
On Clifford Space and Higher Curvature
Gravity

Carlos Castro
Center for Theoretical Studies of Physical Systems

Clark Atlanta University, Atlanta, Georgia. 30314, perelmanc@hotmail.com

June 2012

Abstract

Clifford-space Gravity is revisited and new results are found. A deriva-
tion of the proper expressions for the connections (with torsion) in Clifford
spaces ( C-spaces) is presented. The introduction of hyper-determinants
of hyper-matrices are instrumental in the derivation of the C-space gener-
alized gravitational field equations from a variational principle and based
on the extension of the Einstein-Hilbert-Cartan action. We conclude by
pointing out the relations of Clifford space gravity to Lanczos-Lovelock-
Cartan higher curvature gravity with torsion and extended gravitational
theories based on f(R), f(Rµν), ... actions, for polynomial-valued func-
tions. Introducing nonmetricity furnishes higher curvature extensions of
metric affine theories of gravity.

1 Introduction

In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces)
and Clifford-Phase spaces were developed [1], [2]. This extended relativity in
Clifford spaces theory should not be confused with the extended relativity theory
(ER) proposed by Erasmo Recami and collaborators [3] many years ago which
was based on the Special Relativity theory extended to Antimatter and Super-
luminal motions. Since the beginning of the seventies, an “Extended special
Relativity” (ER) exists, which on the basis of the ordinary postulates of Special
Relativity (chosen “com grano salis”) describes also superluminal motions in a
rather simple way, and without any severe causality violations. Reviews of that
theory of ER can be found in [3].

The Extended Relativity theory in Clifford-spaces (C-spaces) is a natural
extension of the ordinary Relativity theory whose generalized coordinates are

1



Clifford polyvector-valued quantities which incorporate the lines, areas, vol-
umes, and hyper-volumes degrees of freedom associated with the collective dy-
namics of particles, strings, membranes, p-branes (closed p-branes) moving in
a D-dimensional target spacetime background. C-space Relativity permits to
study the dynamics of all (closed) p-branes, for different values of p, on a unified
footing. Our theory has 2 fundamental parameters : the speed of a light c and
a length scale which can be set to be equal to the Planck length. The role of
“photons” in C-space is played by tensionless branes. An extensive review of
the Extended Relativity Theory in Clifford spaces can be found in [1].

The poly-vector valued coordinates xµ, xµ1µ2 , xµ1µ2µ3 , ... are now linked to
the basis vectors generators γµ, bi-vectors generators γµ ∧ γν , tri-vectors gener-
ators γµ1 ∧ γµ2 ∧ γµ3 , ... of the Clifford algebra, including the Clifford algebra
unit element (associated to a scalar coordinate). These poly-vector valued coor-
dinates can be interpreted as the quenched-degrees of freedom of an ensemble of
p-loops associated with the dynamics of closed p-branes, for p = 0, 1, 2, ..., D−1,
embedded in a target D-dimensional spacetime background.

The C-space poly-vector-valued momentum is defined as P = dX/dΣ where
X is the Clifford-valued coordinate corresponding to the Cl(1, 3) algebra in
four-dimensions

X = σ 1 + xµ γµ + xµν γµ∧γν + xµνρ γµ∧γν∧γρ + xµνρτ γµ∧γν∧γρ∧γτ (1.1)

σ is the Clifford scalar component of the poly-vector-valued coordinate and
dΣ is the infinitesimal C-space proper “time” interval which is invariant un-
der Cl(1, 3) transformations which are the Clifford-algebra extensions of the
SO(1, 3) Lorentz transformations [1]. One should emphasize that dΣ, which is
given by the square root of the quadratic interval in C-space

(dΣ)2 = (dσ)2 + dxµ dx
µ + dxµν dx

µν + . . . (1.2)

is not equal to the proper time Lorentz-invariant interval ds in ordinary space-
time (ds)2 = gµνdx

µdxν = dxµdx
µ.

The main purpose of this work is to construct a generalized gravitational the-
ory in Clifford spaces based on the proper expression for the connections involv-
ing the generalized spin connection terms. Clifford space gravity has a relation
to Lanczos-Lovelock-Cartan higher curvature gravity with torsion, and extended
gravitational theories based on f(R), f(Rµν), ... actions, for polynomial-valued
functions. In essence, the Lanczcos-Lovelock-Cartan curvature tensors appear
as Ricci-like traces of certain components of the C-space curvatures. Introduc-
ing nonmetricity furnishes higher curvature extensions of metric affine theories
of gravity [9].
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2 Clifford-space Gravity

At the beginning of this section we follow closely the work in [1] and then we
depart from it by constructing Clifford space (C-space) gravity without making
any a priori assumptions on the C-space connections. Let the vector fields γµ,
µ = 1, 2, ..., n be a coordinate basis in Vn satisfying the Clifford algebra relation

γµ · γν ≡
1
2(γµγν + γνγµ) = gµν (2.1)

where gµν is the metric of Vn. In curved space γµ and gµν cannot be constant but
necessarily depend on position xµ. An arbitrary vector is a linear superposition
[4] a = aµγµ where the components aµ are scalars from the geometric point of
view, whilst γµ are vectors.

