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Abstract

A rigorous construction of Clifford-space Gravity is presented which is
compatible with the Clifford algebraic structure and permits the deriva-
tion of the expressions for the connections with torsion in Clifford spaces
( C-spaces). The C-space generalized gravitational field equations are de-
rived from a variational principle based on the extension of the Einstein-
Hilbert-Cartan action. We continue by arguing how Lanczos-Lovelock-
Cartan higher curvature gravity with torsion can be embedded into grav-
ity in Clifford spaces and suggest how this might also occur for extended
gravitational theories based on f(R), f(Rµν), ... actions, for polynomial-
valued functions. In essence, the Lanczcos-Lovelock-Cartan curvature ten-
sors appear as Ricci-like traces of certain components of the C-space cur-
vatures. Torsional gravity is related to higher-order corrections of the
bosonic string-effective action. In the torsionless case, black-strings and
black-brane metric solutions in higher dimensions D > 4 play an im-
portant role in finding specific examples of solutions to Lanczos-Lovelock
gravity.

1 Introduction

In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces)
and Clifford-Phase spaces were developed [1], [2]. This extended relativity in
Clifford spaces theory should not be confused with the extended relativity theory
(ER) proposed by Erasmo Recami and collaborators [3] many years ago which
was based on the Special Relativity theory extended to Antimatter and Super-
luminal motions. Since the beginning of the seventies, an “Extended special
Relativity” (ER) exists, which on the basis of the ordinary postulates of Special
Relativity (chosen “com grano salis”) describes also superluminal motions in a
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rather simple way, and without any severe causality violations. Reviews of that
theory of ER can be found in [3].

The Extended Relativity theory in Clifford-spaces (C-spaces) is a natural
extension of the ordinary Relativity theory whose generalized coordinates are
Clifford polyvector-valued quantities which incorporate the lines, areas, vol-
umes, and hyper-volumes degrees of freedom associated with the collective dy-
namics of particles, strings, membranes, p-branes (closed p-branes) moving in
a D-dimensional target spacetime background. C-space Relativity permits to
study the dynamics of all (closed) p-branes, for different values of p, on a unified
footing. Our theory has 2 fundamental parameters : the speed of a light c and
a length scale which can be set to be equal to the Planck length. The role of
“photons” in C-space is played by tensionless branes. An extensive review of
the Extended Relativity Theory in Clifford spaces can be found in [1].

The poly-vector valued coordinates xµ, xµ1µ2 , xµ1µ2µ3 , ... are now linked to
the basis vectors generators γµ, bi-vectors generators γµ ∧ γν , tri-vectors gener-
ators γµ1 ∧ γµ2 ∧ γµ3 , ... of the Clifford algebra, including the Clifford algebra
unit element (associated to a scalar coordinate). These poly-vector valued coor-
dinates can be interpreted as the quenched-degrees of freedom of an ensemble of
p-loops associated with the dynamics of closed p-branes, for p = 0, 1, 2, ..., D−1,
embedded in a target D-dimensional spacetime background.

The C-space poly-vector-valued momentum is defined as P = dX/dΣ where
X is the Clifford-valued coordinate corresponding to the Cl(1, 3) algebra in
four-dimensions

X = σ 1 + xµ γµ + xµν γµ∧γν + xµνρ γµ∧γµ∧γρ + xµνρτ γµ∧γµ∧γρ∧γτ (1.1)

σ is the Clifford scalar component of the poly-vector-valued coordinate and
dΣ is the infinitesimal C-space proper “time” interval which is invariant un-
der Cl(1, 3) transformations which are the Clifford-algebra extensions of the
SO(1, 3) Lorentz transformations [1]. One should emphasize that dΣ, which is
given by the square root of the quadratic interval in C-space

(dΣ)2 = (dσ)2 + dxµ dx
µ + dxµν dx

µν + . . . (1.2)

is not equal to the proper time Lorentz-invariant interval ds in ordinary space-
time (ds)2 = gµνdx

µdxν = dxµdx
µ.

The main purpose of this work is to build a generalized gravitational theory
in Clifford spaces and show how the Lanczos-Lovelock-Cartan higher curvature
gravity with torsion can be embedded in the former. In essence, the Lanczcos-
Lovelock-Cartan curvature tensors appear as Ricci-like traces of certain com-
ponents of the C-space curvatures. Gravitational actions of third order in the
curvature leads to a conjecture about general Palatini-Lovelock-Cartan gravity
[11] where the problem of relating torsional gravity to higher-order corrections
of the bosonic string-effective action was revisited. In the torsionless case, black-
strings and black-brane metric solutions in higher dimensions D > 4 play an
important role in finding specific examples of solutions to Lanczos-Lovelock
gravity.
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2 The construction of Clifford-space Gravity

At the beginning of this section we follow closely the work in [1] and then we
depart from it by constructing Clifford space (C-space) gravity without making
any a priori assumptions on the C-space connections. Let the vector fields γµ,
µ = 1, 2, ..., n be a coordinate basis in Vn satisfying the Clifford algebra relation

γµ · γν ≡
1
2(γµγν + γνγµ) = gµν (2.1)

where gµν is the metric of Vn. In curved space γµ and gµν cannot be constant but
necessarily depend on position xµ. An arbitrary vector is a linear superposition
[4] a = aµγµ where the components aµ are scalars from the geometric point of
view, whilst γµ are vectors.

Besides the basis {γµ} we can introduce the reciprocal basis1 {γµ} satisfying

γµ · γν ≡ 1
2 (γµγν + γνγµ) = gµν (2.2)

where gµν is the covariant metric tensor such that

gµαgαν = δµν , γµγν + γνγ
µ = 2δµν and γµ = gµνγν

Following ref.[4] (see also [5]) we consider the vector derivative or gradient
defined according to ∂ ≡ γµ∂µ where ∂µ is an operator whose action depends on
the quantity it acts on. Applying the vector derivative ∂ on a scalar field φ we
have ∂φ = γµ∂µφ where ∂µφ ≡ (∂/∂xµ)φ coincides with the partial derivative
of φ.

But if we apply it on a vector field a we have

∂a = γµ∂µ(aνγν) = γµ(∂µaνγν + aν∂µγν) (2.3)

In general γν is not constant; it satisfies the relation [4], [5]

∂µγν = Γ α
µν γα (2.4)

where Γαµν is the connection. Similarly, for γν = gναγα we have

∂µγ
ν = Γ ν

µ α γ
α = − Γ ν

µα γα (2.5)

For further references on Clifford algebras see [6], [7].
The non commuting operator ∂µ so defined determines the parallel transport

of a basis vector γν . Instead of the symbol ∂µ Hestenes uses �µ, whilst Misner,
Thorne and Wheeler, use ∇µ and call it “covariant derivative”. In modern,
mathematically oriented literature more explicit notation such as Dγµ or ∇γµ is
used. However, such a notation, although mathematically very relevant, would
not be very practical in long computations. We find it very convenient to keep

1In Appendix A of the Hesteness book [4] the frame {γµ} is called dual frame because the
duality operation is used in constructing it.
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the symbol ∂µ for components of the geometric operator ∂ = γµ∂µ. When
acting on a scalar field the derivative ∂µ happens to be commuting and thus
behaves as the ordinary partial derivative. When acting on a vector field, ∂µ
is a non commuting operator. In this respect, there can be no confusion with
partial derivative, because the latter normally acts on scalar fields, and in such
a case partial derivative and ∂µ are one and the same thing. However, when
acting on a vector field, the derivative ∂µ is non commuting. Our operator ∂µ
when acting on γµ or γµ should be distinguished from the ordinary commuting
partial derivative, let be denoted γν ,µ, usually used in the literature on the Dirac
equation in curved spacetime. The latter derivative is not used in the present
paper, so there should be no confusion.

