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Abstract: 

This paper contains the Basic Definitions of an Intuitionstic Fuzzy Set theory and 

operations on it. Mainly we discussed the basic concepts of α - cut with examples 

and Characterisations. 
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INTRODUCTION: 

After an introduction of fuzzy sets by L.A. Zadeh several researchers explored on the 

generalization of the notion of fuzzy set.  The concept of intuitionistic fuzzy set was 

introduced K.T. Atanassov[2] as a generalization of the notion of a fuzzy set. 

 

1.1 Definition:  

An Intuitionistic Fuzzy Set (IFS) A in X is defined as an object of the form  

A = {<x, )(),( xx AA γµ >/x ∈  X} where  ]1,0[: →XAµ   and ]1,0[: →XAγ define the 

degree of membership and the degree of non-membership of the elements x ∈  X, 

respectively and for every x∈X, satisfying 1)()(0 ≤+≤ xx AA γµ  

 

1.2 Definition:  

For an IFS A, we define the Support of A ( denoted by supp(A)) to be the set of all 

those elements of an universal set whose membership and non-membership grades in 

A are greater than zero.  It is simply the set of all those elements whose membership 

grades are not equal to zero and non-membership grades are greater than or equal to 

zero. 

In other words, 

 Supp(A) = { }1)()(,0)(,0)(/ ≤+≥>∈ xxxxXx AAAA γµγµ  
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1.3 Example: 

Let X = {a, b, c, d} and A = {(a, 0.3, 0.4), (b, 0.4, 0), (c, 0.5, 0), (d, 0, 0.2)} 

Then supp(A) = {a, b, c} 

 

1.4 Definition: 

For an IFS, we define the core of A (denoted by core(A) ) to be the set of all those 

elements of an universal set whose membership grades in A are equal to one and non-

membership grades in A are equal to zero. 

In other words ,  Core(A)= 1)(/{ =∈ xXx Aµ  and }0)( =xAγ  

1.5 Example : 

Let X = {a, b, c, d} and  A = {(a, 0.2, 0.6), (b, 1, 0), (c, 0, 1), (d, 0.5, 0.5)} then  

     Core (A) = {b} 

1.6 Definition: 

For an IFS A, the maximum value attained by )(xAµ is referred to as the height of A 

is denoted by ht(A).  If ht( )(xAµ ) = 1 and ht( 0))( =xAγ , then the IFS A is said to be 

Normal.  Otherwise A is said to be Subnormal. 

1.7  Example: 

Let X = {a, b, c, d} and  

      A = {(a, 1, 0), (b, 0.5, 0.3), (c, 0.2, 0.5), (d, 0, 1)} then A is normal 

1.8 Example :  

Let X = {a, b, c, d} and 

 A = {(a, 0.8, 0.1), (b, 0.7, 0.1), (c, 0.8, 0), (d, 0.6, 0.3)} then A is subnormal  

Since ht(A) = 0.8 

1.9  Definition: 

For an IFS A, the α-cut of A is defined by  

 αA = 0)(,)(/{ ≥≥∈ xxXx AA γαµ  such that }1)()( ≤+ xx AA γµ  

2.0  Definition : 

For an IFS A, the strong α – cut of A is defined by  

 0)(,)(/{ ≥>∈=+ xxXx AAA γαµα  such that }1)()( ≤+ xx AA γµ   

For any IFS A, we have  

{ } XxXx AAA =≥≥∈= 0,0)(/0 γµ  

{ } )sup(0,0)(/0 AxXx AAA =≥>∈=+ γµ  
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{ } )(0,1)(/1 AcorexXx AAA =≥≥∈= γµ  

{ } φγµ =≥>∈=+ 0,1)(/1 AAA xXx  

2.1 Example :  

X = {a, b, c, d, e, f, g} 

A = {(a, 1, 0), (b, 0, 1), (c, 0.1, 0.5), (d, 0.3, 0.7), (e, 0.5, 0.2), (f, 0.7. 0.1), (g, 0.4, 0)} 