Besides the basis {γµ} we can introduce the reciprocal basis1 {γµ} satisfying

γµ · γν ≡ 1
2(γµγν + γνγµ) = gµν (2.2)

where gµν is the covariant metric tensor such that

gµαgαν = δµν , γµγν + γνγ
µ = 2δµν and γµ = gµνγν

Let us now consider C-space and very briefly recur to the procedure of [1],
[5]. A basis in C-space is given by

EA = {γ, γµ, γµ ∧ γν , γµ ∧ γν ∧ γρ, ...} (2.3)

where γ is the unit element of the Clifford algebra that we label as 1 from now on.
In an r-vector γµ1 ∧γµ2 ∧ ...∧γµr

we take the indices so that µ1 < µ2 < ... < µr.
An element of C-space is a Clifford number, called also Polyvector or Clifford
aggregate which we now write in the form

X = XAEA = s1 + xµγµ + xµνγµ ∧ γν + ... (2.4)

A C-space is parametrized not only by 1-vector coordinates xµ but also by the
2-vector coordinates xµν , 3-vector coordinates xµνα, ..., called also holographic
coordinates, since they describe the holographic projections of 1-loops, 2-loops,
3-loops,..., onto the coordinate planes. By p-loop we mean a closed p-brane; in
particular, a 1-loop is closed string. In order to avoid using the powers of the
Planck scale length parameter Lp in the expansion of the poly-vector X we can
set set to unity to simplify matters.

In a flat C-space the basis vectors EA are constants. In a curved C-space
this is no longer true. Each EA is a function of the C-space coordinates

XA = {s, xµ, xµν , ...} (2.5)
1In Appendix A of the Hesteness book [4] the frame {γµ} is called dual frame because the

duality operation is used in constructing it.
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which include scalar, vector, bivector,..., r-vector,..., coordinates.
We now depart from our previous work [1] and construct the connection

in curved C-space based on the derivatives acting on the C-space beins EAM
according to ∂KEAM = Γ̂LKMEAL where ∂A ≡ ∂/∂XA is the ordinary derivative
in C-space.

We begin by writing the covariant derivative of the EAM (X) beins as

∇KEAM = ∂K(EAM ) − ΓLKM EAL − ωAKC ECM (2.6)

after using the standard connection ΓLKM to contract curved space indices and
the spin connection ωAKC to contract tangent space indices. One must assume
also that the inverse bein EMA is well defined as well so that EAMEMB = δAB . The
covariant derivative is zero ∇KEAM = 0 if the nonmetricity is zero. In this latter
case

∇KEAM = 0 ⇒ ∂K(EAM ) = ΓLKM EAL + ωAKC ECM (2.7a)

and one can then reabsorb the contribution of the spin connection ωACK = −ωCAK
into the ordinary connection as follows

Γ̂LKM = ΓLKM + ωAKC ECM ELA, Γ̂KML = ΓKML + ωKCA ECM EAL (2.7b)

and rewrite the ordinary derivatives of γM using now the hatted connections as

∂K γM = ∂K(EAMγA) = Γ̂LKM EAL γA = Γ̂LKMγL (2.8)

where as usual A,B,C,D... are tangent space indices and J,K,M,N, are curved
space ones. The presence of the hatted connection in the definition of the
derivatives of the curved space basis generators in eq-(2.8) should be contrasted
with our previous results [1] and with a spin gauge theory of gravity in Clifford
Spaces [6]. The zero covariant derivative of the EAM is also compatible with
the zero covariant derivative of the C-space metric. The latter curved C-space
metric is defined2 as the scalar part of the Clifford geometric product

gMN = < γMγN > = EAM EBN < γAγB > = EAM EBN ηAB (2.9)

The scalar part of the curved C-space generator basis γM is given by

< γM >=< EAMγA >= E0
Mγ0

where γA is the tangent space basis generator and γ0 corresponds to the tangent
space unit generator 1. The Clifford geometric product γMγN can be written
in terms of the Clifford algebra structure constants CCAB associated with the
tangent space generators γA, and given in the Appendix, as

2We thank Matej Pavsic for insisting on this point.
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γMγN = EAM EBN γAγB = EAM EBN CCAB γC =

(EAM EBN CCAB EJC) γJ = CJMN γJ , EAM EBN CCAB EJC ≡ CJMN (2.10)

Taking derivatives of (2.10) and evaluating the scalar parts gives then

∂K gMN = ∂K < γMγN > = ∂K < CJMNγJ > =

∂K (CJMN E0
J) = (∂KCJMN ) E0

J + CJMN Γ̂LKJ E0
L = < ∂K (CJMN γJ) > =

< ∂K (γMγN ) > = Γ̂LKM gLN + gML Γ̂LKN = Γ̂KMN + Γ̂KNM =

ΓKMN + ΓKNM = ∂K gMN (2.11)

due to an explicit cancellation of the spin connection terms in the sum of the
Γ̂ terms

ωKCA ECM EAN + ωKCA ECN EAM = 0 (2.12)

in eq-(2.11) as a result of the anti-symmetry property ωKAC = −ωKCA.
Hence, from (2.11) one can infer that the nonmetricity is zero (as expected)

∇K gMN = ∂K gMN − ΓKMN − ΓKNM = 0 (2.13)

and that the derivative operation commutes with taking the scalar part of the
Cliford geometric product