Using (2.4), eq.(2.3) becomes

∂a = γµγν(∂µaν + Γνµαaα) ≡ γµγνDµa
ν = γµγνDµaν (2.6)

where Dµ is the covariant derivative of tensor analysis..
Let us now consider C-space and very briefly review the procedure of [1]. A

basis in C-space is given by

EA = {γ, γµ, γµ ∧ γν , γµ ∧ γν ∧ γρ, ...} (2.7)

where γ is the unit element of the Clifford algebra that we label as 1 from now on.
In an r-vector γµ1 ∧γµ2 ∧ ...∧γµr we take the indices so that µ1 < µ2 < ... < µr.
An element of C-space is a Clifford number, called also Polyvector or Clifford
aggregate which we now write in the form

X = XAEA = s1 + xµγµ + xµνγµ ∧ γν + ... (2.8)

A C-space is parametrized not only by 1-vector coordinates xµ but also by the
2-vector coordinates xµν , 3-vector coordinates xµνα, etc., called also holographic
coordinates, since they describe the holographic projections of 1-loops, 2-loops,
3-loops, etc., onto the coordinate planes. By p-loop we mean a closed p-brane;
in particular, a 1-loop is closed string. In order to avoid using the powers of the
Planck scale length parameter Lp in the expansion of the poly-vector X we can
set set to unity to simplify matters.

In a flat C-space the basis vectors EA are constants. In a curved C-space
this is no longer true. Each EA is a function of the C-space coordinates

XA = {s, xµ, xµν , ...} (2.9)

which include scalar, vector, bivector,..., r-vector,..., coordinates. Now we define
the connection Γ̃CAB in C-space according to ∂AEB = Γ̃CABEC where ∂A ≡
∂/∂XA is the derivative in C-space. This definition is analogous to the one in
ordinary space. Let us therefore define the C-space curvature as

RABCD = ([∂A, ∂B ]EC) ∗ ED (2.10)

which is a straightforward generalization of the ordinary relation in Riemannian
geometry.
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The ‘star’ means the scalar product between two polyvectors A and B, de-
fined as

A ∗B = 〈AB〉S (2.11)

where ’S’ means ’the scalar part’ of the geometric product AB.
In [1] we explored the above relation for curvature and showed how it was

related to the curvature of the ordinary space. After making several assumptions
we were able to demonstrate that the derivative with respect to the bivector
coordinate xµν is equal to the commutator of the derivatives with respect to the
vector coordinates xµ. This will not be the case in this work.

The differential of a C-space basis vector is given by

dEA = ∂EA
∂XB

dXB = ΓCAB EC dXB (2.12)

In particular, for A = µ and EA = γµ we have

dγµ = ∂γµ
∂Xν

dxν + ∂γµ
∂xαβ

dxαβ + ... = Γ̃AνµEAdxν + Γ̃A[αβ]µEAdxαβ + ... =

= (Γ̃ανµγα + Γ̃[ρσ]
νµ γρ ∧ γσ + ...)dxν + (Γ̃ρ[αβ]µγρ + Γ̃[ρσ]

[αβ]µγρ ∧ γσ + ...)dxαβ + ...

(2.13)

We see that the differential dγµ is in general a polyvector, i.e., a Clifford
aggregate. In eq-(2.13) we have used

∂γµ
∂xν

= Γ̃ανµγα + Γ̃[ρσ]
νµ γρ ∧ γσ + ... (2.14)

∂γµ
∂xαβ

= Γ̃ρ[αβ]µγρ + Γ̃[ρσ]
[αβ]µγρ ∧ γσ + ... (2.15)

In this work we will not assume any conditions a priori and we have now that

∂µν 6= [∂µ, ∂ν ], Γ ρ
[αβ] µ 6= Rαβµ

ρ, ∂µ1µ2 g
ρτ 6= 0, ∂µ1µ2Rαβµ

ρ 6= 0 (2.16)

so the C-space scalar curvature R does not longer decompose as in [1]

R = R+ α1R
2 + α2RµνR

µν + ... (2.17)

but rather it bears a closer relationship to Lanczos-Lovelock gravity as we shall
see in the next section. We will derive the C-space connections from the Clifford
algebraic structure, and without any a priori assumptions, as follows. In general
one must include all poly-vector valued indices in the C-space connection which
appear in the definition of the derivatives of the basis generators. However when
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one takes the derivatives of the geometric product of any two basis generators,
using the C-space many-beins EAI to convert curved-base-space A indices to
tangent-space indices I, one is forced to set many of the C-space connection
components to zero. One needs to do that in order to have a compatible struc-
ture with the geometric product of any two basis generators. Furthermore, a
C-space metric compatible connection is such that the covariant derivative of
the basis generators is zero.

The use of the C-space beins allows to rewrite the geometric product of
curved base-space generators, like γµγν = eµi e

ν
j γ

iγj = gµν + γµν , after using
gµν = eµ(ie

ν
j)η

ij and γµν = eµ[ie
ν
j]γ

ij so the Clifford algebraic structure is also
maintained in the curved-base manifold. In this way one can decompose the
C-space beins EAI into antisymmetrized sums of products of eµi . For example,
eµ1µ2
i1i2

= eµ1
j1
eµ2
j2
δj1j2
i1i2

; eµ1µ2µ3µ4
i1i2i3i4

= eµ1µ2
j1j2

eµ3µ4
j3j4

δj1j2j3j4
i1i2i3i4

; etc...
The Clifford scalar component s of the poly-vector X = XAE

A will be
labeled with the index 0 from now on and must not be confused with the
temporal component of the vector xµ. Based on what we wrote above, let us
then begin by writing

∂0{γµ, γν} = 2 ∂0g
µν ⇒

Γµ0 σ γ
σ γν + γµ Γν0 σ γ

σ + Γν0 σ γ
σ γµ + γν Γµ0 σ γ

σ =

4 Γµν0 = 2 ∂0g
µν ⇒ Γµν0 = 1

2 ∂0g
µν (2.18)

Eq- (2.18) is obtained after using the relations

γσ γν = 1
2 {γ

σ, γν} + 1
2 [γσ, γν ] = gσν + γσν (2.19)

with symmetric gσν , antisymmetric γσν = −γνσ and symmetric Γµν0 = Γνµ0 .
Taking derivatives with respect to xρ gives

