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Abstract

The paper is about ‘absolute logic’: an approach to logic that differs from the standard first-
order logic and other known approaches. It should be a new approach the author has created
proposing to obtain a general and unifying approach to logic and a faithful model of human
mathematical deductive process. In first-order logic there exist two different concepts of term
and formula, in place of these two concepts in our approach we have just one notion of expression.
In our system the set-builder notation is an expression-building pattern. In our system we can
easily express second-order, third order and any-order conditions. The meaning of a sentence
will depend solely on the meaning of the symbols it contains, it will not depend on external
‘structures’. Our deductive system is based on a very simple definition of proof and provides a
good model of human mathematical deductive process. The soundness and consistency of the
system are proved. We also discuss how our system relates to the most know types of paradoxes,
from the discussion no specific vulnerability to paradoxes comes out. The paper provides both
the theoretical material and a fully documented example of deduction.
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Key words and phrases: logic, mathematical logic, foundations, foundations of mathematics
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1. Introduction

This paper outlines a system or approach to mathematical logic which is different from
the standard one. By ‘the standard approach to logic’ I mean the one presented in chap-
ter 2 of Enderton’s book [2] and there named ‘First-Order Logic’. The same approach
is also outlined in chapter 2 of Mendelson’s book [4], where it is named ‘Quantification
Theory’.

We now list the features of our system, pointing out the differences and improvements
with respect to standard logic.

In first-order logic there exist two different concepts of term and formula, in place of

these two concepts in our approach we have just one notion of expression. Each expression
is referred to a certain ‘context’. A context can be seen as a (possibly empty) sequence of
ordered pairs (x, ), where x is a variable and ¢ is itself an expression. Given a context
k= (x1,01) ... (m, pm) we call a ‘state on k’ a function which assigns ‘allowable values’
(we’ll explain this later) to the variables a1, ..., x,,. If t is an expression with respect to
context k and o is a state on k, we’ll be able to define the meaning of t with respect to
k and o, which we’ll denote by #(k,t,0).
Our approach requires to build all at the same time, contexts, expressions, states and
meanings. We’ll call sentences those expressions which are related to an empty context
and whose meaning is true or false. The meaning of a sentence depends solely on the
meaning of the symbols it contains, it doesn’t depend on external ‘structures’.

In first-order logic we have terms and formulas and we cannot apply a predicate to one
or more formulas, this seems a clear limitation. With our system we can apply predicates
to formulas.

When we specify a set in mathematics we often use the ‘set-builder notation’. Exam-
ples of sets defined with this notation are {z € N| 3y € N : z = 2y}, {z € R|z = 22},
and so on. In our system the set-builder notation is included as an expression-building
pattern, and this is an advantage over standard logic.

Of course in our approach we allow connectives and quantifiers, but unlike first-order
logic these are at the same level of other operators, such as equality, membership and
more. While the set-builder notation is necessarily present with its role, connectives and
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6 M. Avon

quantifiers as ‘operators’ are not strictly mandatory and are part of a broader category.
For instance the universal quantifier simply applies an operation of logical conjunction
to a set of conditions, and so it can be classified as an operator.

In first-order logic variables range over individuals, but in mathematics there are
statements in which both quantifiers over individuals and quantifiers over sets of individ-
uals occur. One simple example is the following condition:

for each subset X of N and for each x € N we have x € X or x ¢ X .

Another example is the condition in which we state that every bounded, non empty set
of real numbers has a supremum. Formalisms better suited to express such conditions are
second-order logic and type theory, but these systems have a certain level of complexity
and are based on different types of variable. In our system we can express the conditions
we mentioned above, and we absolutely don’t need different types of variables, the set to
which the quantifier refers is explicitly written in the expression, this ultimately makes
things easier and allows a more general approach. If we read the statement of a theorem in
a mathematics book, usually in this statement some variables are introduced, and when
introducing them often the set in which they are varying is explicitly specified, so from
this point of view our approach is consistent with the actual processes of mathematics.

We have called our system ‘absolute logic’ and we have just seen the main reason for
this: our logic is not a first-order or second-order or n-order logic, it doesn’t involve types,
so it can be called an ‘absolute logic’.

Let’s examine how our system behaves when giving a meaning and possibly a truth
value to expressions. Standard logic doesn’t plainly associate meanings and truth values
to formulas. It introduces some related notion as the concepts of ‘structure’ (defined in
section 2.2 of Enderton’s book), truth in a structure, validity, satisfiability. Within first-
order logic a structure is used, first of all, to define the collection of things to which a
quantifier refers to. Moreover, some symbols such as connectives and quantifiers have a
fixed meaning, while for other symbols the meaning is given by the structure. Notions
such as validity and satisfiability reveal a question-based approach: ‘what happens when
we change the meaning of some symbols?’ Although this may be an interesting perspec-
tive, this is not our approach, understanding what happens when we change the meaning
of the symbols does not have a primary interest for us, although it’s quite obvious that
we’ll also try to enunciate some results that are valid regardless of the meaning of the
symbols. In this regard, if we had this perspective, in the first place it would have to
be discussed if there are anyway symbols (e.g. connectives, quantifiers and others too)
whose meaning cannot change.

Therefore, if a symbol is in our system, it has his own meaning, and we don’t feature
a notion of structure like the one of first-order logic. Also, the set of expressions in our
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language depends on the meaning of symbols. We’ll simply speak of the meaning of an
expression and when possible of the truth value of that meaning. As we’ve already said,
the meaning of a sentence will depend solely on the meaning of the symbols it contains,
it will not depend on external ‘structures’.

Our deductive system seeks to provide a good model of human mathematical deduc-
tive process. The concept of proof we’ll feature is probably the most simple and intuitive
that comes to mind, we try to anticipate some of it.

If we define S as the set of sentences then an axiom is a subset of S, an n-ary rule
is a subset of S"T1. If ¢ is a sentence then a proof of ¢ is a sequence (11, ...,%.,) of
sentences such that

e there exists an axiom A such that ¢, € A ;
e if m > 1 then for each j = 2...m one of the following holds

— there exists an axiom A such that v; € A,
— there exists an n-ary rule R and 41, ..., 4, < j such that (¢;,,...,%;,,¢;) € R;

* Yy =0 .

Our deductive system, in order to do its job, needs to track the various hypotheses we
have introduced along our proof. In a fixed moment of our reasoning we have a sequence
of active hypotheses, and we need to be able to apply one of our rules. To this end our
axioms and rules need to be properly constructed.

As regards the soundness of the system, it is proved at the beginning of chapter [
Consistency, proved in chapter [7] is a direct consequence of soundness. We also discuss
(in chapter [7) how the system relates with some well known paradoxes. I will not say
this system can prevent any possible form of paradox, since it cannot prevent anyone to
conceive something which is unsettling or contradictory. Anyway the system, as far as
I can evaluate from that discussion, is not significantly affected by paradoxes, in other
words I suppose it is not more vulnerable to paradoxes than other accepted systems.

We have examined the main features of the system. If the reader will ask what is the
basic idea behind a system of this type, in agreement with what I said earlier I could say
that the principle is to provide something like a general, absolute and unifying approach
to logic and a faithful model of human mathematical deductive process.

This statement about our system of course is not a mathematical statement, so I
cannot give a mathematical proof of it. On the other hand, logic exists with the specific
primary purpose of being a model to human deduction. In general, suppose we want to
provide a mathematical model of some process or reality. The fairness of the model can be
judged much more through experience than through mathematics. In fact, mathematics
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always has to do with models and not directly with reality.

This paper’s purpose is to present an approach to logic, but clearly we cannot pro-
vide here all possible explanations and comparisons in any way related to the approach
itself. The author believes that this paper provides a fairly comprehensive presentation of
the approach in question, this introduction includes significant elements of explanation,
justification and comparison with the standard approach to logic. Other material in this
regard is presented in the subsequent sections (for example in chapter [7)).

First-order logic has been around for many decades, but to date no absolute evidence
has been found that first-order logic is the best possible logic system. In this regard I
may quote a stronger statement at the beginning of Jose Ferreirés’ paper ‘The road to
modern logic — an interpretation’ ([3]).

It will be my contention that, contrary to a frequent assumption (at least
among philosophers), First-Order Logic is not a ‘natural unity’, i.e. a system
the scope and limits of which could be justified solely by rational argument.

Honestly, in my opinion, the approach to logic I propose seems to be a ‘natural unity’
much more than first-order logic is, and I did what I thought was reasonable to explain
this.

Further investigations on this approach will be conducted, in the future, if and when
possible, by the author and/or other people. If any claim of this introduction would seem
inappropriate, the author is ready to reconsider and possibly fix it. In any case he believes
the most important part of this paper is not in the introduction, but in the subsequent
chapters.

The paper is quite long, but the time required to get an idea of the content is not
very high. In fact, the author has chosen to include all the proofs, but quite often these
are simple proofs. In addition, the most complex part is perhaps definition [3.12] which
has a certain complexity, but at a first reading it is not necessary to take care of all the
details.
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2. Revision history

Version of July 5, 2020:

Former versions of this paper exist and are available as preprint on the web, with a
slightly different title: ‘A different approach to logic’. The last of those versions is referred
in our bibliography ([5]). The current version was written with the idea of obtaining a
shorter and clearer definition of expression (see definition . Due to these changes in
that definition, it was necessary to adapt the subsequent parts of the manuscript which
were also reorganized, and other improvements were made.

Compared to the previous version, I decided not to include the part about ‘substitu-
tion’. I evaluated it was not a core goal of the manuscript to include a general treatment

of substitution. Due to this evaluation and to the complexity of the topic, I decided to
give up including this part. Some further discussion about this can be found in chapter [7]

Version of July 24, 2020:

Changed a part in the introduction that was a bit unclear, replaced with a better
explanation.

Version of August 12, 2020 (current version):

Fixed a mistake in the statement of lemma 3.1.7 (page 32), other minor changes.
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3. Language: symbols, expressions and sentences, and their
meaning

We begin to describe our language and then the expressions that characterize it. In the
process of defining expressions we also define their meaning and the context to which
the expression refers. The expressions of our language are constructed from some set of
symbols according to certain rules. Expressions are sequences of symbols and they have
a meaning, ‘sentences’ are specific expression whose meaning has the property of being
true or false. We begin by describing the sets of symbols we need.

First we need a set of symbols V. V members are also called ‘variables’ and just play
the role of variables in the construction of our expressions (this implies that V members
have no meaning associated).

In addition we need another set of symbols C. C members are also called ‘constants’
and have a meaning. For each ¢ € C we denote by #(c) the meaning of c.

Let f be a member of C. Being f endowed with meaning, f is always an expression of
our language. However, the meaning of f could also be a function. In this case f can also
play the role of an ‘operator’ in the construction of expressions that are more complex
than the simple constant f.

Not all the operators that we need, however, are identifiable as functions. Think to
the logical connectives (logical negation, logical implication, quantifiers, etc..), but also
to the membership predicate ‘€’ and to the equality predicate ‘=’. The meaning of these
operators cannot be mapped to a precise mathematical object, therefore these operators
won’t have a precise meaning in our language, but we’ll need to give meaning to the
application of the operator to objects, where the operator is applicable.

In mathematics and in the real world objects can have properties, such as having a
certain color, or being true, or being false. A property is therefore something that can
be assigned to an object, no object, more than one object. For example, with reference
to color, one or more objects are red or have the property ‘to be of red color’. But more
generally one or more objects have a color. Suppose to indicate, for objects x that have
a color, the color of z with C'(x). So we can say that C is a property applicable to a class
of objects. On the same object class we can indicate with R(z) the condition ‘x has the
red color’. R is in turn a property applicable to a class of objects, with the characteristic
that for all z R(x) is true or false. A property with this additional feature can be called
a ‘predicate’.

The class of objects to which a property may be assigned may be called the domain
of the property. The members of that domain may be individual objects or sequences of
objects, for example, if x is an object and X is a set, the condition ‘x € X’ involves two
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objects, and then the domain of the membership property consists of the ordered pairs
(x,X), where x is an object and X is a set.

Generally we are dealing with properties such that the objects of their domain are all
individual objects, or all ordered pairs. Theoretically there may also be properties such
that the objects of their domain are sequences of more than two items or even the number
of items in sequence may be different in different elements of the domain.

As mentioned above the concept of ‘property’ is similar to the concept of function, but
in mathematics there are properties that are not functions. For example, the condition
‘z € X’ just introduced can be applied to an arbitrary object and an arbitrary set, so
the ‘membership property’ has not a well determined domain and cannot be considered
a function in a strict sense.

So to build our language we need another set of symbols F, where each f in F
represents a property Pr. Symbols in F are also called operators or ‘property symbols’.
We will not assign a meaning to operators, because a property cannot be mapped to a
consistent mathematical object (function or other). However, for each f

e for each positive integer n and z1,...,z, arbitrary objects we must know the con-
dition Af(z1,...,x,) that indicates if Py is applicable to z1,...,zy ;

o for each positive integer n and z1, ..., x, arbitrary objects such that As(x1,...,z,)
holds we must know the value of Py(z1,...,2,) .

Since the concept might be unclear we immediately explain it by specifying what are
the most important operators that we may include in our language, providing for each
of them the conditions Af(z1,...,z,) and Ps(x1,...,z,) (in general Pr(xy,...,x,) is a
generic value, but in these cases it is a condition, i.e. its value can be true or false).

e Logical conjunction: it’s the symbol A and we have
for n #£ 2 Ax(x1,...,2,) is false |
An(z1,22) = (271 is true or x4 is false ) and ( x5 is true or x5 is false ),
Ph(z1,22) = both z1 and x5 are true ;

e Logical disjunction: it’s the symbol V and we have
forn #£2 Ay(x1,...,2,) is false |
Ay (z1,22) = (21 is true or x; is false ) and ( x5 is true or x5 is false ),
Py (z1,22) = at least one between x; and x5 is true ;

e Logical implication: it’s the symbol — and we have
forn#2 A (x1,...,x,) is false |
A (x1,29) = (@1 is true or x7 is false ) and ( x5 is true or x5 is false ),
P_(x1,x9) = 2 is false or x5 is true ;

e Double logical implication: it’s the symbol <> and we have
forn #£2 Ag(xy,...,x,) is false |
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A (z1,22) = (27 is true or x4 is false ) and (@9 is true or x5 is false ),
Py (x1,22) = P (x1,72) and P, (22, 71) ;

e Logical negation: it’s the symbol = and we have
forn >1 A_(x1,...,2,) is false ,
A_(z1) is true,
P_(x1) = x; is false ;

e Universal quantifier: it’s the symbol V and we have
forn > 1 Ay(z1,...,z,) is false ,
Avy(z1) = x1 is a set and for each = in z; (z is true or z is false),
Py(x1) = for each z in 1 (z is true) .

e Existential quantifier: it’s the symbol 3 and we have
forn > 1 Ag(xy,...,x,) is false ,
Az(x1) = x1 is a set and for each = in x; (z is true or x is false),
P5(x1) = there exists x in x; such that (z is true) .

o Membership predicate: it’s the symbol € and we have
forn #2 Ac(x1,...,2,) is false |
Ac(z1,22) = x2 is a set,
Pc(z1,22) = x1 is a member of zg ;

e Equality predicate: it’s the symbol = and we have
forn #£2 A_(xq,...,x,) is false ,
A_(x1,z9) is true,
P_(x1,22) = 1 is equal to xa .

We can think and use also other operators, for instance operations between sets such
as union or intersection can be represented through an operator, etc. .

In the standard approach to logic, quantifiers are not treated like the other logical
connectives, but in this system we mean to separate the operation of applying a quanti-
fier from the operation whereby we build the set to which the quantifier is applied, and
therefore the quantifier is treated as the other logical operators (altogether, the universal
quantifier is simply an extension of logical conjunction, the existential quantifier is simply
an extension of logical disjunction).

With regard to the operation of building a set, we need a specific symbol to indicate
that we are doing this, this symbol is the symbol ‘{}’ which we will consider as a unique
symbol.

Besides the set builder symbol, we need parentheses and commas to avoid ambiguity
in the reading of our expressions; to this end we use the following symbols: left parenthe-
sis (

) [

, right parenthesis ‘)’; comma *,” and colon

R

:>. We can indicate this further set of
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symbols with Z.

To avoid ambiguity in reading our expressions we require that the sets V, C, F and
Z are disjoint. It’s also requested that a symbol does not correspond to any chain of

more symbols of the language. More generally, given «q,...,a, and 81,..., B, symbols
of our language, and using the symbol ‘||’ to indicate the concatenation of characters and
strings, we assume that equality of the two chains a1]| ... |la, and Bi]| ... ||Gm is achieved

when and only when m =n and foreachi=1...n o; = ;.

While the set Z will be always the same, the sets V, C, F may change according to
what is the language that we describe. To describe our language it is required to know
the sets V, C, F and the function # which associates a meaning to every element of C. In
other words, our language is identified by the 4-tuple (V, F,C, #). Since the ‘meaning’ of
an operator is not a mathematical object, operators must be seen as symbols which are
tightly coupled with their meaning.

Before we can describe the process of constructing expressions we still need to in-
troduce some notation. In fact in that process we’ll use the notion of ‘context’ and the
notion of ‘state’. Context and states have a similar form, and here we want to define their
common form.

We define D = {0} U{{L,...,m}| m is a positive integer}.

Suppose z is a function whose domain dom(z) belongs to D. Suppose C € D is such
that C' C dom(x). Then we define z,¢ as a function whose domain is C' and such that
for each j € C x,c(j) = x(j) .

Suppose x and ¢ are two functions with the same domain D, and D € D. Then we
say that (z, ) is a ‘state-like pair’.

Given a state-like pair k = (x, ¢) the domain of z will be also called the domain of k.
Therefore dom(k) = dom(z) = dom(p).

Furthermore dom(k) € D and given C' € D such that C C dom(k) we can define
ke = (x/c,¢/c). Clearly k¢ is a state-like pair.

We define R(k) = {k,c| C € D,C C dom(k)}.

Given another state-like pair h we write h C k if and only if h € R(k) .

Suppose h € R(k), then there exists C' € D such that C' C dom(k), h = k;c =
(z,c,,c). Therefore dom(h) = C and k/4om ) = ko = h.

Suppose h € R(k) and g € R(h). This means there exist C € D such that C C
dom(k), h = ko, and there exist D € D such that D C dom(h), g = h/p. So
D C dom(h) = C C dom(k), g = (k/c)/p = (¥)0,¢/¢)/p = (¥/p,9/p) = k/p. There-
fore g € R(k).
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Suppose k = (z, ) is a state-like pair whose domain is D. Suppose (y, 1) is an ordered
pair. Then we can define the ‘addition’ of (y, ) to k.
Suppose D = {1,...,m}, then we define D’ = {1,...,m+ 1}. We define 2’ as a function
whose domain is D’ such that for each a = 1...m 2'(a) = z(a), and 2’ (m + 1) = y. We
define ¢’ as a function whose domain is D’ such that for each « = 1...m ¢'(a) = p(«),
¢'(m +1) = . Then we define k + (y,¢) = (2',¢"). Obviously (k + (y,9))/{1,...m} =k,
so k € R(k + (y,%)).
If D = () then clearly D’ = {1}. We define 2’ as a function whose domain is D’ such that
2'(1) = y. We define ¢’ as a function whose domain is D’ such that ¢’(1) = ¢. Then we
define k + (y,v) = (2/,¢"). Obviously (k + (y,v))0 =0 =k, so k € R(k + (y,¢)).
In both cases k+ (y, ¢) is a state-like pair, and k € R(k+ (y, 1)), which implies dom(k) C
dom(k + (y,1)).
We have also seen that (k+ (y,%)) domk) = (k + (y,v))/p = k.

We also define € = (0, 0), so € is a state-like pair.

Given a state-like pair k = (z, ¢) we define var(k) as the image of the function z. In
other words if k = € then = ), so var(k) = ), otherwise x has a domain {1,...,m} and
var(k) ={z;li=1...m}.

Clearly, if we assume that k + (y,v¢) = (2/, ¢’), we can easily see that
var(k + (y,v)) = {z}]i € dom(x})} = {x;]i € dom(x;)} U{y} =var(k)U {y}.

In the next lemma we prove that, when a state-like pair is obtained as k4 (y, ), then
k, y, and v are univocally determined.

LEMMA 3.1. Suppose k1 = (x1,¢1) is a state-like pair whose domain is D1, and (y1,11)
is an ordered pair. Suppose ko = (x2,p2) is a state-like pair whose domain is Do, and
(y2,12) is an ordered pair. Finally suppose ki + (y1,¥1) = ko + (y2,%2). Under these
assumptions we can prove that ki = ko, y1 = y2, %1 = V2.

Proof.
We define h = k1 + (y1,%1) = k2 + (y2,%2). Since h = k1 + (y1,1) we can have two
possibilities:

e Dy = (,D} = {1} and there exist two functions | and ¢} whose domain is D}
such that h = (2}, ¢}) ;

o there exists a positive integer m; such that D, = {1,...,m;}, D} ={1,...,m;+1}
and there exist two functions 2 and ¢} whose domain is D} such that h = (2, ¢}).

Similarly, since h = ko + (y2,12) we can have two possibilities:

e Dy = (,D) = {1} and there exist two functions x5 and ¢f whose domain is D)
such that h = (25, ¢%) ;

e there exists a positive integer ms such that Dy = {1,... ,ma}, D5 ={1,...,ma+1}
and there exist two functions x4, and ¢} whose domain is D) such that h = (25, ¢}).
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It follows that (27, ¢]) = h = (x5, ¢h), so ) = x4 and ¢} = ¢, and D] = Dj.

Suppose D; = (. This implies that D) = D} = {1}, thus Dy = 0.
In this case k1 = € = ko, y1 = 21 (1) = 25(1) = y2, 1 = ©1(1) = ©h(1) = 2 .

Suppose there exists a positive integer m; such that Dy = {1,...,m;}. This implies
that D5 = D} ={1,...,m1 + 1}, thus Dy = {1,...,m1}.
In this case for each @ = 1...m; z1(a) = 2} (a) = 25(a) = x2(a), p1(a) = ¢)|(a)
vh(a) = pa(a) . So k1 = (z1,1) = (x2,92) = ko; and moreover y; = zf(mq + 1)
wo(mi+1) =y2, Y1 = pi(mr+1) = @p(mi+1) =97 . =

Other useful results are the following.

LEMMA 3.2. Suppose h = (x,¢), k = (2,%¢) are state-like pairs such that h € R(k)
and for each i,j € dom(k) i # j — z; # zj. Then, for each i € dom(k), j € dom(h)
ZZ:.’E]—>¢1:Q0]

Proof. Let ¢ € dom(k), j € dom(h) and z; = x;. Clearly j € dom(k), z; = z;, thus
Zi =25, 1=0,¢; =9 =¢i. m

LEMMA 3.3. Suppose k = (z,¢) and h = (y,v) are state-like pairs such that for each
i € dom(k), j € dom(h) z; = y; — ;i = ;. Suppose (u,8) is an ordered pair and
u ¢ var(k), u ¢ var(h). Let K = k+ (u,0) and b’ = h+ (u,0). Let also k' = (2, ¢") and
h' = (y',9'), then for each i € dom(k'), j € dom(h') x; =y} — ¢} = j.
Proof. Let i € dom(k'), j € dom(h') such that z} = y.

Suppose i € dom(k). If j ¢ dom(h) then z} = x; € var(k), y; = u ¢ var(k) so x| # y.
So j € dom(h) and ¢} = @; = 1; = ;.

Suppose i ¢ dom(k). If j € dom(h) then x; = u ¢ var(h) and y; = y; € var(h), so
x; # y;. Then obviously also j ¢ dom(h) and ¢} =60 =1)}. =

LEMMA 3.4. Suppose k = (x,¢) and h = (y,0) are state-like pairs such that for each
i € dom(k), j € dom(h) z; = y; — p; = V;. Suppose k = (2,¢) C k and g = (w,0) C h.
Then for each i € dom(k), j € dom(g) z; = w; — ¢; = 0;.
Proof.
There exists C' € D such that C C dom(k), = k)¢ = (x/c,9/c). Therefore
dom(k) = C C dom(k).
Similarly there exists D € D such that D C dom(h), g = h/p = (y,p,V,p). Therefore
dom(g) = D C dom(h).
Let i € dom(k), j € dom(g), z; = wj, then i € dom(k), j € dom(h),
zi = (z/0)i =z =w; = (yp)i = -
Then
bi = (pyc)i =i =19;=(p); =0; .
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LEMMA 3.5. Suppose h = (x,p) is a state-like pair, (y, @) is an ordered pair and define
k=h+ (y,¢). Suppose g € R(k) is such that g # k. Then g € R(h).

Proof.
Let D = dom(h).

Suppose m is a positive integer and D = {1,...,m}. Then k = (a/, ¢’) has a domain
{1,...,m +1}. Moreover there exists C' € D such that C C {1,...,m+1} and g = k/¢.
Since g # k we must have C C {1,...,m}. We have

g=kio=(T)c:¥)c) = ((@)p)sc, (¥)p)c) = (@10, 0/0) = hjo -

Now suppose D = ). Then k = (2, ¢') has a domain {1}. Moreover there exists C' € D
such that C' C {1} and g = k/¢. Since g # k we must have C' =) and g = (0,0) = h.

In both cases g € R(h). =

LEMMA 3.6. Let x be a function such that dom(x) € D, let C,D € D such that
C C D Cdom(z). Then we can define x,c and (x,p),c, and we have (x/p),c = T c-

Proof. Define y = x,p, we have dom(y) = D and for each j € D y(j) = x(j). Moreover
dom(y,c) = C = dom(z,c) and for each j € dom(C) y,c(j) = y(j) = z(j) = z/c(j). =

LEMMA 3.7. Let k = (z,¢) be a state-like pair, let C, D € D such that C C D C dom(k).
Then we can define k;c and (k/p),c, and we have (k/p),c = k/c-

Proof.
(k/p);c = (x/p,¢/p)jc = ((x/p)/cs (¢/D)jc) = (T /0, 0/0) = k/c-

LEMMA 3.8. Let g, h, k be state-like pairs, let g T h, h T k. Then g C k.
Proof.

There exists C' € D such that C C dom(h), g = hc.
There exists D € D such that D C dom(k), h = k/p.

This implies that C' C dom(h) = D, so g =h;c = (k/p),c = k/c-

Since C C dom(k), gC k. m

LEMMA 3.9. Let g,h and k = (x,p) be state-like pairs such that g,h € R(k),
dom(g) € dom(h). Then g € R(h).
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Proof. There exists C' € D such that C' C dom(k), g = k/c. And there exists D € D such
that D C dom(k), h = k/p. It results C' = dom(g) C dom(h) = D. Then, clearly

g=(z,9)c = (x/0,9/¢) = ((r)p)/c;(¥/D)sc) = (/D¢ D)) = hyC -

LEMMA 3.10. Suppose h = (z,p) is a state-like pair, (y,®) is an ordered pair and define
k=h+ (y, ¢) Then k/dom(h) = h.

Proof.
Let D = dom(h) and k = (2',¢"). Then kjgomn) = (& p, ¢)p) = (2,¢) = h.

We also need some notation referred to generic strings, this notation will be useful
when applied to our expressions, which are non-empty strings. If ¢ is a string we can
indicate with £(t) ¢’s length, i.e. the number of characters in t. If £(¢) > 0 then for each
a€{l,...,¢(t)} at position o within ¢ there is a character, this symbol will be indicated
with ¢[a]. We call ‘depth of a within t’ (briefly d(¢, «)) the number which is obtained by
subtracting the number of right round brackets ‘)’ that occur in ¢ before position « from
the number of left round brackets ‘(’ that occur in ¢t before position « .

The following lemma will be useful later within proofs of unique readability. Its proof is
so simple that we feel free to omit it.

LEMMA 3.11. Let 9, ¢, n be strings with £(9) > 0, £(p) > 0, and let t = V|||n; let also
a€{l,....4(p)}. The following result clearly holds:

d(t, 6(9) + a) = d(t, €(0) + 1) + d(p, a).

We can now describe the process of constructing expressions for our language £. This
is an inductive process in which not only we build expressions, but also we associate them
with meaning, and in parallel also define the fundamental concept of ‘context’. This pro-
cess will be identified as ‘Definition [3.12] although actually it is a process in which we give
the definitions and prove properties which are needed in order to set up those definitions.

3.1. Definition process. This section contains only definition [3.12] This definition is an
inductive definition process within which we have assumptions, lemmas etc.. Symbols like
m within this definition are not intended to terminate the definition, they just terminate
an assumption or lemma etc. which is internal to the definition.

DEFINITION 3.12. Since this is a complex definition, we will first try to provide an informal
idea of the entities we’ll define in it. The definition is by induction on positive integers,
we now introduce the sets and concepts we’ll define for a generic positive integer n (this
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first listing is not the true definition, it’s just to introduce the concepts, to enable the
reader to understand their role).

K(n) is the set of ‘contexts’ at step n. A context k is a state-like pair of the form
(x, ) where z and ¢ have the same domain D = {1,...,m} € D, and foreachi =1...m
x; is a variable and ; is an expression.