∂K < γMγN > = < ∂K(γMγN ) > (2.14)

One may notice that it is not necessary to focus on the scalar parts of the
Clifford geometric product to arrive at (2.11) but one can start directly from the
full Clifford geometric product written in terms of the Clifford algebra structure
constants as

γM γN = EAM EBN γAγB = EAM EBN CCABγC = CCMN γC (2.15)

CCAB are constants but CCMN = EAME
B
NC

C
AB are not constant due to the X

dependence of the beins. Taking derivatives on both sides of (2.15), , gives

∂K (γM γN ) = ∂K (CCMNγC) ⇒ Γ̂LKM CCLN γC + Γ̂LKN CCML γC = (∂KCCMN ) γC
(2.16a)

which allows the cancellation of the γC factors on both sides. Upon writing

CCLN = EAL EBN CCAB , C
C
ML = EAM EBL CCAB , C

C
MN = EAM EBN CCAB (2.16b)

allows to cancel also the structure constants CCAB on both sides of the equa-
tion (2.16b), when CCAB 6= 0, leading to a rigorous expression involving the
derivatives of the C-space beins and the hatted connections of the form

Γ̂LKM EAL EBN + Γ̂LKN EBL EAM = ∂K(EAM EBN ), (2.17)
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Eq-(2.17) is another way to define the hatted connections in terms of deriva-
tives of the C-space beins (rather than the metric) and which encodes the full
Clifford algebraic structure. We may notice that if one multiplies both sides of
(2.17) by ηAB one arrives at the same relationship as in eq-(2.11) after defining
EAME

B
NηAB = gMN , and the remaining terms as well, due to the cancellation of

the spin connection terms as displayed by eq-(2.12).
If the ordinary connection is symmetric ΓKMN = ΓMKN (not to be confused

with the Γ̂KMN ) in the first two indices, from eq-(2.11) one can arrive at the
Levi-Civita-like expression. This can be attained by writing

∂K gMN − ΓKMN − ΓKNM = 0 (2.18a)

∂M gKN − ΓMKN − ΓMNK = 0 (2.18b)

∂N gMK − ΓNMK − ΓNKM = 0 (2.18c)

and after subtracting eqs-(2.18b, 2.18c ) from eq-(2.18a) one arrives at the Levi-
Civita-like expression for the connection

ΓMNK = 1
2 (∂MgKN + ∂NgMK − ∂KgMN ) (2.19)

due to the symmetry property ΓKMN = ΓMKN in the first two indices. In
general, C-space admits torsion [1] and the connection ΓNKM 6= ΓNMK is not
symmetric. For example, if ΓKMN = ΓKNM is symmetric in the last two
indices from (2.11) one has ΓKMN = 1

2∂KgMN 6= ΓMKN = 1
2∂MgKN and one

has torsion.
The torsion is defined as TNKM = ΓNKM − ΓNMK in C-space, assuming the

anholonomy coefficients fNKM are zero, [∂K , ∂M ] = fNKM∂N . If the latter co-
efficients are not zero one must include fNKM into the definition of Torsion as
follows

TNKM = ΓNKM − ΓNMK − fNKM (2..21)

Also one can also introduce nonmetricity

∇KEAM 6= 0 ⇒ ∂KE
A
M 6= Γ̂LKM EAL ⇒ ∇KgMN = QKMN 6= 0 (2.20)

However for the time being we will set the nonmetricity to zero.
In the case of nonsymmetric connections with torsion, the curvature obeys

the relations under the exchange of indices

RMNJK = − RNMJK , RMNKJ = − RMNJK , but RMNJK 6= RJKMN

(2.22)
and is defined, when fJMN = 0, in terms of the hatted connection components
Γ̂LKM = ΓLKM + ωAKCE

C
ME

L
A as follows

R K
MNJ = ∂M Γ̂ K

MJ − ∂N Γ̂ K
MJ + Γ̂KML Γ̂LNJ − Γ̂KNL Γ̂LMJ (2.23)
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The spin connection terms do not decouple from the expression in (2.23); this
is one of the differences among the present construction of C-space gravity and
those in [1], [6]. There are other differences, like the use of hyper-determinants,
as we shall elaborate below. If fKMN 6= 0 one must also include these anholonomy
coefficients into the definition of curvature (2.23) by adding terms of the form
−fLMN Γ̂KLJ .

The standard Riemann-Cartan curvature tensor in ordinary spacetime is
contained in C-space as follows

Rµ1µ2ρ1
ρ2 = ∂µ1Γρ2

µ2ρ1
− ∂µ2Γρ2

µ1ρ1
+ Γρ2

µ1σ Γσµ2ρ1
− Γρ2

µ2σ Γσµ1ρ1
⊂

Rµ1µ2ρ1
ρ2 = ∂µ1 Γ̂ρ2

µ2ρ1
− ∂µ2 Γ̂ρ2

µ1ρ1
+ Γ̂ρ2

µ1 M Γ̂M
µ2ρ1

− Γ̂ρ2
µ2 M Γ̂M

µ1ρ1
(2.24)

due to the contractions involving the poly-vector valued indices M in eq-(2.24)
and the presence of the ordinary connection Γρµν within the Γ̂ρµν . There is also
the crucial difference that Rµ1µ2ρ1