∂ρ{γµ, γν} = 2 ∂ρgµν ⇒

Γµρ σ γσ γν + γµ Γνρ σ γσ + Γνρ σ γσ γµ + γν Γµρ σ γσ =

4 Γµνρ = 2 ∂ρgµν ⇒ Γµνρ = 1
2 ∂ρg

µν (2.20)

Taking derivatives of the commutator

∂0[γµ, γν ] = 2 ∂0γ
µν , ∂ρ[γµ, γν ] = 2 ∂ργµν (2.21)

gives the following relations

Γµ0 σ γ
σν − Γν0 σ γ

σµ = Γ[µν]
0 τ1τ2

γτ1τ2 (2.22)

Γµρ σ γσν − Γνρ σ γσµ = Γ[µν]
ρ τ1τ2

γτ1τ2 (2.23)

after having
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∂0γ
µν = Γ[µν]

0 τ1τ2
γτ1τ2 , ∂ργ

µν = Γ[µν]
ρ τ1τ2

γτ1τ2 (2.24)

From eqs- (2.22,2.23) one obtains, after performing contractions of the form
< γabγcd >= (constant) · δabcd , the following

Γµ0 σ δ
σν
ρ1ρ2

− Γν0 σ δ
σµ
ρ1ρ2

= Γ[µν]
0 τ1τ2

δτ1τ2
ρ1ρ2

= Γ[µν]
0 ρ1ρ2

(2.25)

Γµα σ δ
σν
ρ1ρ2

− Γνα σ δ
σµ
ρ1ρ2

= Γ[µν]
α τ1τ2

δτ1τ2
ρ1ρ2

= Γ[µν]
α ρ1ρ2

(2.26)

Hence from eqs-(2.25,2.26) one has an explicit form for Γ[µν]
0 ρ1ρ2

, Γ[µν]
α ρ1ρ2 in terms

of

Γµ0 σ = 1
2 gστ ∂0g

µτ , Γµα σ = 1
2 gστ ∂αg

µτ (2.27)

respectively. From the (anti) commutators

[γmn, γrs] = − 8 δ[r
[mγ

s]
n], {γmn, γrs} = 2 γ rs

mn − 4 δrsmn (2.28)

by taking derivatives ∂/∂xρ on both sides of the equations one arrives after
some algebra, and by lowering indices, to the relations

Γ [pq]
ρ [mn] g[pq] [rs] + Γ [pq]

ρ [rs] g[pq] [mn] = ∂ρ (g[mn] [rs]), g[mn] [rs] = g[rs] [mn]
(2.29)

Γ [pq]
ρ [mn] γpqrs + Γ [pq]

ρ [rs] γpqmn = Γρ [mnrs]
[abcd] γabcd (2.30)

Γ [pq]
ρ [mn] δ

[r
[pγ

s]
q] + Γ[rs]

ρ [pq] δ
[p
[mγ

q]
n] = δ

[r
[mΓs] τ

ρ n] σγ
σ
τ (2.31)

and by taking derivatives with respect to ∂/∂xρ1ρ2...ρk , by lowering indices, one
arrives at

Γ[ρ1ρ2...ρk] [mn]
[pq] g[pq] [rs] + Γ[ρ1ρ2...ρk] [rs]

[pq] g[pq] [mn] = ∂ρ1ρ2...ρk (g[mn] [rs])
(2.32)

Γ[ρ1ρ2...ρk] [mn]
[pq] γpqrs + Γ[ρ1ρ2...ρk] [rs]

[pq] γpqmn = Γ[ρ1ρ2...ρk] [mnrs]
[abcd] γabcd

(2.33)

Γ [pq]
[ρ1...ρk] [mn] δ

[r
[pγ

s]
q] + Γ [rs]

[ρ1...ρk] [pq] δ
[p
[mγ

q]
n] = δ

[r
[mΓs] τ

[ρ1...ρk] n] σγ
σ
τ (2.34)

In this fashion by using the remaining anti (commutators) {γA, γB}, [γA, γB ]
involving the other Clifford algebra generators (poly-vector basis) , one can
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recursively obtain (define) the C-space connections in terms of derivatives of
the C-space metric gAB . One may notice that the expression for the C-space
connections do not coincide with the Levi-Civita-like connections. Since the
algebra is very cumbersome a computer Clifford algebra package is necessary.
The commutators [ΓA,ΓB ] for pq = odd one has [8]

[ γb1b2...bp , γ
a1a2...aq ] = 2γa1a2...aq

b1b2...bp
−

2p!q!
2!(p− 2)!(q − 2)! δ

[a1a2
[b1b2

γ
a3...aq ]
b3...bp] + 2p!q!

4!(p− 4)!(q − 4)! δ
[a1...a4
[b1...b4

γ
a5...aq ]
b5...bp] − . . .

(2.35)
for pq = even one has

[ γb1b2...bp , γ
a1a2...aq ] = − (−1)p−12p!q!

1!(p− 1)!(q − 1)! δ
[a1
[b1

γ
a2a3...aq ]
b2b3...bp] −

(−1)p−12p!q!
3!(p− 3)!(q − 3)! δ

[a1...a3
[b1...b3

γ
a4...aq ]
b4...bp] + . . . (2.36)

The anti-commutators for pq = even are

{ γb1b2...bp , γ
a1a2...aq } = 2γa1a2...aq

b1b2...bp
−

2p!q!
2!(p− 2)!(q − 2)! δ

[a1a2
[b1b2

γ
a3...aq ]
b3...bp] + 2p!q!

4!(p− 4)!(q − 4)! δ
[a1...a4
[b1...b4

γ
a5...aq ]
b5...bp] − . . .

(2.37)
and the anti-commutators for pq = odd are

{ γb1b2...bp , γ
a1a2...aq } = − (−1)p−12p!q!

1!(p− 1)!(q − 1)! δ
[a1
[b1

γ
a2a3...aq ]
b2b3...bp] −

(−1)p−12p!q!
3!(p− 3)!(q − 3)! δ

[a1...a3
[b1...b3

γ
a4...aq ]
b4...bp] + . . . (2.38)

For instance,

[γb, γa] = 2γab ; [γb1b2 , γ
a1a2 ] = − 8 δ[a1

[b1
γ
a2]
b2] . (2.39)

[γb1b2b3 , γ
a1a2a3 ] = 2 γa1a2a3

b1b2b3
− 36 δ[a1a2

[b1b2
γ
a3]
b3] . (2.40)

[γb1b2b3b4 , γ
a1a2a3a4 ] = − 32 δ[a1

[b1
γ
a2a3a4]
b2b3b4] + 192 δ[a1a2a3

[b1b2b3
γ
a4]
b4] . (2.41)

etc...
To sum up, the C-space connections must be compatible with the Clifford

algebra as shown in the above equations and are determined from the algebraic
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relations imposed by the Clifford algebra itself. In general, C-space admits
torsion [1]. The C-space connections expressions are very different from the
Levi-Civita-like connection

{ CAB} = 1
2 gCD (∂AgDB + ∂BgAD − ∂DgAB) (2.42)

Furthermore, these results should be contrasted with the very restricted ansatz
in [1] where one had that R ρ1

