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Abstract

DRAFT VERSION

We study the real representations of the Poincare group and its relation with the complex
representations. The classical electromagnetic field — from which the Poincare group was
originally defined — is a real representation of the Poincare group.

We show that there is a map from the complex to the real irreducible representations of
a Lie group on a Hilbert space — the map is known in the finite-dimensional representations
of a real Lie algebra.

We show that all the finite-dimensional real representations of the restricted Lorentz
group are also representations of the full Lorentz group, in contrast with many complex
representations.

We study the unitary irreducible representations of the Poincare group with discrete spin
and show that for each pair of complex representations with positive/negative energy, there
is one real representation; we show that there are unitary transformations, defining linear
and angular momenta spaces which are common for the real and complex representations.
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1. Introduction

1.1. Motwwation

Henri Poincaré defined the Poincare group as the set of transformations that leave in-
variant the Maxwell equations for the classical electromagnetic field. The classical electro-
magnetic field is a real representation of the Poincare group.

The complex representations of the Poincare group were systematically studied|[IH6] and
used in the definition of quantum fields[7, §]. These studies were very important in the
evolution of the role of symmetry in the Quantum Theory[9], which is based on complex
Hilbert spaces[10].

We could not find in the literature a systematic study on the real representations of the
Poincare group — even though representation theory[11l 12] and Quantum Theory [I3H19]
on real Hilbert spaces were investigated before — as it seems to be a common assumption
that all fields of all modern theories must be quantum fields and therefore, somehow, every
consistent representation must be complex. However, due to the existence of a map between
real and complex representations, the motivation for this study is independent of the validity
of such assumption.

The reasons motivating this study are:

1) The real representations of the Poincare group play a main role in the classical electro-
magnetism and general relativity[20]. It is reasonable to think that the real representations
of the Poincare group will still play an important role in the most modern theories based
on the classical electromagnetism and general relativity. As an example, the self-adjoint
quantum fields — such as the Higgs boson, Majorana fermion or quantum electromagnetic
field — transform as real representations under the action of the Poincare group[§].

2) The parity — included in the full Poincare group — and charge-parity transfor-
mations are not symmetries of the Electroweak interactions[21]. It is not clear why the
charge-parity is an apparent symmetry of the Strong interactions[22] or how to explain the
matter-antimatter asymmetry[23] through the charge-parity violation. We will show that
that all the finite-dimensional real representations of the restricted Lorentz group are also
representations of the parity; and that there are linear and angular momenta spaces which
are common for the real and complex representations of the Poincare group, therefore in-
dependent of the charge and matter-antimatter properties. These results may be useful in
future studies of the parity and charge-parity violations.

1.2. On the map from the complex to the real irreducible representations of a group

Many representations of a group— such as the finite-dimensional representations of
semisimple Lie groups[24] or the unitary representations of separable locally compact groups[25]
— are direct sums (or integrals) of irreducible representations.

The study of irreducible representations on complex Hilbert spaces is in general easier
than on real Hilbert spaces, because the field of complex numbers is the algebraic closure
— where any polynomial equation has a root — of the field of real numbers. Given a real
Hilbert space, we can always obtain a complex Hilbert space through complexification —
extension of the scalar multiplication to include multiplication by complex numbers.
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Yet, given an irreducible representation on a real Hilbert space V, the representation on
the complex Hilbert space resulting from the complexification of V may be reducible, because
there is a 2-dimensional real representation of the field of complex numbers. Therefore, the
complex representations are not a generalization of the real representations, in the same way
that the complex numbers are a generalization of the real numbers.

There is a well studied map, one-to-one or two-to-one and surjective up to equivalence,
from the complex to the real linear finite-dimensional irreducible representations of a real
Lie algebra[l1], 26]. In Section , we show that there is a similar map from the complex to
the real irreducible representations of a Lie group on a Hilbert space. The proof is similar
to the known proofs[I1] but, instead of the second form of Schur’s lemma, it uses the first
form of Schur’s lemma, valid for representations on infinite-dimensional Hilbert spaces.

Related studies, but for less general types of groups or representations, can be found in
the references[12H15], 27].

1.3. Finite-dimensional representations of the Lorentz group

The Poincare group, also called inhomogeneous Lorentz group, is the semi-direct product
of the translations and Lorentz Lie groups[24]. Whether or not the Lorentz and Poincare
groups include the parity and time reversal transformations depends on the context and
authors. To be clear, we use the prefixes full/restricted when including/excluding par-
ity and time reversal transformations. The Pin(3,1)/SL(2,C) groups are double covers of
the full/restricted Lorentz group. The semi-direct product of the translations with the
Pin(3,1)/SL(2,C) groups is called IPin(3,1)/ISL(2,C) Lie group — the letter (I) stands for
inhomogeneous.

A projective representation of the Poincare group on a complex/real Hilbert space is an
homomorphism, defined up to a complex phase/sign, from the group to the automorphisms
of the Hilbert space. Since the IPin(3,1) group is a double cover of the full Poincare group,
their projective representations are the same[28]. All finite-dimensional projective represen-
tations of a simply connected group, such as SL(2,C), are well defined representations|5].
Both SL(2,C) and Pin(3,1) are semi-simple Lie groups, and so all its finite-dimensional rep-
resentations are direct sums of irreducible representations[24]. Therefore, the study of the
finite-dimensional projective representations of the restricted Lorentz group reduces to the
study of the finite-dimensional irreducible representations of SL(2,C).

The Dirac spinor is an element of a 4 dimensional complex vector space, while the Ma-
jorana spinor is an element of a 4 dimensional real vector space[29-32]. The complex finite-
dimensional irreducible representations of SL(2,C) can be written as linear combinations of
tensor products of Dirac spinors.

In Section [3| we will review the Pin(3,1) and SL(2,C) semi-simple Lie groups and its
relation with the Majorana, Dirac and Pauli matrices. We will obtain all the real finite-
dimensional irreducible representations of SL(2,C) as linear combinations of tensor products
of Majorana spinors, using the map from Section [2 Then we will check that all these real
representations are also projective representations of the full Lorentz group, in contrast with
the complex representations which are not all projective representations of the full Lorentz

group.



