
The large N limit of Exceptional Jordan

Matrix Models and M, F theory

Carlos Castro
Center for Theoretical Studies of Physical Systems

Clark Atlanta University, Atlanta, GA. 30314, castro@ctsps.cau.edu

January, 2006, Revised May 2006 and February 2007

Abstract

The large N → ∞ limit of the Exceptional F4, E6 Jordan Matrix
Models of Smolin-Ohwashi leads to novel Chern-Simons Membrane La-
grangians which are suitable candidates for a nonperturbative bosonic
formulation of M Theory in D = 27 real, complex dimensions, respec-
tively. Freudenthal algebras and triple Freudenthal products permits the
construction of a novel E7 × SU(N) invariant Matrix model whose large
N limit yields generalized nonlinear sigma models actions on 28 complex-
dimensional backgrounds associated with a 56 real-dim phase space re-
alization of the Freudenthal algebra . We argue why the latter Matrix
Model, in the large N limit, might be the proper arena for a bosonic
formulation of F theory. To finalize we display generalized Dirac-Nambu-
Goto membrane actions in terms of 3 × 3 × 3 cubic matrix entries that
match the number of degrees of freedom of the 27-dim exceptional Jordan
algebra J3[0].

Keywords: Jordan, Division Algebras, Branes, Matrix Models, M, F Theory.

1 The large N limit of Exceptional Jordan Ma-
trix Models and 27-dim Bosonic M Theory

Not long ago it was shown that p-branes actions (when p + 1 = 4k) could be
obtained from the large N limit of SU(N) Yang-Mills and Generalized Yang-
Mills theories in Flat Backgrounds [4] . A Moyal deformation quantization was
instrumental in the construction of p-brane actions and Chern-Simons branes
from the large N limit of SU(N) Yang-Mills in flat backgrounds. This Moyal
deformation approach also furnishes dynamical membranes (a QCD membrane)
as well when one uses the spatial quenching approximation to a line (one dimen-
sion), instead of quenching to a point. The large N limit of Nonabelian SU(N)
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Born-Infeld models and its relation to Nambu-Goto-Dirac string actions was
also attained in [5].

In order to perform the large N limit of Exceptional Jordan Matrix Models
which yields a novel Chern-Simons Membrane Lagrangian as a suitable candi-
date Lagrangian for a non-perturbative formulation of the bosonic sector of M
Theory in D = 27 real, complex dimensions [10] , respectively, one must start
by explaining briefly how a 4D SU(N) Yang-Mills theory reduced and quenched
to a point, leads to p-branes and Chern-Simons branes actions in the large N
limit [4] . The reduced-quenched SU(N) Yang-Mills action to a point is

S = −1
4
(
2π

a
)4

N

g2
Y M

Tr(FµνFµν).

Fµν = [iDµ, iDν ]. (1.1)

where a is the lattice-cell scale. Notice that the reduced-quenched action is
defined at a ” point ” xo . The quenched approximation is based essentially
by replacing the field strengths by their commutator dropping the ordinary
derivative terms . For simplicity we have omitted the matrix SU(N) indices in
(1-1). The theta term in QCD is:

Sθ = −θNg2
Y M

16π2
(
2π

a
)4εµνρσTr(FµνFρσ). (1.2)

The WWGM (Weyl-Wigner-Groenowold-Moyal) quantization establishes a one-
to-one correspondence between a linear operator Dµ = ∂µ + Aµ acting on the
Hilbert space H of square integrable functions in RD and a smooth function
Aµ(x, y) which is the Fourier transform of Aµ(q, p). The latter quantity is
obtained by evaluating the trace of the Dµ = ∂µ + Aµ operator summing over
the diagonal elements with respect to an orthonormal basis in the Hilbert space.
Under the WWGM correspondence , in the quenched-reduced approximation,
the matrix product Aµ.Aν is mapped into the noncommutative Moyal star
product of their symbols Aµ ∗ Aν and the commutators are mapped into their
Moyal brackets

1
ih̄

[Aµ, Aν ] ⇒ 1
ih̄
{Aµ,Aν}MB → {Aµ,Aν}PB when h̄ → 0. (1.3)

Replacing the Trace operation with an integration w.r.t the internal phase space
variables , σ ≡ qi, pi gives:

(2π)4

N4
Trace →

∫
d4σ. (1.4)

The WWGM deformation quantization of the quenched-reduced orginal actions
is:

S∗ = −1
4
(
2π

a
)4

N

g2
Y M

∫
d4σFµν(σ) ∗ Fµν(σ).

