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Abstract

A novel Chern-Simons Eg gauge theory of Gravity in D = 15 based on an octic Fg invariant expression
in D = 16 (recently constructed by Cederwall and Palmkvist) is developed. A grand unification model of
gravity with the other forces is very plausible within the framework of a supersymmetric extension (to
incorporate spacetime fermions) of this Chern-Simons Fg gauge theory. We review the construction showing
why the ordinary 11D Chern-Simons Gravity theory (based on the Anti de Sitter group) can be embedded
into a Clifford-algebra valued gauge theory and that an Eg Yang-Mills field theory is a small sector of a
Clif ford (16) algebra gauge theory. An Eg gauge bundle formulation was instrumental in the understanding
the topological part of the 11-dim M-theory partition function. The nature of this 11-dim FEg gauge theory
remains unknown. We hope that the Chern-Simons Eg gauge theory of Gravity in D = 15 advanced in this
work may shed some light into solving this problem after a dimensional reduction.

1 INTRODUCTION

Exceptional, Jordan, Division and Clifford algebras are deeply related and essential tools in many
aspects in Physics [3,5,8,9,14,15,16,17,18,19,20]. Ever since the discovery [1] that 11D supergravity, when
dimensionally reduced to an n-dim torus led to maximal supergravity theories with hidden exceptional
symmetries F,, for n < 8, it has prompted intensive research to explain the higher dimensional origins of
these hidden exceptional E,, symmetries [2, 6] . More recently, there has been a lot of interest in the infinite-
dim hyperbolic Kac-Moody FEi¢ and non-linearly realized F7; algebras arising in the asymptotic chaotic
oscillatory solutions of Supergravity fields close to cosmological singularities [1,2].

The classification of symmetric spaces associated with the scalars of N extended Supergravity theories,
emerging from compactifications of 11D supergravity to lower dimensions, and the construction of the U-
duality groups as spectrum-generating symmetries for four-dimensional BPS black-holes [6] also involved
exceptional symmetries associated with the exceptional magic Jordan algebras J5[R, C, H, O]. The discovery
of the anomaly free 10-dim heterotic string for the algebra Fg x Eg was another hallmark of the importance
of Exceptional Lie groups in Physics.

The Eg group was proposed long ago [24] as a candidate for a grand unification model building in
D = 4. An extensive review of the Eg grand unified models may be found in [26]. The supersymmetric
Es model has more recently been studied as a fermion family and grand unification model [25] under the
assumption that there is a vacuum gluino condensate but this condensate is not accompanied by a dynamical
generation of a mass gap in the pure Eg gauge sector. Clifford algebras and Ejg are key ingredients in Smith’s
Dy — D5 — Eg — E7 — Eg grand unified model in D = 8 [6].

An Eg gauge bundle was instrumental in the understanding the topological part of the M-theory parti-
tion function [27, 32]. A mysterious Eg bundle which restricts from 12-dim to the 11-dim bulk of M theory
can be compatible with 11-dim supersymmetry. The nature of this 11-dim Fg gauge theory remains un-
known. We hope that the Chern-Simons Eg gauge theory of gravity in D = 15 advanced in this work may
shed some light into solving this question.

Es Yang-Mills theory can naturally be embedded into a CI(16) algebra Gauge Theory [33] and the
11D Chern-Simons (Super) Gravity [4] is a very small sector of a more fundamental polyvector-valued gauge
theory in Clifford spaces. Polyvector-valued Supersymmetries [11] in Clifford-spaces [3] turned out to be more
fundamental than the supersymmetries associated with M, F theory superalgebras [7,10]. For this reason
we believe that Clifford structures may shed some light into the origins behind the hidden Eg symmetry of
11D Supergravity and reveal more important features underlying M, F' theory.
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The main purpose of this work is to develop a Chern-Simons Eg gauge theory of Gravity in D = 15
based on an octic Eg invariant expression in D = 16 recently constructed by [23], and to propose a grand
unification of gravity with all the other forces within the framework of a Supersymmetric extension (to
incorporate spacetime fermions ) of the Chern-Simons FEg gauge theory. Our octic Fg invariant action has
37 terms and contains : (i) the Lanczos-Lovelock Gravitational action associated with the 15-dim boundary
OM!I of the 16-dim manifold. ; (ii) 5 terms with the same structure as the Pontryagin py(F!7) 16-form
associated with the SO(16) spin connection QLJ where the indices I, J run from 1,2, ..., 16; (iii) the fourth
power of the standard quadratic Eg invariant [I3]* ; (iv) plus 30 additional terms involving powers of the
Eg-valued FJ and F2, field-strength (2-forms).

In the final section we explain how a Clifford algebra gauge theory (that includes the Chern-Simons
gravity action) can itself be embedded into a more fundamental polyvector-valued gauge theory in Clifford
spaces involving tensorial coordinates xt1#2 gHiH2ks  in addition to antisymmetric tensor gauge fields
Appss Apipaps - - The polyvector-valued supersymmetric extension of this polyvector valued bosonic gauge
theory in Clifford spaces may reveal more important features of a Clifford-algebraic structure underlying
M, F,S theory in D = 11,12,13 dimensions. An overview of the basic features of the Extended Relativity
in Clifford spaces can be found in [3] and a polyvector valued generalized supersymmety algebra in Clfford
spaces was presented in [11].