1.4. Unitary representations of the Poincare group

According to Wigner’s theorem, the most general transformations, leaving invariant the
modulus of the internal product of a Hilbert space, are: unitary or anti-unitary operators,
defined up to a complex phase, for a complex Hilbert; unitary, defined up to a signal, for a
real Hilbert[33]. This motivates the study of the (anti-)unitary projective representations of
the full Poincare group.

All (anti-)unitary projective representations of ISL(2,C) are, up to isomorphisms, well
defined unitary representations, because ISL(2,C) is simply connected[5]. Both ISL(2,C)
and IPin(3,1) are separable locally compact groups and so all its (anti-)unitary projective
representations are direct integrals of irreducible representations|25]. Therefore, the study
of the (anti-)unitary projective representations of the restricted Poincare group reduces to
the study of the unitary irreducible representations of ISL(2,C).

The spinor fields, space-time dependent spinors, are solutions of the free Dirac equation[34].
The real/complex Bargmann-Wigner fields[35] 36], space-time dependent linear combina-
tions of tensor products of Majorana/Dirac spinors, are solutions of the free Dirac equation
in each tensor index. The complex unitary irreducible projective representations of the
Poincare group with discrete spin can be written as complex Bargmann-Wigner fields.

In Section [l we will obtain all the real unitary irreducible projective representations of
the Poincare group, with discrete spin, as real Bargmann-Wigner fields, using the map from
Section 2. For each pair of complex representations with positive/negative energy, there is
one real representation. We will define the Majorana-Fourier and Majorana-Hankel unitary
transforms of the real or complex Bargmann-Wigner fields. Then we relate the Majorana
transforms to the linear and angular momenta of a representation of the Poincare group.

The free Dirac equation is diagonal in the Newton-Wigner representation[37], related
to the Dirac representation through a Foldy-Wouthuysen transformation[38), 39] of Dirac
spinor fields. The Majorana-Fourier transform, when applied on Dirac spinor fields, is
related with the Newton-Wigner representation and the Foldy-Wouthuysen transformation.
In the context of Clifford Algebras, there are studies on the geometric square roots of -1
[T7, 18, [40] and on the generalizations of the Fourier transform[41], with applications to
image processing[42].

2. On the map from the complex to the real irreducible representations of a
group

2.1. Representations on real and complex Hilbert spaces

Definition 2.1. A representation (Mg, V') of a Lie group G[43] on a real or complex Hilbert
space V' is defined by:

1) the representation space V', which is an Hilbert space;

2) the representation group homomorphism M : G — B(V) from the group elements to
the bounded automorphisms with a bounded inverse, such that the map M’ : G xV — V
defined by M'(g,v) = M(g)v is continuous.



Definition 2.2. Let V,, with n € {1,2}, be two Hilbert spaces. The representations
(M, ,V,) of a group G on the Hilbert spaces V,, are equivalent iff there is a linear bi-
jection av : V4 — V4 such that for all g € G, oo My ¢(g9) = Mac(g) o a.

Definition 2.3. Consider a representation (Mg, V). An equivariant endomorphism of
(Mg, V) is an endomorphism of V' commuting with Mg (g), for all g € G.

Definition 2.4. Let W be a closed linear subspace of V. (Mg, W) is a (topological) sub-
representation of (Mg, V) iff W is invariant under the group action, that is, for all w € W:
(M(g)w) € W, for all g € G.

Definition 2.5. A representation (Mg, V') is (topologically) irreducible iff their only sub-
representations are the non-proper or trivial sub-representations: (Mg, V) and (Mg, {0}),
where {0} is the null space. An irreducible representation is called irrep.

Lemma 2.6 (Schur’s lemma). If the representation (Mg, V') is irreducible then the equiv-
ariant bounded endomorphisms of (Mg, V') are either automorphisms or the null map.

Proof. Let T be an equivariant endomorphism of (Mg, V). Then (Mg, V) is a subrepresen-
tations, where Vi = {v € V : Tv = 0}. The kernel of a bounded linear operator is a closed
subspace. If (Mg, V) is irreducible, then either Vp =V or Vp = {0}. If Vi =V then T is
the null map. If Vr = {0}, since T is linear, Tu = T'v implies u = v for u,v € V; therefore
T is one-to-one and hence an automorphism. O

Definition 2.7. Consider a representation (Mg, V) on a complex Hilbert space. A C-
conjugation operator of (Mg, V) is an anti-linear bounded involution of V' commuting with
Mca(g), for all g € G.

Lemma 2.8. Consider an irreducible representation (Mg, V') on a complex Hilbert space.
A C-conjugation operator of (Mg, V'), if it exists, is unique up to an isomorphism.

Proof. Let 61,02 be two C-conjugation operators of (Mg, V). Since (Mg, V) is irreducible,
the equivariant endomorphism 7" = (1 + 66;) is either an automorphism or the null map.

If T is the null map, then 6, = —60, = af;a~'; where the equivariant automorphism of
(Mg, V), a, is defined by av = iv for v € V.
If T is an automorphism, then 0y = T0,T~!. O

Definition 2.9. Consider a representation (Mg, V') on a complex Hilbert space.

The representation is C-real iff there is an C-conjugation operator. The subset of C-real
irreducible representations is Rg(C).

The representation is C-pseudoreal iff there is no C-conjugation operator but there is an
equivariant anti-automorphism of (Mg, V') the representation is equivalent to its complex
conjugate. The subset of C-pseudoreal irreducible representations is Pg(C).

The representation is C-complex iff there is there is no equivariant anti-automorphism
of (Mg, V). The subset of C-complex irreducible representations is C(C).
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Definition 2.10. Consider a representation (Mg, W) on a real Hilbert space. A R-imaginary
operator of (Mg, W), J, is an equivariant bounded automorphism of (Mg, W) verifying
J?=—1.

