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Abstract: The functional equation of real variable that Riemann used in his paper was subjected to elemen-
tary operations. And I obtained a lot of complex functional equations that the Riemann zeta function follows
respectively. Here, functional equation transformations were the main methods for obtaining the complex
functional equations.

Half of those are equivalent to the complete symmetric functional equation that the Riemann Xi function
follows, and one of those has an origin symmetry with correction terms. From the origin symmetric functional
equation including correction terms, the representation containing the leading term of the zeta function for any
complex number was obtained. And the Riemann hypothesis was proved by applying reduction to absurdity.
Moreover the general representation containing the leading term of the zeta function for any odd number of 3
or more was also obtained.

By suitably combining those functional equations, I observed a new explicit formula for the zeta function.

The Riemann hypothesis was again proven using the deductive method. And two types of general representa-
tions for the zeta function for any odd number of either 3 or 7, or more, were also obtained from the explicit
formula.

In total, three types of general representations for the zeta function for any odd number of either 3 or 7, or
more, were discovered.

Conversely, I defined a new function, named the Chi function, for the left side of the origin symmetric func-
tional equation that includes corrective terms. The Chi function is similar to the Riemann Xi function and
exhibits origin symmetry. Furthermore, I defined a new function, the eta function, which is similar to the zeta
function. The eta function’s pole and trivial zeros are the same as those of the zeta function. Furthermore, the
Chi and the eta functions have the same non-trivial zeros on the imaginary axis. Here, the imaginary axis
corresponds to the critical line of the eta function. And I proposed a generalized Riemann hypothesis for the
eta function that states that all non-trivial zeros lie on the imaginary axis. Since I was able to discover the
explicit formula for the eta function, the deductive method was used to prove the generalized Riemann hypothe-
sis for the eta function.

As you know, there are different types of transformations between the prime numbers and the non-trivial zeros
of the zeta function. I discovered that there are comparable transformations between the prime numbers and
the non-trivial zeros of the eta function. Based on the results of numerical experiments, I proposed some
conjectures referring to relationships between the prime numbers and non-trivial zeros of the eta function.

1. Introduction

When considering the representations for the Riemann zeta function ¢ (S) for any odd number of 3 or more,
especially £ (3), { (5), and £ (7), a lot of series representations are known. Conversely, each representation for
the Riemann zeta function for any odd number of 9 or more, which gives 1 as remainder when divided by 4
(even any series representation) is unknown. This situation seems to be quite similar to the situation at the end
era when the Fermat’s last theorem was once called the Fermat’s conjecture. This was my impression when |
first started research.

The initial research motive was to obtain a unified representation for the Riemann zeta function for any odd
number of 3 or more, excluding the classification of remainders when divided by 4. I discovered the new
functional equation that the Riemann zeta function follows using a technique of functional equation transforma-
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tion, which is newly devised in my research process.
This resulted in the unified representation, which does not require classification for any odd number of 3 or
more. After solving the initial research problem and three years later, I observed that the newly discovered
functional equation has origin symmetry, including correction terms, when the domain of definition is
expanded to the whole complex plane.

Moreover, I had a flash of inspiration that the Riemann hypothesis would be solved by creating simultaneous
equations consisting of the complete and the origin symmetric functional equations with correction terms.

Here, the complete symmetric functional equation that the Riemann zeta function follows is shown.

_s _1=8
(1-1) & 21“(%){(5) = 2 F(%){(l-S) (SeC\{0,1}).

Riemann used the following functional equation derived from the transformation formula (automorphic) for
the theta function to show the complete symmetric functional equation:

o o 7!'112
(1-2) ), e~ mn?x, % Z +

n=1

(x>0).
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Following Riemann, I approached the Riemann hypothesis using the functional equation (1-2) as a starting
point “[5].” In this article, I assumed that the complex variable of the Riemann zeta function was 6, excluded
referring to pioneering research results. In addition, when both sides are infinite at the same time and the
equality is established, as in functional equation (1-1), to show poles explicitly for other functional equations
as well, the condition is excluded from the conditions for the equality to be established.

Moreover, I considered developing arguments as elementarily as possible.

Preliminary knowledge is described in Section 3, and additional knowledge is described in Section 19 as a
supporting information, with the results used in Section 4 and after if necessary.

2. Preparations

I develop arguments by assuming that the theta function’s functional equation derived from the transformation
formula (automorphic) is known:

(2-1) Ze"”‘zx+%= (x>0).

1
n=1 \/_

By multiplying both sides by x after substituting x with x2 for the positive continuous variable x, the following

Np—t

functional equation is obtained:
n2

o0 2 o
(2-2) z xe"“‘zx +'§= Z e x* +% (x>0).
n=1 n=1

Both sides of the functional equation (2-2) can be differentiated infinitely many times, indicating that the
functional equation (2-2) belongs to the C* class.

Although it is equivalent to the functional equation (2-2), the following functional equation is constructed as a
means to find truth:

m2

(s3]
_ 1 _ —-tm2x
(2-3) x_(1+2nz=]le ]/1+22e (x>0).