2. A CHERN-SIMONS E3 GAUGE THEORY OF GRAVITY
2.1 Eg Yang-Mills in D = 4 and Clifford-algebra-valued gauge theories
It is well known among the experts that the Fgs algebra admits the SO(16) decomposition 248 —
120 & 128. The Eg admits also a SL(8, R) decomposition [6]. Due to the triality property , the SO(8)

admits the vector 8, and spinor representations 8, 8.. After a triality rotation, the SO(16) vector and
spinor representations decompose as [6]

16 — 8, @ 8,. (2.1a)
128, — 8, ® 56, ®1® 28 ® 35,,. (2.1b)
128, — 8, & 56, & 8, & 56,. (2.1¢)

To connect with (real) Clifford algebras [8], i.e. how to fit Eg into a Clifford structure , start with the
248-dim fundamental representation Fgs that admits a SO(16) decomposition given by the 120-dim bivector
representation plus the 128-dim chiral-spinor representations of SO(16). From the modulo 8 periodicity of
Clifford algebras over the reals one has CI(16) = Cl(2 x 8) = CI(8) ® CI(8), meaning, roughly, that the
216 = 256 x 256 (Cl1(16)-algebra matrices can be obtained effectively by replacing each single one of the
entries of the 28 = 256 = 16 x 16 CI(8)-algebra matrices by the 16 x 16 matrices of the second copy of the
Cl(8) algebra. In particular, 120 = 1 x 28+ 8 x 8 28 x 1 and 128 = 8 4+ 56 + 8 + 56 , hence the 248-dim Fjg
algebra decomposes into a 120 4+ 128 dim structure such that Fg can be represented indeed within a tensor
product of CI1(8) algebras.

At the Eg Lie algebra level, the Eg gauge connection decomposes into the SO(16) vector I,J = 1,2,...16
and (chiral) spinor A =1,2,...128 indices as follows

Ay =ATX 1+ AYa, Xpy=-Xy 1,J=1,23,..,16. A=1.2...,128 (2.3)

where X7,Ya are the Eg generators. The Clifford algebra (CI(8) ® CI(8) ) structure behind the SO(16)
decomposition of the Ey gauge field AL/ X;; + AY, can be deduced from the expansion of the generators
X17,Y4 in terms of the CI(16) algebra generators. The CI(16) bivector basis admits the decomposition

XY =all (vi;o1) + b Q@) + off (v®7) (2.4)

where ~;, are the Clifford algebra generators of the CI(8) algebra present in C1(16) = CI(8) ® C1(8); 1 is the
unit C1(8) algebra element that can be represented by a unit 16 x 16 diagonal matrix. The tensor products
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® of the 16 x 16 CI(8)-algebra matrices, like 3, ® 1, 7; @ 5, ...... furnish a 256 x 256 CI(16)-algebra matrix,
as expected. Therefore, the decomposition in (2.4) yields the 28 + 28 + 8 x 8 = 56 + 64 = 120-dim bivector
representation of SO(16); i.e. for each fixzed values of I.J there are 120 terms in the r.h.s of (2.4), that match
the number of independent components of the Eg generators X!/ = — X7/ given by %(16 x 15) =120 . The
decomposition of Y, is more subtle. A spinor ¥ in 16D has 2% = 256 components and can be decomposed
into a 128 component left-handed spinor ¥4 and a 128 component right-handed spinor ¥4; The 256 spinor
indices are « = A, A; =B, B, ...... with A, B =1,2,....128 and A.B = 1,2, ..., 128, respectively.

Spinors are elements of right (left) ideals of the C1(16) algebra and admit the expansion ¥ = ¥,£“ in a
256-dim spinor basis £€* which in turn can be expanded as sums of Clifford polyvectors of mixed grade; i.e.
into a sum of scalars, vectors, bivectors, trivectors, .....Minimal left /right ideals elements of Clifford algebras
may be systematically constructed by means of idempotents e? = e such that the geometric product of
Cl(p, q)e generates the ideal [22] .

The commutation relations of Eg are [6]

[XIJ,XKL} — 4 ( 5IK XLJ—(SIL XKJ+6JK XIL _5JL XIK )
1

« « 1 « o (%
(X1, Y] = —5 9% vy [Ye,vd] = i 9% x17 97 = [0y, 1,0, (2.10)

The combined Eg indices are denoted by A = [IJ], « ( 120 + 128 = 248 indices in total ) that yield the
Killing metric and the structure constants

1 1
nAB = w I TATE — —@fg‘p f5eP (2.11a)

FILKLMN _ _g5IK & ffé — _EFU- kL _ L oerg fELCD (2.11b)

LJ .
My T permutations; > 5L ap; n = —ggfep

We shall proceed with the CI(16) gauge theory that encodes the exceptional Lie algebra Fg symmetry from
the start. The Eg gauge theory in D = 4 is based on the Fg-valued field strengths

Fl X1y = (0,A = 0,AL) Xy + AR AYN [Xgcp, Xyn] + AS A [Ya, V). (2.12)

FAY, = (0,42 — 0,A%) Yo + A% ALY [V, X1]. (2.13)