Lemma 2.11. Consider an irreducible representation (Mg, W) on a real Hilbert space. A
R-imaginary operator of (Mq, W), if it exists, is unique up an isomorphism or a sign.

Proof. Let Jy,J2 be two R-imaginary operators of (Mg, W). Since (Mg, W) is irreducible,
the equivariant endomorphism 7" = (1 — JyJ;) is either an automorphism or the null map.
If T is the null map, then J, = —J;. If T is an automorphism, then J, = TJ; T~ . O]

Definition 2.12. Consider the irreducible representation (Mg, W) on a real Hilbert space.

The representation is R-real iff there is no R-imaginary operator. The subset of R-real
irreducible representations is R (R).

The representation is R-pseudoreal iff there is a R-imaginary operator, unique up to an
isomorphism. The subset of R-pseudoreal irreducible representations is Pg(R).

The representation is R-complex iff there is a R-imaginary operator, non-unique up to
an isomorphism. The subset of R-complex irreducible representations is Cg(R).

Definition 2.13. Consider a representation (Mg, W) on a real Hilbert space. The rep-
resentation (Mg, W¢) is the complexification of the representation (Mg, W), defined as
We = C® W, with the multiplication by scalars such that a(bw) = (ab)w for a,b € C
and w € W. The internal product of W€ is defined as:

< Uy + 105, Up + 10U > =< Uy Up >+ < V3 U > F10 < Up, Uy > —10 < Uy, Up >
for u,,u;,v,,v; € W and < v,,u, > is the internal product of W.

Definition 2.14. Consider a representation (Mg, V) on a complex Hilbert space. The
representation (Mg, V") is the realification of the representation (Mg, V'), defined as V" =
V' is a real Hilbert space with the multiplication by scalars restricted to reals such that
a(v) = (a4 i0)v for a € R and v € V. The internal product of V" is defined as

<v,u>+<u,v>
2

for u,v € V and < v,u > is the internal product of V.

< V,U > =

2.2. The map from complex to real representations
Definition 2.15. Consider a group G. The map M is defined (up to equivalence) as:

M(Mg, V) = (Mg, %)

where (Mg, V) is a C-real irreducible representation on a complex Hilbert space V', 6 is the
C-conjugation operator (unique up to equivalence) of (Mg, V) and Vo = {1200 :v e V}.

M(Mg, V) = (MzV")

where (Mg, V) is a C-pseudoreal or C-complex irreducible representation on a complex
Hilbert space V; (Mg, V") is the realification of (Mg, V).
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Proposition 2.16. Consider a group G. M is a map from Rg(C) to Rg(R) and from
Pg((c> U Cg((:) to Pg(R) U C(;(R)

Proof. Consider an irreducible representation on a complex Hilbert space (Mg, V). There is
a R-imaginary operator J of the representation (Mg, V"), defined by J(u) = iu, for u € V.

Let (Mg, X") be a proper non-trivial subrepresentation of (Mg, V). Then J is an R-
imaginary operator of (Mg,Y") and (M5, Z"), where Y™ = {u+ Jv : u,v € X"} and
Z" =A{u:u,Ju € X"}. Then (Mg,Y) and (Mg, Z) are subrepresentations of (Mg, V),
where the complex Hilbert spaces Y = Y" and Z = Z" have the scalar multiplication such
that (a+1ib)(y) = ay+bJy, fora,b e Randy € Y ory € Z. If Y = {0}, then Z = X" = {0}
which is in contradiction with X" being non-trivial. If Z =V then Y =V and X" = V"
which is in contradiction with X" being non-trivial. So Z = {0} and Y = V| which implies
that V = (X7)“.

Then there is a C-conjugation operator of (Mg, V'), 6, defined by 0(u + iv) = u — iv,
for u,v € X”. We have X" = Vj. Suppose there is a R-imaginary operator of (Mg, Vp), J'.
Then (Mg, V), where Vi = {%M'v :v € V'}, are proper non-trivial subrepresentations of
(Mg, V), in contradiction with (Mg, V') being irreducible.

Therefore, if (Mg,V) is C-real, then (Mg, Vp) is R-real irreducible. If (Mg, V) is C-
pseudoreal or C-complex, then (Mg, Vy') is R-pseudoreal or R-complex, irreducible. O

Proposition 2.17. Consider a group G. M is a surjective map from Rg(C) to Rg(R) and
from Pg(C)U Cg(C) to Po(R) U Cge(R).

Proof. Consider an irreducible representation (Mg, W) on a real Hilbert space. There is
a C-conjugation operator of (Mg, W), 0, defined by 0(u + iv) = (u — iv) for u,v € W,
verifying (W), = W.

Let (Mg, X¢) be a proper non-trivial subrepresentation of (Mg, W¢). Then 6 is a C-
conjugation operator of the subrepresentations (Mg, Y°) and (Mg, Z¢), where Y = {u+6v :
u,v € X% and Z¢ = {u : u,0u € X°}. Therefore, Y = {u+iv : u,v € Y} and
Z¢={u+iv:u,v € Z}, where Y = {2y :u € Y} and Z = {1%u : u € Z°} are invariant
subspaces of W. If Y = {0} then Z = {0} and Y* = X¢ = {0}, in contradiction with X*
being non-trivial. If Z = W then Y = W and Z¢ = X¢ = W¢, in contradiction with X*¢
being proper. Therefore Z = {0} and Y = W, which implies Z¢ = {0} and Y* = W*.
So, (Mg, W) is equivalent to (Mg, (X€)"), due to the existence of the bijective linear map
a: (X =W, a(u) =u+ 0u, aH(u+ u) = u, for u € (X°)".