For convenience, I define the denominator of the right side of the functional equation (2-3) as the function

O(x).
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2

(&) _
(2-4) O@:=1+2 ), e X* (x>0).
m=1
The functional equation of first-order differentiation is obtained by differentiating both sides of the functional
equation (2-2) by x.
—nn2 2 ,—7n2 1 n 2
(2-5) n;l e TN X" o ngl n2 x% e~ N°X ty=2m nz=1 x—3@ x° (x>0).
Differentiation of both sides of the functional equation (2-5) by x provides the following functional equation

of second-order differentiation with difference constant multiplication:

2-6) DX =rPx) (x>0).

Where
X 2
2-1) D @) = Y, (-3nx+27m0x3) e-mn2x",
n=1
0o _nn2
(2-8) FO )= Y, (-3n2x 4427045 %) e o
n=1

The order of differentiation is indicated by the numeral in the right-shoulder parentheses. This rule will now
be followed hereafter.

I decide that the functional equation (2-6) is called the second-order Ir type functional equation. Suffix r
means “real.” This rule will be followed in the future. Formally, the functional equation of the second-order Ir
type is

(2-9) Iy X)) =rpx) (x>0).

Where
(2-10) I21 (%) := 1@ (x) = Z (—3 n2x+27rn4x3)@3‘”“2x2.
n=1
sz n2

(—3 n2x~4 42704 x“6) @_ X2

M

(2-11) F21 %) :=r® (x) =
n=1

The numeral in the suffix [ ] shows the order of the functional equation. This rule will also apply in the future.
The right side of the second-order Ir type functional equation is considered to be as follows:
oo _zn2
(2-12) I (x) = 21 (L) x(-3n2x3+27nt x5 ) e 27 .
n=

The functional equation’s relation (2-3) is introduced into the second-order Ir type functional equation, and

both sides are multiplied by ®(x) to obtain the following functional equation:

(2-13) A ) +fi21®) = by () +81 @) (x> 0).

Where
3 2
(2-14) A0 = Y, (-3n2x+27n4xd) e~ 02X
n=1

—ﬂ(n2x2+m—2]
(—6n2x+47tn4x3)@3 x2
1

35

(2-15) fi 0= D
n=1
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mn2

o0 -
(2-16) by = Y, (-3n2x3+27antx5)e ¥
n=1

© - (m2x2+ﬁ)
(2-17) 821 X) = Z Z (—6 n2x3 +47nd x_s) e X2
n=1 m=1

I decide that the functional equation (2-13) is called the second-order IIr type functional equation.
Differentiation of both sides of the functional equation (2-6) by x provides the following third-order differentia-

tion functional equation:

2-18) D x)=r® x) (x>0).

Where
Dy= > (3n2 432426 4) por n2al
(2-19) D)= Y, (-3n2+127xn4x? —4n2nbx%) e .
n=1
0 _nmn2
(2-20) IO ) = ), (12n2x5-18xntx~7 +472nfx) e x?
n=1

To obtain the following third-order Ir type functional equation, multiply both sides of the functional equation
(2-18) with x:

(2-21) 1[3] ) =rpEpx) (x>0).

Where
(o)
(2-22) I3y (0) :=x1I¥ (x) = 2 (-3 n?x+127ntx3 —an? n6x5) e-nn2x’
n=1
oo _nn2
(2-23) M3 ) :=xFD ) = ), (12n2x 7 -187ndx 0142 nbx8)e .
n=1

The functional equation’s relation (2-3) is introduced into the third-order Ir type functional equation, and both

sides are multiplied by ®(x) to obtain the following functional equation:
(2-24) @3] (%) +fj3] ¥) = b3; ) +g[31 ) (x> 0).
Where

(—3 n2x+127xn4x3 -4 22 nb xs)@—ﬂ' n2x? .

M

(2-25) a3 (x) =

n=1
) 00 _ﬂ(n2x2+m_2)
(2-26) fi31 ) = Z Z (—6n2x+247rn4x3—87r2n6x5)e x?
n=1 m=1
_mn2

2

Ms

(2-27) bz x) = (12n2x3 18t xS +4n2ndx e x

=
1l
—

- (m2 x? +E)
(24 n? x3_36rn*x5 +872nb x‘7) e x2
1

M
M

(2-28) 831 (%) =

=
[IN
8
1l

I decide that the functional equation (2-24) is called the third-order IIr type functional equation.

The differentiation of both sides of functional equation (2-18) by x provides the fourth-order differentiation
functional equation:

2-29) D) =rP ) (x>0).

Where
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(o]

(2-30) I¥ (x) = 2 (30 7 n# x - 40 72 nx3 +8 73 nsxs)e—”n2x2.
n=1
oo _nn2
(2-31) FY )= D (-6002x0+150 antx~8 -72 22 nbx~10 483 n8x12) e ¥
n=1

Both sides of the functional equation (2-29) are multiplied by x2 and both sides of the third-order Ir type
functional equation are added to each other to obtain the following fourth-order Ir type functional equation:

(2-32) 1[4] X)) =1y (x>0).
Where

(2-33) ligp ) := X2 I (x) +1[37 (%)
= (-3n2x+427nt x> -44 72 06 x> + 8 73 n8x7)(3_”n2x2‘
n=1

(2-34) Fla ) := X2 FY () + 131 ()
T n2

= ) (-48m2x* 13270 x 068726 xS 183 n8x10) e A7 .
n=1

The functional equation’s relation (2-3) is introduced into the fourth-order Ir type functional equation, and

both sides are multiplied by ®(x) to obtain the following functional equation:

(2-35) Ap4) (X) +fia] ) = bpg) ) +ga1 ) (x> 0).