ρ2(s, xν , xν1ν2 , ...) has now an additional
dependence on all the C-space poly-vector valued coordinates s, xν1ν2 , xν1ν2ν3 , ...
besides the xν coordinates. The curvature in the presence of torsion does not
satisfy the same symmetry relations when there is no torsion, therefore the
Ricci-like tensor is no longer symmetric

RMNJ
N = RMJ , RMJ 6= RJM , R = gMJ RMJ (2.25)

The C-space Ricci-like tensor is

R N
M =

D∑
j=1

R N [ν1ν2...νj ]
M [ν1ν2...νj ] + R N 0

M 0 (2.26)

and the C-space curvature scalar is

R =
D∑

j,k=1
R[µ1µ2...µj ] [ν1ν2...νk]

[µ1µ2...µj ] [ν1ν2...νk] +
D∑
j=1

R[µ1µ2...µj ] 0
[µ1µ2...µj ] 0

(2.27)
One may construct an Einstein-Hilbert-Cartan like action based on the C-

space curvature scalar. This requires the use of hyper-determinants. The hyper-
determinant of a hyper-matrix [15] can be recast in terms of discriminants [16].
In this fashion one can define the hyper-determinant of gMN as products of the
hyper-determinants corresponding to the hyper-matrices3

g[µ1µ2] [ν1ν2], . . . , g[µ1µ2...µk] [ν1ν2...νk], for 1 < k < D (2.28)

and construct a suitable measure of integration µm(s, xµ, xµ1µ2 , . . . , xµ1µ2...µD )
in C-space which, in turn, would allow us to build the C-space version of the

3The hyper-determinant of a product of two hyper-matrices is not equal to the product of
their hyper-determinants. However, one is not multiplying two hyper-matrices but decompos-
ing the hyper-matrix gMN into its different blocks.
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Einstein-Hilbert-Cartan action with a cosmological constant

1
2κ2

∫
ds
∏

dxµ
∏

dxµ1µ2 . . . dxµ1µ2...µD µm(s, xµ, xµ1µ2 , . . .) (R − 2Λ)
(2.29)

κ2 is the C-space gravitational coupling constant. In ordinary gravity it is set
to 8πGN , with GN being the Newtonian coupling constant.

The measure must obey the relation

[DX] µm(X) = [DX′] µ′m(X′) (2.30)

under poly-vector valued coordinate transformations in C-space. The C-space
metric transforms as

g′JK = gMN
∂XM

∂X ′J
∂XN

∂X ′K
(2.31)

but now one has that√
hdet g′ 6=

√
hdet g hdet

(
∂XM

∂X ′N

)
(2.32)

due to the multiplicative “anomaly” of the product of hyper-determinants. So
the measure µm does not coincide with the square root of the hyper-determinant.
It is a more complicated function of the hyper-determinant of gAB and obeying
eq-(2.63).4 One could write hdet(X · Y ) = ZAhdet(X)hdet(Y ), where ZA 6= 1
is the multiplicative anomaly and in this fashion eq-(2.30) leads to an implicit
definition of the measure µm(hdetgAB).

The ordinary determinant g = det(gµν) obeys

δ
√
−g = − 1

2
√
−g gµν δgµν (2.33)

which was fundamental in the derivation of Einstein equations from a variation
of the Einstein-Hilbert action. However, when hyper-determinants of the C-
space metric gAB are involved it is no longer true that the relation (2.33) holds
anymore in order to obtain the C-space gravity field equations in the presence
of torsion and a cosmological constant.

Using the relation δRMN = ∇JδΓ̂JMN −∇NδΓ̂JJM , a variation of the action

1
2κ2

∫
ds
∏

dxµ
∏

dxµ1µ2 . . . dxµ1µ2...µD µm(|hdet gMN |) (R−2Λ) + Smatter

(2.34)
4There is no known generalization of the Binet-Cauchy formula det(AB) = det(A) det(B)

for 2 arbitrary hypermatrices. However, in the case of particular types of hypermatrices,
some results are known. Let X, Y be two hypermatrices. Suppose that Y is a n× n matrix.
Then, a well-defined hypermatrix product XY is defined in such a way that the hyperdeter-
minant satisfies the rule hdet(X · Y ) = hdet(X)hdet(Y )N/n. There, n is the degree of the
hyperdeterminant and N is a number related to the format of the hypermatrix X.
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with respect to the C-space metric gMN yields the correct C-space field equa-
tions

R(MN) + (R − 2Λ) δln(µm(|hdet gMN |))
δgMN

= κ2 TMN (2.35)

If, and only if,
δln(µm(|hdet gMN |))

δgMN
= − 1

2 gMN (2.36)

then the field equations (2.35) would coincide with the naive C-space extension
of Einstein’s equations with a cosmological constant. One should note that the
field equations (2.35) contain torsion since R(MN),R are defined in terms of the
nonsymmetric connection ΓJMN 6= ΓJNM which are contained within the Γ̂JMN .
Eqs-(2.35) are the correct C-space field equations one should use in general.
The field equations (2.35), for example, are very different from those found in
[19] based on a fourth-rank symmetric metric tensor.