There is a R-imaginary operator of (Mg, W), J, defined as J(u + 0u) = (iu — i6u) for
u € X° We can check that X¢ =W, = {52w : w € W} and 0(W,) = W_,. Suppose
that there is a C-conjugation operator of (Mg, W), 6. Then 6" anti-commutes with J and
(Mg, W) is a proper non-trivial subrepresentation of (Mg, W), where Wy = { %w Sw E
W}, in contradiction with (Mg, W) being irreducible.

Therefore, if (Mg, W) is R-real, then (Mg, W¢) is C-real irreducible. We have for V =
We, M(Mg, V) = (Mg, Vp) is equivalent to (Mg, W).

If (Mg, W) is R-pseudoreal or R-complex, then (Mg, W) is C-pseudoreal or C-complex,
irreducible. We have that for V.= W,;, M(M¢, V) = (M, V") is equivalent to (Mg, W). O
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Proposition 2.18. Consider a group G. Up to equivalence, M defines a one-to-one sur-
jective map from Rg(C) to Rg(R) and from Pg(C) to Ps(R); and a two-to-one surjective
map from Cg(C) to Cq(R).

Proof. Consider an irreducible representation (Mg, W) on a real vector space. There is a
C-conjugation operator of (Mg, W¢), 6.

If (Mg, W) is R-real, then (Mg, W¢) is C-real irreducible. Therefore the correspondence
Vo = W is, up to isomorphisms, uniquely determined.

If (Mg, W) is R-pseudoreal or R-complex, then (Mg, W) is C-pseudoreal or C-complex
irreducible. The correspondence V' = W; only depends on .J, the R-imaginary opera-
tor of (Mg, W). J is unique up a sign and isomorphisms. There is an equivariant anti-
automorphism of (Mg, V), S, iff there is an equivariant automorphism of (Mg, V"). S
exists iff the R-imaginary operator of (Mg, V"), J, is unique up to equivalence. O

2.3. Unitary and completely reducible representations

Definition 2.19. A representation is completely reducible iff it can be expressed as a direct
sum (or direct integral) of irreducible representations.

Remark 2.20 (Weyl theorem). All finite-dimensional representations of a semi-simple Lie
group (such as SL(2,C)) are completely reducible.

Remark 2.21. Let H,, with n € {1,2}, be two Hilbert spaces with internal products <, >:
H,x H, —»TF,(F=R,C). A linear operator U : Hy — Hs is unitary iff:

1) it is surjective;

2) forallx € Hy, < U(x),U(z) >=< x,x >.

Remark 2.22. Given two real Hilbert spaces Hi, Hy and an unitary operator U : Hy — Hs,
the inverse operator U~ : Hy — Hy is defined by:

<z, Uy >=<Uzx,y>, € Hy,y € H,

Proposition 2.23. Let H,, with n € {1,2}, be two complex Hilbert spaces and H] its
complezification. The following two statements are equivalent:

1) The operator U : Hy — Hy is unitary;

2) The operator U™ : H] — HJ is unitary, where U"(h) = U(h), for h € H;.

Proof. Since < h,h >=< h,h >, and U"(h) = U(h), for h € H;, we get the result. O

Remark 2.24. All unitary representations of a separable locally compact group (such as the
Poincare group) are completely reducible.



3. Finite-dimensional representations of the Lorentz group

3.1. Majorana, Dirac and Pauli Matrices and Spinors
Definition 3.1. F™*™ is the vector space of m X n matrices whose entries are elements of

the field F.

In the next remark we state the Pauli’s fundamental theorem of gamma matrices. The
proof can be found in the reference[44].

Remark 3.2 (Pauli’s fundamental theorem). Let A*, B* € {0,1,2,3}, be two sets of
4 x 4 complex matrices verifying:
AFAY + AVAF = 2P (1)
BMB” + B"B* = —2n*" (2)
Where n* = diag(+1,—1,—1 — 1) is the Minkowski metric.

1) There is an invertible complex matriz S such that B* = SA*S™ for all p €

{0,1,2,3}. S is unique up to a non-null scalar.
2) If A" and B*" are all unitary, then S is unitary.

Proposition 3.3. Let o, g*, u € {0,1,2,3}, be two sets of 4 x 4 real matrices verifying:
ala” + oot = =2t (3)
prpY + Y pH = =20t (4)
Then there is a real matrixz S, with |detS| = 1, such that * = Sa*S~, for all u € {0,1,2,3}.
S is unique up to a signal.

Proof. From remark [3.2] we know that there is an invertible matrix 7", unique up to a
non-null scalar, such that g = T'a*T"~'. Then T = T"/|det(T")| has |detT| = 1 and it is
unique up to a complex phase.

Conjugating the previous equation, we get f* = T*a*T*~!. Then T* = T for some
real number §. Therefore S = €T is a real matrix, with |detS| = 1, unique up to a
signal. [

Definition 3.4. The Majorana matrices, iv*, u € {0,1,2,3}, are 4 x 4 complex unitary
matrices verifying:

(") (") + (") (") = =20 (5)
The Dirac matrices are y* = —i(iy*).

In the Majorana bases, the Majorana matrices are 4 x 4 real orthogonal matrices. An
example of the Majorana matrices in a particular Majorana basis is:

r+1 0 0 0 7 ro 0 +1 017 0 +1 0 0
1 0 -1 0 0 L2 0 0 0 +1 -3 _ |41 0 0 O
vyt = 0 0 -1 0 vyt = 410 0 O 27—[000—1]
L0 0 0 +1. Lo +1 0 0 | 0 0 -1 0
(6)
rT0 0 +1 0 7 ro —-10 07
-0 _ 0 0 0 +1 5 +10 0 O _ 0123
vyt = 10 0 0 Yyt = 0 0 0 +1 Y
Lo -10 0 Lo 0 -1 0 ]




In reference [45] it is proved that the set of five anti-commuting 4 x 4 real matrices is
unique up to isomorphisms. So, for instance, with 4 x 4 real matrices it is not possible to
obtain the euclidean signature for the metric.

Definition 3.5. The Dirac spinor is a 4 x 1 complex column matrix, C**!.
The space of Dirac spinors is a 4 dimensional complex vector space.