Fµν = {iAµ, iAν}. (1.5)
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and the corresponding WWGM deformation of the theta term:

S∗θ = −θNg2
Y M

16π2
(
2π

a
)4εµνρσ

∫
d4σFµν(σ) ∗ Fρσ(σ). (1.6)

By performing the following gauge fields/coordinate correspondence:

Aµ(σ) → (
2π

N
)1/4Xµ(σ)

Fµν(σ) → (
2π

N
)1/2{Xµ(σ), Xν(σ)}. (1.7)

and, finally, by setting the Moyal deformation parameter ”h̄” = 2π/N of the
WWGM deformed action , to zero ; i.e by taking the classical h̄ = 0 limit, which
is tantamount to taking the N = ∞ limit, one can see that the quenched-reduced
YM action in the large N limit will become the Dolan-Tchrakian action for a
3-brane, in the conformal gauge [3], moving in a flat D = 4-dim background
[4]:

S = − 1
4g2

Y M

(
2π

a
)4

∫
d4σ{Xµ, Xν}PB{Xρ, Xτ}PB ηµρηντ + permutations

(1.8)
due to the fact that the 1

h̄ times the Moyal brackets collapse to the ordinary
Poisson brackets in the h̄ = 2π/N = 0 limit ( large N limit ). Whereas the action
corresponding to the theta term will become in the N = ∞ limit, the Chern-
Simons Zaikov action for a closed membrane embedded in a four-dimensional (
pseudo ) Euclidean background and whose 3-dim worldvolume is the boundary
of the four-dim hadronic bag . The Chern-Simons membrane has nontrivial
boundary dynamics compared with the trivial bulk dynamics of the spacetime
filling 3-brane.

This introductory review is essential to understand how to related the large
N limit of the Exceptional Matrix Models [7], [6] to a novel version of Chern-
Simons branes . Ohwashi [6] defined his E6 Matrix model by starting with the
Matrix MA elements of the Jordan J3[O] algebra J × G [12], [17] , [16] AA

1 ΦA
3 Φ̄A

2

Φ̄A
3 AA

2 ΦA
1

ΦA
2 Φ̄A

1 AA
3


where J is the complexified Jordan algebra of degree three J3[C ×O] and G is
the u(N) Lie algebra corresponding to the U(N) group with structure constants
fABC . [TA, TB ] = fABCTC . AI , (I = 1, 2, 3) are complex-valued numbers and
ΦI are elements of the complex Graves-Cayley octonion algebra comprised of
complex octonions (xo+iyo)eo+(xi+iyi)ei; i = 1, 2, 3, ...., 7. The bar operation
Φ̄ denotes the octonionic-conjugation (xo + iyo)eo − (xi + iyi)ei that must not
be confused with complex conjugation (xo− iyo)eo + (xi− iyi)ei. The action of
Ohwashi was based on the cubic form
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S = ( ρ2(M[A), ρ(MB), MC] ) fABC (X, Y, Z) = tr ( X · (Y ×F Z) ) (1.9)

ρ, ρ3 = 1 is the cycle mapping (based on the triality symmetry of SO(8)) that
takes the index I → I + 1, modulo 3. It is essential to introduce the cycle
mapping in (1.9) otherwise the expression would have been identically equal to
zero due to the fact that the cubic form is symmetric in its three entries while
fABC is antisymmetric . The product Y ×F Z is the symmetric Freudenthal
product