The Eg actions are

1
STopological [E8} = / d4ZE @TT [ F/f‘u Fg— TATB } eMrT = / d41‘ F,f‘u Fg— NAB et =

nv puvs pt pv + pt

/ d*z [ FYFEY nigkr + FSFD nag +2FLFS npg ] e (2.14)

where €Y7 is the covariantized permutation symbol and

1
SvulBsl = [ dte v G Tr (FA FE TuTs ) 979" = [ d's V5 B B nas 99" =

/ d'z VI [ Fi;fF,fiL NIJKL ~+ FﬁuFfT Nag + 2F;{I{Fpﬂﬂ' nip | 979" (2.15)

The above Eg actions (are part of ) can be embedded onto more general C1(16) actions with a much larger
number of terms given by

ST opological|[C1(16)] = / d'z < FM FY Tuly > 7 = / d'z N FY G 7. (2.16)

3



and
Sy m[C1(16)] :/ d'z \Jg < FN FNTuIy > g'°g"" :/ d'z \fg F) FY G 9" (2.17)

where < I'p(I'yy > = Gaqn 1 denotes the scalar part of the Clifford geometric product of the gammas.
Notice that there are a total of 65536 terms in
FM'FN Gay = FuFpr + FLFL + FOEFDE 4 + Flfzehe plhiledis, (2.18)

puv= pT

where the indices run as I = 1,2,.....16. The Clifford algebra CI(16) has the graded structure ( scalars,
bivectors, trivectors,....., pseudoscalar ) given by

116 120 560 1820 4368 8008 11440 12870
11440 8008 4368 1820 560 120 16 1. (2.19)

consistent with the dimension of the CI1(16) algebra 26 = 256 x 256 = 65536.

The possibility that one can acommodate another copy of the Eg algebra within the CI(16) algebraic
structure warrants further investigation by working with the duals of the bivectors X;; and recurring to the
remaining Y; generators. The motivation is to understand the full symmetry of the Eg x Eg heterotic string
from this Clifford algebraic perspective. A clear embedding is, of course, the following

Es x By C Cl(8) ® CI(8) ® CI(8) ® CI(8) C CI(16) ® CI(16) = CI(32). (2.20)

where SO(32) C C1(32) and SO(32) is also an anomaly free group of the heterotic string that has the same
dimension and rank as Fg x Ejs.

2.2. An Eg gauge theory of Gravity based on an Octic Invariant

The action that defines a Chern-Simons Eg gauge theory of Gravity in 15-dim is

S = / < FF ... F >py = / (F]\/Il A FMz2 oA A\ FMS) TMlMQJVIQ,...‘Mg =
M16 M16

| e (2.20)

The Eg Lie-algebra valued 16-form < F® > is closed : d (< FMiTy, AFM2Typ, A ... ANFMsTy o >)=0
and locally can always be written as an exact form in terms of an FEg-valued Chern-Simons 15-form as
Iig = dﬁgg)(A,F). For instance, when M6 = S¢ the 15-dim boundary integral (2.20) is evaluated in
the two coordinate patches of the equator S'° = M6 of S16 leading to the integral of tr(g~'dg)® (up to
numerical factors ) when the gauge potential A is written locally as A = g~!dg and g belongs to the Eg
Lie-algebra. The integral is characterized by the elements of the homotopy group m15(Eg). S*¢ can also be
represented in terms of quaternionic and octonionic projectives spaces as HP*, OP? respectively.

In order to evaluate the operation < ....... >, in the action it involves the existence of an octic Eg group
invariant tensor Y s, as,.... M, that was recently constructed by Cederwall and Palmkvist [23] using the Math-
ematica package GAMMA based on the full machinery of the Fierz identities. The entire octic Eg invariant
contains powers of the SO(16) bivector X! and spinorial Y generators X%, X6Y2 X4y*4 X2Y6 Y8 The
corresponding number of terms is 6, 11,12, 5, 2 respectively giving a total of 36 terms for the octic Eg invari-
ant involving 36 numerical coefficients multiplying the corresponding powers of the Fg generators. There is
an extra term ( giving a total of 37 terms ) with an arbitrary constant multiplying the fourth power of the
quadratic invariant Iy = —3tr[ (FL/ X ;)% + (F,Ya)? |.

The Euler-density in 16D corresponds to the Pfaffian associated with the 16 x 16 antisymmetric matrix
F!7 where the components F'// can be read from eq-(2.12). The Euler (Born-Infled) action density is

Pfaffian(F) = Vdet F = Lpye, = FD pl2l2 plads FI7% e g1t IaJs- (2.21)
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such that the exterior derivative of the gravitational 15-dim Lanczos-Lovelock (LL) action E(Lli’) corresponding
to the 15-dim boundary ¥ = M1 yields the Euler-density 16-form d £r;, = Lguer. Upon inserting the
spacetime indices p1, p2, ..... 416, the Euler characteristic class invariant e(7 M) of the SO(16) tangent bundle
associated with M6 is given by

f 15 15
SEuler :/ 6#1#2 ..... He Flﬁl{; Flﬁl‘ﬁ """" F/{i;]lilﬁ €Lz Jz.. IgJs = / d‘c.(LL) = / ‘C(LL)
M16 M16 S=0M16
(2.22)
Despite the higher powers of the curvature ( after eliminating the spin connection w,‘jb in terms of the

Lovelock

order, and not higher, due to the Topological property of the Lovelock terms

ey, field ) the £ furnishes equations of motion for the e, field containing at most derivatives of second

a a a3 ,a
6162 136 14

arg (R4 + B Joreo (R348 4 —— ) TU5 = Fyler density in 16D. (2.23)

15
d (E( ) ) = €aras 12

Lowvelock

The exterior derivative of the Lovelock terms can be rewritten compactly as

d (‘C}Jsovelock) = 61112~~~116FI1I2 """ Fhalis (224)
where F112 is the curvature field strength associated with the SO(14,2) connection Q{; 2 in 16D and which
can be decomposed in terms of the fields ej, wzb, a,b=1,2,....,15 by identifying QZD = %ez and sz = wzb

so that the Torsion and Lorenz curvature 2-forms are

T%(w,e) = F*P = dQ*P + Qf A QPP = —(de® — wi A eb).