Lemma 3.6. The charge conjugation operator ©, is an anti-linear involution commuting
with the Majorana matrices iy*. It is unique up to a complex phase.

Proof. In the Majorana bases, the complex conjugation is a charge conjugation operator. Let
© and ©’ be two charge conjugation operators operators. Then, ©0' is a complex invertible
matrix commuting with iv#, therefore, from Pauli’s fundamental theorem, ©©’ = ¢, where ¢
is a non-null complex scalar. Therefore ©' = ¢*© and from ©’'0" = 1, we get that ¢c*¢ = 1. [

Definition 3.7. Let © be a charge conjugation operator.
The set of Majorana spinors, Pinor, is the set of Dirac spinors verifying the Majorana
condition (defined up to a complex phase):

Pinor = {u € C*' : Ou = u} (7)

The set of Majorana spinors is a 4 dimensional real vector space. Note that the linear
combinations of Majorana spinors with complex scalars do not verify the Majorana condi-
tion.

There are 16 linear independent products of Majorana matrices. These form a basis of
the real vector space of endomorphisms of Majorana spinors, End(Pinor). In the Majorana
bases, End(Pinor) is the vector space of 4 x 4 real matrices.

Definition 3.8. The Pauli matrices o, k € {1,2,3} are 2 x 2 hermitian, unitary, anti-
commuting, complex matrices. The Pauli spinor is a 2 x 1 complex column matrix. The
space of Pauli spinors is denoted by Pauls.

The space of Pauli spinors, Pauli, is a 2 dimensional complex vector space and a 4
dimensional real vector space. The realification of the space of Pauli spinors is isomorphic
to the space of Majorana spinors.

3.2. On the Lorentz, SL(2,C) and Pin(3,1) groups

Remark 3.9. The Lorentz group, O(1,3) = {\ € RY™ : XI'n\ = n}, is the set of real
matrices that leave the metric, n = diag(1,—1,—1, —1), invariant.

The proper orthochronous Lorentz subgroup is defined by SO*(1,3) = {\ € O(1,3) :
det(N) = 1,\% > 0}. It is a normal subgroup. The discrete Lorentz subgroup of parity and
time-reversal is A = {1,n,—n, —1}.

The Lorentz group is the semi-direct product of the previous subgroups, O(1,3) = A x
SO™(1,3).
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Definition 3.10. The set Maj is the 4 dimensional real space of the linear combinations
of the Majorana matrices, iy*:

Maj = {a,iv" 1 a, € R, p€{0,1,2,3}} (8)

Definition 3.11. Pin(3,1) [28] is the group of endomorphisms of Majorana spinors that
leave the space Maj invariant, that is:

Pin(3,1) = {S € End(Pinor) : |detS| =1, S~(iv*)S € Maj, p € {0,1, 2,3}} (9)
Proposition 3.12. The map A : Pin(3,1) — O(1,3) defined by:
(A(S))! iy = S (i) S (10)
15 two-to-one and surjective. It defines a group homomorphism.

Proof. 1) Let S € Pin(3,1). Since the Majorana matrices are a basis of the real vector
space Maj, there is an unique real matrix A(S) such that:

(A(S)) i = S (in")S (11)
Therefore, A is a map with domain Pin(3,1). Now we can check that A(S) € O(1,3):
v 1 N6 v
(A(S))an™ (A(9))"s = =5 (M) o {in®, iv" HA(S))s = (12)
= —%S{W, ST = SprSTh = (13)

We have proved that A is a map from Pin(3,1) to O(1, 3).
2) Since any A € O(1,3) conserve the metric 7, the matrices a* = A\ iv” verify:

{a" "} = —2)\“a77a5)\”ﬁ = —2n" (14)

In a basis where the Majorana matrices are real, from Proposition [3.3]there is a real invertible
matrix Sy, with |detSy| = 1, such that A\* iy = S5 '(i7*)Sy. The matrix S, is unique up
to a sign. So, £S5, € Pin(3,1) and we proved that the map A : Pin(3,1) — O(1,3) is
two-to-one and surjective.

3) The map defines a group homomorphism because:

A”V(Sl)A”p(Sg)z’fyp = A" S, 1y’ S, (15)
= 52_151_12'7“5152 = A“p(Sng)ivp (16)
O

Remark 3.13. The group SL(2,C) = {0tV . gi v e R, j € {1,2,3}} is simply
connected. Its projective representations are equivalent to its ordinary representations[5)].
There is a two-to-one, surjective map Y : SL(2,C) — SO™(1,3), defined by:

T (T)o" = To"T (17)

Where T € SL(2,C), 0° =1 and 07, j € {1,2,3} are the Pauli matrices.
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Lemma 3.14. Consider that {M,, M_,iv° M, ,iv>M_} and {P,, P_,iP.,iP_} are orthonor-
mal basis of the 4 dimensional real vector spaces Pinor and Pauli, respectively, verifying:

VWy3IMy = £My, 0®Py = £P, (18)
The isomorphism ¥ : Pauli — Pinor is defined by:

N(Py) = My, X(iPy) = iy’ My (19)
S(P)=M_, S(iP.)=iy"M_ (20)

The group Spin*(3,1) ={Xo0AoX™t: A e SL(2,C)} is a subgroup of Pin(1,3). For
all S € Spin™(1,3), A(S) =Y(XtoSoX).

