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Christoffel symbols for asymmetric metric tensors. 
 
                             Vyacheslav  Telnin 
 
 
                                     Abstract 
 
At first we take two definitions: for the asymmetric metric tensor and for the Christoffel 
symbols. In order to find the connection of Christoffel symbols with the asymmetric metric 
tensor we take the derivative from metric tensor with respect to coordinate. In the resulting  
equation we make the cyclic rearrangement of indexes two times and get two more equations. 
Then we rearrange the indexes of metric tensor in these three equations and get three more 
equations. 
After this we represent the metric tensor as the sum of symmetric and antisymmetric tensors. 
Also we represent the Christoffel symbols as the sum of symmetric and antisymmetric 
symbols. 
Resolving our 6 equations we get the formula for Christoffel symbols expressed through the 
symmetric and antisymmetric parts of metric tensor. 
  In the item 4) there is the description of Parts : Part VI, Part VII, Part VIII, Part IX on the 
site www.telnin.narod.ru . 
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1). Asymmetric metric tensors.       
 

If µer is the basis of the curved vector space W, then metric tensor in W 

defines so : 
                                  )1.1(),( νµµν = eeg rr

 

Then Christoffel symbols  µσλΓ  defines so : 
 

                   µσλ
λσµµσµσ

Γ⋅==∂=
∂
∂ eeee
x

rrrr
,  
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In order to find the connection of Christoffel symbols with metric tensor we 
take the derivative from (1.1) with respect to σx : 

          =∂+∂=∂= νσµνµσµνσσµν ),(),(, eeeegg rrrr
 

)2.1(),(),( νσλ
µλµσλ

λννσλ
λµνµσλ

λ Γ⋅+Γ⋅=Γ⋅+Γ⋅= ggeeee rrrr
 

Let us make in this equation the cyclic rearrangement of indexes two times 
and we get two more equations : 

           )3.1(, σµλ
νλνµλ

λσµνσ Γ⋅+Γ⋅= ggg  

           )4.1(, µνλ
σλσνλ

λµνσµ Γ⋅+Γ⋅= ggg  

Now we rearrange the indexes of metric tensor in these three equations – 
(1.2), (1.3), (1.4)  and get three more equations : 

           )5.1(, µσλ
νλνσλ

λµσνµ Γ⋅+Γ⋅= ggg  

            )6.1(, νµλ
σλσµλ

λνµσν Γ⋅+Γ⋅= ggg  

           )7.1(, σνλ
µλµνλ

λσνµσ Γ⋅+Γ⋅= ggg  

Let us represent  µνg as the sum of symmetric and antisymmetric tensors : 

          )8.1(νµµννµµνµνµνµν −==+= bbaabag  

Then go to the new view of equations  : 
 

)9.1()5.1()2.1( , νσλ
µλµσλ

νλσµν Γ⋅+Γ⋅=+ aaa  

)10.1()6.1()3.1( , σµλ
νλνµλ

σλµνσ Γ⋅+Γ⋅=+ aaa  

)11.1()7.1()4.1( , µνλ
σλσνλ

µλνσµ Γ⋅+Γ⋅=+ aaa  

)12.1()5.1()2.1( , νσλ
µλµσλ

νλσµν Γ⋅+Γ⋅−=− bbb  

)13.1()6.1()3.1( , σµλ
νλνµλ

σλµνσ Γ⋅+Γ⋅−=− bbb  

)14.1()7.1()4.1( , µνλ
σλσνλ

µλνσµ Γ⋅+Γ⋅−=− bbb  

After that we shall introduce new values : 
                                )15.1(µσλσµλµσλ =Γ+Γ F  

                                )16.1(µσλσµλµσλ =Γ−Γ G  

                             )17.1()(
2
1 µσλµσλµσλ +⋅=Γ GF  

Now let us form two equations for  µσλF  and  µσλG : 
(1.9) + (1.10) – (1.11) : 

)18.1(,,, νµλ
σλνσλ

µλµσλ
νλνσµµνσσµν ⋅+⋅+⋅=−+ GaGaFaaaa  
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(1.12) – (1.13) + (1.14) : 