For each k € K(n) E(k) is the set of ‘states’ bound to context k. If n > 1 and
k € K(n — 1) then =(k) has already been defined at step n — 1 or formerly, otherwise it
will be defined at step n.

If £ = (x,¢) is a context, a state on k is a state-like pair o = (z, s) where (roughly
speaking) for each 4 in the domain of z, ¢ and s s; is a member of the meaning of the
corresponding expression @; .

For each k € K(n) E(n, k) is the set of expressions bound to step n and context k.

E(n) is the union of E(n, k) for k € K(n) (this will not be explicitly recalled on each
iteration in the definition).

For each k € K(n), t € E(n, k), o € E(k) we'll define #(k,t, ) which stands for ‘the
meaning of ¢ bound to k and o’.

The following set E,(n, k) should be defined in the same way at each step, we put
here its definition, to avoid to repeat that definition each time.
For each k € K (n) we define Es(n, k) = {t|t € E(n,k),Vo € E(k) #(k,t,0) is a set}.

We are now are ready to begin the actual definition process, so we perform the simple
initial step of our inductive process.

We define K (1) = {e}, Z(e) = {e}, E(l,¢) =C.
For each t € E(1,¢) we define #(e, t,€) = #(t).

The inductive step is a bit more complex. Suppose all our definitions have been given
at step n and let’s proceed with step n + 1. In this inductive step we’ll need some as-
sumptions which will be identified with a title like ‘Assumption 3.1.x’. Each assumption
is a statement that must be valid at step 1, we suppose is valid at step n and needs to
be proved true at step n + 1 at the end of our definition process.

The first two assumptions we need are the following.

AssuMPTION 3.1.1. For each k € K(n) k is a state-like pair and for each o € Z(k) o is
a state-like pair and dom(o) = dom(k).
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ASSUMPTION 3.1.2. For each k € K(n) k=€ and =(k) = {e} or
(n > 1 and there exist m < n, h € K(m), ¢ € Es(m,h), y € (V —var(h)) such that
k=h+(y,¢), E(k) = {0+ (y,8)|0 € E(h),s € #(h, $,0)}).

We can go on with the inductive step and define
Kt ={h+ (y,0)|h € K(n),¢ € Es(n,h),y € (V —var(h))} — K(n),

Kn+1)=Kn)UK(mn)".

Let k € K(n)*. Then there exist h € K(n),¢ € Es(n,h),y € (V —var(h)) such that
k=h+ (y,¢). By lemma we know that h, ¢,y are univocally determined.

We can assume that Z(k) is defined for k € K(n), and we need to define this for
ke Kn+1)— K(n), ie. for k € K(n)™. If k € K(n)" there exist h € K(n),¢ €
Es(n,h),y € (V—wvar(h)) such that k = h+ (y, ¢); and h, ¢, y are univocally determined.
So we can define

E(k) = {o + (y.5)| 0 € Z(h), s € #(h, 6,0)}.

Another consequence of lemma [3.1is the following: for each k € K (n)* and o + (y, s)
in Z(k), o, y and s are univocally determined.

To ensure the unique readability of our expressions we need the following assumption
(which is clearly satisfied for n = 1).

ASSUMPTION 3.1.3. For each t € E(n)

o t[t(t)] #°C;
o if t[4(t)] =) then d(t, £(t)) =1, else d(t,£(t)) =0 ;
o for each a € {1,...,L(t)} if (t[a] =) V (t[a] =) V (t[a] = ¢)’) then d(t,a) > 1.

It is time to define E(n+ 1, k), for each k in K(n+ 1). Then for each ¢t in E(n+1,k)
and ¢ in Z(k) we need to define #(k, t, o). We begin to do this by defining some new sets
of expressions bound to context k, and for the expressions in each new set we define the
proposed value of #(k,t, o).

For each k = h + (y,¢) € K(n)™ we define

Eo(n+1,k) ={y}.

For each t € E,(n+ 1,k), 0 = p+ (y,s) € Z(k) we define:



20 M. Avon

#(ka i, U)(n+1,k7a) = S.

We notice that € € K(n) and define Ey(n+1,¢) = 0.
For each k = h + (y,¢) € K(n) — {e} we define

Ey(n+1,k) = {t|t € E(n,h),t ¢ E(n,k)}.

For each t € Ey(n + 1,k), 0 = p+ (y,s) € E(k) we define the proposed value of
#(k,t,0):

#(k7 t, U)(n-i—l,k,b) = #(ha t, P)

As a premise to the following definition of E.(n + 1, k), we specify that, given a pos-
itive integer m and a set D, we call D" the set D x --- x D where D appears m times
(when m = 1 of course D! = D), and a function whose domain is a subset of D™ is called
a function with m arguments.

For each k € K(n) we define E.(n + 1,k) as the set of the strings (¢)(¥1,...,®m)
such that:

e m is a positive integer;

© 0,01, om € E(n,k);

for each o € Z(k) #(k, p,0) is a function with m arguments and
(#(k,p1,0),...,#(k, om,0)) is a member of its domain;

o ()1, 0m) & E(n, k);

(@) (@1, om) & Ep(n +1,k).

This means that for each t € E.(n + 1,k) there exist a positive integer m and
0,01,y om € E(n) such that t = (¢)(¢1,. .., ¥m). In the following lemma we’ll show
that m, ¢, ¢1, ..., ©m are uniquely determined. Within this complex definition this proof
of unique readability may be considered as a technical detail, and can be skipped at first

reading. The proof will often exploit lemma and assumption they will not be
quoted each time they are used.

LEMMA 3.1.4. Let t € E.(n + 1, k) and suppose

e there exist a positive integer m and ¢, ©1,...,0m € E(n): t = (p)(¢1,-. -, Om)-
o there exist a positive integer p and 1,1, ...,¢¥p, € E(n): t = (¥)(¢1,...,¢¥p).
Then p =m, » = ¢ and for each i € {1,...,m} ¥; = ¢;.

NB: in the context of this definition we just need to prove this lemma for ¢t € E.(n +
1, k), but actually we just need to assume ¢ is a generic string, and below in this paper
we’ll also use this result with reference to a generic string ¢.
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Proof.
We can represent ¢ as (¢)(¢1,.-.,9m) and as (¥)(¢1,...,1¥p).

In both representations we see ‘explicit occurrences’ of the symbols ‘(" , ©)” and *,’.

In the first representation there are explicit occurrences of ¢’ only when m > 1. We
indicate with ¢ the position of the first explicit occurrence of )’, and the second explicit
occurrence of ‘)’ is clearly in position £(t). If m > 1 we indicate with ¢1,...,¢m—1 the
positions of the explicit occurrences of ;.

In the second representation there are explicit occurrences of ‘,” only when p > 1. We
indicate with r the position of the first explicit occurrence of ‘)’, and the second explicit
occurrence of ‘)’ is clearly in position £(t). If p > 1 we indicate with rq,...,r,_1 the
positions of the explicit occurrences of ;.

We have d(t,q — 1) =d(t, 1+ £(p)) =d(t, 1+ 1) + d(p, £(¢)) = 1+ d(p, £(p)).

If tlg — 1] = ¢[(¢)] = )" then d(t, q) = d(t,q — 1) — 1 = d(p, {(p)) = 1.
Else t[q - 1] - 90[6(‘)0)] ¢ {‘(7a 4)’}’ S0 d(t’q) = d(taq - 1) =1+ d(%é(sﬁ ) =1

Suppose ¢ < 7. Obviously ¢ > 1, g—1>1,¢g—-1<r—2=L01); Y[g—1] =t[q] =)

Sod(t,q) =d(t,1+ (¢ —1)) =d(t,2) +d(s,q —1) =1+ d(p,qg — 1) = 2.
This is a contradiction, because we have proved d(t,q) = 1. Thus q > r.

In the same way we can prove that r > ¢, so we have r = q.

Clearly 4(¢)) =r—2=q—2={(p), and for each a = 1...£(p) p[a] = tla+1] = ¢[a].
In other words i = .

Of course we have also d(t,r) =d(t,q) =1, d(t,r+2) =d(t,r)—1+1=1,
dt,q+2)=d(t,q) —1+1=1.

We still need to show that p = m and for each i € {1,...,m} ¢; = ¢;.
First we examine the case where m = 1. We want to show that p = 1.

Suppose p > 1. In this situation we have

dit,r1 — 1) =d(t,r+1+(r1 —1—(r+1))) =dt,r+1+£(t))) =
=d(t,r +2) +d(1,€(¢1)) = 1+ d(¥1, £(Y1)).

If t[’/’l — 1] = wl [6(1/)1)] = ‘)7 then d(t,’l"l) = d(t,?"l - 1) —1= d(wl;é(wl)) =1.
Else t[r1 — 1] = 1 [(y1)] & {*(", )’} so d(t,r1) = d(t,r1 — 1) = 1+ d(¢1, (1)) = 1.
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Moreover we have to consider that

lpr) =L(t) =1 = (g +1) =£(t) —q -2,

r < A(t)—1
r=(g+1) <Ut) —1—(q+1) = £(t) —g—2=Llp)
rZq+2,
r—(g+1) =1,
erlr — (g + D] =t[rm] =",
1=d(t,r1) = d(t,q+2) +d(p1,m1 — (¢ +1)) = 1+ d(p1,m1 — (¢ +1)).
This causes d(¢1,71 — (¢ + 1)) = 0, but by assumption u we must have

d(¢1,71 — (¢+1)) > 1. So it must be p = 1.
Of course
(1) =€) =1 = (r+1) =L(@t) =7 =2 =L(t) —q — 2 = (p1).
Foreach a = 1...4(p1) p1]a] = tlg+1+a] = tfr+1+a] = ¢1[a]. Therefore ¢ =

Now let’s discuss the case where m > 1.
First we want to prove that foreachi=1...m—1p >4, d(t,q;) = 1,7 = ¢;, ¥; = ;.
Let’s show that p > 1,d(¢t,q1) = 1,71 = q1,¢1 = ¢1
If p =1 of course m =1, so p > 1 holds.
We have that
d(t,q1 —1) =d(t, g+ 1+ (1)) =d(t,g+ 1+ 1) +d(p1, (1)) = 1+ d(p1, (1))
If tfgy — 1] = @1[l(p1)] =)’ then d(t,q1) = d(t,q1 — 1) — 1 = d(p1, (1)) = 1 :
Else tlgy — 1] = o1[l(1)] € {*(,)'} so d(t,q1) = d(t,q1 — 1) = 1+ d(p1,l(p1)) =
Suppose q; < 71, we have
Z(z/)l):rl—l—(r—i—l):rl—r—z
G —r—1<ri—r—1,
q1 —r—1 <£(¢1)7
q1 > (J+ ]-7
g >r+1,
q1 — T — 1 2 17
and then
L=d(t,q) =dt,r+1+ (@ —r—1))=d(t,r +2) +d1,q0 —r — 1) =
:1—|—d(1[}1,ql —7‘—1).

So d(¢1,q1 —r —1) = 0. But since ¥1[q1 —r — 1] = t[g1] = *,’, by assumption we
must have d(¢1,q1 —r — 1) > 1, so we have a contradiction.
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Hence ¢; > 1 and in the same way we can show that r; > ¢q, therefore r; = ¢.

At this point we observe that
E(apl):q1—1—(q+1):ql—q—2:r1—r—2:€(z/}1).

Moreover, for each o =1... (1) p1[a] =tlg+ 1+ a] =t[r+ 1+ a] = ¢P1]a].
Therefore 11 = ¢1

We have proved that p > 1,d(t,q1) = 1,71 = q1,%1 = 1, and if m = 2 we have also
shown that for each i =1...m —1p>i,d(t,q;) = 1,7 = qi, i = ;.
Now suppose m > 2, let ¢ = 1...m — 2, suppose we have proved p > i, d(t,¢q;) = 1,
Ti = qi, Vi = @i, we want to show that p > i+ 1,d(t,¢iv1) = 1,7i11 = ¢iv1, Vi1 = Piy1-
First of all
d(t, qiv1 — 1) = d(t, g + U(pit1)) = d(t, ¢ + 1) + d(pir1, €(pit1)) =
=1+ d(pit1,(pit1))-

If t[giv1 — 1] = pir1[l(pir1)] = )" then
d(t,qiv1) = d(t,qiv1 — 1) = 1 = d(pit1, l(pit1)) = 1.
Else t[git1 — 1] = pir1[l(pir1)] € {'(,*)'} so
d(t,qi+1) = d(t, giv1 — 1) = 1+ d(pi+1,l(piv1)) = 1.

Suppose p =i+ 1. We have i <m — 2, i+ 2 < m, t[git+1] =°,’. And we have also
U(p) = L(t) =1 =13,
Giv1 < L(t) — 1,
Qg1 — i SU(t) =1 —1r;i = L(y),

Q41 —Ti =qit1 — G = 1,
Yplgivs — 7] = t{qiv1] =,
and
L=d(t,qiv1) = d(t,mi + (qir1 —73)) = d(t, i + 1) + d(Vp, giv1 —1i) =
=14+d(p, git1 —13).

So d(¥p, ¢i+1 — ;) = 0 and this contradicts assumption Therefore p > i + 1.
Now suppose ¢;+1 < 7i+1. In this case
Lit1) =rip1 — 1 -1,
Qiv1 < Tip1— 1,
Qg1 — i <Tip1 — 1L =15 = L(2hiq1),
Gi+1 — T = qi+1 — ¢ = 1,

¢

Vir1lgiv1 — 7] = t{giv1] =,
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and
L=d(t,qiv1) = d(t,7i + (gir1 —1i)) = d(t,; i + 1) + d(Pig1, gigr —13) =
=14+ d(Wi+1,Git1 — i)
So d(vi+1, ¢i+1 —r;) = 0 and this contradicts assumption Therefore ¢;11 > 7i41.
In the same way we can prove that g; 1 < r341, hence r;11 = ¢;4+1 is proved.

Moreover
Upit1) =qiy1 — 1 —qi =rig1 — 1 — 1 = L(Yi41),
and for each « =1...0(¥;y1)

Yipaa] = tlri + o] = tlg; + o] = pia[al.
We have proved that for each i =1...m —1p > i,d(t,q;) = 1,7 = ¢;,¥; = ;.
So p > m, and in the same way we could prove m > p, therefore p = m.

We have seen that r,,,_1 = ¢;_1, it follows
Upm) =L(1t) =1 = gm-1=L(t) =1 =11 = L(Pm),
and for each a =1...4(¢,)
Ymla] = trm—1 +a] = tlgm-1 + a] = om[al,
therefore ¥, = ¢m,.

So also in the case m > 1 it is shown that p =m and foreachi=1...m ¢; = p;. »

For each t = (¢)(¢1,...,9m) € Ec.(n+ 1,k) we define
#(k7t7 U)(n+1,k,c) = #(k7 2 U)(#(k7 w170)7 R #(k7 @mﬂj))-

For each k € K(n) we define Eq(n+ 1,k) as the set of the strings f(¢1,...,¢m) such
that:

f belongs to F

m is a positive integer;

D1y 0m € E(n, k);

for each o € Z(k) Ap(#(k, 01,0),...,#(k,om,0)) is true;
fler,... om) € E(n, k).

o f(p1,...,0m) & Ep(n+1,k).

For instance, this means that if the ‘logical conjunction’ symbol ‘A’ belongs to F,
©1, p2 belong to E(n, k), for each o € Z(k) both #(k, p1,0) and #(k, p2,0) are true or
false, A(p1,92) € E(n, k), AN(p1,02) € Ep(n+1, k) then A(p1, 2) belongs to Eg(n+1, k).

This implies that for each t € E4(n + 1, k) there are f in F, a positive integer m and
©1,--59m € E(n) such that t = f(t1,...,t,). We will now show that f,m,p1,...,0m
are uniquely determined. Within this complex definition this proof of unique readability
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may be considered as a technical detail, and can be skipped at first reading. The proof
will often exploit lemma and assumption they will not be quoted each time
they are used.

LEmMMA 3.1.5. Let t € E4(n + 1, k) and suppose

e there exist f € F, a positive integer m and ¢1,...,0m € E(n): t = f(¢1,. .., 0m)-
o there exist g € F, a positive integer p and ¢1,...,¢, € E(n): t = g(¢1,...,1¥p).

Then g = f, p=m and for each i € {1,...,m} ¢¥; = ¢;.

NB: in the context of this definition we just need to prove this lemma for ¢ € Eq4(n +
1, k), but actually we just need to assume ¢ is a generic string, and below in this paper
we’ll also use this result with reference to a generic string ¢.

Proof.
We can represent t as f(¢1,...,¢m) and as g(¥1,...,1¥p).

In both representations we see ‘explicit occurrences’ of the symbols ‘(" , ©)” and ;.

In the first representation there are explicit occurrences of ;> only when m > 1. If
m > 1 we indicate with g1, ..., ¢n—1 the positions of the explicit occurrences of ‘,’.

In the second representation there are explicit occurrences of ‘,” only when p > 1. If
p > 1 we indicate with r1,...,7r,_1 the positions of the explicit occurrences of ‘,’.

It is immediate to see that g = ¢[1] = f.
We still need to show that p = m and for each i € {1,...,m} ¥; = ¢;.
First we examine the case where m = 1. We want to show that p = 1.
Suppose p > 1. In this situation we have
d(t,r1 — 1) =d(t,2+ (r1 — 1 = 2)) = d(t, 2+€(¢ ) =

=d(t,2+1) + d(¢1, £(¢1)) = 1+ d(¢r, £(t1)).

If t[ry — 1] = Y1 [€(xp1)] = ¢) then d(¢,71) = d(t,r1 — 1) — 1 = d(¢1,€(¢1)) =
Else t[r1 — 1] =1 [€(¥1)] € {°C, )} so d(t,r1) =d(t,r1 — 1) =1+ d(¢1,£(1h1)) =

Moreover we have to consider that

) = €(t) —1—2=€(1) - 3,

ry <L(t)—1
r—2<Ut) —1—2=1((t) (1),
r =241,
r—22>1,
pilr = 2] =t =+,
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This causes d(¢1,71 — 2) = 0, but by assumption we must have
d(p1,m71 —2) > 1. So it must be p = 1.

Of course
1) =L(t) =1 =2 ={p1).

For each a = 1...4(p1) ¢1][a] = t[2 4+ a] = 91]a]. Therefore 1 = 1.

Now let’s discuss the case where m > 1.
First we want to prove that foreachi=1...m—1p >4, d(t,q;) = 1,7 = ¢;, ¥; = ;.
Let’s show that p > 1,d(t,q1) = 1,71 = q1,%1 = ¢1.
If p =1 of course m =1, so p > 1 holds.
We have that
d(t,q1 —1) =d(t,2 +£(¢1)) = d(t,2 + 1) + d(p1,£(¢1)) = 1 + d(p1,£(p1)).
If tlgr — 1] = p1[l(p1)] =) then d(t,q1) = d(t,q1 — 1) = 1 =d(p1, (1)) = 1.
Else t[q1 — 1] = ¢1[l(p1)] € {'(,)'} so d(t, 1) = d(t,q1 — 1) = 1 +d(¢1,L(¢1)) = 1.
Suppose g1 < rq1, we have
L) =r —1-2=r; =3,
q1 — 2< re — 2,
q1 — 2 < g(wl)a
q1 > 2;
q1 — 2 2 1)
and then
L=dt,q)=dt,2+ (@1 —2)) =d(t,2+1) +d(¢1,q1 —2) =
=1+d(1,q —2).

So d(i1,q1 — 2) = 0. But since ¥1[q1 — 2] = t[g1] = *,’, by assumption we must
have d(¢1,q1 — 2) > 1, so we have a contradiction.

Hence ¢; > r1 and in the same way we can show that r; > ¢, therefore r; = q.
At this point we observe that £(¢1) =¢1 —1—2=7r1 —1—2={(¢1).

Moreover, for each o =1...4(p1) p1]a] = t[2 + a] = 1]a].
Therefore 11 = 1.

We have proved that p > 1,d(t,q1) = 1,71 = q1,%1 = 1, and if m = 2 we have also
shown that foreachi=1...m —1p>i,d(t,q;) = 1,7 = qi, ¥ = ;.

Now suppose m > 2, let ¢ = 1...m — 2, suppose we have proved p > i, d(t,q;) = 1,
Ti = i, Vi = @i, we want to show that p > i+ 1,d(t,¢iy1) = 1,7it1 = qiv1, Yiv1 = Piy1-
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First of all

d(t,qiv1 — 1) = d(t,q + L(pit1)) = d(t,qi + 1) + d(piv1, {(piv1)) =
=1+ d(pir1, {(pit1))-

If t[giv1 — 1] = pit1[l(pi+1)] = )" then
d(t,giv1) = d(t,qiv1 — 1) = 1 = d(pit1, l(pit1)) = 1.
Else t[git1 — 1] = @it [l(pir1)] € {°(,%)"} so
d(t,giv1) = d(t,git1 — 1) = 1+ d(pit1, l(pit1)) = 1.

27

Suppose p =i+ 1. We have i <m — 2, i + 2 < m, t[g;+1] = ¢,”. And we have also

Lpp) =L(t) — 1 — 1y,
qiv1 <L) — 1,
Giv1 — 1 L) — 1 =1y = L),
Git1 —7Ti =qit1 — ¢ = 1,
Vpldit1 — Ti] =t[git1] =/,

and

L=d(t,qis1) = d(t,ri + (qig1 — i) = d(t, 7 + 1) + d(p, qig1 — 1) =

=1+d(p, qis1 —74)-

So d(¥p, ¢i+1 — ;) = 0 and this contradicts assumption Therefore p > i + 1.

Now suppose g;+1 < ri+1. In this case
Liv1) =rip1—1—m;
Qi1 < Tig1 — 1,
Giv1 — 7 <Tip1 — 1 =1 = L(Yiga),
Git1 —Ti =qit1 — ¢ = 1,
Vit1[givr — i) = tlgia] =1/,

and

L=d(t,qiv1) = d(t,ri + (qir1 — i) = d(t,ri + 1) + d(iv1, qiv1 — 1) =

=14+ d(it1, giv1 —73)-

So d(i+1, ¢i+1—7i) = 0 and this contradicts assumption Therefore ¢;11 >

In the same way we can prove that g;+1 < 7,41, hence 7,41 = ¢;11 is proved.

Moreover
Upiv1) =qiy1 — 1 —qi = rig1 — L — 15 = L(tiq1),
and for each « =1...0(¥;41)

Yit1la] =t + o] =t[g; + o] = piya[al.

Tig1-
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We have proved that for each i =1...m —1p>i,d(t,q;) = 1,r; = ¢, ¥; = @;.
So p > m, and in the same way we could prove m > p, therefore p = m.

We have seen that r,,_1 = ¢m_1, it follows
Upm) =L(t) =1 = gm—1 = L(t) = L =11 = L(bm),
and for each a = 1...£(1y,)
Ymla] =t
therefore ¥, = ¢m,.

[Tmfl + a] = t[‘lmfl + a] = SOm[OZL

So also in the case m > 1 it is shown that p =m and foreachi=1...m ¢; = p;. »

For each t = f(p1,...,m) € Eq(n+ 1,k) we define
#(kata 0)(n+1,k¢,d) = Pf(#(k7 30170-)7 LRI #(ka SOWL)O-))'

Let k € K(n), m a positive integer, x a function whose domain is {1,...,m} such
that for each i =1...m z; € ¥V —var(k), and for each i,j =1...m i # j — z; # x;,
¢ a function whose domain is {1,...,m} such that for each i = 1...m ¢; € E(n), and

finally let ¢ € E(n). We write
5(”1 kv m,x,p, ¢)

to indicate the following condition (where kf = k + (z1,¢1), and if m > 1 for each
i=1..m—1 k'7/;+1 = k£+($i+1,(pi+1))2

o ¢ € Ey(n, k) ;
e if m>1thenforeachi=1...m—1k} € K(n) Ag;1 € Es(n,k});
o kI, e K(n)AN¢ € E(n,kl,).

For each k € K(n) we define F.(n + 1,k) as the set of the strings

{}(xl Py Tt ‘Pmaqs)
such that:

e m is a positive integer;

e z is a function whose domain is {1,...,m} such that for each i = 1...m z; €
V —wvar(k), and for each 4,5 =1...m i # j — x; # xj;

e ¢ is a function whose domain is {1, ..., m} such that foreach i =1...m ¢; € E(n);

* ¢ € En);

o E(n,k,m,xz,p,0);

hd {}(.131 CP1y e T @mad)) ¢ E(TL, k)

b {}(xl CP1y e Ty @mad)) ¢ Eb(”“’ Lk)
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This implies that for each t € E.(n + 1,k) there exist a positive integer m, a func-
tion & whose domain is {1,...,m} such that for each ¢ = 1...m x; € V, a function ¢
whose domain is {1,...,m} such that for each i = 1...m ¢; € E(n), and ¢ € E(n)
such that t = {}(x1 : ¢1,. .., Tm : ©m, P). We will now show that m,x, ¢, ¢ are uniquely
determined. Within this complex definition this proof of unique readability may be con-
sidered as a technical detail, and can be skipped at first reading. The proof will often
exploit lemma[3.1T]and assumption [3.1.3] they will not be quoted each time they are used.

LEMMA 3.1.6. Let t € E.(n+ 1,k) and suppose

e there exist a positive integer m, a function & whose domain is {1,...,m} such that
for eachi=1...m x; € V, a function ¢ whose domain is {1,...,m} such that for
eachi=1...m p; € E(n),and ¢ € E(n) such that t = {}(z1: ¢1,...,Tm : ©m, P);

e there exist a positive integer p, a function y whose domain is {1,...,p} such that

for each i = 1...p y; € V, a function ¥ whose domain is {1,...,p} such that for
eachi=1...p¢; € E(n), and ¥ € E(n) such that ¢t = {}(y1 : ¥1,...,yp : ¥p,V);

Then p=m,y = x,9¥ = ¢ and ¥ = ¢.

NB: in the context of this definition we just need to prove this lemma for ¢t € F.(n +
1, k), but actually we just need to assume ¢ is a generic string, and below in this paper
we’ll also use this result with reference to a generic string ¢.

Proof.
We can represent ¢ as { (1 : @1,...,Zm : ©m,¢) and as {}(y1 : Y1, .-, Yp : ¥p, V).
In both representations we see ‘explicit occurrences’ of the symbols ;" and ‘.

In the first representation we indicate with ¢1,..., g, the positions of the explicit
occurrences of ‘:” and with ry ...r,, the positions of the explicit occurrences of ‘,’.

In the second representation we indicate with qi,...,q, the positions of the explicit
occurrences of > and with 7] ... 7’]’0 the positions of the explicit occurrences of *,’.

We want to show that for eachi=1...m
Py =T, q; = g, d(t, i) = 1,7 = 14,0 = @i
The first step is to show that y1 = z1,q] = q1,d(t,m1) = 1,7 = r1,91 = ¢1.
Of course y1 = t[3] = 1, q] = 4 = ¢1. Moreover
dlt,ri = 1) =d(t,q1 + (1 — 1 —q1)) = d(t,q1 + (1)) = d(t,q1 + 1) + d(1, (1)) =
=1+ d(p1, (1))

If tfry — 1] = p1[l(p1)] = )’ then d(t,r1) = d(t,r1 — 1) — 1 =d(p1,4(p1)) = 1.
Else t[r1 — 1] = pa[l(p1)] ¢ {°(",)"} so d(t,r1) = d(t,r1 — 1) =1 +d(p1,l(¢1)) = 1.
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Now suppose r; < rj. This would mean that

5(77[11) =r—1 7‘]37
g ST
nod=r-q >l
¢1 [Tl - qll] = t[lrl] = Aaja
and
L=d(t,r) =dt, ¢ + (rn —q1)) =dt,¢; + 1) +d(¥1,m1 — q1) = L+ d(d1, 11 — ¢f).
So d(11,7m1 —¢}) = 0 and this contradicts assumption Hence r1 > r{, and in the
same way we can show that r| > r1, therefore ry = r{.
At this point we observe that ¢(¢1) =11 — 1 —q1 = £(¢1).
Moreover, for each a = 1...4(¢1) ¥1[a] = t[¢] + o] = t[q1 + o] = p1[a], hence Y1 = 5.

We have proved that y1 = x1,q] = q1,d(t,r1) = 1,7} = r1,¢1 = 1. As a consequence,
if m = 1 we have proved that for each i =1...m

P =iy =, q; = qi, d(t, ) = 1,7 = i = @
Consider the case where m > 1. Let i = 1...m — 1, we suppose
pPZi,Yi = xiqu = ind(t7ri) = 177'; =14, %i = i,
and want to show that
P+ 1Ly = Tig1, Gy = Girr, d(trivn) = Lrfy = rig1, i = @iga.
We can immediately show that d(¢,7;,11) = 1. In fact d(¢, ;11 + 1) = d(t,r;) = 1,
dt,rig1 — 1) = d(t, gig1 + (rig1 — 1 — qig1)) = d(t, g1 + U@iv1)) =
=d(t, giy1 + 1) + d(@it1,l(pit1) = 1+ d(pit1, L(pit1)).
If t[rivs — 1] = pip1[l(pi+1)] = ) then
d(t,rip1) = d(t,rip1 — 1) = 1 =d(pi+1,l(pit1)) = 1.

