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Abstract

We introduce new concepts-a generator of degree « and a diagonal section of degree «

for any real number o (>1). A diagonal section of degree « is the one of the bivariate

Archimedean copula with a generator of degree « . Generators of many well-known
parametric families of bivariate Archimedean copulas, including those of Clayton, Frank and
Gumbel-Hougaard, are of degree o

In this article, we show that each bivariate Archimedean copula with a generator of

degree « (>1) is uniquely determined by its diagonal section. An asymptotic representation
of these copulas in terms of corresponding diagonal sections is obtained. We also provide a
sufficient condition to be a diagonal section of degree a(>1). These results allow us to
construct several statistical inference procedures for bivariate Archimedean copulas. Since
diagonal sections of copulas are absolutely continuous, we suggest a parametric estimation

procedure for bivariate Archimedean copulas based on the likelihood of a full sample from

the diagonal section.
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1. Introduction

We begin with some notations. Assume that a function % is defined on a subset of real

numbers that includes a left-sided neighborhood of ¢,, (¢, —¢,7,]. Then, the left-sided limit

of h as t—t, is denoted by lim h(t) , and the left-sided derivative of % is denoted by

t—>1t,-0

h'(t(j ) Also, we write / for the interval [0,1].
A bivariate copula ¢ is a function from I* to 7 with the following properties:

“Yu,ve[0,1], C(u,0)=C(0,v)=0, C(ul)=u, C(Lv)=v,

Yy, vy, iy, v, €[0,1] (u, <uyyv, <v,), C(uy,,)=C (u,v, )= C(uy,v, )+ C(1,,v,) 2 0.
As Sklar showed, for any bivariate cumulative distribution function H (x, y) with margins
F(x) and G(y), there exists a copula ¢ such that H(x,y)=C(F(x),G(y)) for all

x,y€ R and C 1is uniquely determined on RanF x RanG . This fact can be analyzed that

copulas characterize the joint stochastic behavior between random variables independent of

their marginal distributions.
The diagonal section of a copula € is defined by &(u)=C(u,u),uecl.
A copula of the form
C(uv)= o {min[¢(0).0 (u)+ ¢ (u)]}
for some convex, strictly decreasing function ¢:/ — [0,00] such that (0(1) =0 is called
an Archimedean copula. If (0(0)=oo, then ¢ is called a strict generator. For further

discussion, see Genest and MacKay (1986 a, b), Marshall and Olkin (1988), among others.
Genest and Rivest(1993) showed that every bivariate Archimedean copula C is uniquely

determined by its Kendall distribution function, the distribution function of C (U , V), where



(U , V) is a bivariate random vector with the distribution function C (u,v). Naturally, this led

to construct a statistical inference procedure based on the moments of Kendall distribution
functions in any class of Archimedean copulas. However, they concluded that estimating
parameters in parametric families of Archimedean copulas was an open problem.

Since diagonal sections of copulas have the following properties, we thought that if every
Archimedean copula of a parametric family has one-to-one relationship with its diagonal
section, it would be advantageous to use diagonal sections to estimate parameters:

-8, is the distribution function of max(U , V) ,

- 8, satisfies Lipschitz condition with constant 2 so that it is absolutely continuous.

Sungur and Yang(1996) claimed that every diagonal section of Archimedean copulas
uniquely determined the corresponding copula. But this is not true for Archimedean copulas

with ¢ such that ¢’ (1* ) =0, generally. (They denoted the generators by g, not ¢ ). To the

best of our knowledge, the largest class of Archimedean copulas determined uniquely by their

corresponding diagonal sections is given by &' (1*) =2, which is called Frank’s condition (see

Frank(1996)). However, unfortunately, there exist several parametric families of Archimedean
copulas whose elements do not fulfill Frank’s condition. Typically, the elements of both
Gumbel-Hougaard and Joe families fulfill Frank’s condition only when ¢=1, while they are

uniquely determined by their diagonal sections, as we showed below.