Proof. From remark [3.13, Spin™(3,1) = {7 +¥7°Y . 9i b € R, j € {1,2,3}}. Then,
for all T € SL(2,0):

—i"8 0T o7l =N 0T tox™ (21)
Now, the map T : SL(2,C) — SO™(1,3) is given by:
TH (T)iy” = (SoT Lo )iy (BoT o™} (22)
Then, all S € Spin*t(3,1) leaves the space Maj invariant:
S7linhS = TH (N7 o S o X)in” € Maj (23)

Since all the products of Majorana matrices, except the identity, are traceless, then det(S)

O

1. So, Spin™(3,1) is a subgroup of Pin(1,3) and A(S) =T(X1oSoX).
Definition 3.15. The discrete Pin subgroup © C Pin(3,1) is:
Q= {£1, 47, +9°9°, £i7°} (24)

The previous lemma and the fact that A is continuous, implies that Spin™(1,3) is a
double cover of SOT(3,1). We can check that for all w € Q, A(+w) € A. That is, the
discrete Pin subgroup is the double cover of the discrete Lorentz subgroup. Therefore,
Pin(3,1) = Q x Spin*(1,3)

Since there is a two-to-one continuous surjective group homomorphism, Pin(3,1) is a
double cover of O(1,3), Spin®(3,1) is a double cover of SO*(1,3) and Spin™(1,3) N SU(4)
is a double cover of SO(3). We can check that Spint(1,3) N SU(4) is equivalent to SU(2).

3.3. Finite-dimensional representations of SL(2,C)

Remark 3.16. Since SL(2,C) is a semisimple Lie group, all its finite-dimensional (real or
complex) representations are direct sums of irreducible representations.

12



Remark 3.17. The finite-dimensional complex irreducible representations of SL(2,C) are
labeled by (m,n), where 2m,2n are natural numbers. Up to equivalence, the representation
space Vi ) is the tensor product of the complex vector spaces V,' and V,, where VEisa
symmetric tensor with 2m Dirac spinor indexes, such that 45v = +v, where v € V. and
75, is the Dirac matriz v° acting on the k-th index of v.

The group homomorphism consists in applying the same matriz of Spin™(1,3), corre-
spondent to the SL(2,C') group element we are representing, to each index of v. V(o) is
equivalent to C and the image of the group homomorphism is the identity.

These are also projective representations of the time reversal transformation, but, for
m # n, not of the parity transformation, that is, under the parity transformation, (V& &
Vo) — (V.. @ V.F) and under the time reversal transformation (V,t @ V.7) — (V,F @ V7).

n

Lemma 3.18. The finite-dimensional real irreducible representations of SL(2,C) are labeled
by (m,n), where 2m,2n are natural numbers and m > n. Up to equivalence, the represen-
tation space Wiy, ) s defined for m # n as:

1 ;1 FnD

Winn = { + (i );®(W )1w:w€Wm®Wn}
1 -5 s}

W(m,m) = { + (27 ); ® (ny )1w = (Wm)g}

where W, is a symmetric tensor with m Majorana spinor indexes, such that (i7°)(i7y®)yw =
—w, where w € W,; (i7°) 1 is the Magjorana matriz iv® acting on the k-th index of w; (W,,)?
is the space of the linear combinations of the symmetrized tensor products (u @ v+ v ® u),
foru,v € W,.

The group homomorphism consists in applying the same matriz of Spin*(1,3), corre-
spondent to the SL(2,C) group element we are representing, to each index of the tensor. In
the (0,0) case, W0y is equivalent to R and the image of the group homomorphism is the
identity.

These are also projective representations of the full Lorentz group, that is, under the
parity or time reversal transformations, (W, — Wi, ).

Proof. For m # n the complex irreducible representations of SL(2,C) are C-complex. The
complexification of Wiy, ) verifies W¢, = (Vi @V, ) ® (V,, @ V;}).

For m = n the complex irreducible representations of SL(2,C) are C-real. In a Majorana
basis, the C-conjugation operator of Vi, ), 0, is defined as f(u®v) = v*@u*, where u € V,
and v € V7. We can check that there is a bijection o : Wimm) = (Vimm))e, defined by
alw) = %Ww; a H(v) = v+ 0¥, for w € Winmy, v € (Vimm) -

Using the map from chapter 1, we can check that the representations Wy, ), with m > n,
are the unique finite-dimensional real irreducible representations of SL(2,C), up to isomor-
phisms.

We can check that W(‘jn,n) is equivalent to W(Cn,m), therefore, invariant under the parity

or time reversal transformations. O]
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As examples of real irreducible representations of SL(2,C') we have for (1/2,0) the
Majorana spinor, for (1/2,1/2) the linear combinations of the matrices {1,7°}, for (1,0)
the linear combinations of the matrices {i7,77°}. The group homomorphism is defined as
M(S)(u) = Su and M(S)(A) = SAST, for S € Spin*(1,3), u € Pinor, A € {1,77°} or
A e {i7,97°}.

We can check that the domain of M can be extended to Pin(1,3), leaving the considered
vector spaces invariant. For m = n, we can define the “pseudo-representation” W(’mm) =
{(((7°)1®@1)w : w € Wipnm} which is equivalent to Wi, ) as an SL(2, C') representation, but
under parity transforms with the opposite sign. As an example, the “pseudo-representation”
(1/2,1/2) is defined as the linear combinations of the matrices {i7°,iy°74"}.

4. Unitary representations of the Poincare group

4.1. Hilbert spaces of Pauli and Majorana spinor fields

Definition 4.1. Consider that {M,, M_,iy°M,,in°M_} and {P, P_,iP,,iP_} are or-
thonormal basis of the 4 dimensional real vector spaces Pinor and Pauli, respectively,
verifying:

"}/3’}/5Mi = :EMi, O'3Pi = :Epi

Let H be a real Hilbert space. For all h € H, the bijective linear map Oy : Pauli g H —
Pinor ®g H is defined by:

On(h®r Pr) = h®g My, Og(h®@riP) = h®g iy’ M,
@H(h XRRr P_) =h KRR M_, @H(h XRr ’LP_) =h Xr i*yOM_
Definition 4.2. Let H,, with n € {1, 2}, be two real Hilbert spaces and U : Pauli ®g H, —

Pauli @ Hy be an operator. The operator U® : Pinor @g H; — Pinor @g H, is defined as
U® =0p,0U0c0y.

The space of Majorana spinors is isomorphic to the realification of the space of Pauli
spinors.