µ1µ2 ρ2
= Γ ρ1

[µ1µ2] ρ2
when the metric gµν and con-

nection solely depended on the xµ coordinates.
It is not difficult to verify that the metric compatibility conditions ∇AgBC =

0 are equivalent to having covariantly-constant generators ∇AγC = ∂Aγ
C −

ΓCABγB = 0. Secondly, having found the equations that determine all the
C-space connection components ΓCAB and which are consistent with the Clif-
ford algebra, one can realize that in general the connection is not symmetric
ΓCAB 6= ΓCBA because C-space has torsion. Therefore one has a metric com-
patible connection with torsion TCAB = ΓCAB − ΓCBA in C-space, assuming the
anholonomy coefficients fCAB are zero, [∂A, ∂B ] = fCAB∂C . If the latter coeffi-
cients are not zero one must include fCAB into the definition of Torsion as follows

TCAB = ΓCAB − ΓCBA − fCAB (2.43)

In the case of nonsymmetric connections with torsion, the curvatures obey the
relations under the exchange of indices

RABCD = −RBACD, RABDC = −RABCD, but RABCD 6= RCDAB (47)

and are defined, when fCAB = 0, as

R D
ABC = ∂A Γ D

BC − ∂B Γ D
AC + ΓDAE ΓEBC − ΓDBE ΓEAC (2.44)

If fCAB 6= 0 one must also include these anholonomy coefficients into the defini-
tion of curvature (2.44) by adding terms of the form −fEABΓDEC .

The C-space connections are determined in terms of the C-space metric gAB
by the procedure described above. Some examples of the C-space curvatures
are

R[µ1µ2...µ2n] 0 [ρ1ρ2...ρ2n]
0 = ∂µ1µ2...µ2n Γ0

0 [ρ1ρ2...ρ2n] − ∂0 Γ0
[µ1µ2...µ2n] [ρ1ρ2...ρ2n] +

Γ0
[µ1µ2.....µ2n] A ΓA0 [ρ1ρ2...ρ2n] − Γ0

0 A ΓA[µ1µ2...µ2n] [ρ1ρ2...ρ2n] (2.45)

The standard Riemann-Cartan curvature tensor in ordinary spacetime is contained
in C-space as follows

Rµ1µ2ρ1
ρ2 = ∂µ1Γρ2

µ2ρ1
− ∂µ2Γρ2

µ1ρ1
+ Γρ2

µ1σ Γσµ2ρ1
− Γρ2

µ2σ Γσµ1ρ1
⊂

Rµ1µ2ρ1
ρ2 = ∂µ1Γρ2

µ2ρ1
− ∂µ2Γρ2

µ1ρ1
+ Γρ2

µ1 A ΓA
µ2ρ1

− Γρ2
µ2 A ΓA

µ1ρ1
(2.46)
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due to the contractions involving the poly-vector valued indices A in eq-(2.46).
There is also the crucial difference that Rµ1µ2ρ1

ρ2(s, xν , xν1ν2 , ....) has now
an additional dependence on all the C-space poly-vector valued coordinates
s, xν1ν2 , xν1ν2ν3 , ... besides the xν coordinates.

The mixed-grade C-space metric components are not zero in general, there
are very special cases when

g0 [ν1ν2...ρi] = 0; g[µ1µ2...µi] [ν1ν2...νj ] = 0, when i 6= j (2.47)

occurs, but in general the mixed-grade metric components are not zero and must
be included. The same-grade C-space metric components obeying gAB = gBA
are of the form

g00, gµν , gµ1µ2 ν1ν2 , . . . , gµ1µ2...µD ν1ν2...νD (2.48)

In the most general case the metric does not factorize into antisymmetrized
sums of products of the form

g[µ1µ2] [ν1ν2](xµ) 6= gµ1ν1(xµ) gµ2ν2(xµ) − gµ2ν1(xµ) gµ1ν2(xµ) (2.49a)

g[µ1µ2...µk] [ν1ν2...νk](xµ) 6= det Gµiνj = εj1j2...jk gµ1νj1
gµ2νj2

. . . gµ2νjk
, k = 1, 2, 3, . . . D
(2.49b)

The determinant of Gµiνj can be written as

det


gµ1ν1(xµ) . . . . . . gµ1νk(xµ)
gµ2ν1(xµ) . . . . . . gµ2νk(xµ)

−−−−−−−−−−− −−−−−−−−−−−−−−
gµkν1(xµ) . . . . . . gµkνk(xµ)

 , (2.50)

The metric component g00 involving the scalar “directions” in C-space of the
Clifford poly-vectors must also be included. It behaves like a Clifford scalar. The
other component g[µ1µ2...µD] [ν1ν2...νD] involves the pseudo-scalar “directions”.
The latter scalar and pseudo-scalars might bear some connection to the dilaton
and axion fields in Cosmology and particle physics.

The curvature in the presence of torsion does not satisfy the same symmetry
relations when there is no torsion, therefore the Ricci-like tensor is no longer
symmetric

RABC
B = RAC , RAC 6= RCA, R = gAC RAC (2.51)

For ordinary vector-valued indices one has

Rabcd = R̂abcd −
1
2 (∇cTabd −∇dTabc) + 1

4 (TaecT ebd − TaedT ebc) (2.52)

Rab = R(ab) + R[ab] = R̂ab + 1
2 ∇cT

c
ab −

1
4 T dca T

c
bd (2.53a)

10



R = R̂ − 1
4 Tabc T

abc (2.53b)

where the hatted quantities correspond to ordinary curvatures in absence of
torsion. The modified Bianchi identities include nonvanishing torsion terms in
the right hand side. For ordinary vector-valued indices one has

Ra[bcd] = ∇[bT
a
cd] + T am[bT

m
cd] (2.54a)

∇[aR
mn
bc] = T p[abR

mn
c]p (2.54b)

An Einstein-Hilbert-Cartan action S = 1
2κ2

∫
dnx
√
gR plus matter action Sm

leads to the modified Einstein equations [10]

R̂ab −
1
2gab R̂ + 1

2 T cd(a Tb)cd −
3
8 gab Tcde T

cde = κ2 Tab (2.55)

plus the spin energy density tensor which on-shell is given in terms of the torsion
by

Sbca = 1
√
g

δSm
δT abc

= 1
2 T bca (2.56)

One may write the C-space analog of the Einstein-Cartan’s equations with
a cosmological constant as

R̂AB −
1
2 gAB R̂ + Λ gAB + Torsion Terms = TAB (2.57)

Below we shall derive the more complicated and different field equations from
a variational principle. One may notice that nonsymmetric contributions to
the stress energy tensor are possible if one has nonsymmetric metric compo-
nents. Matter in C-space includes, besides ordinary bosonic and fermionic fields,
spinor-valued antisymmetric tensor fields Ψµ1µ2...µn

α that contribute to the stress
energy tensor TAB .