0A={a,b,c,d,e,f,g} and  X= {a,b,c,d,e,f,g} 

∴0A = X 

Now, +
A0  = {a,c,d,e,f,g} and sup(A) = {a,c,d,e,f,g} 

∴0+A = sup(A) 

1A = {a} and core(A) = {a} 

∴1A = core(A) 

Clearly 1
+
A= φ  

2.2 Definition : 

The set of all levels α ∈  [0,1] that represent distinct α-cuts of a given IFS A is called a 

Level set of A 

In other words 0)(,)(/{)( ≥==Λ xxA AA γαµα  for some }Xx∈  

Where Λ denotes the level set of IFS A defined on X 

2.3 Theorem: 

For any two IF sets A and B and for any two numbers α and β in [0,1] following are 

true: 

(i) AA αα ⊆+  

(ii) AA αββα ⊆⇒≤  

(iii) ( ) BABA ααα ∪=∪  

(iv) ( ) BABA ααα ∩=∩  

(v)  BABA ααα ∩=∪
+  

(vi)  ( ) BABA
++

∩
+ ∩= ααα  

(vii) ( )( )CA
AC

+−≠ αα 1  

PROOF: 

(i) If  +∈ Ax α  , then ( ) ( ) 0, ≥> xx AA γαµ  which means ( ) ( ) 0, ≥≥ xx AA γαµ                 

proving that +∈ Ax α  
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  AA αα ⊆∴ +  

(ii) If Ax β∈  then βµ ≥)(xA  and 0)( ≥xAγ  

Clearly  αµ ≥)(xA  since βα ≤  

   +∈ Ax α  

   AA αββα ⊆⇒≤∴  

(iii) Note that BA∪  is the union of two IF sets and hence is an IFS 

( )BA∪α denotes the α-cut of this IFS and hence is a crisp set.  BA αα ∪  

denotes the union of two crisp sets and hence is a crisp set.  This property 

says that these two crisp sets are equal. 

Suppose  BAx ∪∈α  then     ( ) α≥∪ )(xBA  

 i.e., ( ) ( ){ } αµµ ≥xx BA ,max  and ( ) 0≥xAγ   and 0)( ≥xBγ which 

means either 0)( ≥xAµ  and 0)( ≥xAγ  or αµ ≥)(xB  and 0)( ≥xBγ  

Thus Ax α∈  or Bx α∈  

)1(→∪⊆⇒

∪∈⇒

∪ BABA

BAx

ααα
αα

 

         Conversely, assume that BAx αα ∪∈  then Ax α∈  or Bx α∈  

         ( ) αµ ≥⇒ xA  and ( ) 0≥xAγ  or ( ) αµ ≥⇒ xB  and ( ) 0≥xBγ  

        αµµ ≥⇒ )(),(max xx BA  and 0)( ≥xAγ ,  0)( ≥xBγ  

        

( )

)2(

)(

→⊆∪∴
∈⇒

≥∪⇒

∪

∪

BABA

BAx

xBA

ααα
α

α
 

         from (1) and (2) we get     BABA ααα ∪=∪  

(iv) Suppose  

   ( ) α
α

≥∩⇒

∈ ∩

)(xBA

x BA
 

  ie., { } αµµ ≥)(),(min xx BA  and ( ) 0≥xAγ   , 0)( ≥xBγ  

  αµ ≥⇒ )(xA  and 0)( ≥xAγ  and αµ ≥)(xB  ,  0)( ≥xBγ  

  Ax α∈⇒  and Bx α∈  

  
)1(→∩⊆∴

∩∈⇒

∩ BABA

BAx

ααα
αα
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  Conversely assume that BAx αα ∩∈  