This paper is organized as follows. In section 2, we suggest a specific class of bivariate
Archimedean copulas whose elements are determined uniquely by their diagonal section.

This is the class of bivariate Archimedean copulas with generators of degree o« (>1),

introduced newly. We will see that many well-known parametric families of Archimedean
copulas are included in that class. We also provide a sufficient condition to be the diagonal

section of an Archimedean copula in the proposed class. In section 3, we suggest an



estimation method of parameters of Archimedean copulas on the basis of the results of

section 2. Our immediate problems briefly represented in section 4.

2. Generators and diagonal sections of degree o(>1)

Let ¢ be a bivariate Archimedean copula generated by ¢ . Since k¢ 1is also a generator
of the same copula ¢ for any positive real number k£ , without loss of generality,
throughout this article we restrict our consideration to the class of Archimedean generators

satisfying

¢[§]:1. (1)

We denote the class of these Archimedean generators by Q.

Definition 1. Let o Q. If

lim Q)(u)/(l—u)a #0 (2)

u—1-0

for some real number « (> 1), then we call ¢ a generator of degree « .

We denote the set of generators of degree o by Q,. We give some examples of the
generators of degree a(Z 1). Notice that the generators of all Archimedean copulas of the
parametric families in Table 4.1, Chapter 4 of Nelson(2006) are of some degree a(x1),

except (4.2.18) showed in Example 6.

Example 1. The generator ¢, of a copula C, of Clayton family((4.2.1) of Nelson(2006))

is (/)9(u)=—11,where 6’6[—1,00)\{0}. Since

) 0
ulil;l;lo(l_u)——¢0(1 )_29_1¢O



forany 6e[-1,00)\{0}, we have ¢, €.

Example 2. The generator ¢, of a copula C, of Frank family((4.2.5) of Nelson(2006)) is

0, (u)= ln(e:g:l)/(:_gu _11) , where 6 &(—0,0)\{0}. Then,

m 0, (u) fe’

“lil_o (1 —u) =% (1_)2 (1 —e ™ ) ln(e_g — 1)/(e_9/2 — 1)

=0

for any 6 e (—o0,0)\{0}, so that ¢, €€),.

Example 3. The generator ¢, of a copula C, of Gumbel-Hougaard family((4.2.4) of

0
1
Nelson(2006)) is ¢, ()= (—%j , where 6 e[l,»). Since
n

0
im 2 (”)6 — lim (ﬂj (1n2)_6 =(ln2)_6 #0
u—1-0 (l_u) u=1-0\ 11—y

forany ¢ >1, we have ¢,€Q,.

Example 4. The generators ¢, (u)=(2-2u )9 , Be [l,oo) generate the copulas of the family

(4.2.2) of Nelson(2006). Then,

o
1190&%: 11310(@} =220
u—> (l_u) u—> l_u

forall ¢>1 sothat ¢, €.

Example 5. The generator of a copula C, of Joe family((4.2.6) of Nelson(2006)) is

B ln[l—(l—u)g}

= , where 6 e(l,00). By ’Hospital’s rule, we have
a5 In[1-27] [12). By IHosp



lim —m[1—2-9] = lim ! ln[l—(l_“) }
u—1-0 (1 _u)‘9 u=1-0 In[l—2_9] (l—u)g

forall ¢>1,sothat ¢,€,.

Example 6. The generators ¢, (u)=e™ /" g e[2,:0) generate the copulas of the family

2u-1

u-1

9
(4.2.18) of Nelson(2006). By setting ,_ !  in iy
1—u u—>1-0 (l—u)a

and using 1’Hospital’s rule,

we get

—=lims*e”’ =0
u—>1-0 (1 _ u) t—0

so that ¢, 1is not the generator of degree o forany o (>1).

Remark 1.If &, #a,, @, a,>1,then Q,(Q, =O.

Remark 2. If ¢, then q)’(l');ﬁ 0 and conversely. And If ¢eQ_  for some a>1,
then '(17)=0.