The hyper-determinant of the C-space metric gMN (a hyper matrix) involv-
ing all the components of the same and different grade is defined as

hdet(gMN ) ≡ g00 det(gµν)hdet(gµ1µ2 ν1ν2)hdet(gµ ν1ν2) · · ·
· · · hdet(gµ1...µD−1ν1...νD−1)gµ1...µDν1...νD

(2.37)

where the hyper-determinant of gµν coincides with the ordinary determinant of
gµν . Notice once more that the hyper-determinant of a product of two hyper-
matrices is not equal to the product of their hyper-determinants. However, in
(2.37) one is not multiplying two hyper-matrices gAB , g′AB , but decomposing
the hyper-matrix gAB into different blocks.

To see how the components of gMN can be realized as hyper-matrices one
may choose for example the bivector-bivector metric entries g12 34 = g34 12
such that these components are constrained to obey g21 34 = −g12 34 = g12 43.
And g11 34 = g22 34 = . . . = gDD 34 = 0. In this fashion one can realize
gµ1µ2 ν1ν2 as the entries of a hyper-matrix hijkl obeying certain symmetry (anti-
symmetry) conditions. One may choose for example the vector-bivector metric
entries g1 34 = g34 1 such that g1 34 = −g1 43. And g1 11 = g1 22 = . . . =
g1 DD = 0. In this fashion one can realize gµ ν1ν2 as the entries of a hyper-
matrix hijk, ... Hence, a variation of the action with respect to gMN leads
to a complicated expression (2.35) that does not necessarily coincide with the
naive extension of Einstein’s field equations in C-space. We are assuming also
that the hyper-determinant exists and is non-vanishing. At this stage we should
also remark that C-space gravity corresponding to a Clifford algebra in D-
dimensions is physically very distinct from ordinary gravity in the corresponding
2D-dimensional space.

The hyper-determinant of a third rank hyper-matrix Aijk where the indices
i, j, k run from 1, 2, 3, ..., D may be taken to be
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1
D! ε

i1i2...iD εj1j2...jD εk1k2...kD Ai1j1k1 Ai2j2k2 . . . AiDjDkD
(2.38)

and similarly one can define the hyper-determinants for the other higher-rank
hyper-matrices. We should emphasize that the hyper-determinant (2.38) when
D = 2 is not the same as the Cayley hyper-determinant of a 2 × 2 × 2 cubic
hyper-matrix [15]. The latter Cayley determinant was instrumental in finding
the relationship between the black hole entropy in extended supergravity and
the entanglement of a three qubit system [17].

To sum up, the use of hyper-determinants is required to construct the ana-
log of the Einstein-Hilbert-Cartan action in C-spaces. A variation of the action
in C-space leads to the generalized field equations (2.35) (with torsion) that
do not necessarily coincide with the naive C-space extension of Einstein’s field
equations. In ordinary Relativity, without torsion, one can construct the Ein-
stein tensor by performing two successive contractions of the differential Bianchi
identity. It also leads to the conservation of the stress energy tensor in the right
hand side. Presumably this procedure based on the modified Bianchi identities
could apply also to C-space leading to the field equations (2.35) which contain
torsion since R(MN),R are defined in terms of Γ̂JMN which contain the non-
symmetric connection ΓJMN 6= ΓJNM . An immediate question arises, does the
Palatini formalism work also in C-spaces? Namely, does a variation with respect
to the C-space connection (δS/δΓ̂JMN ) = 0 yield the same connections as those
depicted above in this section? We leave this difficult question for future work.

A crucial question remains. In view of the expressions found in the above
construction of C-space gravity, one can realize that one would have been able to
obtain them without recurring to the Clifford algebraic structure, by simply ex-
tending the ordinary coordinate indices to poly-vector valued ones. For instance,
by replacing eaµ, gµν ,Γρµν , Rσµνρ... for EAM , gMN ,ΓKMN , R

K
MNJ , ..., respectively. So

the key question is : where does the Clifford algebraic structure manifest itself
in the above construction of C-space gravity? To simply answer this question
we just write

γσ γν = 1
2 {γ

σ, γν} + 1
2 [γσ, γν ] = gσν + γσν (2.39)

with symmetric gσν , antisymmetric γσν = −γνσ and after using the beins, and
inverse beins, as follows

γµγν = eµae
ν
bγ

aγb = gµν + γµν (2.40)

where
gµν = eµ(ae

ν
b) η

ab, γµν = eµ[ae
ν
b] γ

ab (2.41)

After taking derivatives of the anti-commutator with respect to xρ, using ∂ργµ =
Γ̂µρMγM = Γ̂µρσγσ + ..., one learns that

∂ρ{γµ, γν} = 2 ∂ρgµν ⇒
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Γ̂µρ σ γσ γν + γµ Γ̂νρ σ γσ + Γ̂νρ σ γσ γµ + γν Γ̂µρ σ γσ =

2 Γ̂µνρ + 2 Γ̂νµρ = 2 ∂ρgµν ⇒

Γµνρ + Γνµρ = ∂ρg
µν (2.42)

and one obtains, as expected, the same relationship as that in eq-(2.11) after
raising indices and due to the key cancellation of the spin connection terms in
the summation of the Γ̂ terms.