Else t[riy1 — 1] = pir1[l(piv1)] € {°(, )’} so
d(t,riv1) = dt,rip1 — 1) = L+ d(pit1, L(pit1)) = 1.

Suppose p = i. In this case

and

L=d(t,riy1) = d(t,m; + (rig1 — 7)) = d(t,r; + 1) + d(0, 7511 — 77) =
=1 —+ d(ﬂyri—i-l — 7”‘;)
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So d(¥,r;41 — r;) =0, and this contradicts assumption Therefore p > i + 1.
It follows immediately that y; 1 = t[r] + 1] = t[r; + 1] = ;11 and ¢j, | = 7] +2 = ¢i41.

Now we suppose 741 < 7j, ;. This would mean that

L(Yiy1) = 7’§+1 —-1- q§+1,
Fitr1 — Qi1 < Tipy — 1 — Gy = (i),
Tigl = Qi1 = Tig1 — Gip1 = 1,
Yita[rit1 — i) = triga] =4,
and
L=d(t,rit1) = d(t,gipq + (rig1 — ¢i41)) = d(t, gl + 1) +d(Qig1,7iv1 — Gigq) =

=14 d(Wis1,Tiv1 — Gigr)-
So d(¥i1,7mi41 — ¢j1) = 0 and this contradicts assumption Hence 7341 > 77,;.
In the same way we can show that r;;1 < rj,, therefore rj 11 =7} ;.

At this point we observe that £(;11) = 7341 — 1 — git+1 = £(Viy1).
Furthermore, for each o = 1...0(@i41) Yig1[a] = t[gi, + a] = tlgiy1 + o] = piq1]a],
hence ¢;11 = pit1.

It is shown that for eachi=1...m

P =iy =g = qi,d(t, ) = 1,1 =i = ¢

So p = m. In the same way we could prove that m > p, so p = m. At this stage we
have shown that y = = and ) = ¢, we just need a final step, which is proving that ¥ = ¢.
This clearly holds because of

09) = €(t) =1 =1y = £(t) = 1 — 1y = £(9),

and for each a =1...£(¢)

Ia] = t[r, + a] = t[r, + o] = ¢[al.

For every t = {}(x1 : ©1,.. ., Tm : Pm, @) € Ee(n+ 1, k) we define

#(k, t,0) (nt1,ke) = {F# (K, &, 00,)] o7 € Elkyyn), 0 E 0}
where k] = k+(x1,¢1), and if m > 1foreach i =1...m—1kj , = kj+ (Tiy1, it1)-

Notice that the set {#(k.,, ¢,00,)| or, € E(k,),0 C o), } is specified using a standard
mathematical notation. We could specify it using a notation closer to the one of our
expressions, in this case we should define a set Q as the set of o/, € Z(k/,) such that
o C o/, then we could write the above mentioned set as {}(o}, : Q, #(k.,,, ¢, 00,)).



32 M. Avon

Actually, it might still be a bit unclear what is the intended meaning of the expression
Har o1, m - oms B).

This is the same meaning that the expression
{dlz1 €1, o, T € O}

is intended to have when used in most mathematics books.

We have terminated the definition of the ‘new sets’ (of expressions bound to context
k) and the related work, we are now ready to define E(n + 1,k) for k € K(n + 1).

If k € K(n)t we define

e E(n+1,k)=FE.(n+1,k);

o By(n+1,k)=0, Ec(n+1,k) =0, Eq(n+1,k) =0, Ec(n+1,k) =0.

If k € K(n) we define

e E(n+1,k)=EMn,k)UE,(n+1,k)UE(n+1,k) UEs(n+1,k)UE.(n+1,k);
o Ey(n+1,k)=0.

For every k € K(n+1),t € E(n+ 1,k) and o € Z(k) we need that #(k,t,0) is
defined. But we also need that the definition is such that for each w € {a,b,c¢,d, e}, if
t € Ey(n+1,k) then #(k,t,0)(ny1,k,0) = #(k,t,0).

LEMMA 3.1.7. For each k € K(n), wi,ws € {b,c,d,e}: w1 # we By, (n+1,k)NEy,(n+
1,k) = 0.

Proof.
We have that for each w € {¢,d,e} Ep(n+ 1,k) N Ey(n+1,k) = 0.
We also have that

e cach expression in E.(n + 1, k) begins with the character ‘(’;
e cach expression in E4(n + 1, k) begins with a member of F;
e cach expression in E.(n + 1,k) begins with the character ‘{}’.

This implies that for each wy, ws € {¢,d, e}: w1 # wa Ey, (n+1,k)NEy, (n+1,k) = 0.
[ |

Let k € K(n). If t € E(n, k) then #(k,t,0) is already defined, Fo(n + 1,k) = 0 and
for each w € {b,c,d,e} t ¢ E,(n+ 1,k), so in this case our requirements are satisfied.

If ke K(n) and t € Ep(n+ 1,k) U E.(n+ 1,k) U Eq(n + 1,k) U E.(n + 1,k) then
t ¢ E(n,k) so #(k,t,0) isn’t already defined. There is just one w € {b, ¢, d, e} such that
t € Ey(n+1,k), we define #(k,t,0) = #(k,t,0)(n+1,k,w) and our requirements are sat-
isfied (of course in this case F,(n+1,k) = 0).
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If k€ K(n)t and t € E,(n + 1,k) then #(k,t,0) isn’t already defined, we define
#(k,t,0) = #(k,t,0)(n+1,k,a) and, since for each w € {b,c,d,e} Ey(n +1,k) = 0, our
requirements are satisfied.

In the last part of our definition we need to prove that all the assumptions we have
made at step n are true at step n + 1.

Proof of5.1.1].
We have to show that for each k € K(n+1) k is a state-like pair and for each o € Z(k)
o is a state-like pair, and dom(o) = dom(k).

If k € K(n) this is clearly true because it is precisely our assumption.

If k € K(n)" then there exist h € K(n),¢ € Es(n,h),y € (V — var(h)) such that
k=h+ (y,¢). So k is a state-like pair.

For each o € Z(k) 0 = p+ (y, s) with p € Z(h), s € #(h, &, p), so ¢ is a state-like pair.

Moreover, we can assume dom(h) = dom(p) = @ or dom(h) = dom(p) = {1,...,m}
for a positive integer m. In the first case dom(c) = {1} = dom(k), else

dom(o) = dom(p) U{m + 1} = dom(h) U {m + 1} = dom(k) .

Proof of [3.1:3

We have to show that for each k € K(n+ 1) k =€ and =(k) = {e} or
(there exist m < n+1, h € K(m), ¢ € Es(m,h),y € (V—wvar(h)) such that k = h+(y, ¢),
E(k) = {0+ (y,s)|o € E(h),s € #(h, $,0)}).

If k € K(n) by the inductive hypothesis k = € and =(k) = {¢} or
(n > 1 and there exist m <n <n+1, h € K(m), ¢ € Es(m,h), y € (V —var(h)) such
that k = h + (3, 6), Z(k) = {0 + (y,)| o € Z(h), s € #(h, &, 0)}).

Otherwise k € K(n)* so there exist h € K(n),¢ € Es(n,h),y € (V —var(h)) such
that k = h + (3,6), (k) = {0 + (5,5)| & € S(h), 5 € #(h, 6, 0)}.

Proof of [3.1.3
We need to prove that for each k € K(n+1), t € E(n+1,k)

o tl(t)] #°(;
o if t[{(t)] =€) then d(t,£(t)) = 1, else d(¢,£(t)) =0 ;
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o for each a € {1,...,L(t)} if (t[a] =) V (t[a] =) V (t[a] = ¢)’) then d(t,a) > 1.
We recall that:
e Ifke K(n)" E(n+1,k) = Eo(n+1,k).

e If ke K(n) E(n+1,k) = E(n,k) UEy(n+ 1,k)UE.(n+1,k)UEsn+1,k)U
E.(n+ 1,k).

Let k € K(n)™ and t € Ea(n+ 1,k). There exist h € K(n), ¢ € Es(n,h), y €
V — var(h) such that k = h + (y, ¢). We also have ¢ = y, so t has just one character, ¢[1]
differs from ‘(’, <, ¢, ©) and d(t, £(t)) = 0.

Let k € K(n) and t € E(n, k), this means that ¢ € E(n). In this case we just need to
apply assumption [3.1.3

Let k = h+(y,¢) € K(n)—{e} and t € Ep(n+ 1,k). We have h € K(n), t € E(n,h),
so we can apply assumption to finish.

Let k € K(n) and t € Ec(n+ 1,k). There exist ¢, ¢1,...,¢9m in E(n, k) such that
t=(p)(p1s- s Pm).

In this representation of ¢ we see ‘explicit occurrences’ of the symbols ‘(’ , ‘)’ and ;.
There are explicit occurrences of ‘,” only when m > 1. We indicate with ¢ the position
of the first explicit occurrence of ¢)’, and the second explicit occurrence of ‘)’ is clearly
in position £(t). If m > 1 we indicate with ¢1,...,¢n—1 the positions of the explicit
occurrences of ‘,’.

We have d(t,q — 1) =d(t, 1+ £(p)) =d(t, 1+ 1) + d(p, £(¢)) = 1+ d(p, £(p)).

If tg — 1] = p[b(p)] =)’ then d(t,q) = d(t,q — 1) = 1 =d(p,{(¢)) = 1.
Else tlg — 1] = o[t(@)] € {*(,)'}, so d(t, q) = d(t,q — 1) = 1+ d(p, £(p)) = 1.

If m > 1 we can prove that for each i =1...m —1d(t,¢;) = 1.

First of all we agree that d(¢t,q+2) =d(t,q) —1+1=1.

We have also that

d(t,qr —1) =d(t,q+ 1+ L(p1)) = d(t,q+ 14 1) +d(p1,£(p1)) = 1+ d(p1, (1))

If gy — 1] = @1 [l(p1)] = )" then d(t, q1) = d(t,q1 — 1) =1 = d(p1,€(p1)) = 1.
Else tlgy — 1] = @1[l(e1)] ¢ {*(,)} so d(t, 1) = d(t,q1 — 1) = 1+ d(p1, £(p1)) = 1.

If m = 2 we have finished this step. Now suppose m > 2. Let ¢ = 1...m — 2 and
suppose d(t,q;) = 1. We'll show that d(¢,¢;+1) = 1 also holds.

In fact
d(t,giv1 — 1) = d(t,qi + U(pit1)) = d(t,qi + 1) + d(pir1,€(piv1)) =
=14 d(piy1,{(pit1))-

If tlgiv1 — 1] = @it1[l(pit1)] =) then
d(t,qiv1) = d(t,qiy1 — 1) — 1 = d(pit1,l(pit1)) = 1.
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Else t[giv1 — 1] = pir1[l(wiv1)] € {°(,°)'} so
d(t,giv1) = d(t,qiv1 — 1) = 1+ d(piy1, L(pit1)) = 1.

So it is shown that for each i =1...m — 1 d(t,¢;) = 1.
We now want to show that d(¢,£(t)) = 1.
If m =1 then
d(t, £(t) = 1) = d(t, g + 1+ 1)) = d(t, g +2) + d(1, (1)) = d(t, ) + d(p1, (1)) =
=1+ d(em, U(pm))-

If m > 1 then
d(t, £(t) = 1) = d(t, gm—-1 + L(pm)) = d(t, gm—1 + 1) + d(pm, L(om)) = 1 + d(pm, L(om))-
IE2[0(t) — 1) = m[€(pm)] = ) then d(t, £(t)) = d(t, £(t) = 1) = 1 = d(pm, L(pm)) = 1
Else t[l(t) =1] = om[(m)] & {( 1)} so d(t, £(1)) = d(t, £(t) =1) = 1+d(pm, {(pm)) = 1.
Let’s now examine the facts we have to prove. It is true that t[¢(t)] # ‘(. It’s also true
that t[¢(t)] =) and d(¢,£(¢t)) =1
Now let v € {1,...,4(t)} and ( tfa] = or t[a] =, or t[a] =)").

Ifae{qq,. -, qmn-1,L(t)} we have already shown that d(¢,a) = 1. Otherwise there
are these alternative possibilities:

a. (a>1)A(a<yq),

b. (m=1)A(a>qg+1)A(a <L(t)),

c. (m >1)/\(a>q+1) (a < q1),

d. (m>2)A 3= —2:(a>q) N (a<qit1)),
e. (m>1)/\(a>qm 1)/\(a<£(t)).

In the situation a. p[a — 1] = t[a],
d(t,a) =d(t, 1+ (a—1)) =d(t,2) +d(p,a—1) =1+ d(p,a—1) > 2.
In the situation b. we have
g+1<a<i(t),
O<a-—(¢g+1)<L(t)—(¢g+1),
I1<a—(g+1) <t)—q—2=L(p1),
p1la— (¢ +1)] = t[a],
d(t,a) =d(t, g+ 1+ (a—(¢+1)) =dt,q+2) +dpr,a—(¢g+1)) =
=1+d(p1,a—(g+1)) > 2.
In the situation c. we have
qg+1<a<q,
O<a—(¢g+1)<q —(g+1),
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I<a—(g+1)<q—q—2=1{(p1),
p1la — (¢ +1)] = t[a],
d(t,a) =d(t,q+ 1+ (a—(¢+1))) =dt,q+2) +d(pr,a—(¢g+1)) =
=1+d(pr,a—(g+1)) > 2.
In the situation d. we have
¢ < o < Giy1,
O0<a-—¢q <g1— G,
I1<a—q <qir1— ¢ —1=0pis1),
pit1la — qi] = t[a],
d(ta Oé) = d(tvch + (a - (h)) = d(t,(h + 1) + d((ﬁi+1,0€ - Q1) =
=1+d(pit1,0—q) > 2.
In the situation e. we have
Gm—1 < a < L(t),
0<a—gm-1< E(t) —qm-1,
I<a—gmo1 <Ut) = gm-1—1="L(on),
Omla = gm—1] = t[al,
d<t7 Oé) = d(tanfl + (CY - mel)) = d(tv(Imfl + 1) + d(%ma - mel) =
=1 + d(sawwa - QM—l) 2 2.
Let k € K(n) and t € Eq(n + 1,k). There exist f € F, ¢1,...,¢m in E(n,k) such
that t = f(@1,..-,Om)-

In this representation we see ‘explicit occurrences’ of the symbols ‘(’ , )’ and ‘,’. There
are explicit occurrences of ‘,” only when m > 1. If m > 1 we indicate with q1,...,¢m—1
the positions of the explicit occurrences of *,’.

It is immediate to see that d(t,3) = 1.
If m > 1 we can prove that for each i =1...m —1d(t,¢) = 1.
We have d(t,q1 — 1) = d(¢t,2 4+ (1)) = d(t,2+ 1) + d(p1,£(p1)) = 1 + d(p1,(¢1)).

If tlqy — 1] = p1[l(p1)] = )" then d(t,q1) = d(t,q1 — 1) — 1 = d(1,£(¢1)) = 1.
Else tfg1 — 1] = p1[l(p1)] € {*(,*)'}, so d(t, q1) = d(t, 1 — 1) = 1 + d(1,€(p1)) = 1.

If m = 2 we have finished this step. Now suppose m > 2. Let ¢ = 1...m — 2 and
suppose d(t,q;) = 1. We'll show that d(¢, g;+1) = 1 also holds.

In fact
d(t,qiv1 — 1) = d(t,q + Lpit1)) = d(t,qi + 1) + d(piv1, {(piv1)) =
=1+ d(pir1, L(pit1))-
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If t[git1 — 1] = pir1[l(pit1)] = )" then
d(t,qiv1) = d(t,giv1 — 1) = 1 = d(pit1, l(pit1)) = 1.
Else t[git1 — 1] = pir1[l(pi+1)] € {'(,*)} so
d(t,giv1) = d(t,giv1 — 1) = 1+ d(pit1, l(pit1)) = 1.

So it is shown that for each i =1...m — 1 d(¢,¢q;) = 1.
We now want to show that d(¢,£(t)) = 1.

If m =1 then
d(t, £(t) — 1) = d(t,2+ L(p1)) = d(t,2+ 1) + d(p1,L(p1)) = 1 + d(1, l(p1)) =
=1 er(cpmag(@m))'

If m > 1 then
d(t, (t) = 1) = d(t, gm—1 + L(om)) = d(t, gm-1 + 1) + d(Pm, £(pm)) = 1+ d(@m, £(pm))-
IE¢[e(t) = 1] = pm[l(pm)] = ) then d(t, £(t)) = d(t, £(t) = 1) =1 = d(om, £(om)) = 1.
Else t[((t)—1] = @m[ (om)] € {°C,°) 7} sod(t, £(t)) = d(t, £(t) = 1) = 1+d(om, ((om)) = 1.
Let’s now examine the facts we have to prove. It is true that ¢[¢(t)] # ‘(. It’s also true
that ¢[0(t)] =) and d(¢,£(t)) =1
Now let v € {1,...,4(t)} and ( tfa] = or t[a] =, or t[a] = )").
If « € {q1,--,qm—-1,£(t)} we have already shown that d(¢,«) = 1. Otherwise there

are these alternative possibilities:

( Afa>2) A (a < (1)),

(m > ) (a>2) (a<q1)7

(m>2)A(Fi= —2:(a>q¢) N (o< qit1)),
(m>1)A (a>qm 1)/\(a<£(t)).

In the situation a. we have
2 <a <),

O<a—2</(t)—
1<a—2<t) —2-1=L(p1),
o1l — 2] = t[a],
d(t,a) =d(t,2+ (a —2)) =d(t,24+ 1) + d(p1,a — 2) =
=1+d(p1,a—2) =2

In the situation b. we have
2<a<q,

O<a—-2<q —2,
I1<a—-2<qg —2—-1=4{(p1),
p1la — 2] = t[a],
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dt,a) =d(t,2+ (a—2)) =d(t,2+ 1) + d(p1,a — 2) =
=1+d(p1,a—2) >2.
In the situation c. we have
g < o < i1,
0<a—q <gi+1— ¢,
1<a—q <qit1— ¢ — 1 =L(piy1),
piv1la — g = tla],
d(t,a) = d(t,q; + (@ — q;)) = d(t,qi + 1) + d(piy1, a0 — q;) =
=1+d(pit1,a0 —q) > 2.
In the situation d. we have
Gm-1 < a < L(t),
0 <a— dm—1 < E(t) —Aqdm-1,
1 <a-— dm—1 < g(t) —Qqm—-1 — 1= e(@m)a
Pmla = gm-1] = t[a],
d(t,a) = d(t, gm—1+ (@ = gm-1)) = d(t, gm—1+1) + d(Pm, @ — gm—1) =
=1+ d(@mva - mel) > 2.
Let k € K(n) and t € Eq(n+ 1,k). As a consequence to t € F.(n + 1, k) there exist

e a positive integer m,

e a function = whose domain is {1,...,m} such that for each ¢ = 1...m
x; € V —war(k), and for each i,j =1...m i # j = x; # x;,
e a function ¢ whose domain is {1,...,m} such that for each i =1...m ¢; € E(n),
* ¢ € E(n)
such that t = {}(z1 : ©1,. .., Zm : ©m, D).
In this representation we see ‘explicit occurrences’ of the symbols ‘;’ and ‘. We
indicate with ¢, ..., g, the positions of the explicit occurrences of :” and with r1...r,,

the positions of the explicit occurrences of ‘. The only explicit occurrence of ‘)’ has the
position £(t).

We want to show that for each i = 1...m d(t,¢;) = 1,d(t, ;) = 1 and that d(¢, £(t)) =

It is obvious that d(t,¢q;) = 1. Moreover
d(t,ri — 1) =d(t,q + L(p1)) = d(t,q1 + 1) + d(1, (1)) =
= 1+ d(¢1,£(¢1)).

If tfry — 1] = p1[l(p1)] = )’ then d(t,r1) = d(t,r1 — 1) — 1 =d(p1,4(p1)) = 1.
Else t[r1 — 1] = p1[l(p1)] ¢ {°(",)} so d(t,r1) = d(t,r1 — 1) =1 +d(p1,L(¢1)) = 1.
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If m = 1 we have shown that for each ¢ = 1...m d(t,¢;) = 1,d(t,r;) = 1. Now
suppose m > 1, let ¢ = 1...m — 1 and suppose d(t,q;) = 1,d(t,r;) = 1. We show that
d(t,giv1) = 1,d(t,rip1) = 1.

We have ¢;+1 = 7; + 2 and it is immediate that d(¢, ¢;+1) = 1. Moreover

d(t,riv1 — 1) = d(t, git1 + L(pit1)) =

=d(t,qiv1 + 1) +d(pir1, (pir1)) = 1+ d(@ir1, €(piv1))-

If t[rip1 — 1] = pir1[l(pit1)] = )" then
d(t,?“i_H) = d(t,T‘Z‘_H — 1) —1= d(‘Pi—&-l;g(S@i-&-l)) =1.
Else t[riy1 — 1] = @iy1[f(wit1)] & {°(,)’} so
d(t,?”i+1) = d(t,?‘i_H — 1) =1+ d((pi+1,€(<pi+1)) =1.

Furthermore

d(t, L(t) — 1) =d(t,rm + £(¢)) =
dt,rm +1) + d(¢, €(d)) = 1+ d(o,£(9)).

I 4[6(t) — 1] = 6[0(6)] = )" then d(t, £(1)) = d(t,(t) — 1) — 1 = (6, €(9)) = L.

Else t[{(t) — 1] = ¢[l(9)] & {*(",)"} so d(t, £(1)) = d(¢,£(t) — 1) =1+ d(,£(¢)) = 1.

Let’s now examine the facts we have to prove. It is true that t[¢(¢)] # ‘(. It’s also true
that ¢[£(t)] = )" and d(¢, £(¢)) = 1.

Now let v € {1,...,4(t)} and ( t{a] = " or tla] =", or tla] =) ).

Ifae{q,. . ..,qm,"1,..-,Tm,L(t)} we have already shown that d(¢,a) = 1. Otherwise
there are these alternative possibilities:

a. 3i=1...m such that ¢; < a < 71y,
b. 1 < a < L(2).

In the situation a. we have
g < a<rg,

0<a—gq <ri—g,
I<a—q <ri—q —1=1~0(p),
pila — gi] = t[al,
d(t,a) = d(t,qi + (@ — q;)) = d(t,qi + 1) + d(wi, @ — q;) =
=1+d(p;,a—q) = 2.
In the situation b. we have
T < a < £(1),
0<a—ry <Ll(t)—rTm,
1< a—ry <L) —rm—1=10¢),

Ploc — ] = t[a],
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d(tva) = d(tvrm + (a - rm)) = d(t,?“m + 1) + d((ba o — rm) =
=14+d(¢,a—1y) = 2.
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4. Proofs and deductive methodology
In this chapter we will define deductive systems and proofs and we will introduce other
concepts and results related to our deductive methodology. Given a language L, with
L=V,F,C,#), we begin with some preliminary definitions.
Let K =5, K(n).
For each k € K let

EW= U Bk,

n>1l:keK(n)
E (k) = {t|t € E(k),Yo € Z(k) #(k,t,0) is a set } .
Let B = J,cx E(k); E is the set of all expressions in our language.

One expression ¢t € E(k) is a ‘sentence with respect to k’ when for each o € Z(k)
#(k,t,0) is true or #(k,t,0) is false.

We define S(k) = {t|t € E(k),t is a sentence with respect to k}.
For each t € E(e) we define #(t) = #(e, t, €).
A sentence with respect to € will simply be called a ‘sentence’.

At this point we can define what is a proof in our language. To define this we need
to define the notions of axiom and rule.

An aziom is a set A such that

o AC S(e)
o for each ¢ € A #(¢p) holds.

The property ‘for each ¢ € A #(p) holds’ states that axiom A is ‘sound’.

Given a positive integer n we indicate with S(€)™ the set of all n-tuples (¢1,...,¥n)
for p1,...,¢n € S(€). An n-ary rule is a set R C S(e)"*! such that

o for each (¢1,...,¢n,¢) € Rif #(¢1),...,#(pn) hold then #(p) holds.

The property ‘for each (1, ..., ¢n,¢) € Rif #(p1),...,#(pn) hold then #(¢) holds’
states that rule R is ‘sound’.

Both in the definition of axiom and rule we have included a requirement of soundness.
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A deductive system is built on top of our language £, and is identified by a pair (A4, R)
where A is a set of axioms in £ and R is a set of rules in L.

Given a language £, D = (A, R) deductive system in L, ¢, 91, ..., 1, sentences in
L, we say that (11,...,%n,) is a proof of ¢ in D if and only if

e there exists A € A such that ¢y € A;
e if m > 1 then for each j = 2...m one of the following holds

— there exists A € A such that ; € A,

— there exist an n-ary rule R € R and i1,...,i, < j such that
(wilv"‘vwinad}j) € R7
o Yy = ¥

Given D = (A, R) deductive system in £ and ¢ sentence in £ we say that ¢ is deriv-
able in D and write Fp ¢ if and only if there exist 91, ..., 1, sentences in £ such that
(¥1,...,%m) is a proof of ¢ in D.

A deductive system D = (A, R) is said to be sound if and only if for each ¢ sentence
in L if Fp ¢ then #(¢) holds. In the next lemma we easily prove that each of our systems
is sound.

LEMMA 4.1. Let D = (A, R) be a deductive system in L. Then D is sound.
Proof.

Let ¢ be a sentence in L. Suppose Fp ¢. There exist 91, ..., 1, sentences in £ such
that (¢1,...,%m) is a proof of ¢ in D. We can show that for each j = 1...m #(¢;)
holds.

There exists A € A such that ¥; € A, so #(21) holds.

If m > 1 suppose j =2...m.

If there exists A € A such that ¢; € A then #();) holds.

Otherwise there exist an n-ary rule R € R and 41, ...,%, < j such that
(Yiyy oy, 05) €ER.

Since #(%i, ), - - -, #(1;,, ) all hold then #(1;) also holds. m

At the beginning of chapter [3] we have introduced the logical connectives. In our de-
ductions, expressions will make an extensive use of the logical connectives, so we assume
that all of these symbols: =, A, V, —, <+, V, 3 are in our set F. For each of these operators
fAf(x1,...,z,) and Py(z1, ..., x,) are defined as specified at the beginning of chapter

We now need to introduce some other fundamental notions and results relevant to
our deductive methodology.
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LEMMA 4.2. For each n positive integer such that n > 2, k € K(n): k # € there exists
m < n such that k € K(m)™".

Proof.
We prove this by induction on n. Clearly if k € K(2) and k # € then k € K(1)7.

Letn>2, k€ K(n+1): k # e Clearly if k € K(n)* our proof is finished. Otherwise
k € K(n) and in this case we can apply the inductive hypothesis. m

LEMMA 4.3. For each n positive integer such thatn > 2, k € K(n): k # ¢

o there exist m < n, h € K(m),¢ € Es(m,h),y € (V — var(h)) such that
k=h+(y,¢), E(k) = {0+ (y,5)[0 € E(h), s € #(h, ¢,0)};
o for each g € K(n),0 € Es(n,g),z € (V —var(g)) such that k = g + (z,0)
E(k) ={c+(z,9)|0 € E(g),s € #(g,0,0)}.
Proof.

The first part clearly follows from lemma[4.2] The second part holds because we have
g=h,z=y,0=¢. =

LEMMA 4.4. For each n positive integer such that n > 2, k € K(n) : k # ¢, 0 € E(k),
h € R(k) such that h # k, it results o gomn) € E(h).
Proof.

We prove this by induction on n. Let k € K(2): k # ¢, 0 € Z(k), h € R(k) such that
h # k. Clearly k € K(1)T, so there exist g € K(1), ¢ € Es(1,9), y € V —var(g) such
that £k = g+ (y, ¢). By lemma We obtain that h € R(g). Since g = € then also h = ¢,
SO O /dom(h) = 0/p = € € E(e) = E(h)

In order to perform the inductive step, let k € K(n+1) : k #¢€, 0 € E(k), h € R(k)
such that h # k . By lemma there exists m < n such that k& € K(m)™. Then there
exist g € K(m),¢ € Es(m,g),y € (V —var(g)) such that k = g + (y, ). Moreover

E(k) ={p+ (y.s)lp € Elg), s € #(9,0,0)} -

Therefore there exist p € E(g), s € #(g, ¢, p) such that o = p + (y, s). By assumption
m and lemma we have that 0/4om(g) = 0 /dom(p) = P-

If h = g then O Jdom(h) = O /dom(g) = P € Z(h).

Otherwise we have h # g. Since k = g + (y, ), h € R(k), h # k by lemma we
have that h € R(g). If g = € we would have h = € = g, so g # €. This implies that m > 2.
By our inductive hypothesis we obtain p/qomn) € Z(h). Now

T 1dom(h) = (0 /dom(q)) /dom(h) = P/dom(n) € E(h).
n
LEMMA 4.5. For each n positive integer k = (z,9) € K(n), for each i,j € dom(k)
7 #j — T 7é Zj.
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Proof.

The initial step is trivially verified.

Let n be a positive integer, let k € K(n + 1), we want to verify that
for each i, j € dom(k) i # j = x; # x;.

If k € K(n) this is obvioulsy verified.

