecture(A): Every even integer greater than 4 can be expressed as the sum of two
primes.

Conjecture(B): Every odd integer greater than 7 can be expressed as the sum of three
primes.

The proof of conjecture(A).

For even less than 10, thereare 4=2+2, 6=3+3, 8=5+3.

Therefore, Conjecture (A) holds for even less than 10.

For even greater than 10, it proves Conjecture (A) with the reduction to absurdity
follows.

If Conjecture (A) is not true, it becomes: there is at least one of even 2n greater than
10 that can not be expressed as the sum of two primes.

For even greater than 10, there is

3a+3b+2
2n=3Ba+1l)+(3b+1) =< 3a+3b
3a+3b-2

Where, a and b are both positive even numbers, then 3a+1 and 3b+lare odd
numbers.

There are three cases for 2n. Proof is carried out the following in the case 1.

Casel: 2n=(3a+1)+@Bb+1)=3a+3b+2

According to the theorem for equation reconstruction of prime sequence, let
3a+1=(3x, +1)(3x,, +1) =9x,, X, +3(X,; +X,,)+1

or

3a+1=(3x}, —D(3x;, —1) =9x,, X}, —3(x}; + X,,) +1



3b+1=(3x,, +1)(3xX,, +1) = 9%, X,, +3(X,; + X,,) +1
or
3b+1=(3xp, —1)(3xy, —1) =9x;, Xp, —3(Xy; + Xp,) +1
Where, let — X, =X, — X, = Xap, — X3 = Xp1s — Xpo = Xy -
Then there is
a=3X, Xy, +(Xy +X,0)
b= 3%, Xy, + (X, + Xp0)
Let

{Xal + X3 =0, {Xm +Xp, =0,
XaXa2 = Py X1 Xp2 = Py

Then there is
a=3p,-q, (3)
b=3p,—q, 4)
According to Vieta's formulas, equation (5) and equation (6) is established.
Xg + 0, X, + P, =0 (5)
X, +Q,X%, + P, =0 (6)

The roots of equation (5) are

_—9,t4d;-4p,

Xal,2 2

The roots of equation (6) are

0y £y 05 — 4P,

X =
b1,2
’ 2

According to the theorem for equation reconstruction of prime sequence, if 3a+1
and 3b+1 are prime numbers, equation (5) and equation (6) have integer solutions.
Therefore, at least one of equation (5) and equation (6) has integer solutions.

Since 3a+1 and 3b+1 are both odd numbers, and a+b is an even number. a

and b are both even numbers.



And according to equation (3) and equation (4), p, and g, are both even numbers,

p, and q, are both even numbers.

Since g, and /g —4p, are both even numbers, g, and ./q;—4p, are both

even numbers. X,, and x,, are both even numbers, x, and x,, are both even
numbers.

Let g,=2s,, p,=2r,, 0, =2s,, P, =2r,.

Then, there are

2
Xa12 =S, £4/S; —2r,

a — a

2
Xp12 = Sp J_rwlsb - 2r,

And s, and +/s’-2r, are both even numbers or both odd numbers, s, and

a

\/S¢ —2r, are both even numbers or both odd numbers.
Therefore, s2 and (sZ—2r,) are both even numbers or both odd numbers, s’ and

(sz —2r,) are both even numbers or both odd numbers.

Let /s’ -2r, =t,, /sf—-2r, =t,, a+b=2m.
Then, it is easy to see that r,and r, must be even numbers.

And there are

O<ta < \I(3Sa _1)2 _l+3?a) tamax =V (35a _1)2 _1+S?a:|

0<t, < /(8,07 L+ 2, ty, - 1/(35b—1)2—1+%b}

d = (6s,t, -6t —s,)+(6s,t, —6t> —s,), s, >t., s, >t

b
=6s,t, -6t —s,_, 5= 6s,t, — 6t —s,

N | o

Set sequence {J,}, J, =6st, —6t? —s;, i=123--n.

Then, there are J, :i, Joi=—.
2 2



And there is

d=J,+J, =3+ u==di +tI .=+,

i+1 i+A n

Where, J, can be seen as a constant.

It is easy to see that only s, and t; corresponds to a unique J,.