~| =

1
F = (dQ™ + Q% A Q) + (0% A QPY) = R (w) + 3¢ A e’ RP®w) = dw® +w? Aw® (2.25)
where a length parameter [ must be introduced to match dimensions since the connection has units of 1/1.
This [ parameter is related to the cosmological constant.
Another invariant is the £Eg(€2),”) Chern-Simons 15-form associated with the SO(16) spin connection
whose exterior derivative

d (Les)(Q)=FF? L FTF[® = " (Les) QL) = /Mw FJUF? .. F{TF® (2.26)

is one of the 5 terms contained in the definition of the Pontryagin p,(F”) invariant 16-form (up to numerical
factors) for the SO(14,2) gauge connection in 16D. As mentioned above, the SO(14,2) connection Qﬁ‘] can
be broken into the e, field which gauges translations along the 15-dim boundary dM'° and the SO(14,1)
spin connection w/‘jb which gauges the Lorentz group SO(14,1) associated with the tangent space of the
15-dim boundary M'® and such that the net number of components is 15+ £ (15 x 14) = 120 = (16 x 15).

The relevant 5 terms contained in the octic Fg invariant found by [23] and related to the 5 terms
comprising the Pontryagin ps(F!”) invariant 16-form ( but with different numerical factors ) are of the form

IJ 8 H12.eeee H16 11[2 1213 1314 I4I5 1515 IGI7 1718 ISII
tr [ (F7"X1)"] = € Flive B Fuse Fuzus Fuonio Fuiine Futspna Fuisine: (2.27)

which is the same term as (2.26), plus the other terms of the Pontryagin ps(F!”) invariant 16-form given by

IJy \214 o _piipia..... s Iy ol JiJy pJaJ K1Ky 1K2K 1L LoL
tr [ (F X”)2 ]4 = e (F#i/fz Fui;ﬁ;) (Fﬂslug Fu?ug) (FN9L'102 Fmimlz) <Fu113u2i4 szsulw)' (2.28)

tT [ (FIJX[J)4 ]2 = 6;1,1#2 ..... K16 (FIII2 F1213 FIgI4 FI411) (FJl.]g F.]2J3 FJgJ4 FJ4Jl ) (229)

K12 M3 e 122:92753 K78 HoH10 H11H12 H13H14 His5H16
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and similar expressions for the remaining two terms
tr [ (FIJXIJ)G ] tr [ (FIJX]J)2 ], tr [ (FIJXIJ)4 ] tr [ (FIJXIJ)2 ]2.

The terms involving the fermionic generators Fyg,, (where the components F¢, are given by eq-(2.13) )
in the octic Eg invariant are

tr [ (FOY,)®] = earzrms hlevhe (pon poafy ph o (Fos - [ FP ). (2.30)

pipe I IaI3ly © p3ps pizp1a — Tiglialislie © MHispie

tr [ (FY,)? ' = efrztas (Foa o1 ) (Foa  Fo ). (2.31)

Hip2 = p3f4 H13H1a = H15H16

The terms involving both fermionic and bivector generators in the octic Eg invariant are

tr [ (FYX1,)8 (FOY,)?] =

H1H2. e 16 IiJy pplada Ig Js a af 8
€ (Fﬂlufz F#3#4 """" F#ll#m) (F#13#14 FI11112-12 ----- IsJg Fﬂlsuls)‘

(2.32)

tr [ (FY X )% (FOY,)'] =

H1[2.-. 16 I1Jv plade pplsds pladas a a1 B [P azfz B2 .
€ (FHIHZ FHSH4 FHSMG FMHJ«S) (Fﬂsﬂm FI1J112J2 FM11M12) (FM13M14 F13J3[4J4 FH15H16)’ (233)

ehtzine (R Fils ot Futot) (Bt Do mraarass Fiovma) (Fitns Fitno); (2.34)
etc......
tr [ (FI7X:0)8 | tr [ (FOY,)?] =
ehbaiie (B Bt s Fuide Fudyb Futiing) (Fiuns Fibno)- (2.35)
tr [ (FIVX )% tr [ (FOY)] =
eharetne (B Fuals Byt Futl) (B, D500, 0 Fitis) (B, D000, Fatns)- (2:36)

tr [ (FIYX;0)2 ) tr [ (FY,)°] =

M2 ... 16 il pplaIy o a1 51 o az B2 B2 as 333 B3
€ (F.ul//a Fuslu) (F,usus FJ1J2J3J4 FM?Ms) (Fugum FJ3J4J5J6 Fltllmz)(FHlsMM FJ5J6J1J2 Fltls,uw)'

(2.37)

Therefore, the Eg invariant octic action in 16D given by eq-(2.20) with 36 + 1 = 37 terms contains :
(i) the Lanczos-Lovelock gravitational action (2.22,2.23) associated with the 15-dim boundary dM?*¥; (ii) 5
terms with the same structure as the Pontryagin ps(F!”) 16-form associated with the SO(16) spin connection
Q7 ; (iii) the fourth power of the quadratic invariant [I5]* ; (iv) plus 30 additional terms involving powers
of the Eg-valued F lf,;] and F},, field-strength (2-forms) as shown in eqs-(2.27-2.37).