Where
(2-36) A= Y (—3n2x+427rn4x3—447r2n6x5+87r3n8x7)e-7”12x2.
n=1
o —n(n2x2+m—2)
(2-37) fin @ = X, D, (-6n?x+84mnx’ 882 nbx +16 73 n8x7) e x?
n=1 m=1
© _mn2
(2-38) by 0 = Y, (-48n2x 34132t x S —68 26 x 7 483 n8x %) e AP .
n=1
(2-39) 841 ) =
o —n(m2x2+ﬁ)
D D (-96n2x73 4264 mnd x5 —136 22 nbx~7 +16 23 n8x %) e x?
n=1 m=1

I decide that the functional equation (2-35) is called the fourth-order IIr type functional equation.

Differentiation of both sides of the functional equation (2-29) by x provides the fifth-order differentiation

functional equation:

(2-40) IO x)=r® x) (x>0).

Where
(2-41) I® )= Y, (30w n* -180 22 n6x2 +120 73 n8 x* - 16 74 n10 x%) &7 n2x’
n=1

(2-42) r® (x) =
_mn2

(o
D (360n2x77 -1320 0 x° +1020 22 n6 x~ 11 —240 3 8 X~V 416 74 010 e F .
n=1

Both sides of the functional equation (2-40) are multiplied by x3 and both sides of the fourth-order Ir type
functional equation are added to each other to obtain the following fifth-order Ir type functional equation:
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(2-43) 1[5] ) =ri5x) (x>0).
Where

(2-44) I15) (%) 1= 23 IO (x) + [[4) ()
[
= Y (-3n2x+727ntx3 -224 72 n6 x5 +128 73 n8 x7 —16 74 n10 ) e-7 02x7
n=1

(2-45) F[5] () := x> KO (x) +F[4) )

oo —xn2
= Y (B12n?x~*-1188 0t x 70 4952 22 n6 x 78 _232 W3 08 x 710 416 74010 x2) e X7 .
n=1

The functional equation’ relation (2-3) is introduced into the fifth-order Ir type functional equation, and both

sides are multiplied by ®(x) to obtain the following functional equation:
(2-46) @ys) (%) +fis] ) = bys) () +g[51 () (x> 0).
Where

M

(2-47) Q5] (x) = (-3n2x+727n? X3 ~224 72 n6 X5 +128 73 8 x7 ~16 74 n10 x%) g7 2%

1

=
1l

(-6n2x+ 144 7 nd X3
1

(2-48) fis) (x) =

Ms
25

n=1

- (n2 x2 +m_2)
- 44872 n x5 + 256 w3 n8x7 - 3214 n10x%) e x?
(2-49) bs) () =
n2

(o —_
D> (Buzn2xd-188antx S 4952206 x 77 —232 3 80 416 40 x ) e P
n=1

DM

(624n2x73 - 2376 rnt x5

(2-50) 510 = D,
n=1 1

m

m?2 x? +E)

_,,(
+1904 12 06 x~7 464 73 n8x~0 + 32 14 n10x~ 1) e X2

I decide that the functional equation (2-46) is called the fifth-order IIr type functional equation.

3. Preliminary knowledge

3-1. The gamma function I'(Z)

The gamma function ['(Z) is an absolutely convergent function under the condition of Re(Z) > 0 “[2].”
The following equation provides its definition:

(0]
G- T @) := L xZleXdx (Re(Z)>0).
The formula can be used to calculate the value of the gamma function for any positive integer.
B3-2)Tm=m-1)! (neN).

The two formulae can be used to calculate value of the gamma function for any positive half-integer.

(3—3)1"(%):\/?.
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2n+1) _ Cn-DNVx
(3-4) T (2o2l) - Go=lb (neN).

Table shows the values for the gamma function for positive half-integers

n 0 1 2 3 4 s 6 7 8
2n+l 1 3 3 1 9 1 3 15 17
2 2 2 2 2 2 2 2 2 2
r(2e4)| vx ¥r | 3¥z |15Vx [105Vx |945Vx |10305Vr (135135Vr 2027025V
2 ) 2 1 8 16 32 64 128 256
Fig. 3-1

Analytic continuation extends the domain of definition of the gamma function I'(Z) to the whole complex

plane. The gamma function has simple poles at Z=0, -1, -2, - - -, i.e,,
1
3-5) ——— =0 N).
( ) I'd-n) (neN)

Residue of the gamma function at Z = 0 is shown as follows:
(3-6)Res(0; "' (2)) =1.
Residue of the gamma function at Z = —n is shown as follows:

(-7 Res-n; T @) =D (nem).

Except for the poles, the gamma function is regular in the whole complex plane.

In the entire complex plane, the gamma function has no zero, i.e.,

B-8)I'@)+0 (ZeC).

The value of the gamma function for any negative half-integer can be obtained by the formula.

(3-9) T (-2l = o 2V (e,

Table shows the values for the gamma function for negative half-integers
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Fig. 3-2

The difference formula for the gamma function is shown as follows:
3-10)T'1+2)=2T 2Z) (ZeC\{-1,-2,-3, --}).
The reciprocal formula for the gamma function is shown as follows:

3-1) T@HIra-z = smzr—n'Z) (ZeC\Z).