Definition 4.3. The real Hilbert space Pinor(X) = Pinor ® L*(X) is the space of square
integrable functions with domain X and image in Pinor.

Definition 4.4. The complex Hilbert space Pauli(X) = Pauli ® L*(X) is the space of
square integrable functions with domain X and image in Pauls.

Remark 4.5. The Fourier Transform Fp : Pauli(R?) — Pauli(R?) is an unitary operator
defined by:

e~ T

T (&), 1 € Pauli(R?)

Felo}p) = [ @'z

:

Where the domain of the integral is R3.



Remark 4.6. The inverse Fourier transform verifies:

~0 Fp{o}(@) = (Fp' o R){y} (@)
i Fp {0} (@) = (Fp" o R){L}(@)

Where ¢ € Pauli(R?) and R, R}, : Pauli(R3) — Pauli(R?), with k € {1,2,3}, are linear
maps defined by:

R{}(p) = (0)"¢(p)
HYYP) = b ()

Definition 4.7. Let & € R3. The spherical coordinates parametrization is:

—

Z = r(sin(0) sin(yp)eq + sin(f) sin(p)es + cos(6)és)
where {€], €, €3} is a fixed orthonormal basis of R® and r € [0, +o0c[, § € [0, 7], ¢ € [-7, 7.

Definition 4.8. Let
S*={(p,l,n): p € Rop; L, € Z;1 > 0; =1 < pu < 1}

The Hilbert space L?(S?) is the real Hilbert space of real Lebesgue square integrable functions
of S3. The internal product is:

+oo -1

< fg>= ZZ/ dpf (.1 W9, L1, frg € L(SY)

=0 p=-1

Definition 4.9. The Spherical transform Hp : Pauli(R?®) — Pauli(S?) is an operator
defined by:

HP{¢}(p> la :u) = / 2d’l“d(COS Q)d(p \/Q—Jl(pr) lu(9> 90)@0(7"7 97 gp), ¢ € PQUZZ(R?))

The domain of the integral is R®. The spherical Bessel function of the first kind j; [46], the
spherical harmonics Y;,[47] and the associated Legendre functions of the first kind P, are:

Ju(r) Erl< _ li)lsinr

rdr

(6, ¢) z\/ s P (cos )

r

3 2\11/2 d !
sy (1= &) @(5 -1
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Remark 4.10. Due to the properties of spherical harmonics and Bessel functions, the Spher-
tcal transform is an unitary operator. The inverse Spherical transform verifies:

—0® Hp (¥ }(@) = (Hp' o R){¥}(2)
(—a'idy + 2%i0)) Hp {¥}(E) = (Hp' o R){¥}(@)

Where ¢ € Pauli(S?*) and R, R' : Pauli(S*) — Pauli(S®) are linear maps defined by:

R{¢}(p. I, 1) = p*v(p, 1, )
R{}(p, 1, p) = pb(p, 1, )

Definition 4.11. The real vector space Pinor;, with 2j a positive integer, is the space of
linear combinations of the tensor products of 25 Majorana spinors, symmetric on the spinor
indexes. The real vector space Pinorg is the space of linear combinations of the tensor
products of 2 Majorana spinors, anti-symmetric on the spinor indexes.

Definition 4.12. The real Hilbert space Pinor;(X) = Pinor; ® L*(X) is the space of square
integrable functions with domain X and image in Pinor;.

Definition 4.13. The Hilbert space Pinor;,, with (j — v) an integer and —j < n < j is
defined as:

k=2

Pinor;, = {¥ € Pinor; : Z (7375>k\11 =2nU}

k=1
Where (7375> is the matrix v3+° acting on the Majorana index k. Given
k
Definition 4.14. The Spherical transform H,, : Pinor;(R*) — Pinor;(S?) is an operator

defined by:

l

Hy{v}(p, L, J,v) = Z Z <lpjn|Jv > (Hg>1{¢}(p,l,u,n), Y € Pinor;(R?)

p=—ln=—j
< lpjn|Jv > are the Clebsh-Gordon coefficients and (p,l, ,n) € Pinor;, such that
(p, Lp)=>"__(p,lu,n). (j—n), (J—v)and (J — j) are integers, with —J < v < J

n=—j
and [j—1| < J <j+I. (Hg) is the realification of the transform Hp, with the imaginary
1

number replaced by the matrix i7° acting on the first Majorana index of 1.

Proposition 4.15. Consider a unitary operator U : Pinor;(X) — Pinor;(R?), defined by
U{U}(Z) = [ dXU(Z X)¥(X) and such that H* oU = U o E?, where

iH{U}(#) = (19 +ir"m) V(@)
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the Magjorana matrices act on some Majorana index k; E*{®d}HX) = E*(X)®(X) with
E(X)>m >0 a real number.
Then the operator U’ : Pinor(X) — Pinor(R?) is unitary, where U’ is defined by:

E(X)+ H(Z)y°
\/E(X) +my/2E(X

U{v}(z U(Z, X)¥(X)

Proof. We have that

< U9}, U{¥} >= /dedXdY

E(Y)+1°H(Z) E(X) + H(7)y"
VEY) +my\2E(Y) /E(X) +m\/2E(X)

UI(YUT(Z, X) Uz, X)¥(X)

From the symmetry of H?(Z), in the integral we can set E%(X) = E?(Y) and hence F(X) =
E(Y'). Since we have:
E(X) +1°H() E(X) + H(Z)y°
VE(X)+my2E(X) /E(X) +my/2E(X)

And U is unitary, we get < U{U},U{¥} >=< U, ¥ >.
We also have that

<U YU}, U YU} >= /dXd3fd3g
E(X) + H(y)y"
VEX) +my2B(X

Since U is unitary, we get < U'"H{ U}, U'"1{¥U} >=< ¥, ¥ >. Therefore, U’ is unitary. [

E(X) ++"H ()

Ulg U X) VE(X)+my2E(X

(7))

U(7
)(>

Definition 4.16. The complex Hilbert space Dirac;(X) = Pinor;(X) ® C is the complexi-
fication of Pinor;(X).