Y ×F Z = Y ·Z− 1
2
tr (Y ) Z− 1

2
tr (Z) Y +

1
2
tr (Y ) tr (Z) − 1

2
tr (Y ·Z) 1. (1.10)

and X · Y is the commutative but non-associative Jordan product given by
the anti-commutator 1

2 (XY + Y X) obeying the Jordan identity (X · Y ) ·X2 =
X · (Y · X2). The cubic form (1.9) is very different from the trilinear form
tr (X · (Y · Z)) used by Smolin [7] to construct the F4 matrix model based on
J3[O] rather than J3[C × O]. The action of Ohwashi is complex-valued while
that of Smolin is real-valued. The explicit evaluation of the expression (1.9) can
be found in [6] where he includes a detailed appendix with numerous important
formulae that are indispensable to be able to write down all the explicit terms
of the cubic form. The action is

S = Trace [ εIJK( AI [AJ , AK ] + ηij Φ0I [ΦiJ , ΦjK ] +

σijk ΦiI [ΦjJ , ΦkK ] + ηij AI [ΦiJ , ΦjK ] + AI [Φ0J , Φ0K ] +

Φ0I [Φ0J , Φ0K ] ) + σijk
I=3∑
I=1

ΦiI [ΦjI , ΦkI ] ] (1.11)

where the matrix-valued quantities are denoted by the bold-face letters AI =
AA

I TA; ΦiJ = ΦA
iJTA, etc...

We will describe now how to perform the large N limit of the E6 Exceptional
Matrix Model action described by eq-(1.11) [6] . To achieve this goal one needs
to follow similar steps as those taken in eqs-(1.1-1.8) to relate the large N
limit of quenched-reduced SU(N) Yang-Mills actions to strings, membranes
and 3-branes (bags ) actions [4]. Upon doing so one arrives at the following
correspondence among each single one of the terms of the Matrix Model action
eq-(1.11) with the following terms of the Chern-Simons membrane model that
are displayed next. For example, the large N limit of

limN→∞ εIJK trN×N ( AA
I TA [AB

J TB , AC
KTC ] ) →∫

[d2Σ]a εabcAI (∂bAJ) (∂cAK) εIJK . (1.12)

where the N2 matrices TA, TB , TC ... are N × N Hermitian matrices associ-
ated with the Lie algebra u(N) generators corresponding to the group U(N) =
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SU(N) × U(1). The U(1) piece corresponds to the center of mass mode since
the variables in the Chern-Simons brane actions must be understood in terms of
X−X(0); i.e. relative to an origin in order to preserve translational invariance.
The indices I, J,K run over 1, 2, 3. The indices a, b.c run over 1, 2, 3, the three
degrees of freedom of the world-volume of a membrane. The surface boundary
element of the 3 dim world-volume V is d2~S = d2Σana where na is a unit vector
pointing in the outwards normal direction.

Following the same large N limit procedure ( see [4], [5] ) of eq-(1.12 ) that
was summarized in eqs-(1.1-1.8) in each single one of the remaining terms of the
E6 Exceptional Matrix Mode action (1.11), leads to the one-to-one correspon-
dence

limN→∞ εIJK trN×N ( ηij ΦA
iITA [AB

J TB , ΦC
jKTC ] ) →∫

[d2Σ]a εabc ηij ΦiI (∂bAJ) (∂cΦjK) εIJK . (1.13a)

limN→∞ εIJK trN×N ( σijk ΦA
iITA [ΦB

jJTB , ΦC
kKTC ] ) →∫

[d2Σ]a εabc σijk ΦiI (∂bΦjJ) (∂cΦkK) εIJK . (1.13b)

and so forth....
Therefore, upon performing the large N limit correspondence among all of

the terms of eq-(1.11) as shown in eqs-(1.12, 1.13), we can show that the large
N limit of the E6 Exceptional Jordan Matrix Model [6] is given by a Chern-
Simons brane action explicitly presented below in eq-(1.14). The crux of this
large N → ∞ limit correspondence relies on the fact that N × N matrices
A → A(σ1, σ2, σ3) become the membrane coordinates in the continuum limit;
the traceN×N →

