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In this paper we give the n-th root algorithm in complete normed euclidean semialgebras for every nonzero real n
not Newton’s approximation by differentials. The algorithm starts with an input semialgebra nonzero element x with
arbitrary length n, thereafter writes O(n) semialgebra elements in time O(n) to go through O(n) steps in each of
which compares, computes and writes O(1) semialgebra elements in space O(n?), and so, in time O(n?).

Let R be a complete normed euclidean semialgebra with Zariski topology F and let Ni be its prime
semialgebra. Let Zg [z] be the algebra of polynomials of one variable in R over the algebra Zg generated by
the semialgebra N and let B be the basis for the Zariski topology F for R, that is, B C F such that for every
F € F and for every s € F there exists Fs; € B such that there exists a linear polynomial f € Zg[z] with
f(s) =0g and F, = Var(f). Let € R with « # Ox and let p € Nz such that degp > 0 and p # 1g, that is,
since R is normed, the multiplicative subgroup (p) is a basis for R over Ngz. Let n € N such that n > 1.

By the division algorithm in complete semialgebras, for z and (p) there exist unique N € Z and
aN,aN—_1,-.. € Ng such that ay # 0,
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and 0 < degany_; < degp for every i € N. Also, by the division algorithm in algebras, for N € Z and
n € N there exist unique ¢ € Z and r € N such that N =nqg +r and 0 < degy r < degy n, that is, 0 <r < n,
then
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Let go, 91, ... € R such that
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for every ¢ > 0. At the first step find

yo = max{y € U  Fs: y™<go}
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and write
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and



do = p"ro + g1.

Afterwards find
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and write
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dy = p"ry + ga.

At the i-th step find
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Finally, the n-th root z of x is
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In general, for any nonzero real n € R the n-th root algorithm multiplies the integer powers of the p’-th

roots of x in the expansion for % in terms of any basis {pl}z cz for R over N, dividing after if necessary.

Time complexity of the n-th root algorithm

The n-th root algorithm is of polynomial time complexity because for every complete semialgebra R, for
every positive integer n > 1, for an input semialgebra nonzero element x € R with length n, since the n-th
root is an isomorphism between the positive multiplicative algebra and the real algebra and by the division
algorithm in semialgebras for n —1 € N and n € N there exist unique m € N and p € N such that n = nm+ p
and 1 < p < n+ 1, the output has length m + 1 = O(m) if it is finite, as is the number of steps in which it is
computed at the i-th of which, after writing O(m) elements with length O(1), so, in time O(m), the n-th root
algorithm compares and writes O(1) elements computed in space O(m?), so, in time O(m?), therefore, since
O(m3) = O(n?3), the time complexity of the n-th root algorithm is T'(n) = O(n®) for integer n. And because
for every noninteger real n and for every length O(n) of n=! in terms of any basis {p’}l ez for R, if the length
of the n-th root of x is finite, the n-th root algorithm multiplies O(n) integer powers of p*-th roots of x with
length O(n), therefore the time complexity of the n-th root algorithm is T'(n) = O(n3).



Theorem of the theory of complete semialgebras

The n-th root algorithm is a logical consequence of the division algorithm in complete semialgebras and
the binomial theorem in semialgebras which states for every semialgebra R with semialgebra of polynomials

of m variables R [z1,..., %], for every n € N with n > 0 and for every yo,y1,...,Yn € R[z1,...,%y] with
n >0,
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Thus is the n-th root algorithm not a theorem of the theory of semialgebras, but a theorem of the theory
of complete semialgebras.

This paper is dedicated to my mother Susana Grau Avila



