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ABSTRACT
In this paper, we present a new method of evaluating the convergence and sum of a
series with the Riemann zeta function in its general term.We consider the convergence
and sum of a series by means of difference other than previous methods.
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1. Introduction

Riemann zeta function is defined as
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Riemann zeta function is a special function which can find wide applications in
natural science, engineering as well as mathematics, and which can provide
particularly powerful means for solving problems arising in physics, chemistry,
probability, computer science, control, etc.
Especially, Riemann zeta function is famous for Riemann’s hypothesis.
Riemann zeta function is very useful for sum computation as well, in which a lot of
attention has been paid. (See [1]-[4], [6], [7], [9]-[12]
[8] validated the following problem by using Abel’s summation formula and definition
of Riemann zeta function.
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This problem has been more generalized, one of which is as follows.(see[13])
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Where if 2k , then (2) is formedfrom equation(3).
In [5], series(3) was considered in case 3k , from which the following result was
obtained.
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In our paper, we aim at eliciting convergence of series (3) and calculating its sum.
We use the difference theory in consideration of convergence and sum unlike the
preceding literature.
Finally we check the correctness of our results by comparing with the previous
research results.

2. Main result
We introduce some basic conceptions and lemmas for further consideration.
First we note some things relevant to difference.
Given a function )(xf , )()1( xfxf  is called the first order difference of the
function )(xf and is denoted as

(4)
In general, the first order difference of porder difference of function )(xf is called

p+1 order difference and porder difference of function is )(xf denoted as
(5)

Namely

We arrange as ).()(0 xfxf 

Lemma 1.For function ),(xf

(6)
is formed.

Proof. It is proved by induction on n.
The base case 1n is clear.
For the induction step, assume that the statement holds for n . Then since
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even in case of 1n equation (6) holds good.
Hence, lemma 1 is validated.

Next, Let’s define p order arithmetic progression.
)}({ nf is called first difference progression of )}({ nf .

In general, porder difference progression is defined as
 .)()( 1 nfnf pp 

If porder difference progression of )}({ nf is notzero progression, but p+1 order

difference progression is zero progression, then progression )}({ nf is called porder
arithmetic progression.
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Also, arithmetic progression over second order is called higher order arithmetic
progression.
Lemma 2. The following equation holds good for parithmetic progression.
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Proof. Substituting 0x into equation(6),the following equation yields.
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If pn  , then we get that
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So, the proof of the lemma 2 is complete.
Lemma 3. )}({ nf is porder arithmetic progression, if and only if )(nf is porder
polynomial.
Proof.The necessity is derived from lemma 2.
If pxf ))(deg( , then since
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it is sufficient. Here 0a is highest leading knot coefficient of )(nf .

Lemma 4.Assuming that )}({ nf is higher arithmetic progression,the first n knot
summation of progression is as follows.
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Proof.It is proved by induction on n.
When n=1, it holds.
Assume that when it is n, it holds good.Then by using lemma 1 we can get the
following, which demonstrates that even in case of n+1 equation (8) holds good.
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Thus, the proof is completed.
Let’s define difference polynomial. In case of 1r , it is defined as
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Conspicuously it is true that 1)(  xpr
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For convenience sake it is expressed as
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Since any r order polynomial can be written as the first order combination in terms of



difference polynomial, it is expressed as

,
1

...
1

)( 011 c
x

c
r

x
c

r

x
cxf rr 



























 

where rccc ,,, 10  areconstants.

Taking the first order, second order, ...rorder difference to both terms of this equation

in turn, and using 



















1j

x

j

x
, we can obtain the following.

.)(

,
132

)(

,
121

)(

231
2

121

r
r

rr

rr

cxf

c
x

c
r

x
c

r

x
cxf

c
x

c
r

x
c

r

x
cxf











































































Here we consider convergence and sum of equation (3).
If we use the foregoing solution method,we can’t solve this problem.

So we are going to solve this problem with the aid of aforementioned difference

theory.

At first let’s consider convergence.
Lemma 5.For a natural number 2k , any natural number nsatisfies the following
inequality.
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which is readily proved by binomial formula. Thus the left-side inequality is easily
proved.
Next, let’s prove the right-side inequality.
The right-side inequality is equivalent to the following inequality.
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We consider function kxxg )( , 0x in order to prove equation (10).