Taking derivatives of the commutator

∂ρ[γµ, γν ] = 2 ∂ργµν (2.43)

one learns that

Γ̂µρ σ γσν − Γ̂νρ σ γσµ = Γ̂[µν]
ρ τ1τ2

γτ1τ2 (2.44)

after using

∂ργ
µν = Γ̂[µν]

ρ τ1τ2
γτ1τ2 + ... (2.45)

From eqs- (2.44) one obtains, after performing contractions of the form <
γabγcd >= (constant) · δabcd , the following relationship

Γ̂µα σ δ
σν
ρ1ρ2

− Γ̂να σ δ
σµ
ρ1ρ2

= Γ̂[µν]
α τ1τ2

δτ1τ2
ρ1ρ2

= Γ̂[µν]
α ρ1ρ2

(2.46a)

Raising and lowering indices in (2.46a) yields the algebraic relationship between
the connection components of the form

Γ̂σα µ g[σν] [ρ1ρ2] − Γ̂σα ν g[σµ] [ρ1ρ2] = Γ̂α [µν] [ρ1ρ2] (2.46b)

Here comes the key point. Since the expression for Γ̂σα µ in the left hand side
of (2.46b) involves terms with first derivatives of the ordinary rank-two metric
gµν , with vector-vector indices, and the expression for Γ̂α [µν] [ρ1ρ2] involves
terms with first derivatives of a fourth-rank metric gµ1µ2 ν1ν2 , with bivector-
bivector indices, then eq-(2.46b) imposes an algebraic relationship (constraint)
between the first order derivatives of the C-space metric components. Such
algebraic relationship is enforced by the Clifford algebraic structure itself. This
is precisely where the Clifford algebra manifests itself in the construction of
C-space gravity. For this reason the latter is not a naive extension of vector
indices to poly-vector valued ones.

If one wishes to avoid algebraic constraints among the first order derivatives
of the C-space metric, a careful inspection of eq-(2.46b) reveals that one may
convert eq-(2.46b) into an identity, instead of a constraint, by decomposing
gµ1µ2 ν1ν2 , into irreducible products of ordinary metrics, as well as the spin
connection ωACK , like

g[µ1µ2] [ν1ν2] = gµ1ν1 gµ2ν2 − gµ2ν1 gµ1ν2 (2.47a)
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and in general, for metric components of the same grade one has

g[µ1µ2...µk] [ν1ν2...νk] = det Gµiνj = εj1j2...jk
gµ1νj1 gµ2νj2 . . . gµ2νjk , k = 1, 2, 3, . . . D

(2.47b)
The determinant of Gµiνj can be written as

det


gµ1ν1 . . . . . . gµ1νk

gµ2ν1 . . . . . . gµ2νk

−−−−−−−−−−− −−−−−−−−−−−−−−
gµkν1 . . . . . . gµkνk

 , (2.47b)

where each gµiνj
is a function of all of the C-space coordinates X components.

In the case of metric components of mixed grade, like gµ1µ2 ν , gµ1µ2 ν1ν2ν3 , ...
one may use the 0 index corresponding to the scalar component to write the
decomposition as

gµ1µ2 ν = gµ1ν gµ20 − gµ2ν gµ10 (2.48a)

gµ1µ2 ν1ν2ν3 = gµ1ν1 gµ2ν2 g0ν3 ± permutations (2.48b)

gµ1µ2µ3 ν = gµ1ν gµ2µ3 0 ± permutations (2.48c)

and so forth.
The decomposition of the C-space metric into irreducible products is dic-

tated by the full Clifford algebraic structure itself and cannot be inferred alone
by just looking at the scalar part of the Clifford geometric product < γMγN >
and which lead to the equation (2.11) expressing the ordinary connections as
derivatives of the metric gMN . Similar decomposition of the C-space metric
occurs for the C-space beins, inverse beins. The use of the C-space beins
allows to rewrite the geometric product of curved base-space generators, like
γµγν = eµae

ν
bγ

aγb = gµν + γµν , after using gµν = eµ(ae
ν
b)η

ab and γµν = eµ[ae
ν
b]γ

ab

so the Clifford algebraic structure is also maintained in the curved-base mani-
fold. In this way one can decompose the C-space inverse beins EMA into an-
tisymmetrized sums of products of eµa . For example, eµ1µ2

a1a2
= eµ1

b1
eµ2
b2
δb1b2
a1a2

;
eµ1µ2µ3µ4
a1a2a3a4

= eµ1µ2
b1b2

eµ3µ4
b3b4

δb1b2b3b4
a1a2a3a4

; and so on.
One could relinquish the decomposition of the C-space metric, beins, and/or