∫
; commutators → brackets and the Jordan algebra non-

associator [X, Y, Z] = X · (Y · Z) − (X · Y ) · Z has a correspondence with the
Nambu-Poisson brackets {X(σa), Y (σa), Z(σa)} as discussed by [17]. Similar
results can be obtained in the large N limit of the F4 Matrix Models of [7], with
the only difference that one must use the trilinear form based on Jordan products
instead of the cubic form ( based on the Jordan and Freudenthal product ). We
urge the reader to study the procedure [4], [5] which explains rigorously why
the large N limit of discrete matrix models leads to strings, membranes and p-
branes actions. This procedure is what permits us to write the correspondence
given by eqs-(1.11-1.13).

Finally, the bulk 3-dim action whose 2-dim boundary action is given by the
large N limit of eq-(1.11), and omitting numerical factors, is explicitly given by

S =
∫

V

d3V εabc [ εIJK( ∂aAI ∂bAJ ∂cAK + ηij ∂aΦ0I ∂bΦiJ ∂cΦjK +

σijk ∂aΦiI ∂bΦjJ ∂cΦkK + ηij ∂aAI ∂bΦiJ ∂cΦjK + ∂aAI ∂bΦ0J ∂cΦ0K +

∂aΦ0I ∂bΦ0J ∂cΦ0K ) + σijk
I=3∑
I=1

∂aΦiI ∂bΦjI ∂cΦkI ] (1.14)
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Concluding, the N → ∞ limit of Ohwashi E6 matrix model action (1.11) is
given by anovel Chern-Simons membrane model (not to be confused with the
Zaikov’s Chern-Simons membrane [1]).

The action in condensed form can be written as

S =
∫

V

[d3V ] εabc ( ∂aJ, ∂b ρ(J), ∂c ρ2(J) ). (1.15)

The above action can also be recast in terms of Nambu-Poisson brackets as∫
d3σ [ εIJK( { AI , AJ , AK } + ηij { Φ0I , ΦiJ , ΦjK } +

σijk { ΦiI , ΦjJ , ΦkK } + ηij { AI , ΦiJ , ΦjK } + { AI , Φ0J , Φ0K } +

{ Φ0I , Φ0J , Φ0K } ) + σijk
I=3∑
I=1

{ ΦiI , ΦjI , ΦkI} ]. (1.16)

The integrand is a total derivative that can be integrated over a two-dim
boundary domain Σ ≡ ∂V giving

S =
∫

∂V

[d2Σ]a εabc [ εIJK( AI ∂bAJ ∂cAK + ηij Φ0I ∂bΦiJ ∂cΦjK +

σijk ΦiI ∂bΦjJ ∂cΦkK + ηij AI ∂bΦiJ ∂cΦjK +AI ∂bΦ0J ∂cΦ0K +

Φ0I ∂bΦ0J ∂cΦ0K ) + σijk
I=3∑
I=1

ΦiI ∂bΦjI ∂cΦkI ]. (1.17)

The novel Chern-Simons action (1.17) (which is the large N limit of the action
in eq-(1.11)) is associated with the 2-dim boundary of an open 3-dim region,
the world volume of an open membrane, and is the candidate action for a non-
perturbative bosonic formulation of M theory in D = 27 dimensions [10], [13] .
We can recognize that the action (1.17) is roughly of the same BF form as the
topological open membrane actions in a constant antisymmetric tensor Bµ1µ2µ3

background [14] .
In the Smolin version [7] of the action, one may interpret the 27 functions

AI(σa),Φ0I(σa),ΦiI(σ) associated with the Chern-Simons action (1.16,1.17)
as foliations (maps) from the 3-dim worldvolume of the membrane (and its
boundary) to the 27-dim target spacetime M27. Upon foliating the 3-dim
world-volume V into Σ × R, where the leaves Σ are two-dim Riemann sur-
faces, and R represents the world-volume clock, yields the embedding maps
X : Σ × R → Υ16 × M11, where the ”horizontal” leaves Υ16 foliate the
underlying space M27 along the ”vertical” directions M11. Given a finite size
3-dim tubular region V with two boundary-components ∂V = Σ1∪Σ2, one may
interpret the first and last leaves of the foliations of M27 as two spatial 16-dim
regions Υ16 such that X : Vbulk → M27 and X : ∂V = Σ1∪Σ2 → Υ16

1 ∪Υ16
2 .