3-2. The Riemann zeta function {(S)

The Riemann zeta function £ (S) is an absolutely convergent function under the condition of Re(S) > 1 “[2].”
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Its definition is provided by the following equation, and it has the Euler product representation:

3-12) {(S) = Y, nl—s= [T (-p5" (Re®)>1).

n=1 p: prime
In this case, the product of the right side crosses all prime numbers.

The Bernoulli numbers By, are provided by the following equation of definition:

(3-13) X ZBn y (Il <27).

Table shows the values for the Bernoulli numbers By,

Kk 0 1 2 3 4 5 6 7 8 9 10
B, 1 1 1 1 1 5 | _60 7 | _3617 | 43867 | 174611
g 6 30 ) 30 66 2730 | 6 510 | 798 330
Brks| -+ 0 0 0 0 0 0 0 0 0 0
Fig. 3-3

The formula can be used to calculate the exact value of the Riemann zeta function for any even number of 2 or

more.

(—l)n -1 22n-1,;2n B2 o
Q2n)!

(3-14) {2n) = (neN).

Table shows the exact values for the Riemann zeta function for even numbers of 2 or more

n 1 2 3 4 5 6 7 8
2n | 2 4 6 8 10 12 14 16
‘an| = o | S| A | A2 |_ea? | 24 3617 x
° 6 90 | 945 | 9450 | 93555 | 638512875 | 18243225 | 325641566250
Fig. 3-4

In 1979, R. Apery proved that £ (3) is an irrational number using the following series representation “[4]”:
S n+1
G3-15 {®=3 3 (‘—1)2—
=1 3 ( “)
n
n
The following series representation for  (5) is adopted from Ramanujan’s note book:

0

DS N 12 1
(3-16) £(5) = 357~ 3% & ey 112=:1 eI

The following series representations for £ (3) and £ (7) are adopted from Ramanujan’s note book, too:

_18 e 1 19x7 3 SR —
3-171) £Q3) 180 ~ ngl n3 (270 _ ) ¢ = 56700 n;l n7(f€”n‘1)’etc.

By analytic continuation, the domain of definition of the Riemann zeta function { (S) is expanded to the whole

complex plane. The Riemann zeta function £ (S) has only a single simple pole at S=1, i.e.,

(3-18) ——0

44
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The Riemann zeta function is regular in the whole complex plane except the pole.
The residue of the Riemann zeta function at S = 1 is as follows:

(3-19) Res(1; £ (8)) = 1.

The value of the Riemann zeta function at S = 0 is shown as follows:

(3-20) £0)=-1/2.

The Riemann zeta function has trivial zeros for any even number of —2 or less, i.e.,
3-21){(-2n) =0 (neN).

The value of the Riemann zeta function for any odd number of —1 or less can be obtained using the formula.

(3-22) {(1-211)=-EMl (neN).

2n
Table shows the exact values for the Riemann zeta function for odd numbers of —1 or less
n 1 2 3 4 5 6 7 8 9
1-2n -1 -3 -5 -7 -9 -11 -13 -15 -17
“(1-2n) 1 1 1 1 1 691 1 3617 43867
s - 12 120 252 240 132 32760 12 8160 14364
Fig. 3-5

3-3. The Riemann Xi function & (S)

The Riemann Xi function & (S) is defined as follows:
S
(3-23) £®:= 387721 (3){® (se€0),

The Riemann Xi function’s functional equation exhibits point symmetry, which at S=1/2.
(3-24) £ES)=E1-8) (Se).

The complete symmetric functional equation, of course, has the same symmetry.

The value of the Riemann Xi function at S = 0 is shown as follows:

3-25) £E0)=1/2.

The Riemann Xi function has an infinite product representation called the Hadamard product.

(3-26) £(S):=E0) I1 (1—%) (Sel).
£ =0

P: non —trivial zero

In this case, the infinite product crosses all non-trivial zeros of the Riemann zeta function.
This infinite product is absolutely convergent.

3-4. The Riemann hypothesis for the Riemann zeta function

It is well known that all non-trivial zeros of the Riemann zeta function lie in the domain called the critical
strip, excluding both side lines on the boundary.

(3-27) Criticalstrip={Se€C:0<Re(S)<1}.

The Riemann hypothesis asserts that all non-trivial zeros of the Riemann zeta function lie on the critical line.
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(3-28) Criticalline={SeC:Re(S)=1/2}.

In this article, the Riemann zeta function is hereafter abbreviated to the zeta function.

3-5. The modified Bessel function of the second kind Kv(z)
The modified Bessel function of the second kind Kv(Z) is defined as an independent solution of the following
modified Bessel differential equation “[2], [3]":
(3-29) Z2y" +Zy"' -(Z2+V2)y =0 (V,Z€C).
Kv(Z) has a branch cut discontinuity in the complex z plane running from —oo to 0.
The origin symmetry concerning the index v is shown as follows:
3-30) Kvzy=K-v@z) (v,ze).
The recurrence formula is shown as follows:

(3-31) %KV+1(Z) = VKV(Z)+%KV—1(Z) (V,ZeC).

The integral representation is shown as follows “[7]”:

1

1 00 —L(x+ )
(3-32) KV(Z):EJ(; xV-leg 2 x)dx (v,ZeC).