)19.1(,,, νµλ
σλνσλ

µλµσλ
νλνσµµνσσµν ⋅+⋅+⋅−=+− FbGbFbbbb  

From (1.18) we get 
 

)20.1()( ,,, νµλ
σλνσλ

µλνσµµνσσµν
ρν

µσ
ρ ⋅−⋅−−+⋅= GaGaaaaaF  

and substitute it into (1.19) : 
                                     )21.1(µνσ

λµνσλ =⋅ BGD sqsq  

where 
−δ⋅+δ⋅⋅⋅+δ⋅δ⋅= µσλσµλ

ρ
νρσνµλµνσλ )( qqsqssq aaabbD  

                  )22.1()( νµλµνλ
ρ

σρ δ⋅+δ⋅⋅⋅− qqs aaab  

−−+⋅⋅++−= σµµσσµ
ρ

νρνσµµνσσµνµνσ )()( ,,,,,, rrr
r aaaabbbbB  

              )23.1()( ,,, ωµννωµµνω
ρω

σρ −+⋅⋅− aaaab  

If we substitute the formule 
                      )24.1()(2/1 νµµνµν +⋅= gga  

                      )25.1()(2/1 νµµνµν −⋅= ggb  

into (1.23), (1.22), (1.20) then we express µσ
ρF  and sqGλ  by  metric  

tensor. And if we substitute these µσλF  and  µσλG  into (1.17) then we 

express µσλΓ  by metric tensor. 
Using : 

 

)26.1(ν
µλµ

λνλν
λµ δ=⋅=⋅ gggg  

)27.1()()( ν
µµ

νν
µλµ

λννλ
µλ δ=δ=δ=⋅=⋅ TTgggg  

)29.1()28.1()(2/1 ρ
ν

ρλ
λν

νµµνµν δ=⋅+⋅= aagga  

)31.1()30.1( σµµσ
λ

σ
µλ

σµ −=δ=⋅ ccbc  

)32.1(0=⋅ ρ
νρ

sab  
we obtain: 
(1.23) + (1.32) + (1.30) = (1.33) 
 

)33.1()( ,,, µσωωµσσωµ
ρω

σµ
ρ +−⋅= bbbcG  
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(1.18) + (1.33) + (1.29) = (1.34) 
−−+⋅= νσµµνσσµν

ρν
µσ

ρ
,,,( aaaaF  

              −+−⋅⋅− νσωωνσσων
λω

µλ ][ ,,, bbbca  

             )34.1(])[ ,,, νµωωνµµων
λω

σλ +−⋅⋅− bbbca  
 (1.17) + (1.34) + (1.33) = (1.35) 
 −−+⋅⋅=Γ νσµµνσσµν

ρν
µσ

ρ
,,,({2/1 aaaa  

              −+−⋅⋅− νσωωνσσων
λω

µλ ][ ,,, bbbca  

             ++−⋅⋅− νµωωνµµων
λω

σλ ])[ ,,, bbbca  

             )35.1()}( ,,, µσωωµσσωµ
ρω +−⋅+ bbbc  

            
 
2). Symmetric metric tensor.     
 

If we consider symmetric µνg (т.е. 0=µνb ) 

then from (1.35) it follows that 
              )1.2()(2/1 ,,, νσµµνσσµν

λνµσλ −+⋅⋅=Γ aaaa  

And from symmetry νµνµµνµν === gaag  it follows that 

                 σµλµσλ Γ=Γ  
 
3). Antisymmetric metric tensor.    
а If we consider antisymmetric )0( =µνµν ag  

then from (1.35) it follows that 
 

)1.3()(2/1 ,,, νσµµνσσµν
λµ

νσλ +−⋅⋅=Γ bbbc  

 And from symmetry νµνµµνµν −=−== gbbg  it follows that 

                      σνλνσλ Γ−=Γ  
 
4) The generalization of the First Noether theorem on asymmetric 
metric tensors and some others generalizations. 
 
On site  www.telnin.narod.ru  the  Part VI contains  the description of  Christoffel 
symbols  for asymmetric metric tensors.  
     Then – the main part – Part VII – deals with the First  Noether theorem. This 
theorem is generalized on the curved spaces and on the asymmetric metric tensors. 
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And also it takes into account the second derivatives of the matter fields by the 
coordinates in Lagrangian (this permits to apply this theorem to gravity).  
   The Part VIII is the simple example of using by this generalized theorem. It gives 
the definitions for the energy-momentum vectors for matter and also for the 
gravitational field. 
    The Part IX is the application of Part VIII to the Schwarzschild metric. And it 
gives the energy of the Earth gravitational field. 
 
The (1.35)  is been used in Part VII [1] and in Part VIII [2]. 
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