Otherwise k € K(n)™, so there exist h € K(n),¢ € Es(n,h),y € (V — var(h)) such
that k = h+ (y, ¢). In this case given 4, j € dom(k) such that i # j, if both ¢, j € dom(h)

then clearly x; # x;. Otherwise i ¢ dom(h) or j ¢ dom(h). Let’s consider the case where
i ¢ dom(h) (the other is trivially analogous), here j € dom(h), so x; =y # z;. m

LEMMA 4.6. For each n positive integer, k = (z,¢) € K(n), 0 = (2,€) € E(k), we have
z =z (and so var(c) = image(z) = image(x) = var(k)).
Proof.

The initial step is trivially verified.

Let n be a positive integer, let k = (z,9) € K(n+ 1), let 0 = (2,€) € E(k). If
k € K(n) then z = x.

Otherwise k € K(n)™, so there exist h = (w,n) € K(n),$ € Es(n,h),y € V—var(h))
such that k = h + (y, ¢) and

E(k) ={p+ (y,s)lp € E(h),s € #(h, ¢, p)} -

There exists p = (u,v) € E(h),s € #(h,p,p) such that ¢ = p + (y,s). Using our

inductive hypothesis we can state that « = w, so z is obtained by adding to the function

w a couple (j,y), and z is obtained by adding to the function u the same couple (j,y).
Therefore z =z. m

LEMMA 4.7. For each n positive integer k = (z,¢) € K(n), 0 = (2,§) € E(k), for each
i,j € dom(o) i # j — 2z # 2.
Proof.

From lemma it follows that for each i,j € dom(k) ¢ # j — x; # x;. Since
dom(c) = dom(k) and z = z it is proved that for each i,j € dom(o) i #j — 2z # z;. m

LEMMA 4.8. For each n positive integer, k = (z,¢),h = (y,v) € K(n) if h C k then for
each i € dom(k), j € dom(h) x; = y; — pi = ¥;.
Proof.

From lemma it follows that for each ¢,j € dom(k) i # j — x; # x;. With this we
can apply lemma [3:2] and obtain that
for each ¢ € dom(k), j € dom(h) x; =y; = pi =1,. m

LEMMA 4.9. For each n positive integer, h,k € K(n), o = (z,n) € Z(k), p = (y,0) €
E(h), if p C o then for each i € dom(o), j € dom(p) x; = y; — 1; = 0;.
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Proof.

From lemma [£.7]it follows that for each for each i, j € dom(c) i # j — x; # x;. With
this we can apply lemma and obtain that
for each i € dom(c), j € dom(p) x; =y; = n; =0;. =

LEMMA 4.10. For each n positive integer such that n > 2, k € K(n), t € E(n,k) such
that t ¢ C one of the following two alternatives holds:

o t € Ey(n,k)UE.(n,k)UE4(n,k)U Ec.(n, k);
e n > 2 and there exist m positive integer such that 2 < m < n, h € K(m) such
that h C k, t € Eq(m,h) U E.(m,h) U Eg(m,h) U E.(m,h) and for each o € Z(k)
T rdom(n) € E(h) and #(k,t,0) = #(h,t,0 /dom(n))-
Proof.

Of course we begin with the case n = 2. Let k € K(2), t € E(2,k) such that ¢ ¢ C.
We have K(2) = K(1)UK(1)".

1

If k € K(1)T we have E(2,k) = E,(2,k), so t € E,(2,k).
If k € K(1) we have
E(2,k) =E(1,k) UE,(2,k) UE:(2,k)U E4(2,k) U Ec(2,k) .

Since k = € we have

E(2,k)=CUE.2,k)UE42,k)UE.(2,k) .
Therefore in this case we have
t€ E.(2,k) UE4(2,k) UE.(2,k) .
Let now n > 2 and we try to prove the result for n + 1. So let k € K(n + 1),
t € E(n+ 1,k) such that t ¢ C. We have K(n+1) = K(n) UK(n)*.
If ke K(n)t we have E(n+1,k) = E,(n+ 1,k) sot € E,(n+ 1,k).
We now need to examine the case k € K(n). Here we have

En+1,k)=EMnk)UEyn+1,k)UE.(n+1,k)UEsn+1,k) U E.(n+1,k) .
Ifte Ec(n+1,k) UE4(n+1,k) U E.(n+ 1,k) then our result is verified.

If t € E(n,k) and we can apply our inductive hypothesis, which leads to two alterna-
tives:

ot E,(n,k)UE.(n,k)UEq4(n, k)U Ee(n, k);

e n > 2 and there exist m positive integer such that 2 < m < n, h € K(m) such
that h C k, t € E,(m,h)U E.(m,h) U Eg(m,h) U Ec.(m, h) and for each o € Z(k)
T /dom(ny € E(h) and #(k,t,0) = #(h,t, 0 /dom(n))-
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In the first case we observe that 2 < n <n+1, k € K(n), k C k. Moreover for each
0 € E(k) 0/dgom) = 0 € E(k) and #(k,t,0) = #(k, 1,0 /dom(k))-
So in the first case our result is verified.

Let’s examine the second case. Here 2 < m <n <n+1, h € K(m), h C k, for each
o € E(k) 0/dom(n) € E(h) and #(k,t,0) = #(h, 1,0 /d4om(n)). So everything is as expected
and our result is verified in this case too.

We have still one case to examine, which is the case of t € Ep(n + 1,k). Here we
have k # € so by assumption there exist m < n, h € K(m), ¢ € Es(m,h), y €
(V —war(h)) such that k = h+ (y, ¢). Moreover by the definition of Ey(n+ 1, k) we know
that ¢ € E(n,h). So we can apply our inductive hypothesis, which again leads to two
alternatives:

o tc Ey(n,h)UE.(n,h)UEy(n,h) U E.(n,h);

e n > 2 and there exist p positive integer such that 2 < p < n, g € K(p) such
that ¢ C h, t € E.(p,9) U Ec(p,g) U Eq(p,g) U Ec(p,g) and for each p € Z(h)
P/dom(g) € E(Q) and #(h’t7p) = #(gvt7p/dom(g))'

In the first case we observe that 2 < n <n+1, h € K(n), hC k, t € E,(n,h)U
E.(n,h) U Eg(n, h) U E.(n,h), moreover for each o = p+ (y,s) € Z(k) we have

L4 #(k7 t? J) = #(h7 t’ p)’
® 9/dom(h) = T /dom(p) = P
o therefore #(k,t,0) = #(h,t, 0 /dom(n))-

Let’s examine the second case. Here 2 < p < n < n+1, g € K(
t € Eu(p,g) UE:(p,g9) U E4(p,g) U E(p,g). Moreover for each o = p + (y, s)
have

L4 #(k> t, 0) = #(hv t, p)a

® 0/dom(h) = O/dom(p) = P>

® 0dom(g) = (0/dom(n)) /dom(g) = P/dom(g):

° #(kv t 0) = #(h7 2 P) = #(9, 1, p/dom(g)) = #(ga L, U/dom(g))'

=
Q
M N
>
M
o

LEMMA 4.11. For each n positive integer, k € K(n), t € E(n,k) if t € C then for each
o € Z(k) #(k,t,0) = #(¢).
Proof.

Let’s verify the result for n = 1. Here k = ¢, for each o € Z(¢) 0 = € so #(k,t,0) =
#(e,t,€) = #(1).

Now let’s examine the inductive step. Given k € K(n+1), t € E(n+ 1, k) such that
t € C and o € E(k) we want to show that #(k,t,0) = #(t).

If k€ K(n)* thent € E,(n+1,k), but since t € C this cannot happen, so k € K(n)™
cannot happen.
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Therefore k € K(n) and t € E(n,k) U Ep(n + 1,k) U E.(n + 1,k) U Eg(n 4+ 1,k) U
E.(n+1,k).

Since t € C it follows that ¢t € E(n, k) U Ey(n + 1, k).
If t € E(n, k) clearly #(k,t,0) = #(t) holds by the inductive hypothesis.

If t € Ep(n+ 1,k) then we have k # € so by assumption there exist m < n,
he K(m), & € Ey(m, h), y € (V—var(h)) such that k = h+(y, ), (k) = {p+ (3, 5)| p €
Z(h),s € #(h, ¢, p)}). Moreover by the definition of Ey(n+1, k) we know that t € E(n, h).

Clearly there exist p € Z(h), s € #(h, ¢, p) such that o = p + (y, s) and #(k,t,0) =
#(h,t, p). By the inductive hypothesis #(h, t, p) = #(t), so #(k,t,0) = #(t). m

LEMMA 4.12. Let k = (z,¢),h = (y,¥) € K(n) such that for each i € dom(k), j €
dom(h) x; = y; — @i = ;. Let t € E(n,k) N E(n,h). Let 0 = (x,s) € E(k), p =
(y,7) € E(h) such that for each i € dom(c), j € dom(p) z; = y; — s; = r;. Then
#(k,t,0) = #(h,t, p).

Proof.

We prove this by induction on a positive integer n.

Let’s verify the initial step. Here we have k = (x,¢),h = (y,v) € K(1) such that
for each i € dom(k), j € dom(h) z; = y; = @; = ;. This implies h = ¢ = k. We
have t € E(1,¢) = C. We have 0 = (z,s) € E(e), p = (y,r) € Z(¢) such that for each
i € dom(o), j € dom(p) x; = y; — s; = rj. Of course this implies 0 = € = p. Then by

lemma [LT1) #(k,t,0) = #(t) = #(h.t,p).

Let us see the inductive step, that is given a positive integer n we assume the result
is true for each m < n and we try to prove it for n+ 1. In other words what we are trying
to prove is that for each k = (z,¢),h = (y,v) € K(n+ 1) such that for each i € dom(k),
j € dom(h) z; =y; — ¢; =, and for each t € E(n+1,k)NE(n+1,h), 0 = (z,2) € E(k),
p = (y,r) € E(h) such that for each i € dom(o), j € dom(p) x; = y; — z; = r; we have
#(k7 t’ O’) = #(h’ t? p)'

If t € C then by lemma #(k,t,0) = #(t) = #(h, t, p).

Otherwise since k € K(n+1) and t € E(n+1, k) we can apply lemma and obtain
these two following alternative possibilities:

e tecE,(n+1,k)UE(n+1,k)UEsn+1,k)UE.(n+1,k);

e n+1 > 2 and there exist m positive integer such that 2 < m < n+1, x € K(m) such

that K C k, t € Eq(m, k) U Ec(m, k) U Eq(m, k) U E.(m, k) and for each o € Z(k)
O /dom(r) € E(K) and #(k7t70) = #(Hutva/dom(n))~

Since h € K(n+ 1) and t € E(n+ 1,h) we can also use lemma to obtain these
two other following alternative possibilities:

etcE,(n+1,h)UE.(n+1,h)UE4(n+1,h)UE.(n+1,h);



48

M. Avon

e there exist p positive integer such that 2 < p <n+1, g € K(p) such that g C h,
t € Eq(p,9) U Ec(p,g) U E4(p,g) U Ec(p, g) and for each p € Z(h) pjdom(g) € E(9)
and #(h7 t, P) = #(ga L, p/dom(g))~

So we have three possible cases to examine. The first is

eteE,(n+1,k)UE.(n+1,k)UEsn+1,k)UE.(n+1,k) and
eteE,(n+1,h)UE.(n+1,h)UE4(n+1,h)UE.(n+1,h).

The second case is

eteE,(n+1,k)UE.(n+1,k)UEsn+1,k)UE.(n+1,k) and
e n+ 1 > 2 and there exist p positive integer such that 2 < p < n+1, g € K(p)
such that g C h, t € E,(p,9) U Ec(p,g) U Eq(p, g) U E.(p, g) and for each p € Z(h)

P/dom(g) € E(g) and #(hat7p) = #(gvt7p/dom(g))'
Another case to examine would be the following

e n+1 > 2 and there exist m positive integer such that 2 < m < n+1, x € K(m) such
that K C k, t € Eq(m,k) U E.(m, k) U Eq(m, k) U E.(m, ) and for each o € Z(k)

Tjdom(r) € E(k) and #(k,t,0) = #(k,t,0 dom(x)) and
eteE,(n+1,h)UE.(n+1,h)UE4(n+1,h)UE.(n+1,h).

Anyway this case is practically equal to the second one, so we don’t need to consider

it. Finally the third case is the following.

e n+1 > 2 and there exist m positive integer such that 2 < m < n+1, x € K(m) such
that K C k, t € Eq(m,k) U E.(m, k) U Eq(m, k) U E.(m, k) and for each o € Z(k)
Tjdom(r) € E(r) and #(k,t,0) = #(k, 1,0 dom(x)) and

e n+ 1 > 2 and there exist p positive integer such that 2 < p < n+1, g € K(p)
such that g C h, t € E,(p,9) U Ec(p,g) U Eq(p, g) U E(p, g) and for each p € Z(h)

P/dom(g) € E(g) and #(hatap) = #(gvtap/dom(g))'

We now examine the three different cases we have distinguished. We start with the

first one, where we have four different subcases:
te E,(n+1,k), t€ E.(n+1,k), t€ Eqn+1,k), t € Ec(n+1,k).

We start with the subcase t € E,(n + 1, k). We must have t € E,(n + 1, h).

If K € K(n) then E,(n +1,k) = 0 so k € K(n)" and there exist k € K(n), 0 €

Es(n,k), u € (V —wvar(k)) such that k = k + (u,0), E,(n + 1,k) = {u}. Since o € E(k)
there exist & € Z(k), s € #(k,0,&) such that o = £ + (u, s),
#(kvta O-) = #(kat7a)(n+l,k,a) =S

If h € K(n) then E,(n+ 1,h) = 0 so h € K(n)" and there exist 9 € K(n), p

€
Es(n,v), v € (V —wvar(d)) such that h =9 + (v, u), Eo(n + 1,k) = {v}. Since p € E(h)
there exist ¢ € Z2(0), g € #(9, i, () such that p = ¢ + (v, q),
#(h7ta ,0) = #(hat7p)(n+l7h,a) =q.
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Since t € E,(n+ 1,k) we have ¢t = u, since t € E,(n + 1,h) we have t = v, therefore
u=0.

There exists ¢ € dom(o) such that u = x;, s = z;, there exists j € dom(p) such that
v=y;, q=rj.

Therefore x; = u =v =y; and #(k,t,0) = s =z; =1; = ¢ = #(h,t,p).

We now consider the subcase ¢ € E.(n + 1,k), which implies k& € K(n) and ¢t €
E.(n+1,h), h € K(n). Since t € E.(n + 1, k) there must exist

e a positive integer m,
® X5 X1y 9Xm S E(nvk)

such that

o for each n € E(k) #(k, x,n) is a function with m arguments and
(#(k,x1,m), -+, #(k, Xm, 1)) is a member of its domain,

* 01, xm) & E(n, k),
d t:(X)(Xlaaxm)a
L4 #(k,tv J) = #(k7Xa U)(#(k7X170)’ ey #(k»Xm,U))

Since t € E.(n + 1, h) there must exist

e a positive integer g,
[ 19,191,...,19(1 € E(Tl,h)

such that

o for each n € E(h) #(h,¥,n) is a function with ¢ arguments and
(#(h,91,1m),...,#(h,94,1)) is a member of its domain,

o (9)(0,...,0,) ¢ E(n, )
o t:(ﬂ)(’ﬁl,..-,ﬁq)7

L4 #(h7t7p) (h’ﬁ’p)( (hvﬁhp)r"a#(h’?ﬁq?ﬂ))'

We apply the unique readability lemma and get ¥ = x, ¢ = m and for each
i€ {l,...,m} ¥; = x;. So what we have to show is

#(k,x, 0)(#(k, X1,0), -+, #(k, Xm» 0)) = (b X p) (F (s X1, 0)5 - - s F (B Xoms p))-

To this end, for each ¢ € {1,...,m}, we simply apply the inductive hypothesis and
obtain that #(kv Xis U) = #(hv Xis p) Slmllarly #(kv X U) = #(hv X p)

We now consider the subcase t € E4(n + 1,k), which implies k¥ € K(n) and ¢t €
Es(n+1,h), h € K(n). Since t € E4(n + 1, k) there must exist
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o fEF,
e a positive integer m,
® X1,---5Xm € E(n, k)

such that

o for each n € E(k) Ap(#(k,x1,m), ..., #(k, Xm, 1)) is true,
o f(X1:--xXm) & E(n, k),

L4 t:f(Xla"',Xm)a

L4 #(k’tva) = Pf(#(kaXIaU)v e '7#(kvxm70))'

Since t € Eq4(n + 1, h) there must exist

o ke F,
e a positive integer g,
° 191,...,19,1 S E(’I’L,h)

such that

o for each n € E(h) Ax(#(h,V1,n),...,#(h,¥q,1n)) is true,
° H(ﬁla o 719q) ¢ E(na h)7

o t=rx(t,..., %),

L4 #(h,tvp) = PI{(#(ha ﬁlvp)v ) #(hvﬁqa P))

We apply the unique readability lemma [3.1.5] and get x = f, ¢ = m and for each
i€ {l,...,m} 9; = x;. So what we have to show is

Pf(#(k»)(l»a)a ey #(k7Xm7U)) = Pf(#(haXhP)» sy #(haXmap)) .

To this end, for each ¢ € {1,...,m}, we simply apply the inductive hypothesis and
obtain that #(kv Xis U) = #(hv Xis p)

We now consider the subcase t € Eq(n + 1, k) (which implies k € K(n)). We must
have t € E.(n+ 1,h) and h € K(n). Since t € E.(n + 1, k) there must exist

e a positive integer ¢;

a function u whose domain is {1, ..., ¢} such that foreach i = 1...qu; € V—var(k),
and for each 7,5 =1...q 7 # j — u; # uy;

a function ¥ whose domain is {1,..., ¢} such that for each i =1...q 9; € E(n);

0 € E(n)

such that

hd 5(n7 k? q7u71‘979);
o {Mui:01,...,uq:94,60) ¢ E(n, k);
o t={}(ur:V,...,uq:Y,0).

Since t € E.(n + 1, h) there must exist
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a positive integer r;

e a function v whose domain is {1, ...,r} such that for eachi =1...r v; € V—var(h),
and foreach 7,5 =1...7 1 # j — v; # vj;

e a function x whose domain is {1,...,7} such that for each i =1...7r x; € E(n);

* (€ E(n)

such that

o E(n,h,rv,x,);
hd {}(Ul CX1yeeey Ut X'r’aC) ¢ E(n7h’)a
o t={}(v1:X1,---sUr : Xr, ().

We can apply the unique readability lemma [3.1.6] so r = ¢, v =u,x =9, = 0.

We have
(ko) = {##(kg, 0, 0)| 0 € E(ky), 0 C oy},
where k| =k + (u1,71), and if ¢ > 1 foreach i =1...q — 1 kj | = ki + (w1, Pi41)-
We have also
#(h,t, p) = {#(hy, 0, p,)| pq € E(hg),p T P4}
where b} = h+ (u1,91), and if ¢ > 1 foreach i =1...q — 1 hj | = hj + (uip1,Viy1).
We want to show that #(k,t,0) = #(h, t, p), thus we have to show
{#(kq,0,0) 04 € E(ky), 0 T og} = {#(hg, 0, )| pg € E(hg) p E p} -
To prove this we just need to prove the following two assertions:

e for e/ach 0;; € E(k;? suchl that o C oy there exists pj € Z(hy) such that p C p} and
e for each pj, € Z(hy) such that p C p;, there exists oy € Z(k;) such that o C o and

#(kyg, 0,00) = #(hy, 0, pg)-

It is clearly enough to prove the first one, since the second would be proved by simply

substituting variables in the proof of the first. Let o € Z(k;) such that o C oy, we want
to find p € Z(hy) such that p C pj and #(hy, 0, o)) = #(k,,0,0).

Let 0} = (03) /dom(k;)- We should be able to prove that:
o o € Z(K))
o there exists s1 € #(k,¥1,0) such that o] = o + (u1, $1).

If ¢ = 1 then o7 € Z(k}) clearly holds, else we have k; # ¢, o, € Z(k), k1 € R(k;),

k1 # ki, so by lemmao’j = (04) /dom(x}) € Z(K})-

We have k] = k+(u1,91) and &} € K(n), clearly k| # € and n > 2 also hold. Moreover

k € K(n), V1 € Es(n, k), u1 €V —var(k), so by lemma [£.3]

E(ky) = {& + (w1, 9)|§ € E(k), s € #(k, V1,€)}-



52 M. Avon

Then there exist £ € Z(k), s € #(k,9¥1,&) such that o] = £ + (uq, s). Here we can see
that

(1) fdom(k) = (01) jdom(e) = &
and at the same time, since dom(k) C dom(ky) C dom(k;) = dom(a;),
(01) Jdom (k) = ((04) dom (k) Jdom(k) = (T4) jdom(k) = (T4) jdom(o) = O

Therefore £ = o and there exists s € #(k,¥1,0) such that o] = o + (uq, s).

If ¢ > 1 then for each i = 1...q — 1 we can define o;,; = (U;)/dom(k§+l)' We should
also be able to prove that foreachi=1...q—1

e 0i € E(kitq),

o there exists s;11 € #(kj,¥iy1,07) such that o}, = o] + (wit1,5i41).

If i +1 = g then o}, € Z(ki,,) clearly holds, else i + 1 < ¢ and k; # ¢, o, € E(k}),
kiz1 € Riky), kiyy # kg, so by lemmaaz{—&-l = (0-:1>/dom(k;+1) € E(kiz1)-

We have ki, = ki + (uir1,9:41) and ki, € K(n), clearly ki | # € and n > 2
also hold. Moreover k. € K(n), ¥;+1 € Es(n,k}), var(kl) = var(k) U {u1,...,u;},
U1 € V — var(k}), so by lemma [4.3]

E( £+1) = {f + (ui+178>‘§ € E(k;)ﬂs € #(k;7ﬁ2+lu€)}

Then there exist £ € Z(k]), s € #(kj,¥it1,§) such that o] | = & + (us41,5). Here we
can see that

(0i41) fdom(k!y = (Ti41) jdom(e) = €
and at the same time, since dom(k;) C dom(k; ;) C dom(k;) = dom(oy,),
(Jg—i-l)/dom(ké) = ((U;)/donb(k;Jrl))/dom(kg) = (O—z/])/dom(k;) = Jg'

Therefore £ = o} and there exists s € #(kj, ¥;41,07) such that o7, = o7 + (uiy1, ).

Then we define pj = p + (u1, 51), and we should be able to prove that p} € Z(h}).

We have E(n, h, g, u,d,0). This implies ¢1 € Es(n, h). We have b} = h + (u1,?1) and
hy € K(n), b} # ¢, n > 2, moreover h € K(n), u; € V —var(h) and therefore

E(hy) ={&+ (u1,5)|§ € E(h), s € #(h, V1,€)}.

Since p € Z(h), to prove that pj € Z(h]) we just need to prove that s; € #(h, 91, p).
We know that s; € #(k,¥1,0). We have ¥, € E(n, k), V1 € E(n,h).

With that we can apply the inductive hypothesis and obtain that #(k,v1,0) =
#(h, 1, p), therefore s; € #(h, 91, p) and pj € E(h}).

We also notice that & = k+ (u1,91), by = h+ (u1,91), so if we set k] = (21, ¢}) and

I = (y1,%1) then by lemma 3.3 for each o € dom(k}), B € dom(h}) (z})a = (¥})g —

(P1)a = (¥1)s-
Moreover we notice that o] = o + (u1, 1), p; = p + (u1, 81), and if we set o] = (z1, 21),

P = (v}, u}) then by lemma for each a € dom(o}), B € dom(p}) (z})a = (Y1)g —
(21)a = (p1)s-



A different approach to logic: absolute logic 53

If ¢ > 1 then for each i = 1...¢q — 1 we can define p} | = pj + (uit1, si+1) and we
expect to be able to prove that pj,, € Z(hj ).

We have £(n, h,q,u,9,0) and hj , = h} + (ui11,%i41). This implies hj , € K(n),
hi,, # € and n > 2 holds too. Moreover h; € K(n), ;11 € Es(n,h), and, since
var(h}) = var(h) U{us,...,w}, uit1 € V —var(h}). Therefore

E( 2+1) = {6 + (ui+17 S)|€ € E(hg)v s € #(h;,ﬁprl,g)}.

By inductive hypothesis we can assume that p; € Z(h}), therefore to prove pj, ; €
E(hj,) we just need to prove s;11 € #(hj, ¥iy1, p;). We know that s;1 € #(kj, Viq1,07).

By inductive hypothesis we can also assume that

o if we set k} = (z},¢}) and b} = (y,4)) then for each a € dom(k}), € dom(h})
(7)o = (y§)6 - (@i) = (¢§)B~
o if we set o} = (z},2)), pi = (y},p) then for each a € dom(o)), B € dom(p})

Z

(@)a = (Y1) = (20)a = (1i)s-

We have k; € K(n), hi € K(n), %;y1 € Es(n,kl), 9,41 € Es(n,h}), o, € Z(k.), p} €
=Z(h}), so we can apply the inductive hypothesis and obtain that
#(kl,0ip1,00) = #(hl,9:41,p,). Therefore s;y1 € #(h},¥i11,p,) and we have proved
pip1 € E(higy)-

In this proof that pj,; € Z(hj_ ;) we have used an inductive hypothesis which we
haven’t proved, so we need to prove it now. What we need to prove is the following:

o if we set ki | = (zj,,,¢},1) and hj ; = (y;,1,%i, ) then for each o € dom(k{, ),

B € dom(h z+1) (z 7,+1) = Wis1)s = (Pig1)a = (Yit1)s-
o if we set 0, = (,1,2i11)s Pix1 = (Wiy1sHiy,) then for each a € dom(of,,),
€

B € dom(piy1) (Ti11)a = (Yis1)s = (Zis1)a = (Wiy1)s-
To prove the first item we consider that ki, = ki + (vit1,Vi41),
hipy = hi + (iy1,Yi41), wit1 € V —war(k;), uir1 € V —war(hj). So we can apply
lemma and the first condition is proved.
To prove the second item we consider that of | = o} + (usy1,5i41),
Pip1 = P5 + (Wit1,Sip1), Uip1 € V —war(o}), w1 € V — var(p;). So we can apply

lemma, and the second condition is proved.

At this point we have defined pj such that p C p} and proved that p; € Z(h). We
have also that k; € K(n), 0 € E(n, k), h; € K(n), 0 € E(n,h), o, € Z(k;). Moreover
o if we set k;, = (v, ;) and h; = (y;,v) then for each a € dom(k;), B € dom(hy)

(Tg)a = (y;)ﬁ (0g)a = (Vg)s-
!/ / / / / /
o if we set o = (zg,2,), py = (yy, i) then for each a € dom(oy), B € dom(p))

(#)a = ()5 = (1) = (LL)5.

)s —
With that, #(hy, 0, p,) = #(k;, 0, 0,) follows by inductive hypothesis.
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Let’s consider the second case. Like in the first, we have four different subcases, they
are: t € E,(n+1,k), t € E.(n+ 1,k), t € Eg(n+ 1,k), t € E.(n+ 1,k).

We start with the subcase t € E,(n + 1, k). We must have t € E,(p, g).

If kK € K(n) then E,(n+ 1,k) = 0 so k € K(n)" and there exist k € K(n), 0 €
Es(n, k), ue (V—wvar(k)) such that k = k + (u,0), E,(n + 1,k) = {u}. Since o € E(k)
there exist & € Z(k), s € #(k,0,&) such that o = £ + (u, s),

#(kvtv U) = #(kvtva)(n+1,k,a) =S.

Ifge K(p—1) then E,(p,g) =0soge K(p—1)T and there exist 9 € K(p—1), p €
Es(p—1,9), v e (V—wvar()) such that g = 9+ (v, ), Ea(p, g) = {v}. We have p € E(h)
and p,gom(g) € Z(9)- Let 7 = pgom(g), then there exist ¢ € (), ¢ € #(J,p, () such
that n= ¢+ ('Ua q)v #(g,tﬂ?) = #(gvtv n)(p,g,a) =4q.

We have to prove that #(k,t,0) = #(h,t, p), and since #(h,t,p) = #(g,t,n) it is
enough to prove that #(k,t, o) = #(g,t,n).

Since t € E,(n+1,k) we have t = u, since t € E,(p, g) we have t = v, therefore u = v.

Since 7 T p we can apply lemma to show that if 7 = (w,v) then for each i €
dom(c), j € dom(n) z; = w; = z; = v;.

There exists ¢ € dom(o) such that u = z;, s = z;, there exists j € dom(n) such that
v =w;, q=Vj.

Therefore z; = u =v = w; and #(k,t,0) =s =z, =v; = g = #(g,t,n).