When the index v is not an integer, the modified Bessel function of the second kind is given by the following
equation using the modified Bessel function of the first kind, [v(Z):

3-33) Kv@= MW(I-V(Z)-IV(Z)) (VeC\Z,ZeC).

In this case, the function Iv(Z) is given as follows:

& 2u+v
_ Iv @) = ZH 7T 7 .
G-3) lv@ Eou!l"(uwn) (V,ZeC)

Iv(Z) has also a branch cut discontinuity in the complex z plane running from —oo to 0.

When the index v is a positive integer, the function Kv(Z) is given as follows:

n -1
-3 Kn@ = lim Kv@) = )" In@ tog(£)+ 1 ¥ (pu ==L (Z)H70
V-n 2 2 =) IJ' 2

“DN N W (un 1)+ (1) (Z)\D 2
+ED= ”2_]0 roral (%) (neN,ZeC\{0}).

Here, the Psi function ¢/(Z) is defined as the logarithmic differentiation of the gamma function, i.e.,

- 7):=0@ _ d 17y (zeC\(0,-1,-2, ).
(3-36) Y (Z) T = dz gl () (ZecC\{ 9]

The Psi function is an analytic function in the whole complex plane except at Z =0,—1,-2, - - .. When Z is any
integer of 2 or more,

n

(-3 Y@en=-y+ ), L (neN).
k=1

WhenZ =1,

3-38) Y=-vy.

In this case, the constant vy is called Euler’s constant, and its definition and approximate value are given as
follows:
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n
(3-39) y:= lim [kz_"l i —log(n)] ~ 0.57721566490 .

When the index v = 0, the asymptotic formula for the function Ko(Z) is given as follows “[17]:
(3-40) Ko ) = (- +log (2) -log (x)) + % (1-7 +log (2)-log ) x2+O )4 (x>0).

The formula for the function Kv(Z) at the index v = 1/2 is given as follows:

1 _ -7
(3-41) KZ(Z)_ ,2Z (ZeC).

The formula for the function Kv(Z) at the index v for any positive half-integer is given as follows:

2n+1 oL (n +k)!
3-42) K (Z) = 2Z Z RIS (neN,ZeC).

Table shows the formulae for the function Kv(Z) at the index v for any half-integer

. 1 3 5 7 5

i *2 2 £ 2 £

, -1 L1 e L1s3:3 6,15 15 X ,~L.,10 45 105 105
Ky (@) 22(’ ZZ(' (l+Z) ZZ (1+Z+Zz) ZZ (l+ 2 ) ZZF (I+Z+22+Zj+24)

Fig. 3-6

3-6. The divisor sigma function 079 (n)
When d is a divisor of any positive integer n, the sum of the divisor sigma function 0g (n) runs all divisors,

and the equation defining the divisor sigma function 07g (n) is shown as follows:

(3-43) g := Y, d? (heC,neN).
d|n

When 6 = 0, the divisor sigma function is equivalent to the number of divisors function y (n).

(3-44) Ogm) = ), 1=pm (neN).
d|n

When n = 1, the divisor sigma function takes the constant 1 independent of the complex variable 6.
(3-45) O0_g(1)=1 (A eC).

When two different arbitrary prime numbers a and b are assumed, examples of calculation are shown as
follows:

— 1.1
(3-46) 0'_0(61)—1+a0 (6eC).

(3-47) 0'_0(a2)=1+L+L (6eC).
1,1
(3-48) O_g(a- b)_1+—+b—0 wby (1+ )(1+b—0) (0eC).

When considering the product of two different giant prime numbers, there is a difficulty in factorizing the
product. In addition, the divisor sigma function 07g (n) has the same difficulty.

4. Functional Equation Transformation, Partl

I consider multiplying both sides of the second-order I; type functional equation by the kernel function
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e X (0 5>0,0eC)

to perform the improper integral on the open interval (0,00) and to provide the operation for taking the left-
sided limit of @—+0.

To ensure the validity of the above series of operations, it is necessary to evaluate the convergence of the
integral and the boundedness of the limit value.

The operation for taking the left-sided limit is carried out at the proper stage of the calculation.

Moreover, the domain of definition is determined sequentially at appropriate stages.

The statements above also apply in Sections 5 and 10, except that the transformation sources are different.

The following are the operations of the functional equation transformation for the second-order I; type func-
tional equation:

(4-1) L2 (0 :

. o X 2
lim f Z (—3n2x‘9"'1 +27rn4x0+3)@_7r(n2+a'2)x dx.

a-+0
. 00 & ﬂ(ﬁﬂlzxz)
(4-2) Rpz1 (0) := o!l—mo f Z (-3 n2x0‘4+27rn4x9‘6)e x? dx.
For the integral of L[2] (), I perform the variable transformation
()
T (n2+a2)
(4-3) L2 0 =
o OO 0+1 0+3 L
tim, [ 35 [0t () et () | ) e
‘g . = b1 8 = 842 044
=7;_ II->+0 f ( z_: (n2+(12)2 y2+2 ngl n4(n2102)2 v ]e‘ydy.

Using the left-sided limit of the positive real variable @,

_Q oo

a2 [ 1 +1)
(4-4) Ly 0) = 2= ﬁ nz;‘l n9[ 3y2 +2y2 ]e Y dy
-Q o 0 0
2 = S+
=2 2 ey f 2 e Yayl.
T n; nﬂ( , Yre dy+2 o Y e dy]

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the
condition.