The impending project is the supersymmetric version of the octic Es invariant action (2.20). A vec-
tor supermultiplet [24, 25] involves A}, \™ with 248 spacetime fermions A™ in the fundamental 248-dim
representation of g (m = 1,2,....248) and 248 spacetime vectors (gluons) AJ}' in the 248-dim adjoint rep-
resentation. The fermions are the gluinos in this very special case because the 248-dim fundamental and
248-dim adjoint representations of the exceptional Eg group coincide. The exceptional group Ejg is unique in
this respect. In ordinary supersymmetric Yang-Mills the superpartners of the fermions are scalars, however,
in the supersymmetric Eg Yang-Mills case, the fermions A™ (gluinos) and the vectors A} (gluons) comprise
the vector supermultiplet. For a thorough discussion of the unique phenomenological features of the FEjg
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group as a candidate for a (supersymmetric) grand unification model of all fermion families in D = 4 see
[24,25]. An extensive review of the Fg grand unified models may be found in [26].

A Generalized Yang-Mills action in D = 16 involving the Eg-valued 2-form field strength F = F77 X ;4
FeY, is

Sey i (Es) = /Mw i [(FAFAFAF) A "(FAFAFAF)]. (2.38)

The analog of a theta term in D = 16 is

StralEs) = [t [F*) (2.39)
Mlﬁ

Self dual configurations, Eg instantons in D = 16 obey G (g) = *G gy and turn the action (2.38) into (2.39)

when the self dual 8-form is defined by Gsy = FAFAFAF.

Related to the construction of instantons in higher dimensions, a SO(8) x SO(7) C SO(16) invariant
self-duality equation for a 3-form in D = 16 was studied by [29] who built Topological QFT on 8-dim
manifolds with holonomy group smaller than or equal to Spin(7) after a dimensional reduction from D = 16
to D = 8. A further dimensonal reduction to D = 4 furnished new supersymmetric theories in D = 4. The
inclusion of gravitational interactions in D = 8 allowed the construction of a D = 8 Topological Gravity and
its correspondence with Supergravity via an octonionic self duality equation for the spin connection [29].

A topologically non-trivial gauging of N = 16 Supergravity in D = 3 based on an N = 16 super-
symmetric 3-dim non-linear sigma model valued on the exceptional coset Eg/SO(16) ( 128-dimensional )
including a combination of a BF' and Chern-Simons term for an SO(16) gauge field was provided by [30] .
It remains an open problem to see if the supersymmetric version of the octic Eg invariant action (2.20) upon
dimensional reduction to D = 3 bears a relationship to the topological gauging of N = 16 Supergravity in
D = 3. The 128 scalars parametrizing the coset Eg/S0(16) fit into 16 copies of 128 scalars resulting from
the decomposition of the Es-valued gauge field AY, , p=1,2,...16 and a = 1,2,...128 where Y,, are the
the SO(16) chiral spinorial generators of the Fg algebra.

Another dimensional reduction that is warranted to study is from D = 16 to D = 11 because D = 11
Supergravity with a local SO(16) invariance permits the bosonic fields to be assigned to a representation
of Eg [31] . The D = 11 Supergravity 4-form determines an Fg gauge bundle which was instrumental in
understanding the topological part of the M-theory partition function [27, 32]. A mysterious Fg bundle
which restricts from 12-dim to the 11-dim bulk of M theory can be compatible with 11-dim supersymmetry.
When M theory is compactified on a manifold with boundary the anomalies caused by the chiral gauginos
and gravitinos on each 10-dim boundary component cancels the anomalies in the 11-dim bulk if each 10-
dim boundary component supports 248 vector multiplets transforming in the adjoint representation of Fg.
The Casimir effect between the M-theory analog of a D-brane /anti-D-brane system exhibiting an Eg x Fg
symmetry living at the 10-dim boundaries of the 11-dim bulk has been studied by [28]. The nature of this
bulk 11-dim Eg gauge theory remains unknown. We hope that the Chern-Simons Fg gauge theory of gravity
in D = 15 advanced in this work may shed some light into solving this question. Another interpretation
is to view the 10-dim boundary component of the 11-dim bulk of M-theory as a topological defect in 12-
dimensions.