We now consider the subcase t € E.(n+1, k), which implies k € K(n) and ¢t € E.(p, g).
Since t € E.(n + 1, k) there must exist

e a positive integer m,

® X5 X1y-+9Xm S E(nak)

such that

o for each £ € E(k) #(k, x, &) is a function with m arguments and
(#(kyx1,8), -, #(k, Xm,€)) is a member of its domain,

e (X1 xm) ¢ E(n, k),

o t=()(X15-- 5 Xm),

o #(k> t, U) = #(k7 X5 U)(#(ka X1, 0)7 RN #(k> Xm U))

Since t € E.(p, g) there must exist

e a positive integer g,
o ¥,91,...,9, € E(p—1,9)

such that
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for each n € Z(g) #(g,9,n) is a function with ¢ arguments and
(#(g,91,m),...,#(g9,94,7n)) is a member of its domain,

(19)(191,---7 o) ¢ E(p—1,9),
= (9)(01,...,9),

for each n € E(g) #(g,t,n) = #(9,79,n)(#(g, V1,m), ..., #(9, V4, 1))
We have #(h,t,p) = #(g,1, p/dom(g)) so if we define 17 = p,gom(g) then #(h,t,p) =
#(Q,t,ﬂ):#(9,19,77)(#(9,191, )7 ( )) .

We have to show that #(k,t,0) = #(h,t,p) and to show this we just need to show
that

# (ks X, 0) (#(Fs X1,0), - #(Ks Xom, 0)) = #(9, 0, ) (#(9, V1, m), -, #(9,0g,m)) -

We first apply the unique readability lemma and get ¥ = x, ¢ = m and for each
i€ {l,...,m} ¥; = x;. So what we have to show is

#(k,x, 0)(F#(k, x1,0), -+ #(k, Xom> 0)) = F(9, Xo 1) (#(95 X1,0)5 - - #(95 Xoms 1)) -

By lemma [3.4]if we set g = (w, ¢) then for each i € dom(k), j € dom(g) z; = w; —
PYi = ¢j-

Since n C p we can apply lemma to also show that if n = (w, u) then for each
i € dom(o), j € dom(n) z; = w; — z; = ;.

With that, for each i € {1,...,m}, we can apply the inductive hypothesis and obtain
that #(k:7 Xis U) = #(ga Xis 77) Slmllarly #(ka X5 0) = #(97 X TI)

We now consider the subcase t € E4(n+1, k), which implies k € K(n) and t € E4(p, g).
Since t € Eq(n + 1, k) there must exist

o feF,

e a positive integer m,

® X1,...,Xm € E(n,k)

such that

e for each g € —‘( ) (#(ka)(lag), ey #(ka Xmag)) is true,

.f(XlaaXm)¢E( k)?

L4 t:f(X17"',Xm)’
o #(k,t,0) = Pr(#(k,x1,0),..., #(k; Xm,0)).

Since t € E4(p, g) there must exist

o ke F,
e a positive integer g,
o Vq,....0 € E(p—1,9)

such that
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o for each n € E(g) Ax(#(9,Y1,m), ..., #(g,94,7n)) is true,
o k(th,....0) ¢ E(p—1,9),
o (= m(ﬁl,...,ﬁq),
e for each n € E(g) #(g,t,m) = Pu(#(g,91,m), .., #(9, V¢, m))-

We have #(h,t,p) = #(9,t, p/dom(g)), 50 if we define n = p/aom(q) then #(h,t,p) =
#(g,t,n) = Pu(#(9:91,m), .., #(9,04,m)) -

We have to show that #(k,t,0) = #(h,t,p) and to show this we just need to show
that

Pp(#(k, x1,0), .-, #(k, Xm, 0)) = Pe(#(g,91,m), -, #(9, 04, 1)) -

We first apply the unique readability lemma [3.1.5] and get x = f, ¢ = m and for each
ie{l,...,m} 9; = x;. So what we have to show is

Pf(#(k=X17U)a B '7#(k7Xm7U)) = Pf(#(g7X1777)7 . a#(g7Xm7n)) .

By lemma [3.4]if we set g = (w, ¢) then for each i € dom(k), j € dom(g) ; = w; —
Pi = ¢;.

Since n C p we can apply lemma to also show that if n = (w, u) then for each
i € dom(o), j € dom(n) z; = w; — z; = ;.

With that, for each i € {1,...,m}, we can apply the inductive hypothesis and obtain
that #(k, xi,0) = #(¢g, xi,n), and our proof is finished.

We now consider the subcase t € Eq(n + 1,k) (which implies k € K(n)). We must
have t € FE.(p,g). Since t € E.(n + 1, k) there must exist

e a positive integer g;

a function u whose domain is {1, ..., ¢} such that foreachi = 1...qu; € V—var(k),
and for each 7,5 =1...q 1 # j — u; # uy;

a function ¥ whose domain is {1,..., ¢} such that for each i =1...q 9; € E(n);

0 € E(n)

such that

o E(n,k, q,u,9,0);
o {Hui:91,...,uq:94,60) ¢ E(n,k);
o (= {}(Ul : ﬁl,...,uq:ﬁq,ﬁ).

Since t € F.(p, g) there must exist

e a positive integer 7;

e a function v whose domain is {1, ..., r} such that foreachi = 1...7 v; € V—var(g),
and for each i, =1...7 9 # j — v; # v;;

e a function y whose domain is {1,...,r} such that foreachi=1...r x; € E(p—1);
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e (€ E(p-1)
such that
b E(pf 1797T7U7Xa C)7

b {}(vl:Xh"'avT:XTaC) ¢E(p_1ag)v
o t ={}wv1 X155 Xr, ().

Clearly given n € Z(g) we have
#(g,t,m) = {#(g,, C; m)| mr. € E(gr),n T},
where g| = g+ (v1,x1), and if r > 1 foreachi =1...7 —1 gj | = gj + (Vit1, Xi+1)-

Anyway t = {}(u1 : 91,...,uq : U4,6) and we can apply the unique readability
lemma, sor=gq,v=u,x =19,(=40. Then given n € Z(g) we have

’ ’ = ’
#(g,t,m) = {#(9,,0,m,)| ng € E(gg),n E g},
where g = g+ (u1,91), and if ¢ > 1 for each i = 1...q — 1 gi, 1 = g; + (uiy1,Viy1)-

Given o = (z,2) € E(k), p = (y,7) € E(h) such that for each i € dom(c), j € dom(p)
x; =y; — z; = r; we want to show that #(k,t,0) = #(h,t,p).

Now we have

#(k,t,0) = {#(k,0,0,)| 0, € E(k;),0 E 0y},
where kj =k + (u1,71), and if ¢ > 1 for each i = 1...q¢ — 1 kj | = K} + (wiy1,Pig1).
And we have #(h,t,p) = #(9,t, p/dom(g))- If we define n = p,gom(g) then

#(h,t,p) = #(g,t,m) = {#(9q,0,15)| 1y € E(gy),n E 0} -
Thus we have to show that
{#(kq,0,0) 04 € E(kq), 0 T og} = {#(95: 0:1)| my € E(gq),n E g} -

To prove this we just need to prove the following two assertions:

e for each o) € Z(k;) such that o C oy there exists 1, € Z(g,) such that n C 7} and

#(9g-0,mq) = #(ky,0,00);
e for each n; € Z(g,) such that n C 7 there exists o, € Z(k;) such that o C o and

#(kq: 0,04) = #(g5, 0, 1q)-

We begin with the first one. Let o) € Z(k;) such that o C oy, we want to find
1y € E(gy) such that n C g and #(gg, 0, 7,) = #(k;, 0, 07). Remember that 1 = p/dom(g)-

Let 0} = (04) /dom(k;)- We should be able to prove that:

o o) € Z(K})
e there exists s; € #(k,91,0) such that of = o + (uy, s1).
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If ¢ = 1 then o7 € Z(k}) clearly holds, else we have k; # ¢, o, € Z(k;), k1 € R(k),
ki # ki, so by lemmaai (04) dom(k) € Z(K1)-

We have k] = k+(u1,91) and k] € K(n), clearly k] # ¢ and n > 2 also hold. Moreover
k € K(n), V1 € Es(n, k), u1 €V —var(k), so by lemma [L.3]

E(ky) = {& + (w1, 9)|§ € E(k), s € #(k, V1,€)}-

Then there exist £ € E(k), s € #(k, 91, €) such that of = &+ (u1,s). Here we can see

that
(01) /dom(k) = (01) jdom(e) = &

and at the same time, since dom(k) C dom(ky) C dom(k;) = dom(oy,),

(01) Jdom (k) = ((04) dom (k) Jdom (k) = (T4) jdom(k) = (Tg) jdom(o) = O
Therefore £ = o and there exists s € #(k, 91, 0) such that o} = o + (uq, s).

If ¢ > 1 then for each i = 1...q — 1 we can define o}, = (U;)/dom(kg+1). We should
also be able to prove that foreachi=1...¢—1

 0iy1 € E(kij),

o there exists s;11 € #(kj, Y41, 0]) such that o}, = o] + (wit1,5i41).

If i + 1 = g then o}, € Z(ki,,) clearly holds, else i + 1 < ¢ and k; # ¢, o, € E(ky),
kipg € R(kq), ki, # k(/p so by lemmaﬁéﬂ = (U;)/dom(k;H) € E(kjyq)-

We have ki, = kj 4 (uir1,%i11) and ki, € K(n), clearly ki, # € and n > 2
also hold. Moreover k; € K(n), 9,41 € Es(n, k), var(k}) = var(k) U {u1,...,u;},
uit1 € V —var(k}), so by lemma [£.3]

E(kiyr) = A€+ (i1, 9)[§ € E(K)), s € #(ki, ¥it1,§)}-

Then there exist § € E(k;), s € #(kj, Yi41,§) such that o}, = § + (uiy1, s). Here we
can see that

(0i41) jdom(k?) = (0141) Jdom(e) = §
and at the same time, since dom(k;) C dom(k; ;) C dom(k;) = dom(oy,),

(0141) fdomrt) = ((04) faom (k1)) fdom(kt) = (Tg) jdom(ky) = -
Therefore { = o} and there exists s € #(k},¥;41,0}) such that o | = o] + (uiy1, ).

Then we define 7} = n + (u1, s1), and we should be able to prove that n] € Z(¢g}).

We have E(p — 1,g,71,v,x,(), or in other words we have £(p — 1,9, q,u,?,60). This
implies U1 € Es(p—1,9) C Es(p, ). We have g1 = g+ (u1,91) and g; € K(p—1) € K(p),
g4 # €, p =2, moreover g € K(p), up € V — var(g) and therefore

E(g1) = {& + (1, 9)[§ € E(g), s € #(g,91,€)}-

Since 1 € Z(g), to prove that n] € Z(g7) we just need to prove that s; € #(g,91,7).
We know that s, € #(k,¥1,0). We have ¥, € E(n, k), 91 € E(p—1,9) C E(n,g).



A different approach to logic: absolute logic 59

We also notice that by lemma if we set g = (w, @) then for each i € dom(k),
j€dom(g) z; = w; = @; = ¢;.

Since n C p we can apply lemma to also show that if n = (w, ) then for each
i € dom(o), j € dom(n) x; = w; — z; = ;.

With this we can apply the inductive hypothesis and obtain that #(k,9,,0) =
#(g,01,m), therefore s1 € #(g,91,m) and n; € E(g1).

We also notice that k] = k+ (u1,91), g1 = g+ (u1,91), so if we set k] = (2, ¢}) and
g = (wi,¢}) then by lemma [3.3| for each o € dom(k}), 8 € dom(g}) (#))a = (w})s —
(P1)a = (¢1)s-
Moreover we notice that o] = o + (u1, 1), 7] = 1+ (u1, s1), and if we set o] = (z1, 21),
7y = (wy, p}) then by lemma for each a € dom(o}), B € dom(ny) (z})a = (Wh)g —
(21)a = (11)p-

If ¢ > 1 then for each i = 1...q — 1 we can define nj_; = n; + (ui11,si+1) and we
expect to be able to prove that n;,; € Z(g;, ).

We have £(p —1,9,q,u,9,0) and g; | = gj + (wit1,Vs41). This implies g;, ; € K(p —
1) € K(p), gj,1 # € and p > 2 holds too. Moreover g; € K(p), ¥it1 € Es(p —1,9;) C
Eq(p, g}), and, since var(g;) = var(g) U{u1,...,u;}, uir1 € V — var(g;). Therefore

E(g£+1) = {5 + (ui+178)|§ € 5(92)75 € #(g£7ﬁi+1,§)}~

—_

By inductive hypothesis we can assume that 7; € Z(g;), therefore to prove 7;,, €
E(gj41) we just need to prove s, 1 € #(gj, Viy1,7;). We know that s;,1 € #(kj, Vi41,07).
By inductive hypothesis we can also assume that
o if we set k} = (z},¢}) and g, = (w}, ¢.) then for each o € dom(k}), B € dom(g})
(zi)a = (Wi)s = (Pi)a = (¢})8;
o if we set o) = (2}, 2]) and n, = (w}, u;) then for each a € dom(o}), 5 € dom(n})

[2Ead2

(@7)a = (wi)s = (2))a = (17)p-

We have kj € K(n), g; € K(p) C K(n), 941 € Es(n,k}), ¥iy1 € Es(p, ;) C Es(n,gl),
o, € Z(k), ni € E(g}), so we can apply the inductive hypothesis and obtain that
#(K,, 0i41,0%) = #(g},%ix1,m;). Therefore s;1+1 € #(g},%i+1,7n;) and we have proved
77;4-1 € E(gg—i-l)'

In this proof that 7},, € Z(g;, ;) we have used an inductive hypothesis which we
haven’t proved, so we need to prove it now. What we need to prove is the following:

o if weset ki, = (z,1,¢),,) and g/, | = (wj 1, ¢}, ) then for each o € dom(k], ),
B € dom(giy1) (ig1)a = (Wiz1)s = (Pis1)a = (Piy1)8;

o if we set 0], = (vj,,,2,,) and ;| = (wj ., pj,) then for each o € dom(of,,),
B € dom(niy) (@iy1)a = (Wit1)s = (2i11)a = (Hig1)s-

To prove the first item we consider that ki, | = kj 4+ (i1, Vit1),

Giv1 = gi+(uig1,9ig1), wip1 € V—var(kj), uis1 € V—var(g;). So we can apply lemmal[3.3]
and the first condition is proved.
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To prove the second item we consider that o, ; = o] + (wit1, Si+1),

M1 = M+ (Wit1, Sit1), Uig1 € V—var(o}), uir1 € V—var(n;). So we can apply lemma
and the second condition is proved.

At this point we have defined 7 such that n C n; and proved that 7} € Z(g;). We have
also that k) € K(n), 0 € E(n,k}), g, € K(p—1) C K(n), 0 € E(p —1,g;) € E(n,g,),
g € =(ky). Moreover

o if Yve set k(’ZI = (xé,go/é) and g,’q = (wy, ¢}) then for each o € dom(ky), B € dom(gy)
(xq)a = (wq)ﬁ — (Spq) = (¢q)ﬁ7

o if we set o = (xq,zq) and 7, = (wy, py) then for each o € dom(ay), B € dom(n))

(g)a = (wg)p = (2g)a = (kg)s-
With this, #(g;,0,n;,) = #(ky, 0, 0,,) follows by inductive hypothesis.

We now examine the other side of the proof. Let n; € Z(g;) such that n C 7, we
want to find oy € Z(k;) such that o C oy and #(ky, 0, 07) = #(g,,0,7;). Remember that
= P/dom(g)-

Let my = (1) /dom(g;)- We should be able to prove that:

® 1 €=(g1)
e there exists s1 € #(g,91,n) such that 0} = n+ (u1, s1).

If ¢ = 1 then n] € E(g}) clearly holds, elsE we have g, # ¢, n, € E(g,), 91 € R(g),
gll 7é 927 S0 by lemmanll = (n:;)/dom(gi) € :‘(g/l)

We have g] = g+ (u1,91) and g} € K(n), clearly g7 # € and n > 2 also hold. Moreover
g € K(n), V1 € Es(n,g), u1 €V —var(g), so by lemma

E(gll) = {g + (U178)|§ € E’(g)as € #(9779175)}

Then there exist £ € Z(g), s € #(g, 91, £) such that 9} = £ + (u1, ). Here we can see
that

(nl)/dom(g) (nl)/dom( 3] =¢

and at the same time, since dom(g) C dom(g}) C dom(g,) = dom(n,,),
(nll)/dom(g) = ((n;)/dom(g’l))/dom(g) = (n;)/dom(g) = (n;)/dom(n) =1
Therefore £ = 7 and there exists s € #(g, %1, n) such that 9} = n+ (uy, s).

If ¢ > 1 then for each i = 1...¢q — 1 we can define iy = (1})/dom(g7,,)- We should
also be able to prove that foreachi=1...q¢—1

® Nip1 € E(gi41);
e there exists s;11 € #(g;, Vitr1,m;) such that nj ; = 0] + (usy1,5i41)-

If i+ 1 = q then 0, € Z(g;,,) clearly holds, else i + 1 < ¢ and g;, # €, 7, € Z(g;),
g§+1 € R(Q;)a 9§+1 # 9:17 so by lcmmam+1 (Uq)/dom(glﬂ) E(9§+1)-
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We have g;,; = g; + (uiy1,¥541) and gi,; € K(n), clearly gi,; # ¢ and n > 2
also hold. Moreover g, € K(n), ¥ix1 € Es(n,g}), var(g;) = var(g) U {u1,...,u;},
uit1 € V —var(g}), so by lemma [4.3]

E(gz/‘—H) = {5 + (ui+178)|£ € E(gg),s € #(g£7§i+1a£)}‘

Then there exist £ € Z(g;), s € #(g;,Viy1,§) such that 9, = £+ (uig1,s). Here we
can see that

(7771,‘+1)/d0m(g§) = (77;+1)/dom(5) =<
and at the same time, since dom(g;) C dom(g;,,) € dom(gy) = dom(ny),
!

(
(Mix1) jdom(gy) = ((g) raom(gr, 1)) dom(gy) = (1) sdom(gt) = Mi-

Therefore £ = n; and there exists s € #(g;, 0441, 7;) such that n; ; = n; 4+ (uit1, s).

Then we define o] = ¢ + (u1, s1), and we should be able to prove that o] € Z(k}).

We have E(n, k, q,u,?,0). This implies ¢; € Eq(n, k). We have kj = k + (u1,91) and
Ky € K(n), ki # €, n > 2, moreover k € K(n), u1 € V —var(k) and therefore

E(ky) = {&+ (w1, 9)|§ € E(k), s € #(k, V1,€)}-

—_

Since o € Z(k), to prove that o € Z(k]) we just need to prove that s; € #(k, 91,0).
We know that s; € #(g,91,n). We have 9, € E(n, k), )y € E(p—1,9) C E(n,g).

We also notice that by lemma if we set g = (w, ®) then for each i € dom(k),
J € dom(g) x; = wj; — @; = ¢;.

Since n C p we can apply lemma to also show that if 7 = (w, u) then for each
i € dom(o), j € dom(n) x; = w; = z; = ;.

With all this we can apply the inductive hypothesis and obtain that #(g,%1,n) =
#(k,01,0), therefore s1 € #(k,¥1,0) and o € E(k}).

We also notice that k] = k+ (u1, 1), g1 = g+ (u1,91), so if we set k] = (2], ¢}) and
g = (wi,¢}) then by lemma [3.3| for each o € dom(k}), 8 € dom(g}) (#))a = (w})s —
(“1)a = (41)5-
Moreover we notice that o] = o + (u1, 1), 7} =n+ (u1, 1), and if we set o] = (21, 21),
n = (wi, p)) then by lemma 3.3 for each a € dom(d?), B € dom(n}) (2))a = (w})s —
(21)a = (11)p-

If ¢ > 1 then for each i = 1...¢q — 1 we can define 0, = 0] + (ui11,5:41) and we
expect to be able to prove that o}, € Z(kj ;).

We have E(n,k,q,u,9,0) and ki, = ki + (uir1,%i41). This implies ki, € K(n),
ki, # e and n > 2 holds too. Moreover kj € K(n), ¥;41 € Es(n, k}) and, since var(k}) =
var(k) U{u1,...,u;}, uiy1 € V —var(k}). Therefore

E(kit1) = {&+ (uiv1,8)[§ € E(k)), s € #(ki, Vi1, )}

By inductive hypothesis we can assume that o] € Z(k;), therefore to prove o}, ; €
Z(kj ;) we just need to prove s;11 € #(kj, Vi1, 0}). We know that s;41 € #(g}, Diy1,7;)-

7
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By inductive hypothesis we can also assume that

o if we set k} = (2}, ¢}) and g, = (w}, ¢,) then for each o € dom(k}), 5 € dom(g})
(#7)a = (wi)p = (¥i)a = (¢7)5;
o if we set o, = (z},2]) and n; = (w}, p}) then for each a € dom(a}), B € dom(n})

2t

(@i)a = (wi)g = (2))a = (1)
We have &, € K(n), ¢! € K(p) € K(n), 9i11 € Eo(n, k), 9i11 € Es(p,g}) C Eo(n, gl),

gi
o, € E(kl), n € Z( ) so we can apply the inductive hypothesis and obtain that
#(g5,0i41,m)) = #(k},V;q1,0}). Therefore s;41 € #(ki,¥iy1,0;) and we have proved
o, €E(k )
1+1 —\vi+1/
In this proof that oj,, € Z(kj,,;) we have used an inductive hypothesis which we
haven’t proved, so we need to prove it now. What we need to prove is the following:
o if weset ki, = (21,9} 1) and g{, | = (wi 1, ¢}, ) then for each o € dom(k], ),
B e dom(gg+1) (x;Jrl)Ot = (w;+1)6 - (90;+1)a = (¢;+1),35
o if we set 0], = (vj,,,2i,,) and 0, ; = (wj ., pj,,) then for each o € dom(of,,),
B e dom(niiy) (Tig1)a = (Wiy1)s = (2ip1)a = (Hig1)s-
To prove the first item we consider that ki, ; = ki + (wjt1,¥i41),
9iv1 = 9i+(uir1,Vig1), uiys € V—var(kj), uip1 € V—var(g;). So we can apply lemma,3.3]
and the first condition is proved.
To prove the second item we consider that o}, ; = o} + (wit1, Sit1),
Nip1 = M+ (Wit1, Si1), wip1 € V—var(o}), uip1 € V—var(n;). So we can apply lemma

and the second condition is proved.

At this point we have defined o, such that o C o; and proved that o; € Z(k;). We
have also that k; € K(n), 0 € E(n, k), g, € K(p—1) € K(n),0 € E(p—1,g;) € E(n 9,)
1, € 2(g,). Moreover
o if we set k, = (z,¢,) and g; = (wy, ¢} ) then for each a € dom(ky), B € dom(gy)
(zg)a = (wg)s = (#g)a = (04)s;

o if Yve set afll = (:c;,z/;) and 77/; = (wy, py) then for each o € dom(ay), B € dom(n))
(xq)a = (wq)ﬁ - (Zq)oé = (:U’q)ﬁ

With this, #(k;, 0, 07,) = #(g;, 0, ;) follows by inductive hypothesis.

Let’s consider the third case. Here t € E(m, k)N E(p, g), with m,p < n+1. Of course
given o = (z,2) € Z(k), p = (y,r) € E(h) such that for each i € dom(o), j € dom(p)
x; =Yy; — 2z =r; we want to show that #(k,t,0) = #(h,t,p). So we just need to show
that #(Hv t U/dom(n)) = #(97 i, p/dom(g))'

By lemmal[3.4]if we set k = (u, ) and g = (w, ) then for each i € dom(k), j € dom(g)
uizwj—>¢)i:0j.
If we define ¢ = max{m,p} then k,g € K(q), t € E(q,x) N E(q,g) and ¢ <n+ 1.
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Moreover let 0" = 0/gom(r), 0" = (2',2), P = praom(g), P = (¥',7'). Since ¢’ E o and
p Cpby 1emmawe obtain that for each i € dom(o”), j € dom(p’) @} = y; — 2} =1/
By the inductive hypothesis we then obtain #(k,t,0') = #(g,t,p’), and so we have

proved #(k,t, o) = #(h,t, p).

LEMMA 4.13. Given
® q positive integer n;
o ke K(n);
o feF;
® q positive integer m;
© V1,...,om € E(n,k);
such that for each o € Z(k) Ap(#(k,p1,0),....#(k, pm,0)) is true,
we have that t = f(p1,...,0m) € E(n+ 1,k).

Given o € Z(k) we have also

#(k7t7 U) = Pf(#(ka L1, U)’ ey #(ka Pm 0)) .
Proof.
Ifte E(n,k)UEy(n+1,k) thent € E(n+1,k),elset € Eg(n+1,k) C E(n+ 1,k).
Using lemma we have that one of the following alternatives holds:
etcE,(n+1,k)UE(n+1,k)UEsn+1,k)UE.(n+1,k);
e there exist p positive integer such that 2 < p < n+ 1, h € K(p) such that h C k,
t € Eq(p,h) U Ec(p, h) U Eq(p,h) U Ec(p, h) and for each o € Z(k) 0/4omn) € E(h)
and #(k,t,0) = #(h, 1,0 /dom(n))-

If the first alternative holds, that ist € E,(n+1,k)UE.(n+1,k)UEs(n+1,k)UE.(n+
1,k), then clearly t € E4(n+1,k). This implies that #(k,t,0) = #(k,t,0)(n+1,k,4), 50 in
this case our proof is finished.

Otherwise it must be t € E4(p, h). This implies that there exist:

e gc F
e (¢ positive integer;

o ’lﬂl,...,wq € E(p— 1,h>,
such that

o for each p € Z(h) Ag(#(h, Y1, p), ..., #(h, g, p)) is true;
. (11)1,---7%)6?15( — 1, h);

® = (¢17" ﬂ/}q)a

° for each p € E(h) #(h,t,p) = Py(#(h, V1, p), ..., #(h,Yq, p)).
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We have t = f(p1,...,9m), SO we can apply the unique readability lemma and
obtain that g = f, ¢ = m, for each i € {1,...,m} 1; = ¢;. Then given p € E(h)

#(ht,p) = Pr(#(h,01,p), -, #(h; om, p)) -
Now given o € Z(k) we want to prove that

#(k,t,0) = Pr(#(k, 01,0),.... #(k, om, 0)) .
If we define p = 0/4omn) € Z(h) then

#(k,t,0) = #(h,t, p) = Pr(#(h,01,p), -, #(h, om, p)) -
So we want to prove that
Pr(#(h, o1, 0)s s #(hs om, p)) = Pr(#(k, 01,0), o, #(Ks o 0))
and to prove this it is enough to prove that for each ¢ € {1,...,m}
#(h, i, p) = #(k, pi, 0) .
Proving this is not difficult. In fact, if k£ = (u,n) and h = (v,9) then by lemma
for each ¢ € dom(k), j € dom(h) u; =v; = n; =9;. lf 0 = (u, 1) and p = (v,v) then by

lemma, for each i € dom(o), j € dom(p) w; = v; = p; = v;. With this we can apply
lemma 14.12 and obtain that #(h, p;, p) = #(k,p;,0). =

LEMMA 4.14. Given

e q positive integer n;
o h=(v,9), k= (u,n) € K(n) such that

for each i € dom(k), j € dom(h) u; =v; = n; = V;;
o p=(v,v) € Z(h), 0 = (u,u) € Z(k) such that

for each i € dom(o), j € dom(p) w; =v; = p; = v;;
® a positive integer m;

e a function x whose domain is {1,...,m} such that for each i =1...m z; € V —
var(k), z; € V —var(h), and for each i,j =1...m i # j = x; # x;;

o a function ¢ whose domain is {1,...,m} such that for eachi=1...m ¢; € E(n);

e o€ E(n);

such that

hd S(”? k? m7 x’ <)07 ¢),'
b S(”? h? m7 x’ <)07 qs);

and given t = {}(x1: @1, Tm : Pm, P), we have that

for each o), € E(kl,,) such that o T o), there exists p,, € Z(h,) such that p C pl,
and # (W, &, pr) = #(Kpps &:07,),

where of course

o bl =k+ (z1,01), and if m > 1 for each i =1...m —1 ki, = k] + (Tit1,Qit1),
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o hy =h+(z1,¢1), and if m > 1 for eachi=1...m —1 hj,; = hj + (Tiy1,Pit1)-
Proof.

Let o/, € Z(k/,) such that o C o/, we want to find p), € Z(h},) such that p C p/,
and #(hy,,, ¢, p,) = #(kp, 6, 07,).

If m = 1 then o7 is defined, else let o} = (07,) /dom(x;)- We should be able to prove
that:

o o € Z(K))

e there exists s1 € #(k, p1,0) such that of = o + (21, $1).

If m = 1 then o] € E(k}) clearly holds, else we have k], # €, 0., € Z(k.,), k| € R(k.,),
K\ # kI, so by lemmao (o) Jdom(k)) € Z(K1).

We have k] = k + (x1,¢1) and k] € K(n), clearly k7 # € and n > 2 also hold.
Moreover k € K(n), o1 € Es(n, k), x1 € V — var(k), so by lemma

E(ky) = {€+ (z1,5)| € € E(k), s € #(k,01,)}-

Then there exist & € Z(k), s € #(k, ¢1,£) such that 0] = & + (1, ). Here we can see

that

(01) sdom(k) = (01) jdom(e) = §
and at the same time, since dom(k) C dom(k}) C dom(k.,) = dom(aol,),
(01) fdom(k) = ((07,) Jdom(k!)) Jdom(k) = (Tp) rdom(k) = (01, Jdom(e) = O
Therefore { = o and there exists s € #(k, ¢1,0) such that o] = o + (21, 5).