connections into its irreducible pieces if one enforces the relationships among
their first order derivatives of the C-space metric gMN components imposed by
the full Clifford algebraic structure. In this case, when one is looking for solu-
tions to the second order nonlinear differential C-space gravity field equations,
one must take into account these relationships among the first order derivatives
in the formulation of the initial valued Cauchy problem. This would be an un-
desirable program. For this reason, one should avoid these relations among the
first order derivatives by decomposing the metric, beins, connections ... into
its irreducible pieces and, which in turn, convert these a priori relations (con-
straints) into mere identities involving first derivatives of the irreducible metric
components.
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To finalize we add some remarks about the physical applications of C-space
gravity to higher curvature theories of gravity. One of the key properties of
Lanczos-Lovelock-Cartan gravity (with torsion) is that the field equations do
not contain higher derivatives of the metric tensor beyond the second order due
to the fact that the action does not contain derivatives of the curvature, see
[8], [12], [14], [10] and references therein. They have numerous physical appli-
cations. For instance, gravitational actions of third order in the curvature leads
to a conjecture about general Palatini-Lovelock-Cartan gravity [11] where the
problem of relating torsional gravity to higher-order corrections of the bosonic
string-effective action was revisited. In the torsionless case, black-strings and
black-brane metric solutions in higher dimensions D > 4 play an important role
in finding specific examples of solutions to Lanczos-Lovelock gravity [13].

The n-th order Lanczos-Lovelock-Cartan curvature tensor is defined as

R(n) ρ1ρ2...ρ2n
µ1µ2...µ2n

= δρ1ρ2...ρ2n
τ1τ2...τ2n

δν1ν2...ν2n
µ1µ2...µ2n

R τ1τ2
ν1ν2

R τ3τ4
ν3ν4

. . . R τ2n−1τ2n
ν2n−1ν2n

(2.49)

the n-th order Lovelock curvature scalar is

R(n) = δν1ν2...ν2n
τ1τ2...τ2n

R τ1τ2
ν1ν2

R τ3τ4
ν3ν4

. . . . R τ2n−1τ2n
ν2n−1ν2n

(2.50)

the above curvature tensors are antisymmetric under the exchange of any of the
µ (ρ) indices. The Lanczos-Lovelock-Cartan Lagrangian density is

L = √
g

[ D
2 ]∑

n=0
cn Ln, Ln = 1

2n R
(n) (2.51)

where cn are arbitrary coefficients; the first term corresponds to the cosmological
constant. The integer part is [D2 ] = D

2 when D = even, and D−1
2 when D = odd.

The general Lanczos-Lovelock-Cartan (LLC) theory in D spacetime dimensions
is given by the action

S =
∫

dDx
√
|g|

[ D
2 ]∑

n=0
cn Ln, (2.52)

A simple ansatz relating the LLC higher curvatures to C-space curvatures
is based on the following contractions

R(n) ν1ν2...ν2n
µ1µ2...µ2n

∼
D∑
k=1

R ν1ν2...ν2n ρ1ρ2...ρk
µ1µ2...µ2n ρ1ρ2...ρk

+ R ν1ν2...ν2n 0
µ1µ2...µ2n 0 (2.53)

Even simpler, one may still propose for an ansatz the following

R(n) ν1ν2...ν2n
µ1µ2...µ2n

∼ R ν1ν2...ν2n 0
µ1µ2...µ2n 0 (2.54)

where one must take a slice in C-space which requires to evaluate all the terms
in the right hand side of eqs-(2.53,2.54) at the “points” s = xµ1µ2 = . . . =
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xµ1µ2...µD = 0, for all xµ, since the left hand side of eqs-(2.53,2.54) solely depends
on the vector coordinates xµ.

The plausible relation to extended gravitational theories based on the scalar
curvature and higher order terms like the f(R), f(Rµν), . . . actions for polynomial-
valued functions, and which obviate the need for dark matter, warrants also fur-
ther investigation [18]. After evaluating the C-space scalar curvature, setting
the values of all the poly-vector coordinates to zero, except the xµ coordinates,
and decomposing the C-space metric gMN into its irreducible products of gµν ,
( and the C-space spin connection ωACK ) one has

R =
∑

. . . = a1R + a2R
2 + . . . + aNR

N (2.55)

N = [D/2]. where the scalar curvature with torsion in Riemann-Cartan space
decomposes as R = R̂ − 1

4TabcT
abc [10] . Thus in eq- (2.55) one has a special

case of f(R, T ) for polynomial-valued functions involving curvature and torsion.
A conformal fourth-rank gravity theory based on curvature square actions and
polynomial identities for hyper-matrices has been studied earlier by [19]. Also
worth of exploring is the introduction of nonmetricity and its role in the con-
struction of higher curvature gravitational theories based on non-Riemannian
Metric Affine theories of Gravity (MAG) studied by [9].
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APPENDIX

The Clifford geometric product corresponding to the tangent space genera-
tors can be written as

γA γB = 1
2 {γA, γB} + 1

2 [γA, γB ] (A.1)

The commutators [γA, γB ] for pq = odd one has [7]

[ γb1b2...bp
, γa1a2...aq ] = 2γa1a2...aq

b1b2...bp
−

2p!q!
2!(p− 2)!(q − 2)! δ

[a1a2
[b1b2

γ
a3...aq ]
b3...bp] + 2p!q!

4!(p− 4)!(q − 4)! δ
[a1...a4
[b1...b4

γ
a5...aq ]
b5...bp] − . . .

(A.2)
for pq = even one has

[ γb1b2...bp
, γa1a2...aq ] = − (−1)p−12p!q!