The Torsion terms in which appear in the field equations in C-space are
given, up to numerical coefficients c1, c2 , by

c1(TCDA TDBC + TCDB TDAC) + c2 gAB TCDE TCDE (2.58)
One could add Holst-like terms [10] to the action if one wishes, but for the
moment we shall refrain from doing so. The C-space Ricci-like tensor is

R B
A =

D∑
j=1

R B [ν1ν2...νj ]
A [ν1ν2...νj ] + R B 0

A 0 (2.59)

and the C-space curvature scalar is

R =
D∑
j=1

D∑
k=1

R[µ1µ2...µj ] [ν1ν2...νk]
[µ1µ2...µj ] [ν1ν2...νk] +

D∑
j=1

R[µ1µ2...µj ] 0
[µ1µ2...µj ] 0

(2.60)
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One may construct an Einstein-Hilbert-Cartan like action based on the C-space
curvature scalar. This requires the use of hyper-determinants. The hyper-
determinant of a hyper-matrix [15] can be recast in terms of discriminants [16].
In this fashion one can define the hyper-determinant of gAB as products of the
hyper-determinants corresponding to the hyper-matrices 2

g[µ1µ2] [ν1ν2], . . . , g[µ1µ2...µk] [ν1ν2...νk], for 1 < k < D (2.61)
and construct a suitable measure of integration µm(s, xµ, xµ1µ2 , . . . , xµ1µ2...µD )
in C-space which, in turn, would allow us to build the C-space version of the
Einstein-Hilbert-Cartan action with a cosmological constant

1
2κ2

∫
ds
∏

dxµ
∏

dxµ1µ2 . . . dxµ1µ2...µD µm(s, xµ, xµ1µ2 , . . .) (R − 2Λ)
(2.62)

κ2 is the C-space gravitational coupling constant. In ordinary gravity it is set
to 8πGN , with GN being the Newtonian coupling constant.

The measure must obey the relation

[DX] µm(X) = [DX′] µ′m(X′) (2.63)
under poly-vector valued coordinate transformations in C-space. The C-space
metric transforms as

g′CD = gAB
∂XA

∂X ′C
∂XB

∂X ′D
(2.64)

but now one has that√
hdet g′ 6=

√
hdet g hdet

(
∂XA

∂X ′B

)
(2.65)

due to the multiplicative “anomaly” of the product of hyper-determinants. So
the measure µm does not coincide with the square root of the hyper-determinant.
It is a more complicated function of the hyper-determinant of gAB and obeying
eq-(2.63). 3 One could write hdet(X) = ZAhdet(X)hdet(Y ), where ZA 6= 1 is
the multiplicative anomaly and in this fashion rewrite eq-(2.63) leading to an
implicit definition of the measure µm(hdetgAB).

The ordinary determinant g = det(gµν) obeys

δ
√
−g = − 1

2
√
−g gµν δgµν (2.66)

2The hyper-determinant of a product of two hyper-matrices is not equal to the product of
their hyper-determinants. However, one is not multiplying two hyper-matrices but decompos-
ing the hyper-matrix gAB into its different blocks.

3There is no known generalization of the Binet-Cauchy formula det(AB) = det(A) det(B)
for 2 arbitrary hypermatrices. However, in the case of particular types of hypermatrices,
some results are known. Let X, Y be two hypermatrices. Suppose that Y is a n× n matrix.
Then, a well-defined hypermatrix product XY is defined in such a way that the hyperdeter-
minant satisfies the rule hdet(X · Y ) = hdet(X)hdet(Y )N/n. There, n is the degree of the
hyperdeterminant and N is a number related to the format of the hypermatrix X.
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which was fundamental in the derivation of Einstein equations from a variation
of the Einstein-Hilbert action. However, when hyper-determinants of the C-
space metric gAB are involved it is no longer true that the relation (2.66) holds
anymore in order to recover the C-space gravity equations (2.57) in the presence
of torsion and a cosmological constant.

Using the relation δRAB = ∇CδΓCAB −∇BδΓCCA, a variation of the action

1
2κ2

∫
ds
∏

dxµ
∏

dxµ1µ2 . . . dxµ1µ2...µD µm(|hdet gAB |) (R−2Λ) + Smatter

(2.66)
with respect to the C-space metric gAB yields the correct C-space field equations

R(AB) + (R − 2Λ) δln(µm(|hdet gAB |))
δgAB

= κ2 TAB (2.67)

If, and only if,
δln(µm(|hdet gAB |))

δgAB
= − 1

2 gAB (2.68)

then the field equations (2.57) would coincide with the C-space field equations
(2.67) obtained from a variational principle. One should note that the field
equations (2.67) contain torsion since R(AB),R are defined in terms of the
nonsymmetric connection ΓCAB 6= ΓCBA. Eqs-(2.67) are the correct C-space field
equations one should use in general. Nevertheless, for practical purposes, we
shall use the field equations (2.57) in the next section.

The hyper-determinant of the C-space metric gAB (a hyper matrix) involving
all the components of the same and different grade is defined as

g00 det(gµν) hdet(gµ1µ2 ν1ν2) hdet(gµ ν1ν2) . . . hdet(gµ1...µD−1 ν1...νD−1) gµ1...µD ν1...νD

(2.69)
where the hyper-determinant of gµν coincides with the ordinary determinant of
gµν . Notice once more that the hyper-determinant of a product of two hyper-
matrices is not equal to the product of their hyper-determinants. However, in
(2.69) one is not multiplying two hyper-matrices gAB , g′AB , but decomposing
the hyper-matrix gAB into different blocks.

To see how the components of gAB can be realized as hyper-matrices one
may choose for example the bivector-bivector metric entries g12 34 = g34 12 such
that these components are constrained to obey g21 34 = −g12 34 = g12 43. And
g11 34 = g22 34 = . . . gDD 34 = 0. In this fashion one can realize gµ1µ2 ν1ν2 as the
entries of a hyper-matrix hijkl. One may choose for example the vector-bivector
metric entries g1 34 = g34 1 such that g1 34 = −g1 43. And g1 11 = g1 22 = . . . =
g1 DD = 0. In this fashion one can realize gµ ν1ν2 as the entries of a hyper-
matrix hijk, etc... Hence, a variation of the action (2.62) with respect to gAB
leads to a complicated expression (2.67) that does not necessarily coincide with
the field equations (2.57). We are assuming also that the hyper-determinant
exists and is non-vanishing.
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Another alternative is the following. InD = 4, for example, one could replace
the hyper-determinant of the hyper-matrix gAB for the determinant of a 16×16
square matrix associated with the entries of the following square and rectangular
matrices : in D = 4 there are 6 × 6 independent metric components involving
the bi-vector indices gµ1µ2 ν1ν2 . Hence one has a one-to-one correspondence of
the entries of gµ1µ2 ν1ν2 with the entries of a 6×6 square matrix. There are 4×4
metric components involving tri-vector indices gµ1µ2µ3 ν1ν2ν3 , and consequently
there is a 4 × 4 matrix associated with the latter hyper-matrix. There is one
component gµ1µ2µ3µ4 ν1ν2ν3ν4 , in addition to g00 and the 4 × 4 components of
gµν .