Nl%

(4-5) Ly 6) = Z- f“ (3r(1+2)+2r(2+ f) (Re@® >1).

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.
]

=6 L 0= T2 L3482 (T (8) = 1 20 o-nr (8
8
=Z2i®-20-0r(4 weo).

Q:

Therefore,
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(4-7) L 0) = —(uar 2F( ){(0) (e ).

The function Lp2] (6) is a convergent function in the whole complex plane.

For the integral of R[2] (6), I perform the variable transformation x = y~ L

) 0 & 0—4 0-6\ -7 (n2 y2+—a2)
= z: 2(1 4(1 2 -2
(4-8) Ry @) = lim, L = ('3" () +2mn () )e Y y7)dy

2
00 o0 _7[' n2y2+a_)
lim f E -3n2y2f 2ty e ( 2/ ay.
a—-+0 n=1( y + y ) y

Assuming that the integral and the sum can be interchanged, for the integrals of R[2] (6), I perform the variable

transformation
a 1
— (X
y= ( n )2 .

(4-9) R0 =

o0

o 5-0 _M_na(x_,_l)
+2(7rna')~— ) X e 2 x/ dx]|.

The integrals can be written using the modified Bessel functions of the second kind.
; 3-60 o 146
4-10) Rpj@ = lim a2 )] n2 (-3K B arnaey+2@na)K H(znna)).
a-+0 n=1 2 2
Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed
exchange is justified.
The recurrence formula for the modified Bessel function of the second kind is applied twice.

(4-11) Ry (0 =

3—9 oo
H 5 5 3-6 3-6 3-6 1-0
()!I—)TO a 2 n;l n ( 3K (27rna')+2( 3 K > (27tna')+(7tna')K (27rna')))

1-¢ =1+6
. N 5 —H (_ 3-6 2K 1=6
‘nJ'_)To“ 2 nz=]1 n 2 ( dana)K Eerne) +2@na?K L5 (27rna'))
1= ©  —140
_1 > > 0 9 —1-¢
== Oll_)rro a nz=:1 n ( (—2 K—2 eana)+@na) K =1 (27rna’))
+2(nna)2K1;—0(znna))
1 li 6 & 1i6 K 1=6
- — 2 2 — 2=
2 Jim o n (0(0 DK e

2@na) 9K erne)+4@na?K 1;—0(27rna')).

For convenience, I separate the result of equation (4-11) into three parts adding the condition Re (6) < 0.
1-0 —1+

(4-12) Cp2j-1 (0) := —‘u lim o 2

a-+0 n=1

K L= 0(27rna') (Re (@) <0).
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=1+6

(4-13) Cp2@:=-2 lim a2 ¥ n 2 ano)KEerne) (Re@®<0).

1- o  -1+6
(4-14) Cp21-3 () :=%0!i_mla 2 Y n 2z @naeKEerne) (Re®)<0).
n=1

Additionally, when the complex variable 6 is not an odd number of —1 or less, the modified Bessel function of
the second kind is given by the modified Bessel functions of the first kind. For the first part,

(4-15) Cp21-1 () =

1-06 = —
8@-1 |im o'2 ) n I ([ZLorne -1 erna)
2m a-+0 n=1 2 sin 1-0 )
2
- oo - =146 1-0
00D fim o2 3 a2 | Y @2 ana
" asin(152) = = A0 T (e =50a1) =0 T (s 15041)
_;0 (o) 00 00
_0@-hrx lim K01 @nayt (na)*#+1 9
4s1n(120 ) a>+0 poq 1=0 y'F(ﬂ+ =146 1) u=0 u!r(ﬂ+1;—0+1)
L0
_0@-x Z 1| _G@na® ¥ (xna)?H+?
1-6 a_>+0 =1 ! _1-6 = ! 1+6
4sm( > ) n O.F(l 2) 1=0 (;1+1).r(p+ > +1)
& 2u+1-0
-y Azna (Re(0) <0,0C\{1-2p:peN}).

=0 y!'I (,u +12i+1)

Now, using the following fact for calculation:

I (B=0,neN),

4-16) lim =
“-16) lim @na)f {0 (Re(®)>0,neN).

Therefore
1-6

(4-17) Cpp—1 () = —2O=D1 2 Y, nf-1 (Re@) <0,0eC\{1-2p:peN}).

s (152)r (1]

By applying the reciprocal formula for the gamma function,
1-9 o
- _00-1 ~ 2 1-6 i _ .
(4-18) Cpop-1 0 = £¢=1x r( > ) n; —5 (Re(®) <0,0eC\(1-2p:peM)).

For the second part,
(4-19) Cp1—2 0 =

1-6 o —146
Blimaez Y 02 o) —Z —([ZLLemao-14erna)
@-+0 n=1 2sin (1% 7t)
1+9 1+6
1-6 =1+6 —
=——0  |im a2 i n 2+ (xna) i oo - S a2
2sin(1;—071') a->+0 n=1 n=0 ,u!l"(p—lzﬁ+l) 1=0 p'r(ﬂ+1+9 1)
-1=0 i R 2 1-6 at 2 2
__6m 2 lim z nf-1 Z (na)*H 7 (na) M+

=0 (Re(®<0,0eC\{1-2p:peN}).