Since this function is differentiable at interval ),0(  , mean value theorem at
interval [n, n+1] can be applied. Therefore as for natural number ngiven randomly
there exists )1,(  nnc to satisfy
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Meanwhile, as )2()1()(  kxkkxg , )(xg is increasing function at ),0(  , whereas
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Remark.From lemma 5, we can make sure that for any natural number n , the
following inequality is obtained.
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Lemma 6.The following inequality is available.
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and (11), the following inequalities holds true.
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Thus, (12) is proved.
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Proof.Since assuming 1)(  knnf , )(nf is korder polynomial with respect to n,

)}({ nf is korderarithmetic progression from lemma 3. Hence we can apply lemma 4

to )(nf . Thus since nmC n
m  ,0 .,we can obtain the following.
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As developing i
nC ,k is constant, this is iorder polynomial in terms of n.
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So the lemma is proved.
Now we consider convergence of series (3).
Theorem 1.Series (3) is convergent.
Proof. We rewrite series (3) as follows;
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Therefore, series (3) converges iff series

  .
1

2

1
1)()1(1)(

1

11




 





 

m
kk

kkm

m
kmm 

converges.
Since 11)1(   kk mm is 2k orderpolynomial in terms ofm, we get that
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Let (ym)be the sequence defined by
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In the final expression, numerator is polynomial with respect to m.
Let’s find higher order knot coefficient of this polynomial.
2 1, 2 2k k  order coefficient is zero. And 2 3k  order coefficient is constant as
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From the above discussion it is clear that series (3) is converges.

Now we find the sum of series (3).
Theorem 2. Sum of series (3) is as follows.
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Calculating the first and second summations respectively, as we obtain
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So it follows that
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Summarizing the above results, we can get
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In a word the result is as follows.
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Our result in the case of k=3, is the same as that of (2).
The result obtained by Mathematica in case k=4 is identical with the above result.

ACKNOWLEDGMENT. We thank the referees for many useful comments and
especially the referee whosuggested several improvements.

REFERENCES

[1] Borwein, D., Borwein, J.M.(1995). On an intriguing integral and some series
related to ζ(4), Proc. Amer. Math. Soc. 123 (4), 1191–1198.
[2] Furdui, O.(2008). From Lalescu’s sequence to a Gamma function limit, Austral.
Math. Soc. Gaz. 35 (5), 339–344.
[3] Furdui, O.(2011).: Series involving products of two harmonic numbers, Math.
Mag. 84 (5), 371–377.
[4] Furdui, O.(2015). The evaluation of a quadratic and a cubic series with trigamma
function, Applied Math. E Notes, 15, 187–196.
[5] Furdui, O.: Two surprising series with harmonic numbers and the tail of ζ(2),
Gazeta Matematica, Seria A, 33 (112) (1-2), 2015, 1–8 ˘
https://ssmr.ro/gazeta/gma/2015/gma1-2-2015-continut.pdf
[6] Furdui, O.(2016). Problem 158, EMS Newsletter March, 62.
[7] Furdui, O.(2018). Problem 482, Gazeta Matematica, Seria A, 36 (115) (3-4), 44 ˘
https://ssmr. ro/gazeta/gma/2018/gma3-4-2018-continut.pdf
[8] Furdui, O., Sîntam ˘ arian, A.(2017). Problem 12012, Amer. Math. Monthly 124
(10), 971.
[9] Furdui, O., Sîntam ˘ arian, A.(2018,). Problem 12045, Amer. Math. Monthly 125
(5), 467.
[10] Furdui, O., Sîntam ˘ arian, A.(2019). Problem 1163, Coll. Math. J. 50 (5), 379.
[11] Perfetti, P.(2013). Solution to problem 58, Mathproblems, 3 (2), 142–143
http://www.mathproblems-ks.org/?wpfb_dl=10.
[12] Radulescu, T.-L.T., R ˘ adulescu, V.D., Andreescu, T.(2009). Problems in Real
Analysis: Advanced ˘ Calculus on the Real Axis, New York.



[13] Sîntam ˘ arian, A., Furdui, O.(2021). Sharpening Mathematical Analysis Skills,
New York: Springer.

HaeRyong Kim is a graduate student at the Faculty of Mathematics, Kim Il Sung
University. He majors in mathematics.
Faculty of Mathematics, Kim Il Sung University, Pyongyang, DPR Korea

HyonChol Kimis a professorat the Faculty of Mathematics, Kim Il Sung University.
He received his M. in mathematics from Kim Il Sung University.
Faculty of Mathematics, Kim Il Sung University, Pyongyang, DPR Korea
HC.Kim@star-co.net.kp

YongHun Jo is a researcher of Faculty of Mathematics, Kim Il Sung University.
He received his M. in mathematics from Kim Il Sung University.
Faculty of Mathematics, Kim Il Sung University, Pyongyang, DPR Korea
Yh.jo102@star-co.net.kp