One must not forget also the mixed-grade components of gAB that are associ-
ated with rectangular matrices, and such that the total number of hyper-matrix
entries associated with all the square and rectangular matrices in D = 4 is then

16× 16 = (1 + 4 + 6 + 4 + 1) (1 + 4 + 6 + 4 + 1) (2.70)

In D dimensions a Clifford algebra has 2D generators, so this procedure leads
to a square matrix of 2D × 2D components. In this fashion one could trade
the hyper-determinant of gAB for the determinant of its associated 2D × 2D
square matrix. and which, in turn, will permit us to use the relation (2.66) in
the variation of the action (2.62) leading to the associated 2D-dim gravitational
field equations

Rαβ −
1
2 gαβ R + Λgαβ = Tαβ , α, β = 1, 2, 3, . . . , 2D (2.71)

However the associated 2D-dim theory is physically very distinct from the
C-space gravitational theory.

Concluding, the use of hyper-determinants is required to construct the ana-
log of the Einstein-Hilbert-Cartan action in C-spaces. A variation of the action
in C-space leads to the generalized field equations (2.67) (with torsion) that do
not necessarily coincide with the field equations (2.57). In ordinary Relativ-
ity, without torsion, one can construct the Einstein tensor by performing two
successive contractions of the differential Bianchi identity. It also leads to the
conservation of the stress energy tensor in the right hand side. Presumably this
procedure based on the modified Bianchi identities could apply also to C-space
leading to the field equations (2.67) which contain torsion since R(AB),R are
defined in terms of the nonsymmetric connection ΓCAB 6= ΓCBA. An immediate
question arises, does the Palatini formalism work also in C-spaces ? Namely,
does a variation with respect to the C-space connection (δS/δΓCAB) = 0 yield
the same connections as those obtained from the mere structure of the Clifford
algebra and depicted above in this section? We leave this difficult question for
future work.
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3 On C-space and Lanczos-Lovelock-Cartan Grav-
ity

The n-th order Lanczos-Lovelock-Cartan curvature tensor is defined as

R(n) ρ1ρ2...ρ2n
µ1µ2...µ2n

= δρ1ρ2...ρ2n
τ1τ2...τ2n

δν1ν2...ν2n
µ1µ2...µ2n

R τ1τ2
ν1ν2

R τ3τ4
ν3ν4

. . . R τ2n−1τ2n
ν2n−1ν2n

(3.1)

the n-th order Lovelock curvature scalar is

R(n) = δν1ν2...ν2n
τ1τ2...τ2n

R τ1τ2
ν1ν2

R τ3τ4
ν3ν4

. . . . R τ2n−1τ2n
ν2n−1ν2n

(3.2)

the above curvature tensors are antisymmetric under the exchange of any of the
µ (ρ) indices and obey The Lanczos-Lovelock-Cartan Lagrangian density is

L = √
g

[D2 ]∑
n=0

cn Ln, Ln = 1
2n R

(n) (3.3)

where cn are arbitrary coefficients; the first term corresponds to the cosmological
constant. The integer part is [D2 ] = D

2 when D = even, and D−1
2 when D = odd.

The general Lanczos-Lovelock theory in D spacetime dimensions is given by the
action

S =
∫

dDx
√
|g|

[D2 ]∑
n=0

cn Ln, (3.4)

One of the key properties of Lanczos-Lovelock-Cartan gravity is that the field
equations do not contain higher derivatives of the metric tensor beyond the
second order due to the fact that the action does not contain derivatives of the
curvature, see [9], [12] and references therein.

In this section we will explore the relationship of Lanczos-Lovelock-Cartan
(LLC) gravity to gravity in C-spaces in the very special case that one takes a
slice in C-space by setting all the poly-vector coordinates to zero except the
ordinary coordinates xµ.

To simplify matters, let us take for the C-space version of the Einstein-
Cartan’s equations with a cosmological constant in the vacuum case those equa-
tions given in (2.57), instead of eqs-(2.67) derived from a variational principle
of the action. So let us have

R̂AB −
1
2 gAB R̂ + Λ gAB + Torsion Terms = 0, (3.5)

after evaluating the C-space curvature tensors using the connections ΓCAB with
torsion. As mentioned earlier, the hatted quantities correspond to curvatures
without torsion. The C-space curvature scalar is given by the sum of the contrac-
tions as shown in (2.60), and the C-space Ricci-like curvature is given in (2.59).
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In the vacuum case TAB = 0, the C-space version of the vacuum Einstein-
Cartan’s equations (66) determine the C-space metric gAB when the C-space
connections are given in terms of derivatives of gAB as shown in section 1.

A simple ansatz relating the LLC higher curvatures to C-space curvatures
is based on the following contractions

R(n) ν1ν2...ν2n
µ1µ2...µ2n

∼
D∑
k=1

R ν1ν2...ν2n ρ1ρ2...ρk
µ1µ2...µ2n ρ1ρ2...ρk

+ R ν1ν2...ν2n 0
µ1µ2...µ2n 0 (3.6)

Even simpler, one may still propose for an ansatz the following

R(n) ν1ν2...ν2n
µ1µ2...µ2n

∼ R ν1ν2...ν2n 0
µ1µ2...µ2n 0 (3.7)

where one must take a slice in C-space which requires to evaluate all the terms
in the right hand side of eqs-(3.6,3.7) at the “points” s = xµ1µ2 = . . . =
xµ1µ2...µD = 0, for all xµ, since the left hand side of eqs-(3.6,3.7) solely de-
pends on the vector coordinates xµ.

Another possibility besides proposing the ansatz (3.6, 3.7) is to embed the
LLC gravity equations into the C-space ones provided by eqs- (3.5). One may
write the Lanczos-Lovelock-Cartan gravitational equations in the form [9], [12]

[D2 ]∑
n=0

cn ( n R̂(n)
ρσ −

1
2 gµν R̂(n) ) + Torsion Terms = 0 (3.8)

and which are more suitable to compare with the C-space gravity equations
(3.8) . The embedding of the Lanczos-Lovelock-Cartan gravitational equations
into the C-space gravitational equations requires

Gρσ + Torsion Terms = 0 ↔ R̂ρσ −
1
2gρσ R̂ + Λ gρσ + Torsion Terms = 0,

(3.9)
where the C-space Ricci-like curvature R ρ

σ is

R ρ
σ =

D∑
j=1

Rρ [µ1µ2...µj ]
σ [µ1µ2...µj ] + Rσ 0

ρ 0 (3.10)

and the Ricci-like scalar is given by eq-(2.60) .
The latter equations are just members of the more general C-space field equa-

tions given by eq-(3.5) involving all the poly-vector valued indices. We should
emphasize that in order to match units one has to include suitable powers of the
Planck length scale LP in the summands in all of our equations. By recurring
to eqs-(3.10) one finds that we can embed the Lanczos-Lovelock-Cartan gravi-
tational equations (3.8) into the C-space gravity equations (3.5) if the following
conditions on the C-space curvatures are satisfied

[D2 ]∑
n=1

cn n δ
ρ
[ν1
δµ1µ2...µ2n
σν2ν3...ν2n] R̂

(n) ν1ν2...ν2n
µ1µ2...µ2n

=
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D∑
j=1

R̂ρ µ1µ2...µj
σ µ1µ2...µj + R̂ 0 ρ

0 σ (3.11)

and

[D2 ]∑
n=1

cn δ
µ1µ2...µ2n
ν1ν2...ν2n

R̂(n) ν1ν2...ν2n
µ1µ2...µ2n

=

D∑
j=1

D∑
k=1

R̂ µ1µ2...µj ν1ν2...νk
µ1µ2...µj ν1ν2...νk

+
D∑
j=1

R̂ µ1µ2...µj 0
µ1µ2...µj 0 (3.12)

where the slice in C-space requires that we evaluate all the terms in the right
hand side of eqs-(3.11,3.12) at the “points” s = xµ1µ2 = . . . = xµ1µ2...µD = 0,
for all xµ, since the left hand side of eqs-(3.11,3.12) solely depends on xµ. If
one were to impose the condition that the C-space metric gAB depends solely
on xµ this leads to very restrictive equations to be satisfied and which most
likely lead to trivial (flat) solutions.