Ifm>1leti=1...m—1,ifi4+1=m then o} | = 0, is defined, else we can define
Oi1 = (J;n)/dom(ngrl). We should also be able to prove that

 0iy1 € E(kij),

o there exists s;11 € #(k;, pit1,0;) such that o}, | = o + (241, 5:41)-

If i+1 = m then 0}, € Z(kj, ) clearly holds, else i+1 < m and k;, # ¢, 0,,, € E(k,,),
k;+1 € R(k;n)v k',£+1 7é k;na S0 by lemma O—g+1 = (O—;n)/dom(k§+l) € E(k;Jrl)

We have ki, = kj + (241, 0i41) and ki, € K(n), clearly ki, ; # € and n > 2
also hold. Moreover k, € K(n), piv1 € Egs(n, ki), var(kl) = var(k) U {z1,...,2;},
xiy1 € V —var(k}), so by lemma

E(kiyy) = {&+ (@it1,9)| € € B(K), s € #(ki, i+1,€)}

Then there exist § € E(k;), s € #(kj, gir1,€) such that o, = &+ (7411, s). Here we
can see that

(0741) fdom(ky) = (Ti11) fdom(e) = &-
At the same time, if i + 1 = m then

(0541 sdom(k) = (Om) fdom(ky) = Oi-
Else since dom(k;) € dom(k;,,) C dom(k,,) = dom(a;,),

(@51) fdomiy) = ((O1n) jdom (ks ) fdom(k) = () fdom(ky) = O
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Therefore £ = o] and there exists s € #(kj, pi+1,0}) such that o}, = o] + (zi11, s).

Then we define p} = p + (21, 1), and we should be able to prove that pj € Z(h}).

We have £(n, h,m,x, ¢, ¢). This implies p; € Es(n,h). We have b} = h + (21, p1)

and b} € K(n), b} # ¢, n > 2, moreover h € K(n), x1 € V —var(h) and therefore
E(hy) = {4+ (21,5)|§ € E(h), s € #(h, ¢1,8)}.

Since p € Z(h), to prove that pj € E(h]) we just need to prove that s; € #(h, @1, p).
We know that s; € #(k,p1,0). We have 91 € E(n,k), p1 € E(n,h). We have also
that for each i € dom(k), j € dom(h) u; = v; = n; = 9, and for each i € dom(o),
j € dom(p) u; = v; = p; = v;. With this we can apply lemma and obtain that
#(k,01,0) = #(h, 1, p), therefore s; € #(h, ¢1, p).

We also notice that k] = k + (x1, 1), by = h+ (21, 1), so if we set k] = (u},n}) and
I = (v,9}) then by lemma [3.3] for each a € dom(k}), 8 € dom(h}) (u})a = (v})g —
(M)a = (U1)s-
Moreover we notice that o] = o + (21, 1), p| = p+ (21, $1), and if we set o] = (uf, 1)),
Py = (v],v]) then by lemma for each a € dom(c?), B € dom(p}) (u))a = (v})g —
(W) = (11)p-
If m > 1 then for each i = 1...m — 1 we can define p} ; = p} + (zi41, 5i41) and we
expect to be able to prove that pj ; € Z(hj,).

We have E(n, h,m,z,p,¢) and hj,, = hj + (i11, @iy1). This implies b}, , € K(n),
hi,, # € and n > 2 holds too. Moreover h; € K(n), pir1 € Es(n,h}), and, since
var(h}) = var(h) U{z1,...,2;}, zix1 € V — var(h}). Therefore

E( {£+1) :{£+($i+17 |£E ( SE#( 7,7L)Oi+17€>}'

By inductive hypothesis we can assume that p; € Z(h}), therefore to prove pj, ; €

E(hj,) we just need to prove s; 1 € #(hj, @it1, p;). We know that 5,1 € #(kj, pit1,07).

By inductive hypothesis we can also assume that

o if we set k] = (u},n) and h; = (v}, ?,) then for each o € dom(k}), 8 € dom(h})

(U)o = (v)p = (1) = (Wi)s;
o if we set of = (u},p;) and p; = (v}, v}) then for each o € dom(o}), B € dom(p})

(W) — (1) = () — (0.

We have k; € K(n), b}, € K(n), giy1 € Es(n,k}), @ix1 € Es(n,hl), of € E(k}), p} €
Z(hL), ) we can apply lemma, 4.12 and obtain that
#(K,, piv1,00) = #(hl, piy1, p;). Therefore s;41 € #(h}, pit1,p;) and we have proved
pit1 € E(hizq)-

In this proof that pj,,; € Z(hj, ;) we have used an inductive hypothesis which we
haven’t proved, so we need to prove it now. What we need to prove is the following:

o if we set ki, | = (uj,1,m,,) and hj | = (vi,,,9],,) then for each o € dom(k],,),
B € dom(hiyy) (uip1)a = (Vig1)s = (Mig1)a = (Ui1)8;
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o if we set oy, = (uj q,piy,) and pj,, = (Vi 1,7, ) then for each a € dom(of, ),
p € dom(piyr) (Wig1)a = (Vig1)s = (Hit1)a = (Vi1)s-

To prove the first item we consider that ki, = ki + (Zit1, @it1),

hipy = hy + (Tig1,0ig1)s Tig1 € V —var(k)), xip1 € V —wvar(hj). So we can apply
lemma [3.3] and the first condition is proved.

To prove the second item we consider that o}, | = o} + (241, Si+1),

Pip1 = Pi+ (g1, Si41), Tig1 € V —war(o}), xip1 € V — var(p;). So we can apply
lemma [3:3] and the second condition is proved.

At this point we have defined p/, such that p C p/ and proved that p/, € Z(h])).

We have also that k!, € K(n), ¢ € E(n, k), b\, € K(n), ¢ € E(n,hl,), o, € Z(k.)
Moreover
o if we set kI, = (ul,,n,,) and h,, = (v],,¥,,) then for each o € dom(kl,), B €
dom(hy,) (U)o = (v7,)s (nm) = (U7)8;
o if we set o], = (ul,,p,,) and p,, = (v},,v),) then for each a € dom(o},), B €
dom(pr,) (U)o = (v7)p = (Him)a = (Vi) -

With this, #(hl,, d, ph,) = #(k}n, &, 00,) follows by lemma [4.12}

LEMMA 4.15. Given

we

e q positive integer n;
o ke K(n);

e q positive integer m;

e a function x whose domain is {1,...,m} such that for eachi =1...m z; € V —
var(k), and for each i,j =1...m i # j — x; # x;;

a function @ whose domain is {1,...,m} such that for eachi=1...m ¢; € E(n);
¢ € E(n);

such that E(n,k,m,x,p, d),

have that t = {}(z1: @1, ., Tm : ©m, P) € E(n+ 1, k).

Given o € Z(k) we have also
#(k,t,0) = {#(k yo m)| U €= (k/ ) UEU;nL
where k} = k4 (x1,¢1), and if m > 1 for eachi =1...m—1k{ | = ki +(xit1, pit1).

Proof.

Ifte E(n,k)UEy(n+1,k) thent € E(n+ 1,k), elset € E.(n+1,k) C E(n+ 1,k).
Using lemma we have that one of the following alternatives holds:
etcE,(n+1,k)UE(n+1,k)UEsn+1,k)UE.(n+1,k);
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e there exist p positive integer such that 2 < p <n+1, h € K(p) such that h C k,
t € Eq(p,h) U Ec(p, h) U Eq(p,h) U Ec(p, h) and for each o € Z(k) 0/d4omn) € E(h)
and #(k7 i, U) = #(h7 t, U/dom(h))'

If the first alternative holds, that ist € E,(n+1,k)UE.(n+1,k)UE4(n+1,k)UE.(n+
1,k), then clearly t € E.(n+ 1,k). This implies that #(k,t,0) = #(k,t,0)(n+1,k,e), 50 in
this case our proof is finished.

Otherwise it must be t € E.(p, h) and h € K(p — 1). This implies that there exist:

e a positive integer ¢;

e a function y whose domain is {1,..., ¢} such that foreachi =1...qy; € V—var(h),
and foreach i,j =1...q ¢ # j = yi # yj;

e a function ¢ whose domain is {1, ..., ¢} such that foreachi=1...q¢; € E(p—1);

0eE(p—1)

such that

i g(p_17h7Q7yﬂ¢79)7
o {Jy1:91,...,yq:%y,0) ¢ E(p—1,h).
o t={}(y1:¢1,...,Yq: Vg, 0).

Clearly given p € =Z(h) we have
#(h,t,p) = {#(hy, 0, p3)| Py € E(he), p E 0},
where b} = h+ (y1,71), and if ¢ > 1 for each i =1...q — 1 hj ; = h} + (yit1,Yiy1)-

Anyway t = {}(z1 : ¥1,.--,@m : ©m,d) and we can apply the unique readability
lemma 0 q=m,y=ux,9% = p,0 = ¢. Then given p € Z(h) we have

#(h,t,p) = {F# (s & )| P € E(Bin), 0 E pin}s
where hy = h+(x1,¢1), and if m > 1 foreachi =1...m—1hj,, = hi+(2it1, iy1)-
Now given o € Z(k) we want to prove that

#(k,t,0) = {#(kp,, ,00,)| 07, € Eky), 0 E 0}
If we define p = 0/4omn) € Z(h) then

#(k,t,0) = ##(h,t, p) = {# (M, &, pra)| P € Ehry)p E )}
So in the end what we need to prove is that
{# (ks &, 070)| 07 € E(R7,) 0 T oon } = {# (o 6, 00)| o € E(Bi), p E piy -

To prove this we just need to prove the following two assertions:

e for each o], € Z(k/,) such that o C o/, there exists p,, € Z(h,) such that p C p/,

and #(h;n? ¢’ p’/VTL) = #(k;n? ¢’ O-'l/'ﬂ);
e for each p/,, € E(h],) such that p C p/, there exists o), € Z(k/,) such that o C o/,

and #(ky,, ¢, 07,) = # (i, &, 07)-
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Here we want to apply lemma This is possible since

e h,k € K(n), since h C k if h = (v,9), k= (u,n) then by lemma [1.§]
for each i € dom(k), j € dom(h) u; =v; = n; =Vj;

e peE(h), o €E(k), since pC o if p= (v,v), o = (u, ) then by lemma [1.9]
for each i € dom(0o), j € dom(p) w; = v; = p; = vj;

e 1 is a function whose domain is {1,...,m} such that for each ¢ = 1...m z; €
V —wvar(k), z; € V —wvar(h) and for each 4,5 =1...m i # j — x; # xj;

e ¢ is a function whose domain is {1, ..., m} such that for eachi =1...m ¢; € E(n);

* ¢ € E(n);

o E(n,k,m,x,0,d);

o E(n,h,m,z, 0, ¢);

e t={}z1:01,- -, Tm : Om, D).

Clearly &€(n, h, m,x,p, $) holds because of E(p — 1, h, m,x, p, $). Indeed
E(p—1,h,m,x, ¢, ) implies

o 1 € Es(p—1,h) C Es(n,h) ;

e ifm > 1thenforeachi=1...m—1h, € K(p—1) C K(n) A @i41 € Es(p—1,h}) C
ES(nvh;)§

e h eK(p—-1)CKn)AN¢pecE({p-1,hl,)C E(n,hl,).

Both of our statements hold because, while lemma proves the first one, it can
also prove the second by simply switching variable names. m

LEMMA 4.16. Let h € K, ¢ € Es(h), y € (V —var(h)), k=h+ (y,¢). We have k € K,
and if 9 € S(k) then

{}(y:6,9) € E(h);

V({}(y: 6,9)) € 5(h), 3({}( ,0)) € S(h);
v peEh) #h,V({}y: ¢,9)), )-&H#%ﬂmﬂaea%%pgaﬂ;
VPEEWJ#WHGHy¢7»m%=%H#%ﬂJNUE (k), pEo}).

Proof.

Since ¢ € Eg(h) there is a positive integer n such that h € K(n), ¢ € Es(n,h). This
implies that k € K(n)T UK(n) = K(n+1) C K.

o o o o
(1]

~—

Let ¥ € S(k). There is a positive integer m such that ¥ € E(m,k). We define
p = max{n + 1,m}, then we have

h € K(p)

y € (V —war(h))

¢ € Es(p, h)

ke K(p), 9 € E(p,k).
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Here we can apply lemma in fact in the statement of the lemma we can replace
n with p, k with h, m with 1,  with (1,y), ¢ with (1,¢), ¢ with J. Every required
condition is satisfied, including the condition E(p, h, 1, (1,y), (1,¢), ).

So by lemma [4.15| we have that {}(y : ¢,9) € E(p+ 1,h) and for each p € Z(h)
#(h, {3y : 0, 9),p) = {#(k, V,0)| 0 € E(k), pE o} .

We want to show that V({}(y : ¢,9)) € E(p + 2,h). To obtain this we can use
lemma so we just need to show that for each p € E(h) Ay(#(h, {}(y : ¢,9),p))
holds.

Now Ay (#(h,{}(y : ¢,19), p)) is equal to
#(h,{}(y: ¢,9),p) is a set and for each u € #(h, {}(y : ¢, ), p) u is true or u is false.

Clearly #(h,{}(y : ¢,9),p) is a set, furthermore for each u € #(h,{}(y : ¢,9),p)
there is 0 € Z(k) such that p C o and u = #(k,9,0). Since 9 € S(k) u is true or u is

false. So Ay (#(h, {}(y : ¢,9), p)) holds.

We have proved that V({}(y : ¢,9)) € E(p + 2,h). Similarly we can show that
J{}y : ¢,9)) € E(p+ 2,h). In fact to show this we just need to prove that for each
p € 2(h) Ag(#(h,{}(y : ¢,9), p)) holds, and this is proved since

As(#(h, {3 : 6,9),p)) = Av(#(h, {}(y - 6,9),p)) -
Using lemma we can also obtain that for each p € Z(h)
#(0,V({}y : 6,0)), p) = Po(3#(h, {}(y : 6, 0),p)) =
= Py({#(k,9,0)| 0 € E(k), pCa}) .

#(h,3({}(y : 0,9)),p) = Ps(#(h, {}(y : ,9),p))
= Pa({#(k,9,0)| 0 € E(k), pC a}) .

Finally, as we have seen, for each p € E(h)

#(h,V{}(y : ,9)),p) = Py({#(k, 9,0)| 0 € E(k), pEa}) ,
and Py({#(k,9,0)| o € Z(k), p C o}) is clearly true or false.

Hence Y({}(y : ¢,9)) € S(h). Similarly we obtain that 3({}(y : ¢,9)) € S(h). m

DEFINITION 4.17. Let z € V, ¢ € E. We define
Hlz: ¢] = ¢ € Ey(e) .

If the condition H[z : ¢] holds then we define k[z : ¢] = e+(x, ). Clearly k[z : ¢] € K.
In fact there exists n positive integer such that e € K(n) A ¢ € Es(n,€), x € V — var(e),
soklz:p]=€c+ (x,0) e Kn)UK(n)" =K(n+1) CK.

Moreover var(k[z : ¢]) = {x}.
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Let m be a positive integer. Let x1,...,Tm41 € V, with x; # x; for ¢ # j. Let
©1y-- s Pmy1 € E. We can assume to have defined H[zy : ¢1,...,Zm : ©m] and if this
holds to have defined also k[z1 : ¢1,...,Zm : om] € K, such that

var(klzy : o1, ., Tm tom]) = {1, ., Tm} -

We define
Hxy:01, s Tt Pmt1] = H[x1 0 01,0, T - O
ANOmi1 € Es(k[z1: 01,0, Zm t 0m]) -
If Hz1: @1, Tmt1 : Pm+1] then we define
k[xl Py Tl t <Pm+1] = k[Il Py Tt @m] + (xm+17§0m+1) .

Clearly k[z1 : ©1,...,Tmy1 @ ©m+1] € K. In fact there exists a positive integer n
such that k[z1 : @1,...,&m @ om] € K(n) and @1 € Es(n,k[z1 : @1, Tm : ©m)),
Tmi1 € V —wvar(k[zy @ ©1,...,Tm = ©m]), 50 k[z1 © 01, s Tmt1 * Omt1] € K(n) U

K(n)*t = K(n+1).

Moreover

var(k[zy : ©1, - s Tmt1 t Omt1)) = {T1, s Ting1} -

LEMMA 4.18. Let m positive integer, T1,...,%m € V, with x; # x; fori # j, ¢1,...,¢m €
E. Then H[xy : ©1,...,&m : ©m] is defined and if H{xy @ ©1,...,Tm : ©m] holds then
klx1: @1, &Tm ¢ ©m] is also defined and belongs to K. Moreover

var(k[z1 : @1, Zm t om]) ={z1, .-, Tm} -

Proof. This is an obvious consequence of the previous definition and can be trivially
verified by induction on m. =

REMARK 4.19. Let m be a positive integer. Let z1,..., 2z, € V, with x; # z; fori # j. Let
©1,---yom € E and assume H[x1 : ©1,...,Tm : @m]. In these assumptions we can easily
see that for each ¢ = 1...m H[zy : ¢1,...,2; : ;] holds and so k[z1 : ¢1,...,2; : ;] is
defined, k[z1 : v1,...,2; : ;] € K, var(k[zy : p1,...,2; 1 @i]) = {x1,..., 2}

In fact this is clearly true for i = m. Given ¢ = 2...m, if we suppose this is true for

i, then we have H[z1 : ¢1,...,2;-1 : p;i—1], and so the remaining facts also hold.

In these assumptions we can define kg = € and for each ¢ = 1...m
ki = klz1 : p1,...,2; ¢ p;]. We have kg € K, var(kg) = (), foreach i =1...m k; € K,
var(k;) = {z1,...,z;}. Hereafter we’ll often use this kind of simplified notation.

We can also easily see that for each i =1...m ¢; € Es(k;—1) and k; = k;i—1 + (x4, 1),
and dom(k;) = {1,...,i}.
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DEFINITION 4.20. Let m be a positive integer. Let x1,...,z, € V, with x; # z; for
i#j. Let v1,...,0m € E and assume H[z1 : ©1,...,Tm : ©m]. Let ¢ be a member of
S(k[z1: @1, ., Zm : ©m]). Define

Vem = oms @l = V({Hem = om, #)) -
By lemmawe have Y[z, : ©m, @] € S(km—1)-
If m > 1 for each ¢ = 2...m suppose we have defined v[x; : ©;,...,Tm : ©m, | as a
member of S(k;_1) and define
Y[Tiz1: @ity ey Tm t Omy @] = VEH@i—1 : 0im1, V[T 0iy e Tt Omy 9))) -

Since k;—1 = k;i—2 + (zi—1, pi—1) we can apply lemma and obtain that
’}/[Jﬁi_l L Qi1 Ty - (pm,(p] S S(kl_g)

LEMMA 4.21. Let m be a positive integer. Let x1,...,xm € V, with x; # x; fori # j. Let
Oy om € E and assume H[xy : ©1,...,Tm : om]. Let o € S(k[z1: @1, ., Tm : ©m])-
For each i =1...m we have defined y[z; : ©i,...,Tm : ©m,¥] as a member of S(k;_1).

Letm > 1, j=2...m. We have y[z; : ¢j,...,Zm : @m,p] € S(kj_1). We can show
that for eachi=1...5—1
V@it @iy Tt Py Pl = V[T TP Tt 0[P T o, ]
Proof.
We show this by induction on i. First we prove the property for i = j — 1.
’Y[l‘j—l CP =1y Ty - me,@] = v({}(xj—l : on—l77[-rj CPGy e Tm t 90177»%0])) =
=y[Tj—1:0j—1,Y[T5 gy Tt Pmy P
Now we assume 7 — 1 > 2 and 2 < ¢ < j — 1. We assume the property is true for @
and want to show it holds also for ¢ — 1. We have
’y[zi—l CPi—1y s T - @mz@] = V({}(Zﬂz_l : </7i—1,7[17i Py T - (107”7@])) =
= V({}(xifl : 901‘7177[%‘ CPiy ey Tj—1 t @jfla’y[l‘j CPGy ey T Somago]])) =
= "Y[zi—l PPy L1 on—la’}/[xj PGy ey T QDWMCPH .

LEMMA 4.22. Let X be a set, let f, g be functions whose domain is X. Then let B =
{f(x)] z € X} and C = {g(z)| v € X}. Suppose for each x € X

o f(x) is true or f(x) is false,

o g(x) is true or g(x) is false,

o f(z) & g(x).

Then the following hold

° AV(B)7
o AV(C)a
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o Py(B) ¢+ Py(C).

Proof.
Clearly B is a set and for each b € B there exists x € X such that b = f(z), so b is
true or false. So Ay(B) holds and similarly Ay(C') holds.

Moreover, if Py(B) holds this means that for each b € B b is true. Let ¢ € C, there
exists € X such that ¢ = g(z), we have f(x) € B, so f(x) is true and so g(z) is also
true. So Py(C) holds. Conversely with the same reasoning we can prove that if Py(C)
holds then Py(B) also holds. =

THEOREM 4.23. Let m be a positive integer. Let x1,...,x,m € V, with x; # x; for i # j.
Let 1,...,0m € E and assume H[T1 : ©1,...,Tm : ©m]. Let o € S(k[z1: p1,...,Tm :
©m]). Then
#(’Y[‘rl TPy Tm @ma@]) A
< Py({#(k[z1 01, 2m s om], 0,0)| 0 €E(k[21 1 @1, .., T om])})
Proof.

We'll use the symbols kg, . .., k, with the meaning specified in remark so what
we need to show is:

#2101, Tt s @]) © Pe({#(km, ¢, 0)| 0 € E(kn)}) -
To this end we need to show that for each ¢ = m...1 and for each p € E(k;_1)
#(ki—lvﬁy[xi FPis e Tm s @my@]vﬂ) A PV({#(]{:M7Q03O')| S E(km)v p C U}) :

We prove this by induction on ¢, starting with the case where ¢ = m. Here we need
to show that for each p € Z(kp,—1)

#(km—1,7[m : om, @), p) & Pi({#(km, @, 0)| 0 € E(km), pEo}) .
Actually

#(kmfhp)’[xm : ‘pmﬂp]»p) = #(kmflﬂv({}(xm : C,Om7<,0))7p) =
= R({#t(kmr9,0)| 0 € (k). 9T} |

Now suppose m > 1, let ¢ = 2...m and suppose the property holds for i, we show it
also holds for i — 1. We need to prove that for each p € Z(k;_2)

#H(ki—o, Y[Tiz1 : @ic1y - T s @), p) < Po({#(km, @, 0)| 0 € E(ky), pE o)) .
Using lemma [4.22] we have
#H(ki2Y[Tic1 t Qic1se s Tt Py p) =
= #(ki—zyv({}(l’i—l : 901'—17'7[171' PPiy e Tyt Sﬁm#]))a/)) =
= PV({#(kifla’Y[Ii PPis s Im t ¢m7¢]76)| S E(k/’ifl)a pC 5}) <~
< Pe({Py({#(km, p,0)| 0 € E(km), § Eo})| 6 € E(ki-1), pEF}) .
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So it comes to showing that
Py({Py({#(km, p,0)| 0 € E(km), 6 T o})| 6 € E(ki—1), pE6}) <
< Py({#(km.p,0)| 0 € E(km), pEc}) .
Suppose Py({ Py({#(km, ¢, 0)| 0 € E(km), 6 Eo})| d € E(ki—1), pE0}).

This means that for each § € E(k;_1) such that p C ¢ and for each o0 € Z(k,,) : dC o
#(km, p,0) holds.

Let 0 € E(kn) : p C o, we need to prove #(km,, p,0).

We define 6 = 0 /4om(k,;_,)- By 1emma 6 € E(k;i—1). Moreover 6,p € R(o) and
dom(p) = dom(k;—2) C dom(k;—1) = dom(d). By lemma [3.9] we obtain p T §. Therefore
#(km, p,0) holds.

Conversely suppose Py({#(km,¢,0)| 0 € Z(kn), p T o}), so that for each
0 € E(km) : p C o #(km,p,0) is true. Let § € Z(k;—1) be such that p T ¢ and let
o € Z(kp) be such that § C 0. Since o € E(ky,) and p C o we have #(k,, ¢, 0).

This completes the proof that for each p € Z(k;_2)

#(kiv2,[Tio1 s @icty - T 2 om, ] p) < Pe({# (Km0, 0)] 0 € E(km), pEa}) .
We have also finished the proof that for each i = m...1 and for each p € Z(k;_1)
#(kio1,V[@i 1 @i T o, ), p) & Pa({#(km, ¢, 0)| 0 € E(km), pEo}) .

It follows that for each p € Z(ko)
#(ko, V@i 2 i T om0 p) > Py({#(km, 0,0)| 0 € E(km), pEo}) .
and clearly this can be rewritten
#(e [T ire st om0 €) & Py({#(km, 0,0)] 0 € E(km), e Co}) ,
#(ylzi iy T oy ) ¢ Be({#(km, 0, 0)| 0 € E(km)}) -

We terminate the chapter with other useful lemmas.

LEMMA 4.24. Let ¢ € C. For each positive integer n and k € K(n)

e cc E(n+1,k);
o for each o € E(k) #(k,c,0) = #(c).

Proof.

The proof is by induction on n.

For n =1 we have k = e so c € E(l,e) = E(n, k) C E(n+1,k) and for each o € Z(k)
o =¢€,80 #(k,c,0) = #(e,c,€) = #(c).

Let n be a positive integer and k € K(n+1) = K(n) U K(n)™.

If k € K(n) then
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e cc E(n+1,k) C E(n+2,k);
o for each o € E(k) #(k,c,0) = #(c).

Otherwise k € K(n)™", so there exist h € K(n),¢ € Es(n,h),y € (V — var(h)) such
that k = h + (y, ¢). By the inductive hypothesis

e cc E(n+1,h);

o for each p € E(h) #(h,c, p) = #(c).

We have ¢ ¢ E(n+1,k), k = h+(y, ¢) € K(n+1)—{e},s0c € Ey(n+2,k) C E(n+2,k)
and for each o = p + (y, s) € Z(k)

#(kac7 CT) = #(kac7 U)(n+2,k7b) = #(h,C, p) = #(C) .

LEMMA 4.25. Let m be a positive integer, x1,...,Tm € V, with x; # x; for i # j. Let
D1y om € E, assume H[x1 : p1,..., T & pm], define k = k[z1 : ©1,...,Tm : ©m] and
as usual kg = € and for each i =1...m k; = k[z1 : 1,...,2; : ;]

Then for eachi=1...m, j=1i...m z; € E(k;).

Proof.
We begin by proving that z; € E(k;). Since k; € K there exists a positive integer n
such that k; € K(n), and since k; # € we have n > 2. By lemmathere exists a positive

integer ¢ < n such that k; € K(q)". So there exist h € K(q),¢ € Es(q,h),y € (V—var(h))
such that k; = h + (y, ¢). We have also k; = k;—1 + (z;, p;) so

z;=y € E,(q+1,k;) CE(g+1,k;) C E(k;) .
Now let j =i...m, x; € E(k;), we want to show that z; € E(k;y1). Since kj11 € K

there exists a positive integer n such that k;;1 € K(n). There exists a positive integer ¢
such that x; € E(q, k;). Let p = max{q,n}, then k;11 € K(p) and z; € E(p, k;).

We can also observe that k11 = kj + (241, ¢41) € K(p) — {€}, so
Ey(p+1,kj1) = {tl t € E(p, k;), t & E(p, kj1)}-

Clearly if z; € E(p,kji1) then z; € E(kjy1), otherwise z; € E(p,kj) and x; ¢
E(p,kj41), s0 ; € Ey(p+1,kj41) € E(kjt1). =

LEMMA 4.26. Let k € K, f € F, m a positive integer, ©1,...,pm € E(k). Suppose for
each o € Z(k) Af(#(k,p1,0),...,#(k, om,0)) is true. Then

hd f(<P17~-~,<Pm) S E(k);
o for each o € E(k) #(k, f(¢1,...,pm),0) = Pr(#(k, p1,0), ..., #(k, om,0));
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Proof.

There exists a positive integer n such that k € K(n) and ¢1,...,¢0m € E(n,k). By
lemma this implies that f(¢1,...,9m) € E(n+ 1,k) and for each o € Z(k)

#(kmf(spla . '730m)70-) = Pf(#(k7<p130)7 .. '7#(k7<pm70—)) .

LEMMA 4.27. Suppose the membership predicate symbol € we defined at the beginning of
chapter@ belongs to F. Suppose k € K, t,p € E(k) and for each o € Z(k) #(k,p,0) is
a set. Then

o €(t,p) €5(k);
o for each o € Z(k) #(k, € (t,¢),0) = Pe(#(k,t,0), #(k, ¢, 0)).
Proof.

For each o € E(k) #(k,p,0) is a set, so Ac(#(k,t,0),#(k, p,0)) holds. Therefore,
by lemma [1.26] € (t,¢) € E(k).

Using lemma we also obtain that for each o € Z(k)

#(ka S (t7 (,0),0') = PE(#(k7ta 0'), #(ka SD,U)) = #(kvt’ U) belongs to #(ka QD,U').
So #(k, € (t,¢),0) is true or false and € (¢,) € S(k). m

We now need to prove lemma which is in some way similar to but involves
the other logical connectives.