Remark 3. If ¢ and ¢, are generators of same degree, then

tim 204 Lo
u—1-0 ¢2 (u)

Definition 2. The diagonal section § of a bivariate Archimedean copula with @e€)  is

called the diagonal section of degree « .



The set of diagonal sections of degree « is denoted by A .

Now, we define the quasi-inverse f 4 ofa surjection f:/ — [ as follows:
F ()= sup{x| f(x)=u}, uel0,1].
We also set £ (u)=u, ue[0,1] and define £ and £ recursively as follows:
f{"} (u)zf[f{"_l} (u)], uel0,1],
e (u)= £ [f{-(n—l)} (u)}, uefo.1],
where 7 is an arbitrary positive integer. Then, we have the following lemma.

Lemma 1. Suppose that f:7 — [ is a nondecreasing surjection. If

fw)<u, ue(0,1), 3)
then,

S )< £ (u), uel0,1] (4)
for every integer m and

lim /1 (u) =0, ue[0,1), (5)

lim £ (u) =1, ue(0,1]. (6)

n—>0

Also, if f is convex, /" and f'" are convex and concave for any positive integer 7,

respectively.

Proof. Because f is a nondecreasing surjection, f 1is continuous, f s strictly
increasing, f(0)=0 and f(I1)=1.(4)is obtained by applying f and £ repeatedly to

both sides of (3) and considering that they are nondecreasing.

To prove (5), we choose any u e (0,1). Then, the sequence {f{"} (u),n > 1} is convergent,



because it is nonincreasing. If 0<a=lim f{"} (u) , we have
n—»0

£ (@)= 7| tim £ () | =tim £ (u) =a

n—>0 n—>0

by continuity of f', which contradicts (3). The case u# =0 is trivial. (6) is treated similarly.

Now, we show that if f is convex, f 1 is concave. For any v, v, € [0,1] , we set
f(v)=u, i=1,2. By continuity of f, f"(u)=f(u)=v, i=12. Since f is
convex,
S Au+(1=2)u, < Af () +(1-2) f (uy)
for every 1 (0<4 <1).Applying f " to both sides of the above inequality, we obtain
AT +(1=2) £ () < ST A + (1= Ay, ],
so that ™ is concave. Here we used the fact that " is increasingand £ o 7 (u)=u

for every u e [0,1]. Since fand f “ are both nondecreasing and they are convex and

concave, respectively, f “ and f "} are convex and concave respectively for any positive

integer n . This is because the composition of a convex function and a nondecreasing convex
function is convex and, similarly, the composition of a concave function and a nondecreasing

concave function is concave(see Roberts and Varberg(1973)).o

Note that the diagonal section § of an Archimedean copula with ¢ can be represented as
5(t)=¢ " {min[0(0),20(r)]}, 1<[0.1] (7)

from the definition of an Archimedean copula, so that diagonal sections of Archimedean

copulas satisfy all conditions of Lemma 1, except convexity. Here it is understood that

¢! ((0(0)/2)=0 in the case of ¢(0)=c0 . From (7), we get



(p[5(t)}:min[¢)(0),2¢)(t)}, tel (8)

Substituting ¢ =& (u),n =1,2,... in(8), in turn, we obtain

p[ 8" (u) |=min[9(0).2"p(u)]. n=1,2,.. 9)
for any ue[O,l]. Analogously, substituting ¢ = 5" (v),n=1,2,... in (8), in turn, and

considering 5[5{'1} (u)} =u, uel,weobtain

¢[5{_"}(u)]=2'"-¢(u), n=1,2,... (10)

In the following lemma, we show that every generator of Q_(a >1) is in one-to-one

relationship with its diagonal section.

Lemma 2. Let 0, and &, be diagonal sections of Archimedean copulas with generators ¢,

and @, of the same degree a (>1). Then the following are equivalent:

a) =@, on [
b) 6,=0, on I.
Proof. The implication a)=b) is trivial. Conversely, suppose that &, =06, = f and choose

any u €(0,1). Then, by (6), (10), (1) and Remark 3, we obtain

= =1lim

o) ol /W] el /Mw)
[ n

as desired.o

Lemma 3. Every diagonal section of degree « (2 1) has the left-sided derivative at 1, which

is equalto 2"~ .