One should notice the key factors of ncn in eq-(3.11) compared with the cn
factors in eq-(3.12). The n = 0 term in (3.11) corresponds to the cosmological
constant

co R̂(0) = − 2Λ ⇒ − 1
2 co R̂(0) = Λ (3.13)

An important remark is in order. Since the C-space connection does not coincide
with the Levi-Civita connection plus contorsion, one should use the appropriate
connection Γσµν = 1

2gρν∂µg
ρσ in the Lanczos-Lovelock-Cartan (LLC) gravity

equations. However, it is still possible to use the Levi-Civita connection, with
the contorsion tensor, Γσµν = {σµν} + Kσ

µν for LLC gravity and the C-space
connections for C-space gravity. A bi-connection formulation of gravity based
on an independent variation of two different connections can be found in [17],
[18]. It was shown that a variation of the modified gravitational action with
respect to the above independent degrees of freedom leads to the usual Einstein
field equations.

The above embedding conditions (3.11,3.12) can be simplified considerable
if one has the following vanishing traces

R ν1ν2...ν2n−1 0
ν1ν2...ν2n−1 0 = 0, R ν1ν2...ν2n−1 ρ1ρ2...ρk

ν1ν2...ν2n−1 ρ1ρ2...ρk
= 0 (3.14a)

R ν1ν2...ν2n−1 ρ
ν1ν2...ν2n−1 σ = 0 (3.14b)

However the introduction of these vanishing traces will lead to an over-determined
system of equations, in conjunction with the C-space field equations. As it hap-
pens with an over-determined system of equations one is hard pressed to find
nontrivial solutions RABCD 6= 0. For this reason we shall refrain from introduc-
ing additional equations like (75).

Vanishing Torsion case
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If one could choose the anholonomy coefficients fCAB in C-space such that

TCAB = ΓCAB − ΓCBA − fCAB = 0 (3.15)
one would end up with a torsionless and metric compatible connection which
would simplify matters. In this case, one must include the anholonomy coef-
ficients into the definition of the curvature by adding the extra terms of the
form −fEABΓDEC . In principle, a non-coordinate (non-holonomic) basis in C-
space could be introduced such that it renders a zero torsion TCAB = ΓCAB −
ΓCBA − fCAB = 0, when the ΓCAB components are constrained by the Clifford
algebra itself, and by the metric compatibility condition ∇AgBC = 0, whereas
for the construction of the Riemmanian and LL curvature tensors in ordinary
spacetimes, one must use now the torsionless Levi-Civita connection adapted to
the non-holonomic (non-coordinate) basis and which requires adding the extra
terms

gCD(fABD + fBAD − fDAB)
to the usual definition of the Levi-Civita connection.

Constant curvature vacuum solutions are much easier to study because after
using the anti-symmetrized Kronecker deltas in eqs-(3.11, 3.12) one is no longer
required to take a slice in C-space by evaluating the curvatures at s = xµ1µ2 =
. . . = 0,∀xµ. Rather than embedding the LL gravity equations into the C-space
gravity ones, the more restricted ansatz in eq-(3.7) leads to the n equations

R(n) ν1ν2...ν2n
µ1µ2...µ2n

∼ R ν1ν2...ν2n 0
µ1µ2...µ2n 0 ∼ ( 2Λ

(D − 1)(D − 2))n δν1ν2...ν2n
µ1µ2...µ2n

(3.16)

for all n = 1, 2, . . . , [D/2]. Eq-(3.16) clearly represents and interprets the n
LL curvature tensors as Ricci-like traces of certain components of the C-space
curvatures. This, in a nutshell, depicts the correspondence between LL higher
curvature gravity and gravity in C-spaces.

One may begin by solving the Lanczos-Lovelock equations, in the absence
of torsion, which determine the ordinary metric components gµν(xρ), the con-
nection Γ ρ

µν(xµ) and the LL curvature tensor R(n) ρ1ρ2...ρ2n
µ1µ2...µ2n (xµ). Let us look

for the maximally symmetric constant curvature vacua solutions to Lovelock
gravity, like de Sitter and Anti de Sitter spaces in ordinary Einstein gravity.
The Riemann tensor in the latter case is

Rµ1µ2 ρ1ρ2 = 2Λ
(D − 1)(D − 2) (gµ1ρ1(xµ) gµ2ρ2(xµ) − gµ2ρ1(xµ) gµ1ρ2(xµ)) ⇒

R ρ1ρ2
µ1µ2

= [ 2Λ
(D − 1)(D − 2) ] δρ1ρ2

µ1µ2
⇒ R = 2D

D − 2 Λ (3.17)

so that the n-th order constant Lanczos-Lovelock (LL) curvature tensor is

R(n) ρ1ρ2...ρ2n
µ1µ2...µ2n

= [ 2Λ
(D − 1)(D − 2) ]n δρ1ρ2...ρ2n

µ1µ2...µ2n
(3.18)
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One must still check that the curvatures (3.17) are solutions to the Lanczos-
Lovelock gravitational equations. In [13] the authors have shown that black-
brane (black-string) solutions to Lanczos-Lovelock gravity theories in higher
dimensions (D > 4) including higher curvature terms may, in fact, be simply
constructed, but only within a certain class of Lanczos-Lovelock theories. This
class of theories had the following property. Assume that Lr is the highest order
term in the Lagrangian, i.e. that the coefficients cn vanish for n > r. Depending
on the values of the nonzero coefficients in the Lagrangian, it then turns out
that the theory may have up to r distinct constant curvature vacuum solutions
[13]. The different values that the constant curvature may take are the roots of
a r-th order polynomial. There will, of course, generally be r roots, but only
real values of the curvature are considered to be physical. The coefficients in the
Lanczos-Lovelock Lagrangian may be tuned such that there are r real roots and
that all these roots coincide. The theory then has a (locally) unique constant
curvature vacuum solution. The authors [13] referred to these as LUV theories -
standing for Lovelock-Unique-Vacuum. Those LUV theories are the ones which
have simple black-brane solutions.

For the purposes of studying LUV theories, the authors [13] found it very
useful to rewrite the LL equations of motion Gab = 0 in an alternative form
which was very useful as we shall see below,

Gab = α0 δ
aµ1µ2...µ2r
bν1ν2...ν2r

(
Rµ1µ2

ν1ν2 + α1δ
ν1ν2
µ1µ2

)
· · ·
(
Rµ2r−1µ2r

ν2r−1ν2r + αrδ
ν2r−1ν2r
µ2r−1ν2r

)
.