This foliation picture has been studied by Zois [8], in a very different context, to
describe the dynamics of a continuum of N = ∞ parallel D-branes as leaves of
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foliations of the underlying bulk space time with the purpose of understanding
the Non-commutative topology of M theory.

When the coordinates X belong to the exceptional Jordan J3[O] algebra
one must use the Smolin version of the action [7] instead of the complexified
Ohwashi’s version [6] and the boundary maps are represented by

X(∂V ) : ∂V = Σ1 ∪ Σ2 → (R×O)P 2 ∪ (R×O)P 2. (1.18)

where the projective Moufang plane is the coset space (R×O)P 2 ≡ F4/Spin(9).
Since ∂V is made out of compact regions (Riemann surfaces) Σ1,Σ2, the con-
tinuous maps X(∂V ) should map compact sets into compact sets which is com-
patible by viewing the projective planes as compact domains of the spatial Υ16

regions (noncompact hypersurfaces in general) . Because the isometry group of
(R × O)P 2 is also the automorphism group of the Jordan algebra J3[O] given
by F4, this picture of foliations is indeed consistent with the chosen boundaries
since F4 acts naturally on the projective plane (R×O)P 2 via isometries.

The split of the 27 = 3+8+16 coordinates corresponding to the entries of an
element of the J3[O] algebra, can be understood as follows : The three functions
A1(σa),A2(σa),A3(σa) are associated with the three longitudinal directions
corresponding to the 2 + 1 = 3 dim world-volume of the membrane. The 8
functions Φ01,Φi1 ( i = 1, 2, 3, ....7 ) represent the 8 transverse-directions of the
membrane with respect to an 11-dim domain region inside the 27-dim bulk of
M27. The 16 ( real ) functions Φ02,Φi2,Φ03,Φi3 correspond to the coordinates
of the 16 real-dim (R×O)P 2 projective plane.

The action written in the form (1.16) is clearly invariant under volume-
preserving reparametrizations of the three-dim world-volume that leave invari-
ant the Nambu-Poisson brackets. One may view the membrane as an incom-
pressible fluid that can change its shape while maintaining its volume. The true
dynamics of (1.16) reside in the two-dim boundary captured by the two-dim
boundary action S(Σ) in eq-(1.17). There is also an invariance of the action
under the global rigid E6 transformations (simply connected compact group)
and which are encoded as automorphims of the J3[C × O] algebra under the
transformations J → α J, where α is a 3×3 matrix whose entries are numerical
constants and which leave invariant the cubic form in eq-(1.14) as follows

S(αJ) =
∫

V

[d3V ] εabc ( ∂a (αJ), ∂b (αρ(J)), ∂c (αρ2(J)) ) =

S(J) =
∫

V

[d3V ] εabc ( ∂a J, ∂b ρ(J), ∂c ρ2(J) ). (1.19)

these E6 global (rigid) mappings α also leave invariant the Hermitian product

< αX, αY > = < X, Y > = (X∗,Y) = tr (X∗ · Y). (1.20)

There is also symmetry under the cycle mapping ρ by construction.
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To end this section we analyze what is the physical meaning of the complex
valued action obtained by [6] and the physical implications behind the complex-
ifications of the coordinates corresponding to the bosonic 27-dim version of M
theory. Exceptional Jordan Matrix Models based on the compact E6 involve
a double number of the required physical degrees of freedom inherent in the
complex-valued action [6]. This led Ohwashi to construct an interacting pair
of mirror universes within the compact E6 matrix model and equipped with a
Sp(4,H)/Z2 symmetry based on the quaternionic valued symplectic group. The
interacting picture resembles that of the bi-Chern-Simons gravity models [21].
The complex counterpart of the Chern-Simon-Witten theory has been studied
by [22] where the complex (holomorphic) analogue of the Gauss linking number
for complex curves embedded in a Calabi-Yau threefold was defined.