Beyond the Riemann hypothesis Version 1.nb | 15

For the third part,
(4-20) Cp21-3 (6) =
1-9 o =146
% lim o 2 Z n 2 (rna)? S (I _12+0(27rna')—112;0(27rna'))
@-+0 n=1 2sin (527
146 1-6
1-0 =1+0 2 0o 2+ —=2
= 1 lim a2 Z n 2 (wna)? Z oy Z @na)y'**t 2
sin 1-6 )0’—)+0 n=1 Hu=0 ']"( —1+0 1) =0 ']"( 1-0 1)
pll e+ + H i M+ +
2 2
_M ) 4]
__m 2 lim Y nf-1 (zna)?H+? (@na)*P*+3-
sin(ﬂﬂ) @=>+0 =1 p=0 u'F(u+-1+"+1) u=0 u'F(u+1 9+1)
2
=0 (Re(@<0,0eC\{1-2p:peN}).
By combining the above results,
1-0 oo
(4—21)R[2](0)=ﬂ‘%)-7t 2 r(lz-a) D n11-o (Re(0) < 0,0 C\{1-2p:peN}).
n=1

When the complex variable 6 is any odd number of —1 or less, for the first part,

(4-22) Cp21-1 (1-2p)=£ﬂ;3¥i|3l lim oP Z nPKp@ernae
n=1

a-+0

= 27[—1 lim oP Z n_p[(—1)p+11p(27rna)log(7rna')
n=1

a-+0

p -1 00
+l Z (=M £P_—ll_—1L!(,,na)2u—p+(—_l)R Z U @+p+D)+Y (+1) (7z'na')p+2”
2 ji=o u! 2 & !

T < o~ 2p+p
= pQ2p-1 lim aP Z nP|1)P +1 Z (rna)y™ ™% log (7 n @)
n a->+0 = f=o #!T (u+p+1)

p-1 00
+% P ﬂp—u'—lﬂ (xna?h-p, DR Y lﬁ(u+p+1)4'rlﬁ'(u+l) (rn@)P +2H
(=0 p! 2 o (p+m)'p!
- % p-1
= M%:‘Lp lim Z n—2p[ Z (-1H ﬁp__llj';lL!(n.na)Zﬂ
n=1 .

a-+0 'u=0

V' 2log(rna) W (u+p +1) - (u +1) 2u+2

+(-1P+1 (rna)?H+2P| (peN).
ﬂzzo ! (u+p +1) P

When the complex variable 6 is any odd number of —3 or less,

(4-23) Cpl-1(1-2p) =
pZp-DZP im n—ZP[(-l)"“’o;,‘L’(nna)"+ > (-1)ﬂ5t5,;1ﬂ(nna)2”J
1 : =1 )

a->+0 = m

_pl@ep-npxp
= B2B=DTL fop) (peN\).
When the complex variable 6 is equal to —1,

00 0
_ 1= Z=2 |; -2 e -l 2p _ =2 -1
(4-24) Cpz1 -1 = 5= lim nz=:1 n Eﬂ( S e =1 {oy=1.

For the result of equation (4-23), 1 is substituted directly for p.
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_ p!Cp-Dx~P _1!'x-1 _ 1
(4-25) g §(2p)|p=1 = (=13

2

This result is the same to the result of equation (4-24); hence, they can be combined.

- p!@p-nnP
(4-26) Cpjo1 (1-2p) = BEERDILR £ o) (pe).
For the second part,

(4-27) Cpm2-2p)=-1222 |lim P Y nPaneyKp-1@zna) (pen).
T a->+0 n=1

When the complex variable 6 is any odd number of —3 or less,

(4-28) Cppj—a 1 -2p) = 22=L |im oP )’ nP@na) (DPIp-1Gana)logna)
T a-+0 n=1

pP-2 1 &
+% Y e —u'—ll! (rn@)?H-P+ (—1)2p lﬁ(u+n)+llﬁ'0u'+1) (rn @)P +2y—1J
p=0 Ml =0 (+u-nlip!

T a->+0 = u!T (u+p)

. co s 2u+p -1
=2P-L lim op ) n‘p(zrna')[(—l)p Y @y e
=0

p -2 00
—u-2)! -1HpP-1
R I ]
H=0 H=0

=$212;17rz7r‘p lim Y n—Zp[(_l)p Y 2log(rna) Y (u+p) =Y W+1) ; \ 2p42p

a-+0 A= (=0 u!'T (u+p)
p-2 Y
+ (-p =D o )2+2[ =0 (peN\(1)).
ﬂ:O ” .
When the complex variable 6 is equal to —1,
[
(4-29) Cp—2 <D =72 lim Y n2@na2Koerna
a-+0 n=1
o0
=x~2 lim n—2 (rn @)? ((-y +log (2) —log @ 7 n @))
a->+0 n=1

+ %(1 —y +log (2) —log 27 n @) 27 n @)? +O(27rn(x)4) =0.