LEMMA 4.28. Let h € K, ¢1,¢2 € S(h). Then

o A(p1,92), V(p1, p2), = (01, 02), < (91, 92), ~(p1) € S(h);

o for each p € Z(h) #(h, AN(¢1,92), p) = Pr(#(h, p1,p), #(h, ©2,p)) ;

o for each p € Z(h) #(h,V(p1,92),p) = Py ( (hy o1, p), #(h, 02,p)) ;
e for each p € Z(h) #(h, = (p1,92),p) = P (#(h, @1, p), #(h, p2,p)) ;
o for each p € Z(h) #(h, < (p1,92),p) = Pos (#(h, @1, p), #(h, 02,p)) ;
o for each p € Z(h) #(h,—(¢1),p) = Po(#(h, p1,p )) .

Proof.

For each p € Z(h) #(h,p1,p) is true or #(h,p1,p) is false; #(h, w2, p) is true or
#(h, 2, p) is false.

We recall that for each p € Z(h) Ax(#(h, p1,p), #(h, 2, p)),
A\/(#(h7 P1, p)7 #(hv P2, p))a A%(#(hv P1, p)a #(ha P2, p))? AH(#(ha #1, p)a #(hv ¥2, p))

are all defined as
(#(h, 1, p) is true or #(h, 1, p) is false) and (#(h, @2, p) is true or #(h, @2, p) is false).

Therefore A/\(#(h’7 P1, p)a #(ha P2, p))7 AV(#(h7 P1, p)7 #(h'7 P2, p))?
A—>(#(h7 P1, p)) #(h7 P2, p))a A(—?(#(h7 P1, p)7 #(h’7 P2, p)) are all true.
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And for each p € E(h) A-(#(h,¢1,p)) is true.
Then by lemma [4.26

Nep1, 02), V(@1, 02), = (1, 902), > (01, 02), = (¢p1) € E(h) .
Moreover for each p € Z(h)

#(h, N(p1,92), p) = Pa(#(h, 1, p), #(h, 02, p));
#(h,V(p1,92), p) = Py(#(h, o1, p), #(h, 02, p));
#(h, = (¢1,92),p) = P (#(h, @1, p), #(h, 2, p));
#(h, < (p1,92), p) = P (#(h, 01, p), #(h, 2, p));
#(h,~(1), p) = P-(#(h, ¢1,p)) -

S0
#(h, N(p1,p2), p) is true or false;
#(h,V(¢1,p2), p) is true or false;
#(h, — (p1,92), p) is true or false;
#(h, < (p1,92), p) is true or false;

#(h,—(p1), p) is true or false .

Therefore we get

Ap1;902), V(p1, p2), = (1, 902), <> (P1,92), ~(p1) € S(h) .

DEFINITION 4.29. For each k € K we define
n, = min{n| n positive integer, k € K(n)} .
Let m be a positive integer, z1,...,%m € V, with x; # x; for i # j. Let ¢1,...,¢om €
E, assume H[z1 : ©1,...,Tm : ©m], define k = k[z1 : ©1,...,Zm : pm] and as usual

ko =eand foreach i =1...m k; = k[z1 : ©1,...,2; : ¢;]. For each i = 1...m we also
define n; = ny,.

LEMMA 4.30. Let k € K and let m positive integer such that k € K(m)*. Then
n=m+1.
Proof.
We have k¢ K(m)songy>2m+landke K(m+1)songy <m-+1. nm

LEMMA 4.31. Let m > 2, x1,...,%m,m € V, with x; # x; fori # j. Let p1,...,pm € E,
assume H[T1 : ©1,...,Tm : O], define k = k[z1 : 01, .., Tm : ©m]| and as usual ko = €
and for each i = 1...m k; = Ek[x1 : ¢1,...,2; : @;]. Then for each i = 1...m — 1
N < MNjg1-
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Proof.
There exists a positive integer ¢ such that k;11 € K(q)T and n;11 = ¢+ 1.
There also exist h € K(q),¢ € Es(q,h),y € (V —wvar(h)) such that ki1 = h+ (y, ¢).

And we have also k;y1 = k; + (Zi411,9i+1), 80 ki = h € K(q) and therefore n; < ¢ <
qg+1= Njyq. W

LEMMA 4.32. Let m > 2, x1,...,%m € V, with x; # x; fori # j. Let p1,...,m € E,
assume H[T1 : ©1,...,Tm : ©Om], define k = k[z1 : 01, .., Tm : om] and as usual ko = €
and for eachi=1...m k; = klx1 : ¢1,...,2; : p;]. Then giveni=1...m and ¢ € E(k;)
for each j =i...m ¢ € E(k;) and for each o € Z(k;) #(kj, p,0) = #(ki, 0,0 /dom(k,))-

Proof.

We prove this by induction on j =4...m. The initial step is trivially verified.

If i < m we need an inductive step. Let j = ¢...m — 1, assume ¢ € E(k;) and for
each p € E(kj;) #(kj, ¢, p) = #(ki, @, p/dom(k,))- We want to prove that ¢ € E(kj;1) and
for each 0 € Z(kji1) #(kjs1,0,0) = #(ki, 0,0 dom(k))-

Since ¢ € E(k;) there exists a positive integer p such that k; € K(p) and ¢ € E(p, k;).
If ¢ € E(p,kj41) then clearly ¢ € E(kjt1). Otherwise, since kj11 = k; + (241, 9j41),
¢ € Ey(p+1,kjt1) C E(p+1,kj11) C E(kji).

At this point we observe that k; C ki1, ¢ € E(ki)NE(kjy1),0 € Z(kjt1), 0 /dom(k:) €
ZE(k:), 0/domk;) & 0. Here we can apply lemma and obtain that #(k;y1,,0) =
#(kis 0,0 /dom(k:))- ®
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5. Building a deductive system

In this chapter we will build a deductive sytem D = (A, R), in order to be able to show
an example of proof in the next chapter. The deductive system we are building can refer
to any language £ = (V, F,C, #) such that all of these symbols: =, A, V, —, >V, 3 €, =
are in our set F. For each of these operators f Aj(z1,...,x,) and Py(z1,...,x,) are
defined as specified at the beginning of chapter [3]

We'll now list the set of axioms and rules of our deductive system. For every ax-
iom/rule we first prove a result which ensures the soundness of the axiom/rule and then
define properly the axiom/rule itself.

In our proofs we’ll frequently use the following simple result.

LEMMA 5.1. Let S be a set and g,r be functions over S such that for each o € S q(o)
and r(o) are true or false (in these assumptions q,r can be called ‘predicates over S’).
Then

Ay({a(0) o € 8}, As({alo)] o € 5))
Py({q(o)| 0 € S}) < for each o € S q(0),
P5({q(0)| 0 € S}) « there exists o € S: q(0),
Av({q(0)| o € S,r(0)}), Aa({q(0)| o0 € 5;7(0)})
Py({q(0)| o € S,r(0)}) <+ for each o € S if r(o) then g(o),
P5({q(0)| 0 € S,r(0)}) <+ there exists 0 € S : (o) and g(o).
Proof.
Let x1 = {q(0)| o € S}.

Clearly z; is a set and for each x € 1 there exists o € S such that x = ¢(0), so x is
true or false. So Ay(z1) and As(z1) both hold.

We suppose Py(z1) and try to prove for each o € S ¢(0).
Let o € S, clearly ¢(o) € x1, so q(o) is true.

Conversely we suppose for each o € S ¢(o) and try to prove Py(x1).
Let x € x1, there exists o € S such that x = ¢(o) is true.

We suppose P3(z1) and try to prove there exists o € S ¢(0o).
There exists x in 21 such that (z is true). There exists o € S such that z = ¢(o), therefore
q(o) is true.

Conversely we suppose there exists o € S ¢(o) and try to prove P3(z1).
Clearly ¢(o) € z1 and ¢(0) is true, so P3(x1) is proved.

Now, to prove the remaining results, let z; = {¢q(0)| o € S, r(0)}.
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Clearly x; is a set and for each x € x7 there exists o € S such that (r(c) and)
x = q(0), so x is true or false. So Ay(z1) and A3(x;1) both hold.

We suppose Py(x1) and try to prove for each o € S if r(o) then g(o).
Let o € S and assume r (o), clearly ¢(o) € x1, so g(o) is true.

Conversely we suppose for each o € S if r(o) then ¢(o) and try to prove Ry(z1).
Let x € x1, there exists o € S such that r(o) and z = ¢(0) is true.

We suppose P5(z1) and try to prove there exists o € S : (o) and ¢(0).
There exists x in z; such that x is true. So there exists o € S such that (o) and © = ¢(0),
therefore ¢(o) is true.

Conversely we suppose there exists o € S : r(0) and ¢(o) and try to prove P5(z1).
Clearly ¢(o) € z1 and ¢(o) is true, so P3(z1) is proved. m

LEMMA 5.2. Let m be a positive integer. Let x1,..., T, €V, with x; # x; fori # j. Let
Oy om € E and assume H[x1 : ©1,...,Tm : ©m]. Define k = k[x1 1 01, Tm : ©m)
and let v, € S(k).

Under these assumptions we have

o A, ), = (A, ), 0) s = (Alp, ), ¥) € S(k),
. ’Y[xl:golv"'vxm:@ma ( ( )750)]6 (6),
o V[T Q1 Tt Pm, = (A0, ), )] € Se).
(

Moreover # (y[z1 : @1, ., Tm : ©m, = (A(@, V), ¢)]) and
# (T @1, Tt Py — ( (p,%),9)]) are both true.

Proof.

Using theorem and lemma [4.28| we can rewrite
# (Y101, T Omy— (A0, 1), )]) as follows:

Py({#(k, = (M, 9), ¢),0)| 0 € E(F)})
Py({P- (# (k, A, ¥), 0)  # (k. 0)) | 0 € E(k)})
PV({PH (P/\ (#(kv 2 U)’ #(k’w’ U)) 7# (k7 (p,O‘)) | (S E(k)})

This can be expressed as
for each o € E(k) if #(k, ¢,0) and #(k, ¢, o) then #(k, ¢,0),
which is clearly true.

In the same way we can prove the truth of

# (V1 o1, T om, = (A, 0),9)])

Lemma [5.2] permits us to create an axiom Agm which is the union of two sets of
sentences.
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Let G1 be the set of all the sentences y[x1 : ©1,...,Zm : ©m,— (A(p, 1), ¢)] such
that

e m is a positive integer, x1,...,xm € V, x; # x; for i # j, ¢1,...,0om € E,
Hzy: 01,y T Ol
° 8071/)€S(k[$119017~~~>$m180m])~

Let G2 be the set of all the sentences y[x1 : ©1,...,Zm : Pm,— (A(p, ), )] such
that

e m is a positive integer, x1,...,xm € V, x; # z; for i # j, ¢1,...,0om € E,
Hzy: 01,y T Ol
d QD,QZJES(k[Il:QDl,...,fmlgDm]).

Then Agm is the union of Gy and G2, and we assume Agg € A.

LEMMA 5.3. Let m be a positive integer. Let x1, ..., 2z, €V, with x; # x; fori # j. Let
Ol 0om € E and assume H[x1 : p1,...,Tm : pm]. Define k =k[x1 : ©1,...,Zm : ©m]
and let o, 1, x € S(k).

Under these assumptions we have

o = (¢, 0), = (1, x), = (v, x) € S(k),

L4 A/[ml TPy T D Py (907"/})] € S(€)¢
o Y11, T o, — (Y, x)] € S(e),
o Y[T1: 01,y Tt Omy— (0, x)] € S(e).

Moreover if

o #(V[T1 @1, Tt P, = (0,9)]),
o #(y[z1: @1, Tm  Om, = (1, X))

then #(Y[1 1 @1, Tm P, — (0, X)])-
Proof.
We can rewrite #(y[x1 : @1, Tm : Pm, — (p,1)]) as follows:
Py({#(k, = (p,¥),0)| 0 € E(k)})
Py({P- (#(k, ¢, 0), #(k,9,0)) | 0 € E(k)}).

And we can rewrite #(y[z1: @1, -+, Tm : ©m, — (¥, x)]) as follows:
Py({#(k,— (¥, x),0)| o € E(k)})
Py({P-, (#(k,¥,0),# (k. x,0)) | o € Z(k)}).
In other words for each o € Z(k) if #(k, ¢,0) then #(k,,0), and if #(k,,0) then

#(k,x,0). So, for each o € E(k), if #(k,p,0) then #(k, x,0). This can be written as
follows:

PV({PH (#(k7 (,070'), #(k7X7 U)) | (S E(k)})
Py({#(k, = (0, x),0)| o € E(K)}),
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#(’7[.’1)1 TPy T Py (‘an)])

Lemma allows us to create a rule Rgm which is the set of all 3-tuples
7[3?1 Py Tyt Spmv_> (%?ﬂ)]’
7[1'1 TPl T Py (¢7X)]7
YT @1, Tt Pm, = (95 X))
such that
e m is a positive integer, z1,...,zy € V, x; # x; for i # j, v1,...,0m € E,
H[J?l Py It L)OTTL]a
° %%X € S(k[ajl FPLy e Tt @mD

We assume Rgg € R.

LEMMA 5.4. Let m be a positive integer. Let x1, ..., T, € V, with x; # x; fori # j. Let
Ol om € E and assume H[xy : ©1,...,Zm : pm]. Define k =k[z1: 01,...,Zm : ©m].

Leti=1...m, then
o € (x;,¢0;) € S(k),
® Y[T1: 01,y T Om, € (X4,05)] € S(e),
L #(’Y[l‘l P, T P S (xi7 ()01)])
Proof.
First of all we need to prove the following:
e I, € E(kl),
® p; € E(kl),
o for each o; € E(k;)
— #(ksi, pi,04) 1s a set,
— #(ki, i, 00) € #(kis i, 04).

By lemma there exists a positive integer ¢ such that k; € K(q)". So there exist
h € K(q),¢ € Es(q,h),y € (V — var(h)) such that k;, = h + (y,¢). We have also
ki = ki—1 + (25, ;) so

ri =y € Ey(q+1,k) CE(q+1,k;) C E(k;) .
For each o, = p+ (y,s) € E(k;)
#(ki, xi,00) = #(ki,y,0:) = s € #(h, ¢, p) = #(ki—1, ¢i, p) -
Since ¢; € Es(k;—1) by lemma it follows that ¢; € E(k;)

Given o; = p+ (y,s) € Z(k;) we have that p € E(h) = Z(k;—1), so p C oy. Since
i € E(ki1)NE(k;), ki1 C Ky, 05 € E(ks), p € E(ki—1), p E 0y we can apply lemma[4.12
and obtain that #(k;, p:, 05) = #(ki—1, i, p) is a set. Moreover, clearly,

#(ki, w5, 04) € #(kiy i,04) -
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Using lemma we also obtain that z; € E(k) and ¢; € E(k).
Moreover, given o € E(k), #(k, @i, 0) = #(ki, i 0 dom(k;)) is a set, and

#(k7 i, U) = #(ku Ty, O'/dom(ki)) € #(kza Pis a'/dom(k:i)) = #(k7 Pis 0) :

By lemma [£.27] € (z;, ;) € S(k) and consequently
YT, T o, (€) (24, 00)] € S(e) -

Moreover we can rewrite #(y[21 : @1, ., Tm : Pm, (€)(24, ¢;)]) as follows
Py({#(k, (€)(wi, i), 0)| 0 € E(k)})
Py({ Pe(#(k, xi,0), #(k, i, 0))| o € E(K)}) -
To show this we have to prove that for each o € E(k) #(k, x;, o) belongs to #(k, i, o).

But we have just seen this is true. =

Lemma [5.4] permits us to create an axiom Agz which is the set of all sentences
Y[T1 01,y Tm T Om, € (T4, 9i)] such that
e m is a positive integer, z1,...,z, € V, o # x5 for a # B, ¢1,...,0m € E,
Hzi: 01, Tm : Oml,
e ;=1...m.

LEMMA 5.5. Let m be a positive integer. Let x1,...,x, €V, with x; # x; fori # j. Let
D1y 0m € E and assume H[x1 : p1,...,Tm : pm]. Define k = k[x1 : ©1,...,Zm : ©m]

and let p, ¢ € S(k).

Under these assumptions we have

o = (¥,p) € S(k),
o [Ty 1, ., Tm  Om, ] € S(e),
o ’y[l'l P Tt Somv_> (wvgo)] € S(E)

Moreover if # (Y[x1:©1,- s Tm : ©m,®]) then # (y[z1 : @1, .
also holds.
Proof.

T Py, (1/%90)])

<y Tm © Pm,¢]) holds. It can be rewritten as

Py({#(k, p,0)| o € E(K)}) -

Suppose # (y[z1 : @1,

We can rewrite # (y[z1 : @1, -+, Tm : Pm, — (U, ¢)]) as
Po({#(k, = (¢, ), 0)| 0 € E(K)}) ,
Py({P~(#(k,,0),#(k, ¢, 0))| 0 € E(k)}) .
For each o € E(k) #(k, ¢, o) holds, this implies that
Py({P=(#(k, ¥, 0),#(k, ¢,0))| o € Z(k)})

holds too and this completes the proof. m
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Lemma allows us to create a rule Rgg which is the set of all pairs

(V12015 T 2 P, OL YT 1, T Py — (B, 0)])
such that
e m is a positive integer, x1,...,xm € V, x; # x; for i # j, ¢1,...,0om € E,
Hlzy: 01,y T Ol
e p € Sklry w1, Tm : ©m))

LEMMA 5.6. Let m be a positive integer. Let x1,...,Tme1 € V, with x; # x; for i # j.
Let ©1,...,pm+1 € E and assume H[x1 : ©1,. .., Tmt1 : Pmt1)-

Define k = k[z1 : @1,..., Tmt1 : ©my1]. Of course H[T1 : 01, .., Tm : ©m] also holds,
we define h = k[x1 : ¢1,...,Tm : ©m]. Let x € S(h), t € E(h), ¢ € Es(h).

Under these assumptions

€ (Zm+1,9) € S(k),

V({} (@mt1: Om+1, € (@ma1,9))) € S(h),

V[xl TPy T D Py (X,V({} ('Tm-l-l D Pm+1, € (mm+17<)0))))] € 5(6),
€ (t7<)0m+1) € S(h’);

Vz1 1, Tm t om = (X € (F omer1))] € S(e),

€ (t,p) € S(h),

YTt @1, Tm tom, = (X € (F9))] € S(e).

Moreover if

hd #(’V[wl Py T Py (X,V({} (merl P Pm41, € ($m+17§0))))}) and
° #(’y[{El Py T L Py (X7 € (tv(pm+1))])

then #(Y[x1 : @1, ., Tm : Pm, = (X, € (T, 9))])-
Proof.
By lemma we obtain that x,,11 € E(k).

By lemma since ¢ € E4(h), we obtain that ¢ € E(k) and for each o € ZE(k)
T rdom(n) € E(h), #(k,0,0) = #(h, 9,0 /gom(n)) 18 a set.

By lemmdl1.27] we obtain that € (zp41,¢) € S(k).

By lemma [£.16] we obtain V({} (zm+1 : Pm+1, € @mt1,9))) € S(h).

Clearly this implies that

Ve en, s mm s ems = O6Y{Y (@mt1 : @ma1s € (Tmi1, 9))))] € S(e).

Furthermore we have ¢t € E(h), omi1 € Es(h), so € (t,om+1) € S(h). It clearly
follows that y[z1 : ©1,..., Zm : ©m, — (X, € (&, pmsr1))] € S(e).

We have also ¢ € Es(h), so € (t,¢) € S(h). It follows that

VL o1, Tm t om, = (X € (L, 9))] € S(e).



A different approach to logic: absolute logic 85

We now assume

o #(V[T1 o1, Tt om, = GV} (@1 f Pmt1, € (T, 9))))]) and
d #(7[‘%1 P T L Py (X7 € (t,(Perl))])

both hold and we try to prove #(y[x1 : @1, Tm : ©m, — (X, € (&, ©))])-
We can rewrite
#OVz1 @1, Tm tom, = 06 Y{Y (@ma1 + O, € (@1, 9))))))
Py({# (hy = 06V ({F @ttt @mt15 € (@ma1,9)))) 5 0) | p € E(R)})
Py({Po (# (R x, p) s # (B Y ({} (41 0 Omt15 € (@mt1,9))) ))l p€EM)}),

Py({P= (# (h,x. p) , Py ({# (k, € (#m41,),0) | 0 €E(k), pEo}))| p€E(R)}) ,
PV({Pﬁ (# (h7X7p)7PV ({PG (#(kvxm+17a)7 #(k7 9070-)) | oeE= ( ) p c U})) ‘ pE E(h‘)}) .

We can rewrite

#(7[w1 TP T L Py (X7 € (t’wm-ﬁ-l))])
PV({#(ha — (X? € (tvgam-l-l))’p)l pE E(h)}) ’
PV({PH(#(haX7p)7#(h7€ (t,@erl),p))l pE E(h)}) )
PV({PH<#(h7Xap)aPE(#(hvt’p)7 #(h7 <,0m+1,P))>| pE E<h)}) .
We can rewrite
#2101, T o = (X € (8,9))])

as

By({#(h, = (x, € (t,9)), p)l p € E(R)}) ,
PV({P—>( (h’X7p)7#(h7e ( 7%0)ap))| P € E(h)}) 5
Py({P- (#(h, x, p), Pe(#(h, L, p), #(h, ¢, p)))| p € E(h)}) .

Let p € Z(h) and let #(h, x, p). We need to show that #(h,t, p) belongs to #(h, p, p).

There exists a positive integer g such that k € K(q)*. So there exist g € K(q),¢ €
Es(q,9),y € (V —wvar(g)) such that k = g + (y, ¢). At the same time

k= km+1 - km + (merla me+1) =h + (merlv SOerl) .

Therefore

E(k) ={0+ (y,5)[ 6 € E(9),s € #(9,9,0)} =
= {(5 + (l‘m+1,8)| § € E(h),s S #(h,(,@m+1,6)}-

We have p € Z(h), #(h,t,p) € #(h, em+1,p), 50 p+ (Tmt1, #(h, t, p)) € E(k).
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Let 0 = p+ (Tmy1, #(h,t, p)) € E(k), clearly p C o, so #(k,Zm+1,0) belongs to
#(k,p,0). And we have also

Tmi1 =Y € Eo(q+1,k) CE(g+1,k),
#(k, 2mi1,0) = #(k, Tmy1,0) (g+1,k,0) = # (01, p)
#(k,0,0) = $#(h, 0,0 domn)) = #(s 0,0 ydom(p)) = #(h, @, p) .-
Finally we obtain #(h,t, p) = #(k, Tmy1,0) belongs to #(k, p,0) = #(h,¢,p). u

By virtue of lemma we can create a rule Rgg which is the set of all 3-tuples
( Vv zen s @m s oms = 06V} (@i omir, € (@mr,9))], )

’Y[fl TP T D Pmy (Xa € (t,90m+1))]7
YTt @1y Tt Py — (X, € (E,9))]

such that
e m is a positive integer, z1,...,Tm4+1 € V, with a; # x; fori # j, o1,...,om41 € E,
Hlz1: 01,3 Tmg1 t Pm1ls
o if we define k = k[z1: 01, ., Tmt1 : ©ms1] and h = K[z : p1,..., Tm : ©m] then
- X € S(h),
— te E(h),
— p € Eq(h).

LEMMA 5.7. Let x1 € V, 1 € E and assume H[zy : p1]. Define k = klxy : p1]. Let
P € S(k) and p € S(k) N S(€). Under these assumptions we have

— (¥, 9) € S(k),
y[z1 o1, = (P, 9)] € S(e),
F({} (@1 = 1,9)) € S(e),
— F{ a1 :01,9)),0) € S(e).

Moreover if #(y[z1 : 1, = (¥, 9)]) then #(—= (3({}z1 2 ¢1,9)),9)).
Proof.

Suppose #(v[z1 : 1, (—) (1, ¥)]). By definition we have
#(V{ M1 o1, (¥.9))))

and then
Py({#(k, = (¢, ¢),0)| 0 € E(K)}) ,
Py({P= (#(k, 1, 0), #(k, p,0))| 0 € E(k)}) .

In turn #(— 3 {Hz1 : ¢1,%)),¥)) can be rewritten as

(e = B} a1 01,9),90) . 6)
Po(#(e, ({1 : 01,9))  €), #(6, 0,€))
Po(#E {12 01, 9))), #(9)) ,
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P (Ps({#(k,v,0)| o € E(k)}), #(¢)) -
In order to prove the last statement, we suppose there exists o € E(k) such that

#(k,1,0). This implies #(k, ¢, o), but we need to show that #(¢) holds.

To perform this step we can use lemma In fact there exists a positive integer g
such that e,k € K(q), ¢ € E(q,€) N E(q, k). Moreover e C k, € € Z(¢), 0 € E(k), e C 0 so

by lemma [L.12) #(k, 0, 0) = #(e, ¢, €) = #().

Lemma allows us to create a rule Rgz which is the set of all pairs

< 7[1‘1 P, W#P)]v )
= A({}@1:01,9)),9)
such that 1 € V, 1 € E, H[z1 : 1], ¥ € S(k[z1 : ¢1]) and ¢ € S(k[z1 : p1]) N S(€).

LEMMA 5.8. Let m be a positive integer. Let x1,..., Ty €V, with x; # x; fori # j. Let
O,y om € E and assume H[x1 : 91,...,Tm : ©m]. Define k = k[x1 : 01, .., T ©m)
and let @, 1,19 € S(k).

Under these assumptions we have — (¢,11), = (¢,%2), = (¢, A(¥1,12)) € S(k).
Moreover, if
#(y[@1 o1, T om, = (0, )]), #(VE1 01, T o, (0, 42)])

then
#(’Y[‘rl CP1y e T L Pmy ((P7 /\(1/}1’1/)2»]) .
Proof.

We need to show
#OVer o1, T s om, = (0, A1, 92))])
that is
Py({#(k, = (0, A(1h1,92)),0)| 0 € E(K)}) ,
Py({P= (#(k, ¢, 0), #(k, A(¥1,12),0))| o € E(k)}) ,
Po({P~(#(k, ¢,0), Pa(#(k, ¥1,0), #(k,¥2,0)))| o € E(k)}) - (5.0.1)
But we have

#(’Y[‘Tl P Tt Py (9071/)1)}) )
Py({#(k, = (o, ¢1),0)| o € E(K)}) ,
Py({ P (#(k,0,0),#(k, ¢1,0))| o € E(k)}) .

And we have

=

(7[ TP, T D Py ((pva)D )
Py({#(k, — (<P ¥2),0)| o € E(K)}) ,
Py({ P (#(k, 0,0), #(k,12,0))| o € E(k)}) .
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So for each o € E(k) if #(k,p,0) holds true then both #(k,¢1,0) and #(k,12,0)
hold. This implies holds true in turn. m
Lemma [5.8] allows us to create a rule Rgg which is the set of all 3-tuples

’Y[Il TPy T L Pmy (@awl)]a
’Y[xl TPy T L Pmy (90’7/}2)]’
Yzt @1, Tt om, = (0, A1, 2))]

such that

e m is a positive integer, z1,...,zy € V, x; # x; for i # j, 1,...,0m € E,

H[J?l:(pl,--.,l'm:@m],
L4 80’1#1’7#2 S S(k‘[xl P, Tt @m])

LEMMA 5.9. Let m be a positive integer. Let x1,..., Ty €V, with x; # x; fori # j. Let
Ol om € E and assume H[XZ1 : ©1,...,Tm : ©m]. Define k = k[x1 1 01,y Tm  ©m)
and let v, € S(k).

Under these assumptions we have

o = (0, A (1, =(1))), = (v) € S(k),
® V[T Q1 Tt Py = (0, A (P, (¥)))] € S(e),

o VE1 @1t P ()] € S(6),
Moreover if #([z1: @1, -, Tm 2 s = (0, A (9, =(10)))]) then
#(ver o1, T s om, (0)])-
Proof.
We can rewrite #(y[x1 : @1, Tm : ©m, — (, A (¥, 2()))]) as
Py({#(k, = (o, A (wﬁ(w»),an o €E(K)})
Py({P- (#(k, ¢, 0), #(k A,
Py({P- (#(k, ¢, 0), Pr (#( 1), 7
Py({P- (#(k, ¢, 0), Px (#(k, ) S (#(k, ¢, 0)))) | 0 € E(R)}) -

This can be expressed as ‘for each o € Z(k) either #(k, p, o) is false or both #(k, v, o)

and (#(k,,0) is false) are true’.
Since #(k,,0) cannot be both true and false at the same time we have that ‘for
E(k) #(k,p,0) is false’. This is formally expressed as

Py({P-(#(k,,0))| 0 € E(K)}) ,
Py({#(k, ~(¢), o)l o € E(K)})

each o €

which we can finally rewrite as y[x1 : @1, .., Tm : ©m, (@)]. =
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Lemma [5.9] allows us to create a rule Rgg which is the set of all pairs
('Y[xl TP T Py (Qp, (1/)7 _'( )))],’Y[l‘l P T f Py _'(%0)])
such that

e m is a positive integer, z1,...,zy € V, x; # x; for i # j, v1,...,0m € E,
Hzy: @1, oy Tm : Oml,
o o, p € Sk[ry:p1,. ., Tm : Om])-

LEMMA 5.10. Let m be a positive integer. Let x1,...,xm €V, with x; # x; fori # j. Let
D1y 0m € E and assume H(xy : p1,...,Tm : pm]. Define k =k[x1 : ©1,...,Zm : ©m]
and let o, € S(k).