A complexification of ordinary gravity (not to be confused with Hermitian-
Kahler geometry ) has been known for a long time. Complex gravity requires
that gµν = g(µν)+ig[µν] so that now one has gνµ = (gµν)∗, which implies that the
diagonal components of the metric gz1z1 = gz2z2 = gz̃1z̃1 = gz̃2z̃2 must be real.
A treatment of a non-Riemannan geometry based on a complex tangent space
and involving a symmetric g(µν) plus antisymmetric g[µν] metric component was
first proposed by Einstein-Strauss [23] (and later on by [25] ) in their unified
theory of Electromagentism with gravity by identifying the EM field strength
Fµν with the antisymmetric metric g[µν] component.

Borchsenius [24] formulated the quaternionic extension of Einstein-Strauss
unified theory of gravitation with EM by incorporating appropriately the SU(2)
Yang-Mills field strength into the degrees of a freedom of a quaternionc-valued
metric. Oliveira and Marques [26] later on provided the Octonionic Gravita-
tional extension of Borchsenius theory involving two interacting SU(2) Yang-
Mills fields and where the exceptional group G2 was realized naturally as the
automorphism group of the octonions.

It was shown in [27] how one could generalize Octonionic Gravitation into
an Extended Relativity theory in Clifford spaces, involving poly-vector valued
(Clifford-algebra valued) coordinates and fields, where in addition to the speed
of light there is also an invariant length scale (set equal to the Planck scale)
in the definition of a generalized metric distance in Clifford spaces encoding,
lengths, areas, volumes and hyper-volumes metrics.

Generalized Complex geometry was developed by Hitchin and involves a
metric and a two-form, an antisymmetric field Bµν ( not the same as g[µν]) and
plays an important role in string theory compactifications with flux. Recently
Hitchin’s geometry has been generalized to manifolds with a metric and p-
forms by [28] as the appropriate geometry for M theory. Generalized Complex
geometry has also been instrumental in the Geometric Langlands Program in
Physics advanced by [29]. In the next section we will have another interpretation
of this doubling of the number of degrees of freedom by working in a suitable
phase space involving coordinates and momenta.
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2 The large N limit of the E7 × SU(N) Matrix
Model and 28-dim Bosonic F Theory

To construct the E7 × SU(N) Matrix model, we must firstly begin with the
results of Gunaydin et al [11] who have shown that there are no quadratic E7(7)

invariants in the 56-dim representation of E7 but instead a real quartic invariant
I4 can be built by means of the Freudenthal ternary product [12], [17] among
the elements X, Y, Z... of a Freudenthal algebra Fr[O] = J3[O] ⊕ J3[O] ⊕ R2

of 56 real-dimensions 27 + 27 + 2 = 56 which is compatible with the 3-grading
decomposition of the 56-dim representation of E7(7) under the E6(6)×Dilations
: 1⊕54⊕1. Hence, the ternary product X×Y ×Z → W and a skew-symmetric
bilinear form < X,Y > yields a quartic E7 invariant of the form [11]

I4 =
1
48

< (X, X, X), X > = XijXjkXklXli −
1
4
XijXijX

klXkl +

1
96

εijklmnpqXijXklXmnXpq +
1
96

εijklmnpqX
ijXklXmnXpq. (2.1)

where the symplectic invariant of two 56-dim representations, like the area
element in phase space

∫
dp ∧ dq, is given by :

< X,Y >= XijYij −XijY
ij (2.2)

the fundamental 56 dimensional representation of E7(7) is spanned by the anti-
symmetric real tensors ( bi-vectors ) Xij , Xij built from the SL(8, R) group
indices 1 ≤ i, j ≤ 8 and such that the net number of degrees of freedom is
56 = 28 + 28 because an SL(8, R) bi-vector has 28 independent components.
There are 28 coordinates Xij and 28 momenta coordinates Xij = Pij .