1!(p− 1)!(q − 1)! δ
[a1
[b1

γ
a2a3...aq ]
b2b3...bp] −
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(−1)p−12p!q!
3!(p− 3)!(q − 3)! δ

[a1...a3
[b1...b3

γ
a4...aq ]
b4...bp] + . . . (A.3)

The anti-commutators for pq = even are

{ γb1b2...bp
, γa1a2...aq } = 2γa1a2...aq

b1b2...bp
−

2p!q!
2!(p− 2)!(q − 2)! δ

[a1a2
[b1b2

γ
a3...aq ]
b3...bp] + 2p!q!

4!(p− 4)!(q − 4)! δ
[a1...a4
[b1...b4

γ
a5...aq ]
b5...bp] − . . .

(A.4)
and the anti-commutators for pq = odd are

{ γb1b2...bp
, γa1a2...aq } = − (−1)p−12p!q!

1!(p− 1)!(q − 1)! δ
[a1
[b1

γ
a2a3...aq ]
b2b3...bp] −

(−1)p−12p!q!
3!(p− 3)!(q − 3)! δ

[a1...a3
[b1...b3

γ
a4...aq ]
b4...bp] + . . . (A.5)

Eqs-(A.1-A.5) allows to construct explicitly the Clifford geometric product of
the curved C-space basis generators γMγN = EAME

B
NγAγB via the introduction

of the C-space beins.

References
[1] C. Castro and M. Pavsic, Progress in Physics vol 1 (April 2005) 31. Phys.

Letts B 559 (2003) 74. Int. J. Theor. Phys 42 (2003) 1693.

[2] C. Castro, Foundations of Physics 35, no.6 (2005) 971. Prog. in Phys. 1
(April 2005) 20.

[3] E. Recami, Riv. di Nuovo Cimento 9 no. 6 (1986) 1. E. Recami and R.
Mignani, Riv. di Nuovo Cimento 4 (1974) 209 (erratum 398).

[4] D. Hestenes, “Spacetime Algebra” Gordon and Breach, New York, 1996.
D. Hestenes and G. Sobcyk, Clifford Algebra to Geometric Calculus (D.
Reidel Publishing Company, Dordrecht, 1984).

[5] M. Pavsic, The Landscape of Theoretical Physics: A Global View, from
point particles to the brane world and beyond, in search of a Unifying
Principle, (Fundamental Theories of Physics, vol. 19, Kluwer Academic
Publishers, Dordrecht, Boston, London, 2001).

[6] M. Pavsic, Int. J. Mod. Phys. A 21 (2006) 5905.

[7] K. Becker, M. Becker and J. Schwarz, String Theory and M-Theory: A
Modern Introduction (Cambridge University Press, 2007, pp. 543-545).

15



[8] C. Lanczos, Annals Math. 39, 842 (1938). D. Lovelock, J. Math. Phys 12
(1971) 498.

[9] F. Hehl, J. McCrea, E. Mielke and Y. Ne’eman, Physics Reports 258
(1995) 1-171.

[10] F. Hehl, P. Von Der Heyde, G. Kerlick and J. Nester, Rev. Mod. Phys 48
(1976) 393.
K. Banerjee, “Some aspects of Holst and Nie-Yan terms in General Rela-
tivity with Torsion” arXiv: gr-qc/1002.0669.

[11] R. Blumenhagen, A. Deser, E. Plauschinn and F. Rennecke, “Palatini-
Lovelock-Cartan Gravity, Bianchi Identities and Stringy Fluxes” arXiv:
hep-th/1202.4934.

[12] D. Kastor, “The Riemann-Lovelock Curvature Tensor” arXiv:hep-
th/1202.5287.
N. Dadhich and S. Jhingan, “The Lovelock gravity in the critical spacetime
dimension” arXiv: gr-qc/1205.4575.
T. Sisman, I. Gullu and B. Tekin, “Spectra, vacua and the unitar-
ity of Lovelock gravity in D-dimensional AdS spacetimes” arXiv:hep-th/
1204.3814.

[13] D. Kastor and R. Mann, “On black strings and branes in Lovelock gravity”
arXiv: hep-th/0603168.

[14] J. Crisostomo, R. Troncoso and J. Zanelli, Phys. Rev. D 62, 084013 (2000)
[arXiv:hep-th/0003271].

[15] A. Cayley, Cambridge Math. J. 4 (1845) 193.

[16] I. Gelfand, M. Kapranov and A. Zelevinsky, Discriminants, Resultants
and Determinants (Birkhauser 1994).
V. Dolotin and A. Morozov, “Introduction to Non-Linear Algebra” arXiv:
hep-th/0609022.

[17] L. Borsten, M. Duff and P. Levay, “The black-hole/qubit correspondence:
an up-to-date review” arXiv:hep-th/1206.3166.

[18] S. Capozziello and M. De Laurentis, “Extended Theories of Gravity”
[arXiv:gr-qc/1108.6266] (to appear in Physics Reports).

[19] V. Tapia, A.E Marrackchi and M. Cataldo, “Conformal Fourth-Rank
Gravity” arXiv: gr-qc/9303009.
V. Tapia and D. Ross, Class. Quan. Grav. 15 (1998) 245.
V. Tapia, “Polynomial identities for Hypermatrices” arXiv:math-
ph/0208010.

[20] C. Castro, J. Phys. A : Math. Theor. 43 (2010) 365201.

16