Under these assumptions we have

o < (A(p,¥), = (v, ~(¥)) € S(k),

o Y[T1: 01,y T Om, — (A(p,0))] € S(e),

o Y[T1: 01,y Tm t Omy— (0, 2(1))] € S(e€).
(

Moreover if #(v[z1: @1, ., Tm : ©m, 2 (A(p,))]) then
#(7[331 TP T L Py (907_'(1:[}))])

Proof.
We can rewrite #(y[x1 : ©1,. ., Tm : ©m, 7 (A(p,©))]) as
Py({#(k, = (M@, 9)),0)| o € E(R)}) ,
Py({P-(#(k, (¢, ¥), 0))| o € E(K)}) ,
Py({P~(Pr(#(k, ¢,0), #(k, 1, 0)))| o € E(F)}) -

We can rewrite #(y[x1 : ©1,.. ., Tm : ©m, — (p, 7(¥))]) as
Py({#(k, = (0, 2(¢)),0)| o € E(K)}) ,

By({Po (#(k, ¢, 0), #(k, (), 0))| 0 € E(K)})

Py({P~(#(k, ¢,0), P-(#(k, ¥, 0)))| o € E(k)}) .

Thus if #(y[z1: @1,y Tm : ©m, 7 (A(p,))]) we have that ‘for each o € Z(k) it is
false that #(k, ¢, o) and #(k, v, o) are both true’.

In other words for each o € E(k) (#(k, p,0) is false) or (#(k, 1, o) is false).
In other words for each o € Z(k) P, (#(k,p,0), P-(#(k,v,0))).

The last condition clearly implies #(v[x1 : @1, -, Tm : ©m, — (@, —(1))]). =

Lemma allows us to create a rule Rgyg which is the set of all pairs

(Ylz1 @1, Tt @y (A, V) Y[ 01, T @y = (0, 2(0))])
such that
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e m is a positive integer, z1,...,zy € V, x; # x; for i # j, v1,...,0m € E,
H[JTl:(Pl’--wJCm:ﬁPm]a
o o, € Sk[ry:p1,. ., Tm : Om])-

LEMMA 5.11. Let m be a positive integer. Let x1,...,Tmp1 € V, with x; # x; fori # j.
Let ¢1,...,0pm+1 € E and assume H[x1 : ©1,. .., Tm+1 : Omt1]-

Define k = k[z1 : ©1,..., Tmt1 : ©my1]. Of course H[x1 : 01, .., Tm : ©m] also holds,
we define h = k[x1: ©1,...,Zm : ©m]. Let x € S(h), ¢ € S(k).

Under these assumptions we have

V({Hzmt1 : em+1,9)) € S(h),

~(Y({H@mt1 : em+1,9))) € S(h),

= (6 (Y{Hzmt1 : em+1,9)))) € S(h),

Yzt @1, 2wt om, = 06 (Y{HEma1  omt1,9))))] € S(e),
~(p) € S(k),

I @mr1 + omt1,(0))) € S(h),

= (06} @ma1 2 @ma1, (9)))) € S(h),

Y1 @1, Tm  @my = (G 33 @mt1 1 om1, 7(9))))] € S(e).

Moreover if #(y[x1: @1, s Tm : ©my— O (V{H(@mt1 : ©ma1,9))))]) then
#OVzr o1, Tt oms = (6 I (@ma1 1 emar1, —(90))))]) -
Proof.
We can rewrite #(y[x1 : @1, Zm : ©m, — (X, 7 (VEHZmt1 : ©mt1,9))))]) as
Py({#(h, = (06~ (V{3 @mt1 - omt1,9)))) 5 0)| p € E(R)})
Py({P- (#(h, x; p); #(h, = (Y{H @1 2 omt1,9))) 5 0)) | p € E()})
Py({ P~ (#(h, X, p), P~ (#(h,V ({} (21 : omi1,0)),0))) | p € E(h)})
Py({ P (#(h, x; p), P~ (Py({#(k, p,0)| 0 € Z(k), pEa})))| p € E(R)}) -

)

b

We can furtherly express this as

‘for each p € 5(h) Py (#(hy x, p), P (Po({#(E, 0, 0)| 0 € Z(8), pC o}))’

‘for each p € Z(h) if #(h, x, p) then it is false that Py ({#(k,p,0)| 0 € E(k), pCE a})’,

‘for each p € Z(h) if #(h, x, p) then it is false that (for each o € Z(k) such that p C o
#(k, @, 0) holds)’,

‘for each p € E(h) if #(h,x,p) then (there exists ¢ € Z(k) such that p C o and
#(k, @, 0) is false)’.

We can rewrite #(y[r1 : @1,y @m ¢ @ = (6 3{H @t : mets () as
Pol{#(hy = (6 3 @1 et =) 9] p € EM)
PP (% 0), (0, 3} @ = @msn, =) ) | p € ER)Y)
Py({Po (#(h, x. p), Pa({#(k, ~(9),0)] o € Z(k), p T a}))| p e E)}) ,
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Py({P= (7 (h, x; p), PsS{P-(#(k, ,0))| 0 € E(k), pE a}))| p € E(M)}) -
This can be furtherly rewritten as
‘for each p € Z(h) P, (#(h, X, p), Pa({P-(#(k, 0, 0)| 0 €Z(k), pCo}) ",
‘for each p € Z(h) if #(h, x, p) then P3({P-(#(k,¢,0))| 0 € E(k), pCo})’,
‘for each p € Z(h) if #(h,x,p) then (there exists o € Z(k) such that p C o and
#(k,p,0) is false)’.

The last condition is clearly ensured by our hypothesis. m

Lemma allows us to create a rule Rgy which is the set of all pairs

( Yzttt Tm s oms = (6 (V{3 @mt1 : emt1,9))))]s )
7[x1 TP T D Py, (Xva({}(merl : (perlv_'(SD))))]

such that

e m is a positive integer, z1,...,Tm41 € V, with a; # x; for i # j, ©1,...,om+1 € E,
Hzy: @1, o Tmt1  Pmt];

o if we define k = k[x1 : ¢01,..., Tma1 : @my1] and b = k[z1 : ©1,.. ., Zm @) then

x € S(h), ¢ € S(k).

LEMMA 5.12. Let m be a positive integer. Let x1,...,xm €V, with x; # x; fori # j. Let
Oy om € E and assume H[x1 : ©1,...,Tm : ©m]. Define k = k[x1 1 01, .., Tm : ©m)
and let @,v, x € S(k).

Under these assumptions we have

= (A, 9), x), = (o, = (¥, x)) € S(k),
L4 ’Y[xl Py Tm t SOWH*) (/\(903 ¢)7X)] S 5(6)7
o Y[T1: 1, T Om, = (0, (¥, X))] € S(e).

Moreover if #(V[x1 : @15+, Tm : @m, — (A, %), X)]) then
#(7[371 PPy T Py, (80,4) (d’vX))])

Proof.
We assume #(y[21 : @1, -« Tm : ©m, — (A(p, 1), x)]) which can be rewritten
Pv({#(k = (A, ¥),x), 0)| o € E(k)})
PV({PH( (k /\(507 )7 ) #( 7X70))| ge= (k)})
By({Po (PA(# (K, ¢, 0), #(k, 1, 0)), #(k, x, 0))| 0 € E(K)}) -

Of course we now try to show #(y[z1 : @1, Zm : ©m,— (©,— (¥, x))]) which in
turn can be rewritten

Py({#(k, = (o, = (¢,X)), 0)| 0 € E(k)})
PV({P%(#(]C,QD,G'), #(k?_> (’(/}7X)70-))‘ o< E(k)})
Pv({Pﬁ(#(k,(,0,0'),P_,(#(k,l/),(j), #(k?X70)))| o c E‘(k)}) .
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Let o € E(k), suppose #(k,p,0) and #(k,v,0), then we have #(k, x,o) and this
completes the proof. m

Lemma [5.12] allows us to create a rule Rgmy which is the set of all pairs
('Y[xl TPy T L Py, (/\(90,1/))7)()]77[% TPy T D Py ((P7 — (MX))])
such that

e m is a positive integer, x1,...,zm € V, x; # x; for i # j, p1,...,om € E,
H[xI:QOIa"'7xm:90m]a
4 @a¢aX€S<k[$1i¢1;-~-7$miwm})-

LEMMA 5.13. Let ¢, ¢, x € S(€). We have

o = (p,— (¥,x)) € S(e),
e = (Ap,9),x) € S(e).

Moreover if #(— (¢, — (¥, X))) then #(— (A(e,¥),x))-
Proof.

Suppose #(— (¢, — (1, x))) holds. It can be rewritten

P (3 (9), #(= (¥, X))
P (#(0), P (# (1), # (X)) -

In turn, #(— (A(p, %), X)) can be rewritten

P (# (N, ¥), #(x)
P (Pr(#(p), # (1)), #(x)) -
Suppose #(¢) and # (1) both hold, we need to show that #(x) holds. This is granted

by
P (#(0), P (# (), #(X))) -

Lemma [5.13] allows us to create a rule Rgg which is the set of all pairs
( = (o, = (¥, x)), )
= (Alp,¥),x)
such that o, ¢, x € S(e).
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6. Example of a proof

As an example of proof, we want to prove a form of the Bocardo syllogism. In Ferreirés’
referenced paper ([3]), on paragraph 3.1, the syllogism is expressed as follows:

Some A are not B. All C are B. Therefore, some A are not C.

Suppose A, B and C represent sets, the statement we actually want to prove is the
following:

If ( (there exists x € A such that = ¢ B) and (for each y € C y € B) ) then
(there exists z € A such that z ¢ C).

In order to formalize this, our language must be as follows
C={A,B,C},
F={"AV,—, <V, 3, e =}
V= {x,y,z},

where A, B, C are constants each representing a set.

At this point we suppose we can formalize the statement as

3({}(z: A~ (e (z,B)))), e
- <A< V({}(y:C, € (y,B))) )73<{}(2-A7 (€ ( ,C)>>)) : (Thy)

We'll soon see a proof of this statement and within the proof we’ll also prove is
a sentence in our language.

First of all we need the following lemma, that can be applied to any language which
includes all the symbols =, A, V, —, <>, V, 3, € in the set F, and therefore it can also be
applied to our current language.

LEMMA 6.1. Let m be a positive integer, x1,...,Zm € V, with ©; # x; for i # j. Let
Ay, ..., Ay € C such that for each i =1...m #(4;) is a set. Let D € C such that #(D)
is a set. We have H[xy : A1,..., Ty : Ap]. If we define k = k[zy : A1, ..., 2y Ay then

foreachi=1...m

o c(x;,D) € S(k),
o for each o € (k) #(k, € (z;,D),0) = Pe(#(k,x;,0),#(D)).

Proof.

We first consider that A; € E(e) and #(A;) is a set, so A1 € Fq(e) and Hlzy : A4].
Let /{51 = k[[ﬁl : Al]
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If m > 1 then for each ¢ = 1...m — 1 we suppose H[z : Ay,...,z; : A;] holds and
we define k; = k[zy : A1,...,2; + 4;].
Clearly by lemma [1.24) A;1 € E(k;) and for each p € 2(k;) #(ki, Aiv1,p) = #(Aig1) is
a set.
So A;t1 € E(k;), which implies H[zy : Aj,...,241 @ Aiy1] (and we can define
k‘i+1 = k[xl : Al, ey L4t Ai+1]).

This proves that H[zy : A1,...,2Zm : Ap) holds.
Let ¢ =1...m. Using lemma we obtain that z; € E(k).
Moreover D € E(k) and for each o € Z(k) #(k, D, o) = #(D) is a set. By lemma

we have

o c(x;,D) € S(k),
o for each o € E(k) #(k, € (2, D),0) = Pc(#(k,xz;,0),#(D)).

To provide a proof of statement we’ll make use of a deductive system which
includes all the axioms and rules listed in chapter

Using the former lemma we can derive H[z : A] and we can define h = k[z : A].
Moreover € (x, B) € S(h), so =(€ (z,B)) € S(h).

We also have H[z : A,y : C] and we define k, = k[z : A,y : C].
We have € (y, B) € S(k,) and by lemmaV({}(y :C € (y,B))) € S(h).

Thus A (=(€ (z,B)),Y({}(y : C, € (y, B)))) also belongs to S(h).

Moreover H[z : A,z : A] and we define k, = k[z : A,z : A].
We have € (z,C) € S(k.) and by lemma [L.16]V({}(z : A, € (2,C))) € S(h).

The first sentence in our proof is an instance of axiom Agm.
—(€ (2, B)),
A , ~(€ (=, B)),
vz A= A Y({}(y: C € (y, B))) A . . (6.0.1)
|: ( ( V(g}(z A, € (2,0))) ) ) < V{}(y:C,€ (y,B))) >>]

By Agm we also obtain

. ﬁ(6 (xaB))v 4 z
reas (A (S e gy ) mEEm)] e
By [6.0.1] [6.0.2] and rule Rgz
ﬁ(e (‘T>B))a
v |r A= (A ( A( V({}y:C € (y,B))) ) ) (€ (17,3)))] : (6.0.3)
V{}(z: 4, € (20)))
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By axiom Agz we obtain

[z : A, € (x, A)]. (6.0.5)
By and rule Rgz we also get
[ A < _'(E (I7B))7 ) 1
ylx:A = | A V{}y:Ce(y,B)) )’ |,€e(x,A)]|]. (6.0.6)
i ({}Hz:4,€(20)) 1
Since xz € E(h), C € Es(h) etc. we can apply rule Rgg to and and obtain
' (R, ) '
VT A = | A ({}(y C.e(B) ) |,e@0)|]- (6.0.7)
i ({}(z:4,€ (z0)) i
By axiom Agm
v [m DA, - (/\( ;(({e}((;’@’)’e . B) ),V({}(y . C,e (y,B)))ﬂ . (6.0.8)
By and rule Rg
e () ) )
Y|z A= | A (w:Cewn) ) | MQw:cews)||. (609
V({3 € (20)

Since x € E(h), B € Es(h) etc. we can apply rule Rgg to and and obtain

)
-(€ (=, B)),
vlsc:Aﬁ (A(A<V({}(y C,e (y,B))) >’)7€(x,3)) :
v({}

(2:4,€(2,0))

(6.0.10)

By [6.0.10 and Reg

~(€ (z, B)),
A ) S (JE,B)7
A ( V({}y: C.€ (v, B))) ) )vA (€ (z )] . (6.0.11)
[ ( ( V{}(z: A € (2,0))) ( (€ (z,B)) )

By Rro
—(€ (z, B)),
yla:a - (/\ ( A( Y({}y: C.€ (y, B))) ) ))] . (6.0.12)
V({}(z: A4,€ (2,0)))
By Rzn
~(€ (x. B)). e A o o]
3o d (/\< e B ) V(= A e ( ,c>)>)>_ . (6.0.13)
By Rzm
[ . —|(€ ({E,B)), . - . ]
VoA (/\( e 0 BY) ),3({}( L A, (e ( ,0))))>_ . (6.0.14)
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Since 3({}(z : 4,~(€ (2,C)))) € S(h) we can apply Rg1y and obtain

[reac (ewmo (GRS E oy )] eew

Using lemma [6.1] we obtain that € (y, B) € S(k[y : C]) and € (z,C) € S(k[z : A]).
By lemma [4.16] we obtain that Y({}(y : C, € (y, B))) € S(e) and similarly

A{}(z: A, (€ (2,0)))) € S(e).
We can apply rule Rgm to and obtain

e et (SIS ) o

Finally, by Rg1g, we obtain

F({}(=: A, ~(€ (z,B)))), et
7 (/\ ( v{}y:C € (v, B))) ) A= A (e ( ,C))))) (6.0.17)

We have proved statement this also means that is a sentence in our lan-
guage. It seems quite obvious that the statement’s meaning is as expected, anyway to
complete the argument we also want to prove this.

We need the following lemma, that can be applied to any language which includes all
the symbols =, A, V, —, <>, V¥, 3, € in the set F, and therefore it can also be applied to our
current language.

LEMMA 6.2. Let w € V, D € C such that #(D) is a set. We have H[u : D] and we can
define h = k[u : D]. Then u € E(h) and for each o € E(h) #(h,u,0) € #(D). Moreover,
for each o € #(D), if we define 0 = € + (u,«) then o € Z(h) and #(h,u,0) = «. This
clearly implies {#(h,u,0)| 0 € E(h)} = #(D).
Proof.

We have D € F(1,¢) and #(e, D, €) is a set, so D € Fy(1,¢), h=¢+ (u, D) € K(1)*"
and

E(h) ={e+ (u,s)|s € #(e, D,e)} = {e + (u,5)| s € #(D)}.
We have also Ea(2,h) = {u} and for each o = ¢ + (u, 5) € Z(h)
#(h,u,0)(2,h,0) =5 € #(D) .
Since h € K(1)*, E(2,h) = Ea(2, h), so u € E(2, h), for each o = ¢ + (u, s) € Z(h)
#(h,u,0) = #(h,u,0)(2,n,0) = 5 € #(D) .

Given a € #(D), if we define o0 = € + (u, ) then o € E(h) and #(h,u,0) = . =
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We now examine the meaning of 3 ({}(x : A, (€ (x, B)))).
We can rewrite #(3 ({}(z : 4, (€ (x, B))))) as
Ps({#(klz : Al, (€ (z,B)),0)| 0 € E(k[z : A])}) ,
Ps({P-(# (k[ - A], € (2, B),0))| 0 € E(k[z: A])}) ,
Ps({P-(Pe(#(k[z : A],z,0),#(B)))| o € E(k[z : A])}) .

This can be furtherly expressed as

‘there exists o € E(k[z : A]) such that P-(Pec(#(k[z : A],z,0),#(B)))’,

7

which is the same as

‘there exists a, € {#(k[z : A],z,0)|0 € E(k[z : A])} such that P.(Pc(a., #(B)))’,
‘there exists o, € #(A) such that P.(Pc(ay, #(B)))’,
‘there exists o, € #(A) such that a, doesn’t belong to #(B)’.

Similarly we can rewrite #(V({}(y : C, € (y,B)))) as

Py({#(kly : Cl, € (y, B),0)| o € Z(k[y : C])})
Py({Pe(#(kly : Cl,y,0),#(B))| o € Z(k[y : C)})
This can be furtherly expressed as
for each o € E(kly : C]) Pe(#(kly : Cl,y,0),#(B))’,
which is the same as

‘for each o, € {#(kly : C),y,0)|0 € E(k[y : C])} Pe(ay,#(B))’,
‘for each oy € #(C) Pe(oy, #(B))’,
‘for each oy, € #(C) o belongs to #(B)’.

Similarly we can also rewrite #(3 ({}(z : 4,-(€ (z,C))))) as
[

Py({#(k[z : 4], =(€ (2,0)), )I € E(klz: AD}) ,
Pﬂ({P—\(#(k[Z : A]7 (Z,C),O’)

PE({P_‘(PG(#(]{[Z : A],Z,O’), #(C

|oc E(k[z ADY)

This can be furtherly expressed as
‘there exists o € E(k[z : A]) such that P_(Pc(#(k[z : 4],z,0),#(C)))’,
which is the same as

‘there exists o, € {#(k[z : A],z,0)| 0 € Z(k[z : A])} such that P_(Pc(ay,#(C))),
‘there exists a, € #(A) such that P-(Pc(a.,#(C))),
‘there exists «, € #(A) such that «, doesn’t belong to #(C)’.

97
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At this point we can rewrite

¢ ((iliiatm ) 20eeae o))

as

e (0 (0 (il ey ) # 0 A mom)

and then

# (3 ({}(.’L‘ : A’_‘(E (va))))) ) . 4 P
P <PA ( 4(7({)y: C, (v, B))) ) # A A (e ’C)”)’>

This can be furtherly expressed as:

“if (there exists o, € #(A) such that o, doesn’t belong to #(B)) and
(for each ay, € #(C') ay belongs to #(B)) then
(there exists o, € #(A) such that o, doesn’t belong to #(C))’.

So the statement which we have proved has the expected meaning.
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7. Consistency, paradoxes and further study

We have proved that a deductive system is sound, i.e. if we can derive a sentence ¢ in
our system then #(¢) holds. We now discuss the consistency of a deductive system.

A deductive system D = (A, R) is said to be consistent if and only if for each ¢
sentence in £ (Fp ¢) and (Fp —(p)) aren’t both true.

LEMMA 7.1. Let D = (A, R) be a deductive system in L. Then D is consistent.
Proof.

Suppose there exists a sentence ¢ such that Fp ¢ and Fp —(¢) both hold. By the
soundness property we have #(p) and #(—(¢)). Clearly by lemma m

#(=(p)) = #(e,~(v), €) = P-(#(#)) = (#(e) Is false) .

So #(p) would be true and false at the same time, a plain contradiction. =

We have proved the soundness of our system, then what can we say about the converse
property, i.e. the completeness? A deductive system D = (A4, R) is said to be complete
if and only if for each ¢ sentence in L if #(p) holds then Fp ¢. It was easy to prove
the soundness of our system, unfortunately the topic of completeness is not as easy, and
in general there is no reason to expect that completeness holds. For instance Cutland’s
book [I] has interesting material in this regard, in chapter 8. Actually Cutland introduces
a notion of ‘recursively axiomatised formal system’ and what he names a ‘simplified
version of Godel incompleteness theorem’. This theorem states that, given a recursively
axiomatised formal system in which all provable statements are true, in this system there
is a statement which is true but not provable (and so this system is not complete). The
proof of this theorem is based on the fact that the set P of the provable statements of
the system is recursively enumerable (r.e.) while the set T of the true statements of the
system is not r.e.. So if we could prove that our system is a recursively axiomatised formal
system we would have proved that our system is not complete. If we aren’t able to prove
our system is a ‘recursively axiomatised formal system’ we can still try to show that in
our system (under certain further assumptions, perhaps) it still holds that P is r.e. and
T is not r.e., so the system is not complete. Anyway I'll leave this topic just at most as
a conjecture, I don’t want to prove or even claim anything in this regard.

Let’s talk a bit about paradoxes. A paradox is usually a situation in which a con-
tradiction or inconsistency occurs, in other words a paradox arises when we can build a
sentence ¢ such that both ¢ and —(¢) can be derived. Since our system is consistent it
shouldn’t be possible to have true paradoxes in it, anyway it seems appropriate to discuss
how our system relates with some of the most famous paradoxical arguments.

We begin with Russell’s paradox. Assume we can build the set A of all those sets X
such that X is not a member of X. Clearly, if A € A then A ¢ A and conversely if A ¢ A
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then A € A. We have proved both A € A and its negation, and this is the Russell’s
paradox.

It seems in our system we cannot generate this paradox since building a set is permitted
only if you rely on already defined sets. When trying to build set A in our language we
could obtain something like this:

{}(=(e (X, X)), X) .

However it is clear this isn’t a legal expression in our language, since in our language
if you want to build a context-independent expression using a variable X, then you have
to assign a domain to X.

We now turn to Cantor’s paradox. Often the wording of this paradox involves the
theory of cardinal numbers (see e.g. Mendelson’s book [4]), but here we use a simpler
wording.

First of all we prove that for each set A there doesn’t exist a surjective function with
domain A and codomain P(A) (where P(A) is the power set of A).

This clearly holds when A = (). In fact in this case P(A) = {0} and for each function
f:0 — {0} there doesn’t exist y € () such that 0 = f(y).

Let A # () and let f be a function from A to P(A). Let B = {x € Alz ¢ f(z)}.
Suppose there exists y € A such that B = f(y). If y € B then y ¢ f(y) = B, and
conversely if y ¢ B = f(y) then y € B. So there isn’t y € A such that B = f(y) and
therefore f is not surjective.

At this point, suppose there exists a set {2 such that any member of €2 is a set and
any set is a member of ). Clearly €2 and all of its subsets belong to §2, so we can define
a function f from Q to P(Q) such that for each X C Q f(X) = X. Obviously this is a

surjective function, and we have a contradiction.

The contradiction is due to having assumed the existence of €. In this case too in
our language we cannot build an expression with such meaning. One expression like the
following:

{}(set(X), X)

is not a valid expression in our language.

Finally we want to examine the liar paradox. Let’s consider how the paradox is stated
in Mendelson’s book.

A man says, ‘I am lying’. If he is lying, then what he says is true, so he is not lying.
If he is not lying, then what he says is false, so he is lying. In any case, he is lying and
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he is not lying.

Mendelson classifies this paradox as a ‘semantic paradox’ because it makes use of
concepts which need not occur within our standard mathematical language. I agree that,
in his formulation, the paradox has some step which seems not mathematically rigorous.

We'll try to provide a more rigorous wording of the paradox.

Let A be a set, and let § be the condition ‘for each x in A z is false’. Suppose ¢ is
the only member of A. In this case if § is true then it is false; if on the contrary ¢ is false
then it is true.

The explanation of the paradox is the following: simply § cannot be the only item
in set A. In fact, suppose A has only one element, and let’s call it . This implies ¢ is
equivalent to ‘@ is false’ so it seems acceptable that d is not .

Another approach to the explanation is the following.

If § is true then for each x in A x is false, so § is not in A. By contraposition if J is
in A then 4 is false.

Moreover if § is false and the uniqueness condition ‘for each x in A x = §’ is true then
6 is true, thus if ¢ is false then ‘for each z in A © = ¢’ is false too. By contraposition if
‘for each  in A x = §’ then ¢ is true.

Therefore if ¢ is the only element in A then § is true and false at the same time. This
implies 6 cannot be the only item in A.

On the basis of this argument I consider the liar paradox as an apparent paradox that
actually has an explanation. What is the relation between our approach to logic and the
liar paradox?

Standard logic isn’t very suitable to express this paradox. In fact first-order logic is not
designed to construct a condition like our condition ¢ (= ‘for each z in A z is false’), and
moreover, it is clearly not designed to say ‘0 belongs to set A’. These conditions aren’t
plainly leading to inconsistency, so it is desirable they can be expressed in a general
approach to logic. And our system permits to express them. The paradox isn’t ought to
simply using these conditions, it is due to an assumption that is clearly false, and the
so-called paradox is simply the proof of its falseness.

Related to the liar paradox is the Cretan ‘paradox’, which is actually not a proper
paradox, but is perhaps even more ‘unsettling’ and we quote again Mendelson in this
regard: ([4]).
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The Cretan “paradox”, known in antiquity, is similar to the Liar Paradox.
The Cretan philosopher Epimenides said, “All Cretans are liars”. If what he
said is true, then, since Epimenides is a Cretan, it must be false. Hence, what
he said is false. Thus, there must be some Cretan who is not a liar. This is
not logically impossible, so we do not have a genuine paradox. However, the
fact that the utterance by Epimenides of that false sentence could imply the
existence of some Cretan who is not a liar is rather unsettling.

If we try to put this argument in a more formal statement, it still refers to a sen-
tence 9 of the type ‘for each x in A x is false’, where this time A is the set of all the
statements made by a Cretan and ¢§ is a member of A. Here if ¢ is true then it is false,
so we have to conclude that ¢ is false, hence there exists x € A such that x is true. As
noticed by Mendelson, it can be unsettling to accept this just because ¢ is a member of A.

We can still use an argument we have shown above with respect to the liar paradox:
If 0 is true then for each z in A z is false, so § is not in A. By contraposition if ¢ is in A
then § is false.

Is it still disturbing that § is false? If it is, then we can consider that the problem
could be conceiving a set A where a statement ¢ states that all the statements in A are
false and we expect § belongs to A. Conceiving a set like this seems not a cleaner and
more founded idea than conceiving the set of all sets or the set of all sets that aren’t
members of themselves.

As a conclusion, with respect to paradoxes, our system is not specifically designed to
prevent any possible form of paradox, it doesn’t prevent anyone to conceive something
which is unsettling or contradictory. Anyway the system, as far as I can evaluate, is not
significantly affected by paradoxes, in other words I suppose it is not more vulnerable to
paradoxes than other accepted systems.

Of course, further investigations about our approach to logic can be performed, both
with respect to paradoxes and other topics. We have mentioned the topic on the com-
pleteness or incompleteness of the system. Another interesting (and not extremely easy)
topic is about comparing the expressive power of our system with the one of standard
logic systems.

Another topic to consider is substitution. First-order logic features the notion of ‘sub-
stitution’ (see e.g. Enderton’s book [2]). Under appropriate assumptions, we can apply
substitution to a formula ¢ and obtain a new formula ¢}, by replacing the free occur-
rences of the variable x by the term ¢. In our approach we could be able to define a
similar notion, with the difference that for us ¢ could be a generic expression. I have in-
troduced general mechanisms of substitution in former versions of this paper (e.g. [5]), so
I am rather confident they could be successfully integrated in this new version. Anyway
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I decided not to try to include them in this version because it would have been complex,
it would have required much time. After all I suppose the introduction of general sub-
stitution mechanisms could be considered as not being properly a core topic about this
approach, since for instance we can use simplified substitution mechanisms.
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