The next step is to construct E7(7)×SU(N) invariants in the large N limit.
This is straightforward once we follow the same steps in the previous section
and after defining the matrix-valued coordinates MATA = XijATA which take
values in the Lie algebra e7(7)×su(N). The quartic E7×SU(N) invariant which
we propose is defined by

I4 =
1
2
fE

AB fCDE [ XijAXB
jkXklCXD

li −
1
4
XijAXB

ij XklCXD
kl +

1
96

εijklmnpqXA
ijX

B
klX

C
mnXD

pq +
1
96

εijklmnpqX
ijAXklBXmnCXpqD ]. (2.3a)

where the four-index SU(N) invariant tensor is defined in terms of the structure
constants [TA, TB ] = fC

ABTC as ρABCD = fE
AB fCDE . It is not difficult to verify

that one can re-write the terms of eq-(2.3a) in terms of the trace of SU(N)
commutators, since Trace(TATB) = 1

2δAB , as

Trace ([ XijATA, XB
jkTB ] [XklCTC , XD

li TD]) =
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1
2
fE

AB fCDE XijAXB
jkXklCXD

li . (2.3b)

and similar equalities hold among the other terms of eq-(2.3a).
In the large N limit of eqs-(2.3a, 2.3b), as explained in [4], [5] and sum-

marized in eqs-(1.1, 1.8), one has the correspondence XijATA → Xij(σa); the
SU(N) commutaors [ ] → { }PB and the Trace operation →

∫
dnσ. Therefore,

the large N limit of the expression I4 in eq-(2.3a), after rewriting each single
term in terms of the trace of SU(N) commutators as indicated by eq-(2.3b), is
given by a generalized nonlinear sigma model action associated with the maps
from a 4-dimensional base manifold onto the bivector-valued target space co-
ordinates Xij(σa) = −Xji(σa) and momenta Pij(σa) = Xij(σa) = −Xji(σa),
respectively, that parametrize a 28 complex dimensional space C28 associated
with a 56 real-dimensional phase space realization of the Freudenthal algebra
Fr[O] [11], [12]. To sum up, the large N limit of the quartic invariant (2.3)
furnishes the generalized nonlinear sigma model action on a 56-real dimensional
phase space

S =
∫

[d4σ] [ { Xij , Pjk }{ Xkl, Pli } −
1
4
{ Xij , Pij }{ Xkl, Pkl } +

1
96

εijklmnpq { Pij , Pkl }{ Pmn, Ppq } +
1
96

εijklmnpq {Xij , Xkl }{Xmn, Xpq } ].

(2.4)
the Poisson brackets are defined with respect to the 4 coordinates σa = σ1, σ2, σ3, σ4

associated with the 4 dimensional base manifold by

{ Xij , Xjk } = Ωab ∂Xij

∂σa

∂Xjk

∂σb
. (2.5)

Ωa,b is the Poisson symplectic two-form .
A further analysis of eq-(2.4) reveals that the last two terms of eq-(2.4) are

zero due to the antisymmetry { Pkl, Pij } = −{ Pij , Pkl } and the condition
εklijmnpq = εijklmnpq ( an even permutation of indices ). Thus, we are left only
with

S =
∫

[d4σ] [ { Xij , Pjk }{ Xkl, Pli } −
1
4
{ Xij , Pij }{ Xkl, Pkl }. (2.6)

It remains to be studied whether or not the 4-dim base manifold in (2.6) can
be identified with the 4-dim world volume of a 3-brane. The action of (2.6) bears
a resemblance with the action of (1.8) corresponding to the 3 + 1 dimensional
world volume of a 3-brane. Namely, if one can interpret the elements X, Y, Z...
of the Freudenthal Fr[O] algebra in terms of the 28 complex coordinates cor-
responding to the embeddings of a complexified 4d world-volume (associated
with a 3-brane) onto a complexified 12-dim spacetime, and which result from
the foliations of the 28 complex-dim spacetime into 16 complex-dimensional
leaves (like the projective plane (C ×O)P 2 ) along the 12 complex-dimensional
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spacetime M12. Another picture is naturally to study the compactifications
of a 28 complex-dim spacetime on 16 complex-dimensional internal spaces, like
the projective plane (C ×O)P 2 whose isometry group is E6, yielding Einstein-
Yang-Mills actions in 12 complex-dimensions. We conjecture that this novel
E7×SU(N) matrix model would be the appropriate arena for a bosonic formu-
lation of F theory, in the same vein as the formulation of the heterotic string
is based upon compactifications of the 26-dimensional bosonic string on 16-dim
lattices.