Proof. Let § be a diagonal section of degree @(>1) and ¢ be the generator of degee «

such that 5 1is the diagonal section of Archimedean copula with ¢. Denoting the limiting

value of (2) by &,

im 20 Lo, (11)
u—>1-0 (1 _u)"‘

Ifweset u=¢5(r) in(11), u—>1-0 isequivalentto s 1-0 so that we obtain

fim 2 _k (12)

ST

by (8). From (11) and (12), we have

lim£15j [15](p:,
talO

PANE] B (p(t) (l—t)

as desired. O

The following remarks are obtained directly from Lemma 3.

Remark 4.1f o, #a,, @, a,>1,then A, (A, =@ .

Remark 5. Archimedean copulas with generators of degree a( ) fulfill Frank’s condition

or not according as « =1 or not.

Lemmad4.Let §e€A (a=>1).Then, lim2”" [1—5{_"}(01)]“ #0 forany ue(0,1).

Proof. Let ¢ be the generator of degree « corresponding to . Fix any u € (0,1). Then,

5" (u)—>1 as n—o byLemma I so that

o]

a

lim =k+#0

" 1-6 (u)|



from (11). Therefore, considering (10), we obtain

lim2"[1-6"" (u) | = wg{”) £0), (13)

n—0

as desired.o

Theorem 1. Let O €A, (0521) and ¢ be the generator of & corresponding to o .

Then,

(16" ()|

—, ue(0,1]. (14)

¢ (u)=1lim

" [1=6 (12)]

Proof. Fix any u€(0,1). From Lemma 4, it follows that the right side of (14) is

well-defined. Then,

[1_5<-”} (u)]" )

r {=o W] g

:,liiarg2n.[l_5{_n}(l/2)}a - 1k Q)(u)

by (13) and (1). Because 5'"/(1)=1 for any positive integer n, the case of u=1 is
obvious.O

Now, we give several examples that we have seen earlier to illustrate (14).

Example 1'. Every generator of the copulas of Clayton family is of €, so that ¢ =1 in

-1/0

(14). ¢ is strict for >0 and not strict for —1<6<0. Then, 50(u)=(2u'0—1) for

o gTHe
0>0 and o, (u)=max[(2u’9 —1)71/9,0J for —1<6<0 . Hence, @"(u)z{%}



forall 8e[-1,0)\{0} and every positive integer 7 . Thus, by I’Hospital’s rule, we obtain

=12 (- i =12 ()
=lim =

s T
lim |:1 % (u):| =lim )
T =[1427(20 1)

- (2)] T =[1e2 (20 -1)]

-1/6

!

I e I 0 _1).(2? :((uz;__ll)):f/’.g(u)-ﬂ

ey [ (2 )] (2 -1)(27)

Example 2'. Every generator of the copulas of Frank family is of Q, so that =1 in (14).

-6

o
. . . . -1
The diagonal section §, corresponding to ¢, is éh{l + (e ) . Then, we have
e’ -1




Example 3'. The generator ¢, of a copula C, of Gumbell-Hougaard family is of Q, so
that o =6 in (14). The diagonal section &, correspondingto ¢, is exp(21/ ¢ ~lnu). Then,
I (u)= exp(2'"/9~1n u) for all §e[l,0) and every positive integer n . Hence, we

obtain

{1 — exp[2"”‘9 -ln(u)J}g

[1—5§—"}(u)]9 e {l—exp[2‘"/9.ln(u)]}g . _
s w2)] 7 eexp[ 2 m(12)]) 7 (- exp[ 27 n(1/2)])

[
exp(Z'x/‘g 1nu).1nu.(2'x/‘9)' _( Inu ’

ln2j =90(u)- ©

=| lim

7 exp(277 In(1/2))-In (12)-(27)
Example 4'. The generator ¢, of a copula C, of the family is of Q, so that =6 in
(14). The diagonal section &, corresponding to ¢, is max(2wou+1—2w,0). Then,