(3.19)
The original form of the equations of motion can then be recovered through
repeated applications of the identity

δ
a1...ap
b1...bp

δbp−1bp
ap−1ap = 2(D − (p− 1))(D − (p− 2))δa1...ap−2

b1...bp−2
(3.20)

The coefficients cn are given by sums of products of the parameters αn. The
precise relation is given in reference [14]. Inverting this relation to get the αn’s
in terms of the cn’s requires solving a polynomial equation of order r. Hence
the αn’s are generally complex parameters.

When each one of the factors in eq-(3.19) becomes zero

Rµiµi+1
νiνi+1 + αi δ

νiνi+1
µiµi+1

= 0 ⇒ Rµiµi+1
νiνi+1 = − αi δνiνi+1

µiµi+1
, i = 1, 2, 3, . . . , r

(3.21)
one has then several different possible values for the constant curvature vacuum
solutions. The LUV theories discussed above result from setting all the param-
eters αn with n = 1, . . . r equal to a common value α and that is related to
the cosmological constant Λ. There is then, at least locally, a unique constant
curvature vacuum. If we further set α = 0, we get a pure Lovelock theory with
Lagrangian L = α0Lr, which has flat spacetime as its unique constant curva-
ture vacuum. For particular (black-brane) solutions for gµν we refer to [13] and
references therein.

For the constant-curvature vacuum solutions case, the left hand side of the
above embedding conditions (3.11,3.12) become
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[D2 ]∑
n=1

cn n δ
ρ
σ [ 2Λ

(D − 1)(D − 2) ]n [ D!
(D − (2n− 1))! ] (3.22)

and
[D2 ]∑
n=1

cn [ 2Λ
(D − 1)(D − 2) ]n [ D!

(D − 2n)! ] (3.23)

As usual, on must adjust units in eqs-(3.22,3.23) by taking into account that
the dimensionful coefficients cn are given in terms of powers of LP so that the
Lanczos-Lovelock action in D-dimensions is dimensionless. Having determined
that the dimensions of the Lanczos-Lovelock Lagrangian density is (length)−D
this fixes the appropriate powers of LP which must appear in the right hand
side and left hand side of eqs-(3.11,3.12). The right hand side of the embedding
conditions (3.11, 3.12), when the left hand side is given by eqs-(3.22, 3.23),
respectively, must contain expressions of the form

D∑
j=1

R µ1µ2...µj ρ
µ1µ2...µj σ =

D∑
j=1

δρσ aj(D) [ 2Λ
(D − 1)(D − 2) ]

j+1
2 (3.24a)

R 0 ρ
0 σ = a0(D) δρσ [ 2Λ

(D − 1)(D − 2) ] 1
2 (3.24b)

and
D∑
j=1

D∑
k=1

R µ1µ2...µj ν1ν2...νk
µ1µ2...µj ν1ν2...νk

=
D∑
j=1

D∑
k=1

bjk(D) [ 2Λ
(D − 1)(D − 2) ]

j+k
2 (3.25a)

D∑
j=1

R µ1µ2...µj 0
µ1µ2...µj 0 =

D∑
j=1

bj(D) [ 2Λ
(D − 1)(D − 2) ]

j
2 (3.25b)

where aj(D), ao(D), bjk(D), bj(D) are suitable D-dependent dimensionful coef-
ficients in powers of the Planck scale and which are constrained by the values
of the cn coefficients which are known for the LUV solutions. It is beyond
the scope of this work to find nontrivial solutions to the embedding conditions
(3.11,3.12) associated with the specific expressions in eqs-(3.24,3.25). This is a
very challenging problem.

A plausible guide of how to solve such problem might be by recasting the
problem in terms of generalized gauge field theories, like generalized Maxwell
and Yang-Mills theories. The antisymmetry property of ordinary differential
forms involving the coordinates dxµ ∧ dxν = −dxν ∧ dxµ becomes now for
bivector coordinate differentials dxµ1µ2 ∧ dxρ1ρ2 = dxρ1ρ2 ∧ dxµ1µ2 . Similarly
one has

dxµ1µ2...µ2n ∧ dxρ1ρ2...ρ2n = dxρ1ρ2...ρ2n ∧ dxµ1µ2...µ2n (3.26)
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and

dxµ1µ2...µ2n−1 ∧ dxρ1ρ2...ρ2n−1 = − dxρ1ρ2...ρ2n−1 ∧ dxµ1µ2...µ2n−1 (3.27)

One may rewrite our expressions in the language of poly-differential forms,
for instance

F(2) = dA, d = dxµ1µ2
∂

∂xµ1µ2
, A = Aρ1ρ2 dx

ρ1ρ2 (87)

F(2) = ( ∂µ1µ2 Aρ1ρ2 + ∂ρ1ρ2 Aµ1µ2 ) dxµ1µ2 ∧ dxρ1ρ2 (3.28)
one should notice the + sign in eq-(3.28) due to the properties of eq-(3.26) .
And

F(2n) = F(2) ∧ F(2) ∧ . . . ∧ F(2) (n factors) (3.29)
Therefore, from the functional form of the Lanczos-Lovelock curvatures one can
infer the correspondence

F(2) ↔ R ρ1ρ2
µ1µ2

, F(2n) ↔ R(n) ρ1ρ2...ρ2n
µ1µ2...µ2n

(3.30)

which might aid us in finding nontrivial solutions to eqs-(3.24,3.25) when we
replace F = dA for the nonabelian version F = (d + A)∧A. Furthermore, one
still has to use the remaining of the C-space gravitational equations, in the ab-
sence of torsion, for the other poly-vector valued components gAB of the metric.
This needs to be solved before one can ascertain that nontrivial solutions of
the Lanczos-Lovelock gravitational equations can be embedded into the C-space
gravitational equations . Perhaps in this particular case the solutions for the
C-space metric components admit a factorization into anti-symmetrized sums
of products of gµν . The plausible relation to extended gravitational theories
based on f(R), f(Rµν) . . . actions for polynomial-valued functions, and which
obviate the need for dark matter, warrants also further investigation [19].

R =
∑

. . . = a1R + a2R
2 + . . . + aNR

N (3.31)

N = [D/2]. where the scalar curvature with torsion in Riemann-Cartan space
decomposes as R = R̂− 1

4TabcT
abc. Thus in eq- (3.31) one has a special case of

f(R, T ) for polynomial-valued functions involving curvature and torsion.
To finalize we should add that Polyvector-valued gauge field theories in non-

commutative Clifford spaces were presented in [20] where we found that the
study of n-ary algebras leads to interesting relationships among the n-ary com-
mutators of noncommuting spacetime coordinates [Xµ1 , Xµ2 , . . . , Xµn ] with the
poly-vector valued coordinates Xµ1µ2...µn in noncommutative Clifford spaces. It
was given by [Xµ1 , Xµ2 , . . . , Xµn ] = n!Xµ1µ2...µn . These findings will be rele-
vant for the quantization program.
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