Concluding, the generalized Nonlinear sigma model action (2.6) should de-
scribe the global dynamics of a complexified 3-brane embedded in 28-complex
dim ( 56 real dimensional phase space) corresponding to a complexified bosonic
formulation of F theory. Identical results can be attained when the phase space
coordinates Xij , Pij belong to the complexification of the Freudenthal algebra
Fr[C × O] algebra of 4 × 28 = 112 real-dimensions. In this case one would
have the quaternionic version of the bosonic formulation of F theory in 28
quaternionic-dimensional spaces. The connection between F theory and Jordan
algebras of degree four J4[H] have been described by Smith [15].

To finalize we shall present a modification of the Dirac-Nambu-Goto mem-
brane action in terms of a 3 × 3 × 3 cubic matrix Habc. A generalization of
a determinant for matrix elements of non-associative Jordan algebra has been
provided by Freudenthal detX = 1

3 (X, X, X) in terms of the cubic-form . De-
spite that the non-associativity of octonions precludes the ordinary definition
of a determinant, another interesting possibility to explore is to write the cubic
matrix XABC of 3 × 3 × 3 = 27 entries that matches precisely the number of
27 independent components of the Jordan 3 × 3 hermitian matrices belonging
to J3[O] algebra, and whose hyper-determinant is :

Det X ∼ εA1A2A3 εB1B2B3 εC1C2C3 XA1B1C1 XA2B2C2 XA3B3C3 . (2.6)

one could then construct a generalization of the Dirac-Nambu-Goto membrane
action :

S =
∫

d3σ [ |Det H| ]1/3. (2.7)

where the hyper-metric H represented by the 3 × 3 × 3 hyper-matrix (cubic
matrix) Habc is defined as the pullback of Hµ1µ2µ3

Habc = Hµ1µ2µ3 ∂aXµ1 ∂bX
µ1 ∂cX

µ1 . (2.8)

and the Finslerian-like space-time interval is of the form :

(ds)2 = [ Hµ1µ2µ3 dxµ1dxµ2dxµ3 ]2/3. (2.9)

Finslerian-like geometries [19] are related to WN geometries . The Exceptional
(magical) Jordan algebras J3[R,C, H, O] were instrumental in deciphering im-
portant algebraic structures in W3,WN gravity [18]. For these reasons, the

11



interplay among WN algebras, Jordan algebras, Finsler geometry and modi-
fied Dirac-Nambu-Goto membrane actions warrants further investigation. For
recent studies of M, F theory see [20]

To conclude, it is worth mentioning some developments related to Jordan
exceptional algebras and octonions. The E7 Cartan quartic invariant (2.1) was
used by [30] to construct the entanglement measure associated with the tripar-
tite entanglement of seven quantum-bits represented by the group SL(2, C)3 and
realized in terms of 2× 2× 2 cubic matrices. It was shown by [31] that this tri-
partite entanglement of seven quantum-bits is entirely decoded into the discrete
geometry of the octonion Cayley-Fano plane. The analogy between quantum
information theory and supersymmetric black holes in 4d string theory compact-
ifications was extended further by [31]. The role of Jordan algebras associated
with the homogeneous symmetric spaces present in the study of extended su-
pergravities, BPS black holes, quantum attractor flows and automorphic forms
can be found in [32]. A nonassociative formulation of bosonic strings in D = 26
using Jordan algebras was presented a while back by [33]. The results of this
work are the first steps in the construction of nonassociative membranes and
3-branes generalizations based on exceptional Jordan algebras.
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