The action for D = 4 Einstein Gravity has been attained from a generalized dimensional reduction of a
Chern-Simons gravity action in higher D = 2n + 1 dimensions by [34], hence we may follow such generalized
dimensional reduction of our D = 15 Lanczos-Lovelock gravitational action (2.22, 2.23) to lower dimensions.
For example, the reduction of the D = 6 action ( integral of the Euler density in D =6 )

al ,a2 as ,a4
/ d ([’(I:r)o)'uelock) = / 6(11{12 ----- ae (Ra1a2 + < 26 ) (Ra3a4 + c 26 ) Tas- (240)
M6 M l l
to D = 4 leads to the standard action for Einstein gravity with the cosmological constant ( 1/12) ) plus the
Gauss-Bonnet topological invariant in D = 4 that coincides with the MacDowell-Mansouri-Chamseddine-
West (Anti de Sitter group ) SO(3,2) gauge formulation of Gravity :

al ea2 eag ea4

/ €ajazasay (Rala? + 2 ) (Ra3a4 + 12
M4

(2.41)



D = 4 Einstein gravity was shown by [35] to arise from a 6-dim gauge theory of the conformal group
S0O(4,2) where the four-dim spacetime was interpreted as a 4-dim Topological Defect in D = 6 and obtained
from a topological dimensional reduction of the Euler density in D = 6 (2.40). In view of these latest findings
of how to perform generalized and topological dimensional reductions [ 34] , [35], it is no longer implausible
to propose a grand unification of gravity with all the other forces within the framework of a Supersymmetric
extension ( to incorporate the 248 spacetime fermions \™ ) of our Chern-Simons Fg gauge theory in D = 15
based on the octic Fg invariant action (2.20) after a judicious dimensional reduction. Working in particular
with 516 and whose equator is S1° is very appealing since it allows to accomodate quaternions and octonions
into the picture HP* ~ OP? ~ S16; HP? ~ OP! ~ S% and HP! ~ S*. The four non-associative (not Lie)
superconformal algebras with N = 5,6, 7,8 supersymmetries all share interesting properties with the Cayley
(octonions), covariant derivation of spinors on round and squashed S” and torsion on supercoset manifolds
[36].

To finalize this section we simply recall that in odd dimensions D = 2n — 1, the Lanczos-Lovelock
gravitational Lagrangian is

n—1
+1 p+1l2p_D ..
Ego’uelock = Z ap Lp(D) ap = K((_)D2p) Cp 1; P = 1,2, ..... , N — 1 (242)
p=0

C;}fl is the binomial coefficient. The constants k,[ are related to the Newton’s constant G and to the
cosmological constant A through x~! = 2(D — 2)Qp_oG where Qp_» is the area of the D — 2-dim unit
sphere and A = +(D — 1)(D — 2)/2I? for de Sitter ( Anti de Sitter ) spaces [4] .

The terms inside the summand of (2.42) are

.............. eP (2.43)
where we have omitted the space-time indices p1, 2, -........ Despite the higher powers of the curvature ( after
eliminating the spin connection w,‘jb in terms of the ef; field ) the LD o furnishes equations of motion for
the e, field containing at most derivatives of second order, and not higher, due to the Topological property

of the Lovelock terms

al ,a a2n—3 ,02n —
el ed2 ed2n—3pd2n—2

Jorn Rz 0022 =

d (E2n_1 ) = €ayas.....asp (Ra1a2 +

Lovelock

) T%"—1 = Fuler density (2.44)

Therefore, the exterior derivative of the Lovelock terms can be rewritten compactly as

d (LT o) = €Ly o FI 2 P l2nmt T (2.45)

Lovelock

where F7112 is the curvature field strength associated with the SO(2n — 2,2) connection Qf}b in 2n-dim

and which can be decomposed in terms of the fields ez,wzb, a,b=1,2,....,2n — 1 as shown in eqs-(2.24,

2.25) . Gauge theories based on the Anti de Sitter group allowed us to derive the vacuum energy density
of Anti de Sitter space (de Sitter ) as the geometric mean between an upper and lower scale [17] based on
a BF-Chern-Simons-Higgs theory. Upon setting the lower scale to the Planck scale Lp and the upper scale
to the Hubble radius (today) Ry, it yields the observed value of the cosmological constant p = L;,zR;f =
L1_34(LP/RH)2 ~ 10_120M§‘lanck'

3. ON CHERN-SIMONS-CLIFFORD GRAVITY

We end this work by reviewing Chern-Simons gravitational actions in Clifford spaces [33] in order to point
its relevance to future research related to Eg gauge theores of gravity. The 11D Chern-Simons Supergravity
action is based on the smallest Anti de Sitter OSp(32|1) superalgebra. The Anti de Sitter group SO(10,2)
must be embedded into a larger group Sp(32, R) to accomodate the fermionic degrees of freedom associated
with the superalgebra OSp(32|1). The bosonic sector involves the connection [4]

Au = Azra + Azbrab + Aaula2m.a5ra1a2“..a

= €Ty + Wil + AL 05T, (3.1)

5 5
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with 11 + 55 + 462 = 528 generators. A Hermitian complex 32 x 32 matrix has a total of 32 + 2(%) =
992 + 32 = 1024 = 322 = 210 independent real components (parameters), the same number as the real
parameters of the anti-symmetric and symmetric real 32 x 32 matrices, respectively, 496 + 528 = 1024. The
dimension of Sp(32) = (1/2)(32 x 33) = 528. Notice that 210 = 1024 is also the number of independent
generators of the CI(11) algebra since out of the 2! generators, only half of them 2!, are truly independent
due to the duality conditions valid in odd dimensions only :

€102 @2t ATy Ao AT, ~ DOPHE AT 42 A A T2t (3.2)