It is also easy to see that there are

d :E+E:Ji +J,.
2 2

_a+2 b-2 a, +£

d +
2 2 2 2

=i +D+0. -

And the like, there is

A F2ALBAA B B (g 1)+, - )
2 2 2 2

d

Since at least one of equation (5) and equation (6) respectively corresponding to a,,
and b, must has integer solutions, at least one of J,+A=J,, and
J,.,—A=1J,,, insequence {J,} must hold.

n—i

Namely, for sequence {H,_} consists of {Jn} and {J = Jl;"]”} together, there

| (i<n—+1, J. =] .—J—“, H.=#H

i J _Sn 2 i n-i 2 j j+A

).

Then, sequence {H,} musthave H,+A=H,,.
And sequence {H,} must be an arithmetic progression.

Therefore, sequence {Hm} corresponding to equation (5) and equation (6) must be

an arithmetic progression.

If n isaneven number, Zm:szzn:Ji—Zn:‘]—”—iJ{.

j=1 i=1 i i=1
2
] m n n.J n
If n isanoddnumber, > H,=>J, - ?”—ZJ{.
j=1 i=1 _n+l i=1

T2

10



Where, ZJ{ Is that the sum of all term Ji:Jn_i—%”.

i=1
According to sequence {H, }, it follows

i“ 324100, 424 (s*-25-8)-t,, (s°—25-8)-ty -J,

= 8 8 32

z Hj = iSztr?wax _isst;ax +i53tmax +@Szt;ax _@Stiax +36tr?1ax _19_5321:max

=} 16 16 32 8 8 16
+2—27st,f1ax —gtﬁwx +5° +60st —60t2,, +10s+t,, +24

Here t,. = {J(Bs ~-1)%-1 +ﬂ

Therefore, the highest degree of the sum of the first m terms in sequence {Hm}is

fifth degree.

It is easy to see that this is in contradiction with the necessary and sufficient condition
of the arithmetic progression, in which the highest degree of the sum of the first m
terms is second degree.

Therefore, Conjecture (A) is true for Case 1.

This completes the proof for Case 1.

Case2: 2n=(3a-1)+(3Bb-1)=3a+3b-2

According to the theorem for equation reconstruction of prime sequence, let

3a—1=(3x}, +D(3x;, —1) =9x}, X, +3(X;, —x};) -1
3b—1=(3x,; +1)(3x;, —1) = 9%, Xp, +3(Xp, — Xpy) —1
Where, let — X, =X, X, =Xaps —Xg1 = Xp1s Xpp = Xpo -

Using the same argument as in the case 1, we can easily get

%: 6t> —6s,t, —s,, b_ 6t. —6s,t, —S,

And there are

2 2
0 < Sa < 6ta ' samax = 6ta
6t, +1 6t, +1

11



2 2
0<sb£6#, Shmax = o, |
6t, +1 6t, +1

Setsequence {J,}, J, =6t?—6st —s,, i=123:-n
Therefore, at least one of J, +A=J_,andJ, ,—A=J , ,in sequence {J } must

hold.

Namely, for sequence {H,_} consists of {Jn} and {J - Jl;"]“} together, there

2

(i<—=, J. #1J .—J—” H,=H ).

- J —ZIn ! i n—i 2’ j+A

Therefore, sequence {H_} must be an arithmetic progression.

If n isan even number, ZH —ZJ

j=1 i=1

I, <o
> DI

i=1

M:

i=—+1

I, &
?ZJi.

i=1

]
NS

If n isanodd number, ZH —ZJ -

i
i=1

\M:

T

Where, ZJ{ is that the sum of all term Ji:.]ni—%”
i=1
According to sequence {H}, it follows
i“ J2+10J, +24  (Spp —2S5p —8)'1  (Spp =255 —8)-1-J,
= 8 8 32

ZH = 3 maxt —ismaxt +ismaxt 3382 t2 _%Smaxt3 +gt4 + 2lsrilaxt
16 16 32 8 8 2 16

+§smaxt +3t3 1 ;aX—Esmt 15t2 5 Sy T +3
2 2 '8 2 2 4

Therefore, the highest degree of the sum of the first m terms in sequence {H, }is

fifth degree.

It is easy to see that this is also in contradiction with the necessary and sufficient
condition of the arithmetic progression, in which the highest degree of the sum of the

first m terms is second degree.

12



Therefore, Conjecture (A) is true for Case 2.