4.2. On the Poincare, ISL(2,C) and IPin(3,1) groups

Definition 4.17. The I Pin(3,1) group is defined as the semi-direct product Pin(3,1) x R*,
with the group’s product defined as (A, a)(B,b) = (AB,a + A(A)b), for A, B € Pin(3,1)
and a,b € R* and A(A) is the Lorentz transformation corresponding to A.

The ISL(2,C) group is isomorphic to the subgroup of I Pin(3,1), obtained when Pin(3,1)
is restricted to Spin™(1,3). The full /restricted Poincare group is the representation of the
IPin(3,1)/1SL(2,C) group on Lorentz vectors, defined as {(A(A),a) : A € Pin(3,1),a €
R*}.
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4.3. Majorana spinor field representation of the Poincare group

Consider a Majorana spinor field ¥ € Pinor(R?). Let the Dirac Hamiltonian, H, be
defined in the configuration space by:

IH{U}E) = (1°7 - 9 +i7"'m)¥(F), m >0
In the Majorana-momentum space:
iH{T}(p) = ir" B, U(p)
The free Dirac equation is verified by:
(8o + iH)e (¥} = 0

We can check that the free Dirac equation in the Majorana-momentum space is equal to the
free Dirac equation in the Newton-Wigner representation[37], related to the Dirac represen-
tation through a Foldy-Wouthuysen transformation[38, [89] of Dirac spinor fields.

Definition 4.18. Given a Majorana spinor field U € Pinor(R?), we define U(z) = e ##*° { U }(Z).
The Majorana spinor field projective representation of the Poincare group is defined, up to
a sign, as:

P(Ag,0){¥}(x) = £SU(Ag'z +b)
Where Ag € O(1,3), S € Pin(3,1) is such that Al = Sy*S~! and b € R*,

The translations in space-time are given by P(1,b). Doing a Majorana-Fourier transform,
we get: P(1,0){U}(a°, p) = e "PPU (20, ), with p? = m2. Therefore, p is related with the
4-momentum of the Poincare representation.

The rotations are defined by P(R,0), where R is a rotation. Doing a Majorana-Hankel
transform, we get for a rotation along z by an angle 6:

P(R,0){0}(2°,p, 1, 1) = e #0020 p, 1, 1)

Therefore, p is related with the angular momentum of a spin one-half Poincare represen-
tation.

4.4. Finite mass case

Remark 4.19. The complex irreducible projective representations of the Poincare group
with finite mass split into positive and negative energy representations, which are complex
conjugate of each other. They are labeled by one number j, with 25 being a natural number.
The positive energy representation spaces Vj are, up to isomorphisms, written as:

2j

\Ifj<$>5/(;lﬂ_]?3 k:1<\/%n\;m)ke—ip.x%(ﬁ)
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where p° = E, and V;(p) is a symmetric tensor product of Dirac spinor fields defined on the
3-momentum space, verifying (7°)rV;(p) = V;(p). The matrices with the index k apply in
the corresponding spinor index of ¥;

The representation space Vi is, up to isomorphisms, written as:

\I/()(ZL‘) E/ d3ﬁ p’V +m G_ip'x<1+’70)(i’75)\110(]7) p7 +m

(n )" E, + my/2E, VE, +m\/2E,

where p* = E,, and ¥o(p) is a scalar defined on the 3-momentum space.
The representation map consists in applying the spin one-half representation map to
every spinor index.

Proposition 4.20. The real irreducible projective representations of the Poincare group with
finite mass are labeled by one number j, with 27 being a natural number. The representation
spaces W; with j > 0 are, up to isomorphisms, written as:

4@ = [ Gy W%@E)k(e”%“’)l%@

where p° = E, and V;(p) is a symmetric tensor product of Majorana spinor fields defined on
the 3-momentum space, verifying (i7°)xV;(p) = (iv°)19;(p). The matrices with the index k
apply on the corresponding spinor index of V.

The representation space Wy is, up to isomorphisms, written as:

R O +m o O+ m
Wo(w) = / Py PGy (7) b

(27T)3w/Ep—l—m\/2Ep6 VE, +m\/2E,

where p° = E, and Vo(p) is a scalar defined on the 3-momentum space.
The representation map consists in applying the spin one-half representation map to
every spinor index.

4.5. Null mass case

When the mass goes to zero, the representation spaces that we had are no longer irre-
ducible, since the helicity becomes invariant under Lorentz transformations. This is indepen-
dent of whether the representation is real or complex. The subspaces VjjE or I/Vji, where for

all ¥; € VjjE or U, € I/VjjE , (}Zﬁ)ﬂl@(ﬁ) = +WU,(p) for all the indexes k, are the irreducible
representations for null mass and discrete helicity. These are not invariant under parity.

There are also massless representations with continuous spin, which will not be studied.

5. Conclusion

The complex representations are not a generalization of the real representations, in the
same way that the complex numbers are a generalization of the real numbers. There is a
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map, one-to-one or two-to-one and surjective up to equivalence, from the complex to the
real irreducible representations of a Lie group on a Hilbert space.

All the real finite-dimensional projective representations of the restricted Lorentz group
are also projective representations of the full Lorentz group, in contrast with the complex
representations which are not all projective representations of the full Lorentz group.

We obtained all the real unitary irreducible projective representations of the Poincare
group, with discrete spin, as real Bargmann-Wigner fields. For each pair of complex repre-
sentations with positive/negative energy, there is one real representation. The Majorana-
Fourier and Majorana-Hankel unitary transforms of the real or complex Bargmann-Wigner
fields are related to the linear and angular momenta of a representation of the Poincare
group, that is, there are linear and angular momenta spaces which are common for the real
and complex representations of the Poincare group, therefore independent of the charge and
matter-antimatter properties. This allows to define, with a common formalism, momenta
spaces for the classical electromagnetic field or for the quantum Dirac field, for instance.
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