This counting of components is the underlying reason why the Ci(11) algebra appears in this section. The
generators of the CI(11) algebra {I'*, T} = 21?*1 and the unit element 1 generate the Clifford polyvectors
(including a scalar, pseudoscalar ) of different grading

' = 1, 7% I AT, T AT AT, ... , T AT A AT, (3.3)

obeying the conditions (3.2). The commutation relations (see eqs-(3.4) below) involving the generators
Lo, Tab, Taras....as do in fact close due to the duality conditions (3.2). The CI(11) algebra commutators, up
to numerical factors, are

e, =T, [T = 2p°T° — 2p°T® 3.4a
n n

[poraz Tbib2] — _paabipazbs 4 parbapazby (3.4b)

[1’1(11(12(1371’\1)11)2173] — Fa1a2a3b1b2b3 _ (nalblazbzra3b3 + ““). (3.46)

[Fa1a2a3a471—wb1b2b3b4] — _(nalblra2a3a4b2b3b4 + ) _ (na1b1a2b2a3bsra4b4 4 ) (34d)

[Famz Fb1b2b354] _ _na1b1ra2bzb3b4 4. (3.46)

[].—‘al,].—\blb2b3} — 1’\(111711)2173. [I\alaz,rblbzbg] — _277(11171 I\azbzbg + - (3'4][‘)

[ Tb1b2bsba] — _pasbipbebaba 4 (3.4g)

[1’\(11(12..,.(157 I‘blbg....bf,] — ['@102...a5biby....bs + (na1b1a2bzpa3a4asb3b4b5 4o ) + (na1b1a2b2a3b3a4b4ra5b5 + ... ) =

€a1a2...a5b1b2....b5c FC+(na1b1a2b2€a3a4a5b3b4b50102 ..... C5F0102““05 + ..... )_|_(na1b1a2b2a3b3a4b4ra5b5 + ..... ) (3.4]7,)

ete....... with
nalblazbz = nalblnang - nazblnalbz (3'50/)
Narbrazbzaszby = NarbyNasboTazby — NaibaTazbi Magby T «veeees (35b)
1
nalblang ...... anb, — E eil’iz ...... in Ejle ...... In nailbjl T]ai2bj2 """"" Tlain,bjn' (350)
The CI(11) algebra gauge field is
A = A% = A1+ AT, + ABOD, )  ABISRGT, G gmeseenD, o (36)

and the Cl(11)-algebra-valued field strength

.7:;3/ I'y= 8[MAV] 1 + [ 8[MA$] =+ Ab2Ab1a77b1b2 =+ ... ] I, +

[ 7]
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[ a[ﬂA?’]b + AF#A?’] - A([lﬂlaAgibnalbl - A?I;%GA%benalblazbz - Al[l;a(zasaAi]lb2b3bnalblazb20353 +o ] Lap +

[ O A + AL AR Ny + o ] Tave + [0 AR — ALC AR M0, + ] Tabed + v
[ Oy Apgemastibeto 4 Agee @ AP 4] Payag..agbiba....bs + (3.7)

The Chern-Simons actions corresponding to the Clifford group rely on Stokes theorem

/ d (Lciiffora) = / (Lctifford)- (3.8)
M12

aM12=x11

which in our case reads
d (Lcrifford) =< FAFNA oo, ANF >=< FANFA2A L ANFA T4 Ta,..Ta, > (3.9)

where the bracket < ...... > means taking the scalar part of the Clifford geometric product among the gammas.
It involves products of the dapc, fapc structure constants corresponding to the ( anti ) commutators
{FA,FB} = dABCFC and [FA,FB] = fABCFC .

One of the main results of [33] was that the CI(11) algebra based action (3.9) contains a vast number
of terms among which is the Chern-Simons action of [4] LHg(e,w, As)

Lcviffora(ATa) = Lg(w,e, A5) + EXTRA TERMS. (3.10)
Scs(w,e,As):/ clclsz/ L. (3.11)
OM12 ni1

The CI(11) algebra based action (3.9, 3.10) can in turn be embedded into a more general expression
in C-space (Clifford Space) which is a generalized tensorial spacetime of coordinates X = o, a#, a1V M7 ...
[3] involving a scalar ®(X) and antisymetric tensor gauge fields A, (X), A, (X), App(X)..... of higher rank
(higher spin theories) [13]. The most general action onto which the action (3.9,3.10) itself can be embedded
requires a tensorial gauge field theory [13] (Generalized Yang-Mills theories) and an integration w.r.t all the
Clifford-valued coordinates X = X T, corresponding to the 2P”-dim C-space associated with the underlying

Cl(2n)-algebra in D = 2n dimensions
S :/ @' X] < (FAFA.NF) >. [d"X]=(do)(dz")(dz")(daz"P)...... (3.12)

A different sort of Generalized Yang-Mills theories have been studied by [12] without the Clifford algebraic
structure. Given a Lie algebra G like Eg with generators T, for a = 1,2, 3, ....dim G, it has for commutators
[To, Ty] = £5,Tc and whose structure constants f,;. are fully antisymmetric in their indices. The Lie-algebra
valued one-form is A = (A4%,(X)7T,)dX™ and its generalized Lie-algebra valued field strength

F = [F§y(X) T.) dX™ AdXV =
[ O AR (X)Te + g A3 (X)AR(X) £, Te ] dX ™M A dXN. (3.13)
has for components
FC
[ [Hip2.pm] [V1va....vp] ]
c b >
6m[u1u2,.,um] A [ — az[V1V2...Vn:| AC[H1H2~~~Hm] + g Aa[lwblll2~~~#m] A [1v2....vn] f(;b . (314)

The remaining components are of the form

ViV2....Un)

F[((:)N] = Fc[ 0 [ive....vn] ] — 80' Ac[l/lllg....l/n] - aw["l”Z""/"] ACO t+ g Ag Ab[vlyg....vn] f(;:b . (315)

where A§ is the Clifford-scalar part ®(X) of the Lie-algebra valued Clifford-polyvector and in general we
must consider the m = n and m # n cases resulting from the mixing of different grades ( ranks ). The
antisymmetry with respect the collective indices M N is explicit.