This completes the proof for Case 2.
Case3: 2n=(3a+1)+(Bb-1)=3a+3b
The equation reconstruction of 3a-+1 can be gotten in the same way as Case 1.
There are
3a+1=(3x, +1)(3X,, +1) =9x,, X, +3(X,, +X,,)+1
or
3a+1=(3x}; —D(3x, —1) =9x],x}, —3(X}; + X,) +1
The equation reconstruction of 3b—1 can be gotten in the same way as Case 2.
There is
3b—1=(3xp, +1)(3xy, —1) =9x;, X, +3(xp, — %;;) —1

Using the same argument as shown before, we can easily get
a

—=6s,t, —6t2 —s, (7
2
b _ 4o
I 6t, —6s,t, —S, (8)
For equation (7), there are
5, + .52+ Zsas—a
t =
: 2

2s. —a
a :ez

a

Let s2+

Then, there is

—-1+,/9¢’ +3a+1

S, = 3

Let 9e? +3a+1=(3h, +1)°. Namely it makess, be a positive whole number.
Then, there is
3a+1=(3h, +1)" —9¢’

a=3h2 + 2h, —3e?

13



Set sequence {H,,}, H, =3h2 +2h, —3e2, i=123n.

ai’

For equation (8), there are

S, + s§+723b+b
t = 3
b 2
Let s§+28b+b:e§
3
Then, there is
S —-1+,/9 -3b+1
b =

3
Let 92 —3b+1=(3h, +1)*. Namely it makess, be a positive whole number.
Then, there is
3b—1=9¢e? —(3h, +1)°
b =3¢’ —3h> —2h,
Set sequence {H,,}, H,, =3e;-3hZ —2h,, i=123:-m.

b.

J

a’i
Then, thereare H ==- Hy ==

Therefore, sequence {H_ } and sequence {H,.} merge into sequence {H,}. Here
Hy =3 +2h, —3e?|, H, #H,,,.
: a, b L
Since d=—"+—,thereis i+ j=N.
2 2
Then, thereis d=H, +H, , =H,  +H, ,=-=H, ,+Hy, ,=Hy+Hy.

Where H, is a constant.

Itis easy to see thatonly h, and e, corresponds toaunique H,.

It is also easy to see that there are

14



42 b-2 a. b
P I B . D= (Hy +2)+ (Hy -1

+
2 2 2
And the like, there is

d

a+2A b;—-2A a , b,
— ! + = I+ + = H +A + H _A
5 5 ) 5 (He +A)+(Hy —4)

Since at least one of reconstruction equations respectively corresponding to a.,, and

i+A
b, must has integer solutions, at least one of H,+A=H,, and

H,,-A=H, ., insequence{H,} musthold.

Then, sequence {H, } must be an arithmetic progression.

Therefore, sequence {HN} corresponding to reconstruction equations must be an

arithmetic progression.
According to sequence {H, }, it follows

n

N m E
2 He=2 Ha+ 2 Hy =) Hi

I

k=1 i-1 = f=1

n h, e,
Z H, :ZZ(Shj +2h, —Bej): hle, +§h§ea +§haea —e’ —Eej —lea
i=1 hy=le,=1 2 2 2 2

m e hy 3 , 15 ,
2 Hy = ZZ(SEE —3hy _Zhb): hye; —3hye, +Ehbeb _?hbeb —4h,e, —5h,

=i b e
Where, HYis termH, =H, of sequence {H, | and sequence {H,,}. That is
H"=H, =H,.

Namely, 3(h—A, ) +2(h—A,)-3(e+A,)’ =—(3? + 2h—3e?).

Then, thereis HY =3h A —%Azlf +A; +3e A, +%A22f.

Where, A, and A, are both even numbers.

Here

15



A A

iH"’ Zzzh:i(BhA ~ A+ A, +3eA +2A2j
f=1

Ay=2A,=2h=1 e=1

:%h eA’A, +%he2AlA22 +ghe2AlA2
—lheA’iA2 +1heA1A32 +3heA1AZ2 3 —heAA, +— ! heA,A,
8 8 16 16 48

Therefore, the highest degree of the sum of the first N terms in sequence {H N} is

sixth degree.

It is easy to see that this is also in contradiction with the necessary and sufficient
condition of the arithmetic progression, in which the highest degree of the sum of the
first m terms is second degree.

Therefore, Conjecture (A) is true for Case 3.

This completes the proof for Case 3.

Taking above three cases, Conjecture (A) is true.

The proof of Conjecture (A) is now completed.

The proof of conjecture(B).

Since Conjecture (A) is true, every even integer greater 2n than 4 can be expressed
as the sum of prime number 3a+1 and prime number 3b=+1.