8" (u)=2""-u+1-2""" for all e[l,0) and any positive integer 7. Therefore, we

lim [1—55_"} (u)} 5 ={limw}g =[2—2u]9 =g, (u).u

n—o |:1_5£—n} (1/2)] n—»m 2_"/9 (1/2)

Example 5'. The generator ¢, of a copula C, of Joe family is of €, so that =6 in



1
(14). The diagonal section &, corresponding to ¢, is é;(u)zl—(l—u)P—(l—u)qb. Then,

1

5;—"}(u)=1—{1—[1—(1—u)9]z_’}9 for all §e[l,0) and any positive integer n so that, by

I’Hospital’s rule, we have

1—[1—(1—u)‘9}2ﬂ

=1lim = =

Sles )] 7 -2 2]

ln[l—(l—u)g]

Theorem 1 suggests that diagonal sections can play a role of function parameters in the

class of all Archimedean copulas generated by @€ Q_(a >1). The next theorem gives an

alternative representation of Archimedean copulas of this class through the diagonal section-a

new function parameter.

Theorem 2. Let C be the Archimedean copula generated by ¢ e Q, (a > 1) and O be

the diagonal section of C.Then C is expressed interms of O as follows:

n—>0

C(u,v)=lims" {1 - {[1 —st (u)]a - [1 —s5t (V)]“ }l/a },(u,v) el’. (15)

Proof. It is sufficient to show that ¢(C(u,v))=min{p(0),¢(u)+¢(v)}. To show this

equality, let us apply the generator ¢ to the right side of (15). Then, by (9) and continuity of

@ , We obtain



(p{gggé{”} {1—[(1—5{"} () +(1-6"" (v))“}w}} _
sl oo

H—>00

= limmin{¢>(0),2" g 1-| (167 (w)) +(1-6"" (V))“T”H -

- min{¢(0),lig1@2" o 1= (167 (u)) +(1-6"" @))”TT}.

In the last equality, the second term can be rewritten as

« 2? 1- (1_5{#}(“))&+(1—5{7”}(v))a Ya
lﬁzn'[(l_ﬁn}(“)) +(1—5{"}(V))} { ([1—5{n}(u)) +(1—5{—n}(v)) } }

a a

By (13), we have

tim 2| (1577 ) +(1-0° ()" | =1 (0 () + o).

And, by (11),

Therefore,
p a Ve
1222"-(/{1—[(1—5{_"}(01)) (1= (v)) } }=(/)(u)+(/)(v)’
so that go[C(u,v)] = min[(p(O),(p(u)vL (o(v)] , as desired.o

Now, let 06(2 1) be a real number and define a new class J, of all surjections

f 1 — I satisfying the following conditions:



(a) f isnondecreasing, but strictly increasing on it’s support,
(b) Yue(0,1), f(u)<u,

() vue(0,1), lim2'[1- £ (u)]" #0,

(d) f isconvex.

Note that every diagonal section of Archimedean copulas satisfies (a) and (b). Also, from

Lemma 4, it follows that any diagonal section of degree « satisfies (c).

The next theorem shows that I, A, .

Theorem 3. Let f€3,. Setting 5=/ in (14), ¢€Q, and f is the diagonal section
of the Archimedean copula with ¢ .

Proof. From (c), it follows that ¢ in (14) is well-defined on (0,1]. Also it is obvious that
@(1/2)=1 and ¢(1)=0. As showed in Lemma 1, f""(u) is concave and strictly
increasing and x” is convex and strictly increasing on [0,c0) so that [1— i (u)]a is

convex and strictly decreasing for any positive integer » . Therefore, ¢ is convex, because
it is the limit of sequence of convex functions. (see Roberts and Varberg (1973)) Similarly, ¢ is

decreasing, because it is the limit of sequence of decreasing functions, so that it is convex and

strictly decreasing, i.e., ¢ is an Archimedean generator.