10



In order to raise, lower and contract polyvector indices in C-space it requires a generalized metric GMV,

In flat C-space it is defined by the components :

GHY = 77/»“’. GHapz vive 77Mllfl T’ltzlfz _ 77#11’2 n#ZVl etc.. (45)

in addition to the scalar-scalar component G°? = 1. It can be recast as :

1
ViV2....Vm __ vy
GMIH? Hm ViV2 m — det G_/"‘ — ﬁ6i1i2u~im6j1j2w

gmmPit ik iz pHim Vim (3.16)
where G#¥7 is an m X m matrix whose entries are n*i*i fori,57 =1,2,3,...... m< Dand u,v=1,23,.... D.
As a result of the expression for the flat C-space metric, given by sums of antisymmetrized products of

n* the Clifford-space generalized Yang-Mills action is of the form

1 a ViVo...... Vi,
SYM = _5/ [DX] Z trace [F[ [pipe...pm] [V1va..... Vm] | F[ [pippa.pom] [V1iva J10 TaTb } +
1
—5/ [DX] > trace [ F& gy, 0y FLLO Prvzvnl 10T, (3.17)

where the C-space 2”-dim measure associated with a Clifford algebra in D-dim is
[DX] = [do] [IT dz*] [IT dz#i#2] [IT dxHiizrs] ... [datike--1d] (3.18)

and the indices are ordered as pu; < po < ps....... < m, €tc...
The action (3.17) is invariant under the infinitesimal gauge transformations

65 A?W = aM&C + gf;b ;L\/[gb; 65 AZ’IIJQHHH% = 8$u1u2~-~-un gc + gf;b Afblﬂzuuﬂngb' (3'19)

associated with a Lie-algebra valued Clifford-scalar parameter {(X) = £%(X)Ty,.

In [3] it was explained why another alternative to define the transformations in C-space was by writing
the generators of polyrotations as R = exp (Q1P[E4, Ep]) where the commutator [Ea, Eg] = F{zEc
is the C-space analog of the i[y,,v,] commutator which is the generator of the Lorentz algebra, and the
parameters Q45 are the C-space analogs of the rotation/boots parameters. This last alternative seems to
be more physical because a polyrotation should map the F, direction into the Ep direction in C-spaces,
hence the meaning of the generator [E, Eg] which is the generalization of the ordinary i[y,,~,] Lorentz
generator.

Therefore, when we recast the generators of polyrotations as Jap = [['4,'5], an action of the form

_ A1B1 17A2Bs Agd—1Bya—1 M1N1M2Nz....M,q_1Nyq—1
S(CSPGCG) _/ [DX] FMlNl FMQNQ """ FMQd_lNQd_l €A1B1A2Bs...... Ayi—1Bya—1 € 2 2 .

(3.20)
is the natural generalization of the Euler density types of the D-dim ( D = 2n) actions in C-space. In
particular, when D = 16, the action (4.10) is the C-space generalization of the action (2.22).

This action S(Cspace) (3.20) is more general than the action SCliffm.d(AﬁFA) of eq-(3.10), and which in
turn, is more general than the Chern-Simons gravitational action Scs(w, e, As) given by eq-(3.12). Therefore,
we have the inclusions

Scs(w,e, As) C Seyny [Af(@*) Ta] C S(Cspace) [ ARP (0, k', ath2 giins ) Jup . (3.21)

and similarly one would expect the CI(16) algebra gauge theory case in C-spaces to includes the Fg Chern-
Simons gauge theory formulated in the previous section

Scs(AF) C Sciaey [ AL (@) Ta] C S(Copace) [ AP (0, at atr#2 ghi2is ) Tap . (3.22)
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which should be very relevant in future developments of M, F' theory upon the introduction of Polyvector-
valued Supersymmetries in C-spaces [11] . These generalized supersymmetries deserve to be investigated
further since they are more fundamental than the supersymmetries associated with M, F' theory superal-
gebras and also span well beyond the N-extended Supersymmetric Field Theories involving super-algebras,
like OSp(32|N) for example, which are related to a SO(N) gauge theory coupled to matter fermions (be-
sides the gravitinos). It is these Polyvector-valued Supersymmetries in C-spaces [11] that will permit the
supersymmetrization of the most general action in C-spaces S(Cispace) given by (3.20).

Finally, the results of this work may shed some light into the origins behind the hidden Fg symmetry of
11D Supergravity , the hyperbolic Kac-Moody algebra E1¢ and the non-linearly realized E7; algebra related
to Chaos in M theory and oscillatory solutions close to cosmological singularities [1,2,6].
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