                              Ax α∈⇒  and Bx α∈  

    αµ ≥⇒ )(xA  and 0)( ≥xAγ  and αµ ≥)(xB  and  0)( ≥xBγ                                               

    { } αµµ ≥⇒ )(),(min xx BA  and ( ) 0≥xAγ   and  0)( ≥xBγ  

    ( )( ) α≥∩⇒ xBA  

    BAx ∩∈⇒ α  

    )2(→⊆∩∴ ∩BABA ααα  

   from (1) and (2) we get  BABA ααα ∩=∩  

Proof of (v) and (vi) are exactly similar to those of (iii) and (iv).  Only difference is 

instead of ≥  inequality here we will have > inequality 

Result:  In any fuzzy set ( )( )CA
AC

+−= αα 1  but in IFS ( )( )CA
AC

+−≠ αα 1  

2.4  Example: 

X = {a, b, c, d, e} 

A = {(a, 0.3,0.2), (b, 0.1, 0.4), (c, 0.2, 0.6), (d, 1, 0), (e, 0.6, 0.5)} 

B = {(a, 0.1,0.2), (b, 0.2, 0.5), (c, 0.2, 0.6), (d, 0.4,0.6), (e, 0.3, 0.1)} 

C

Aα  = {b,c,e} and 1- α = 0.7   ( α = 0.3) 

( ) }{1 Φ=− +
Aα  

( )( ) },,,,{1 edcba
C

A =− +α  

Hence in IFS, ( )( )CA
AC

+−≠ αα 1  

2.5 Theorem: 

(i) for any IFS A and B BA ⊆  if and only if BA αα ⊆  for all α ∈  [0,1] 

(ii) For any two IFSs A and B BA ⊆  if and only if ++ ⊆ BA αα  for all α ∈  [0,1] 

(iii) For any two IFSs A  and B, A = B if and only if BA αα =  for all α ∈  [0,1] 

Proof: 

 Assume that BA ⊆  we will prove that BA αα ⊆  for all α ∈  [0,1] 

Suppose there is ]1,0[∈β  such that BA ββ ⊄  

This means there is an x in Aβ such that Bx β∉  

Then ( ) )(xx BA µβµ >≥  and 0)( ≥xAγ & 0)( ≥xBγ , a contradiction since BA ⊆  

Conversely, assuming that BA αα ⊆  for all α ∈  [0,1] 
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We will prove that BA ⊆   

For this we have to prove that )()()()( yxandxx BABA γγµµ ≥≤  for all x 

Suppose there is a y such that )()( yyf BA µµ >=  

Clearly f ∈[0,1] and clearly )()( yy BA γγ <  

)()( yyf BA µµ >=⇒  and 0)( ≥yAγ  and 0)( ≥yBγ  

Ay δ∈⇒  but By δ∉  

BA δδ ⊄⇒  

A contradiction to the fact that BA αα ⊆  for all α ∈  [0,1] 

BA ⊆∴  

(ii) Assuming that BA ⊆  

We will prove that ++ ⊆ BA αα  for all α ∈  [0,1] 

Suppose there is a ]1,0[∈β   such that  ++ ⊄ BA ββ  

This means there is an x in +
Aβ  such that +∉ Bx β  

Then )()( xc BA µβµ ≥>  and 0)( ≥xAγ  and 0)( ≥xBγ  

A contradiction since BA ⊆  

++ ⊆∴ BA αα  

Conversely assuming that ++ ⊆∴ BA αα  for all α ∈  [0,1] 

 We will prove that BA ⊆  

For this, we have to prove that )()( xx BA µµ ≤  and  )()( xx BA γγ ≥  for all x  

Suppose there is a y such that )()( yy BA µµ >  and )()( yy BA γγ <  

Take δ  such that )()( yy BA µδµ >>  clearly ]1,0[∈δ  

0)( ≥yAγ  and 0)( ≥yBγ  

+∈⇒ Ay δ  but +∉ By δ  so that ++ ⊄ BA δδ      

A contradiction to the fact that ++ ⊆ BA αα  ]1,0[∈∀α  

BA ⊆∴  

(iii) Proof is trivial. 
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