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Circularly Polarized Plane Wave Has Spin Angular Momentum
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Abstract: Absorption of a circularly polarized light beam is considered as a laser-
material interaction. It is shown that the torque acting on the material is twice as
much as the standard electrodynamics predicts.
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The beam [1,2] of power P =1, E =e""[x+iy +z(i0, —9,)]E,(r), B =—iE, is considered.

Here E, =E,(0) if r<R,-6/2, E, =0 if r>R, +38/2,
J‘wajdxdy = I: EZ2nrdr =EZ(0)nR. =1 (see Fig. 1). This circularly polarized beam is

absorbed by a plane z =0, and the mechanical stress produced in the plane by the beam is
calculated. It is shown that the central part of the beam produces a torque at the central region of
the plane due to the spin of the beam, and the skin of the beam produces an additional torque due
to the orbital angular momentum of the beam. The total torque acting on the plane equals

1.« = 2P/ . This fact contradicts the standard electrodynamics, which predicts the torque equals

1.+ =P/®, and means the standard electrodynamics, as well as the whole classical field theory,

is incomplete. An introducing of a spin tensor corrects the electrodynamics. Here is our
calculation.
Components of the momentum density p in the circularly polarized beam are

p*=<(ExB), >=R(E,B,-E,B,)/2=0,E; /2, p’'=-0,E;/2, p*=-0E;/2. (1)
(We set k = o = ¢ =1). The beam exerts the force density f¢=-8 EZ/2 on the plane and gives
rise to a 2-dimensional stress tensor density T™ of the plane, according to
V T*=0,T*+T,T% = f' where V,T™ is the covariant divergence of the density [3] and T},
are the Christoffel symbols of the used cylindrical coordinates r,¢,z:

Iy, =-r, Ty =T} =1/r,T;; =4 =1/t (we ignore the light pressure). Because T* =T", we
have
O T  +T T =0, T + T T  +TAT® =0, T" +2T" Ir=1°=-0,E; /2. (2)
This equation has a solution, which is depicted in Fig. 2,
T =C(r)/r?, 8,Clr?=-0,E2/2, C(r)=-r’E2 /2+j0r rE2dr . (3)
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Fig 1. The profile of the electric field of the i ) ’
bearn and the angular momentum density.  Fig. 2. The component of the stress tensor arisen from Fig. 3. The component of the stress tensor arisen from

the orbital angular mormentum. the spin angular momentum

It is easy to verify that T™ =T * =0. The solution (3) means that T* =0 if r <R, -8/2 and

T¥ =1/(2nr?) if r >R, +8/2, i.e. there is no mechanical stress in the central region of the
target plane, while the outside part of the plane (r > R, + 6/2) experiences the torque

T=rT"2nr =1 4)
This is because the electric and magnetic fields of the beam have a nonzero z-component only
within the skin region of & -thickness of the beam. Having z-component within this region
implies the possibility of a nonzero z-component of angular momentum within this region. Since
the fields is identically zero outside the skin and constant inside the skin region, the skin region
is the only one in which the z-component of angular momentum does not vanish [2,4]. The result
(4) is in accordance with the common opinion that t =P/® (we set ® =1).

However, the central region of the plane evidently catches spin angular momentum and
experiences a torque. This torque arises from the fact that the dielectric constant ¢ is a tensor.
Consequently, the electric intensity E is not parallel to the electric polarization P in the medium
of the plane [5,6]. But this torque is not connected with a moment of the momentum (1) and with
the torque (4), and requires a concept of the electrodynamics’ spin tensor [7-11],

Yy = (AP AR £ T 0MTTM) /2, where A and TT* are magnetic and electric vector
potentials: 20, A, =F,,, 20,11, =-¢,,F* and F** =—F™ F _=F¥g g,
(u,v,..=0,1, 2, 3) is the field strength tensor. The sense of a spin tensor Y™ is as follows. The
component Y"° is a volume density of spin. This means that dS” = Y"°dV is the spin of
electromagnetic field inside the spatial element dV . The component Y is a flux density of
spin flowing in the direction of the x* axis. For example, dS, /dt =dS* /dt = dt™ = Y*da, is
the z-component of spin flux passing through the surface element da, per unit time, i.e. the
torque acting on the element.

We take account of the spin torque here. For our beam, the calculation [11] gives Y ' = EZ.

pv ! pvof

As is known, the local conservation law V,T* =0 is accompanied by the angular
momentum conservation law (see, e.g., [12] p. 64) 2T" =v, Y™ In our case 27 =5 Y™

where 1; [l js an antisymmetric part of the 3-dimensional stress tensor density in material of the

absorbing plane. By the integration I:21; [relgz = J‘:aZY“’Zdz , We arrive at an asymmetric 2-

dimensional stress tensor density, ngm , which characterizes the medium absorbing spin angular
momentum flux and satisfies the two equations, instead of (2),



T =YY" =—E;, 0,T5 +2T 58 /r=0. ®)

spin r ' spin spin

These equations have a solution (see Fig. 3): T =-T® =1/(2rRZ) if r<R, -5/2,

spin spin

TH =T =1/(2nr?) if r > R, +8/2. It means that stress tensor is antisymmetric in the central

spin spin
region.
The component of the total stress tensor density is T2 =T +T."

tot spin

=1/(nr?) if
r>R,+38/2. Thus, the outside part of the plane experiences the torque

T =ITH2nr =2 (6)
The result (6) is in accordance with the formula t = 2P/® [7-11] and contradicts the common

formula t =P/®. This means also that a circularly polarized plane wave has spin angular
momentum described by the spin tensor [13]
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