To show that f is the diagonal section of the Archimedean copula generated by ¢, it is

sufficient to show that (/)[ I (u)]=2-(/)(u) on the support of f. For any u such that

f(u)>0, f{_l}(f(u))zu so that we get



a

u)|= im[l_f{_n}(f(u))] -
o[ f(u)]=lim NG -

[l_f{_(n_l)} (u)T 2! .[1_f{-("-1)} (1/2)}“

i D=
e [1—]‘{'(”'”} (1/2)}“ 2".[1—f{'"}(1/2)]a

=2. ¢)(u) ,
as desired.

To complete the proof, it remains to show that ¢ is a generator of degree «. Since

f{’”}(u)—>1 for any ue(o,l] by Lemma 1, ¢eQ_  if and only if

o(/ (w))

lim —# 0. This follows from (10) and (¢). 0

(1= ()

Wlodzimierz(2012) showed that every strict and continuously differentiable

generator ¢ such that (p'(l’):—l is in one-to-one relationship with its diagonal

section. Note that generators, satisfying (1), of Archimedean copulas with above

generators are of Q . Also, he introduced a family 3, consisting of all bijections

f I — I such that

- f is strictly increasing,
Vue(0,1), f(u)<u,
- [ 1s convex,

f is C* on I and lim f'(u)=2,

u—1-0

and showed that every f €3 is the diagonal section of an Archimedean copula with strict

and twice continuously differentiable generator such that (p'(l’) =—1. It is obvious that



L
N
L

3. Estimation of parameters based on the diagonal seciton.

In section 2, we showed that an Archimedean generator of degree « is in one-to-one

correspondence with its diagonal section. Thus, every generator of UQQ is in one-to-one

a1

relationship with its diagonal section of UAa . Based on this result, a natural strategy for

ax1
inference in a parametric Archimedean copula family is to construct an estimation procedure
using the likelihood of a full sample from a diagonal section, if all generators, satisfying (1),

of the parametric family belong to U Q.

asl

Let (X,.Y),....(X,.Y,) be arandom sample of n observations from a vector (X,Y)
of continuous random variables with the joint distribution function H (x, y) and known
marginal distribution functions F(x) and G(y). Suppose that the copula C of (X,Y)
is Archimedean and depends on a parameter ¢ to be estimate. Also, assume that the

generator ¢, of C, satisfying (1) is of degree 0!(2 1). Thus, {(09,9 € ®} c UQQ so that

a>1

{6,,600}c U A, ,where §, isthe diagonal section of C, generated by ¢,.

ax1

Setting U, =F (X,), V,=G(Y,), i=L12,....,n, then
(U T (U,7) (16)

is a sample from C,. If every C, is absolutely continuous, one can seek to construct

estimation procedure based on the likelihood of the sample (16) directly, but it does not hold
generally. For example, every copula of the families in Example 4 and 5 has both absolute

and singular components, while any copula of families in the example 1, 2 and 3 is absolutely



continuous.

Now, we set

W'=W,...W,); W,=max{U,V,}, i=12,..,n. (17)

Then (17) is a sample from the diagonal section ¢,. Denoting the density function of J, by

d,, the likelihood function of the sample (17) is as follows;
L(H;W)zli[dg(VV,.) (18)
Here, we choose an estimator é(W) that maximizes the likelihood function (18), that is,
L(o:w)<L(6(w):;w).

4. Conclusion

It does not hold that each diagonal section uniquely determines its corresponding copula

in Archimedean class. In this paper we have introduced new concept of generator of degree

a(z 1) of an Archimedean copula and showed that every Archimedean copula with a
generator of degree a(Z 1) is determined uniquely by its diagonal section. Note that the

Archimedean copulas generated by ¢ € U Q , do not fulfill Frank’s condition.

a>1
Now, we have some problems for further research in statistical inference for bivariate
Archimedean copulas:
- To assess the performance of the estimation method proposed in section 3,
- To construct a nonparametric estimator based on diagonal section and examine its

performance.
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