It is easy to see that every odd integer greater 2n+3 than 7 can be expressed as the

sum of 3, prime number 3a+1 and prime number 3b+1.
Namely 2n+3=3+(3a+1)+(30+1).

Therefore, Conjecture (B) is true.

The proof of the Goldbach Conjecture is now completed.

4 Proof of the Twin Primes Conjecture

The Twin Primes Conjecture: There are infinitely many primes that differs from
another prime number by two.

Proof.

It proves the Twin Primes Conjecture with the reduction to absurdity follows.

If Conjecture is not true, it becomes: there is an even number a large enough that

16



makes at least one of every twin odd numbers no less than 3a+1 be a composite
number.

According to the theorem for equation reconstruction of prime sequence, there are

3a—1=(3x, +1)3x, 1) (9)
3a+1=(3x +1)3x, +1) or 3a+1=(3x;-1)3x,-1) (10)
Where, a=2l, | is positive whole number.

Therefore, when a is large enough, at least one of equation (9) and equation (10)
has integer solutions.

Using the same argument as in the proof of the Goldbach Conjecture, we can easily
get this statement fellows.

For equation (9), there are

5, + s 2s, +a
t, = 3
! 2
Let sf+2$1+a:el2
3
Then, there is
. —111/9ef—6l+1
l=

3
Let 9e? -6l +1=(3h, +1)*, Namely it makes s, be a positive whole number.
Then, there is
6l —1=9¢/ —(3h, +1)°
a=2l=3¢ -3h’ -2h
Setsequence {H'}, H;/=3e2-3h2-2h,, i=123---n.

For equation (10), there are

a 2
—=6s,t, —6t; —S
2 2%2 2 2

17



S, =
t _ 2 2 3
2 2
Let s§+282_a:e22
3
Then, there is
S —1+.,/9¢2 +61+1
2 =

3
Let 9e? +6l+1=(3h,+1)*, Namely it makes s, be a positive whole number.
Then, there is
6l +1=(3h, +1)° - 9e;
a=2l=3h7 +2h, -3¢’
Setsequence {Hy |, Hy =3h +2h, —3e, i=123:-m.
Therefore, at least one of H/=a and Hj=a, is true for a, in sequence {a, }

consists of a.

Then, sequence {H’}and sequence {H”} merge into sequence {H,}. Here

H, :‘th +2h—3e2‘, H, #H,.,.And H, is large engouh.
Therefore, there mustbe H, =a, forany a, large engouh.
Since {a,, } is an arithmetic progression of 2, sequence {H,} is an arithmetic

progression.

According to sequence {H, }, it follows

M=
%_I
Il
-

Hi’+iH}'—ZF:H}”
f=1

=

3
2

5 22

=he’ —h’e, +=he’ —Ehfel —?hle1 - H,(g)

Where H/(g) is the sum of all terms less than H, in sequence {H’}.

18



Zm:H]’ ZZ(3h2+2h —e2)-HIg)

j= h,=le,=1
3 5 2 3 3 2 "

=h,e, +§h2e2 +h,e, —h,e; —Ehze2 - H(g
Where HJ(g) is the sum of all terms less than H, in sequence {H”}.
HY is term H/=H’ of sequence {H,} and sequence {H,}. That is
H'f”:Hi’: H}’:Hk =H,.
Namely, 3(h—A, ) +2(h—A,)-3(e+A,)’ =—(3? + 2h—3¢?).
Then, thereis HY =3h A, —%Azlf +A; +3e A, +%A22f.

Where, A, and A, are both even numbers.

Here
Ay Ay h e 3
PISTED 9223 EINEEIPRNE T RIC)
Aj=2A,=2h=1 e-1 2
=3h 2eNA, +-— 3 he’A,A’, +3he AA,
16 16 8
_gheAiAz +§heA1A32 +%hEA1A22 3 hEAzA + heA A, —H/(9)

Where H/[(g) isthe sum of all terms less than H,and satisfied H, = ‘3h2 +2h —ez‘
in sequence {H/}.
Therefore, the highest degree of the sum of the first N terms in sequence {H,} is

sixth degree

It is easy to see that this is also in contradiction with the necessary and sufficient
condition of the arithmetic progression, in which the highest degree of the sum of the
first m terms is second degree.

Therefore, the Twin Primes Conjecture is true.

This completes the proof.
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