Here, I used the asymptotic formula for the function Ko(Z).
For the third part,

(4-30) Cp21-3 (1_2p)=72?(!Lr1|0 aP Y nPane?Kpernae

n=1
. [ o0 2”+p
=2 lim aP -p a? lcpp+1 o)™™' a
T @-»+0 n;l = @na)’ -1 ,uz=0 p!L (u+p+1) 0g(rna)

p-1 o
S MR =D! hay2u-p . CDP Y Y @ap+D+f D) o oap+2p
L= u! Lo P+)'p!
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_x P g S -2p p+1 2log (xna@) -y (u+p +1) - (u +1) 2p42p+2
im D [( ) FZO LT, (xna)

n=1
p-1 '
b Y o =D G g2i2| =0 (peN).
H=0 M
For the right side of equation (4-21), (1 — 2 p) is substituted directly for 6.

(4-31) 4@=D 7 E r(lze) 21 e =P 3
n=

6=1-2p a=t n?P
_pl@ep-HnP
= 2l@p-baP rop) (pen).

This result is the same to the result of equation (4-26); hence, they can be combined.

(4-32) Ry @ = 4€=D 7~ 5 F(lz‘a) Y L (Re®<0).

= nl-6

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.

1-0
(4-33) Rpj 0 = ﬂ:’%)—n_ 2 T(L2)¢a-0 weo.

The function R[2] (6) is also a convergent function in the whole complex plane. Thus, the following equation
holds true:
(4-34) L1210 =Rz (0 ().

Therefore
] _
(4-35) L= 701 (8 9 = €E-14 5 F(1 ) fa-60 veo.

I decide that the functional equation (4-35) is called the second-order I type functional equation. Suffix ¢
means “complex.” This rule is also hereafter applicable.

It is equivalent to the functional equation that the Riemann Xi function follows.

5. Functional Equation Transformation, Part2

The following are the operations of the functional equation transformation for the second-order II; type
functional equation:

(o

: o0 2
lim f Y (c3m2 X L2t x84 e T 2+ gy
a-+0 n=1

(5-1) A ) :

2
i o & o - ((n2 +@2) x2 +m)
lim f Z 2 (—6n2x9+1 +47rn4x9+3)(e 2/ ax.
a-+0 n=1 m=1

(5-2) F21 0 :

(5-3) By (0):

2 2
. 00 & —ﬂ(n—+a'2x)
lim j(; Z (—3n2x0‘3+27tn4x9‘5)<e x? dx.
n=1

a->+0

5-4) G210 :

. o & X - ((m2 +a2) x*? +ﬁ)
lim j(; Z 2 (—6n2x‘9‘3 +47rn4x‘9'5)e ) ax.
n=1 m=1

a-+0

Immediately, the following obvious result is obtained:
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0
-5 Ap @ =L@ = 24=D721(8) 20 (ve0).

For the integral of B[2] (6), I perform the variable transformation x = y L.

0 & 1\6-3 1no-5\ 7 (nz y2+a_22)
5-6) B 0=Iimf (-32— 2t (< ) Yol (-y~2)d
( ) bp21 (0 am ooﬂgl n(y) +27n (y) e (y ) y
o &, —ﬂ(n2y2+a—22)
=Iimf ~3n2yl=0 4277 ndy3-0 Y2 ay.
a—>+00n§1(ny +2anty¥%)e y

Assuming that the integral and the sum can be interchanged, for the integrals of B2 (6), I perform the variable

transformation
y=(F)2-
: I ax\ 52 ax 2 —nna(x+l)1 a\l -1
(5-7) Bp2) 0) = JI_)TO 21 ﬁ [-3n2(7) 2 +2mnd (2F) 2 )e X/ ()2 x 2dx
n=

a2 oo 2—0 2rna 1
; = == =0 SR x4
= lim a2 Z n 2 [—3-l 0 x 2 e 2 ( X)dx

o 4=0 . _2zana( .1
+2(7Z'n(l’)°%j(;xl I(e 2 ( X)dx.

The integrals can be written using the modified Bessel functions of the second kind.

20 o 240
(5-8) By @) = lim a2 n2 (3K Eema 2K Sermae).
a-+0 =1 2 2

Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed
exchange is justified. The recurrence formula for the modified Bessel function of the second kind is applied

twice.
I 2-60 = 240 K 220
5-9) B = IIm 2 2 (- =0
( ) Bp21 (@) a->+oa ngl n ( 3 > @rna)

+2(B2K Eerna)+@na)K Laxna)

=1 lim o
T a-+0 n=1

n2 (-@+D@n K Eernay+2@na?K g(zxna))

T a-+0 =1
+2@na?K erna)
- L lim o2 i n§(0(0+1)KQ(27rna')
27 a->+0 2

2@+ @na)K 2 eana)+4@na?K g(znna)).

For convenience, I separate the result of equation (5-9) into three parts adding the condition Re (6) < —1.

6 & 2]
_ — 0@+1) |; ) 2K ¢ _
(5-10) Dpz1 (0) := 2L lim o 112::1 n2K€erna) (Re®<-1).
00 7]

0 0
2 n2 (nna)Kzzﬁ(znna) (Re (@) < -1).

0+1 |; -
5-11) Dpi—2 0 := -2 lim «
( ) D[21-2 (0) T om P
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7]
(5-12) Dpj—3 () := 2 z lim o -7 Z n2@ne)?Keerna) (Re@®<-1).

n=1
Furthermore, when the complex variable 6 is not an even number of —2 or less, the modified Bessel function
of the second kind is provided using the modified Bessel functions of the first kind. For the first part,

[
(5-13) Dyt @ = 2421 |im o 2 2 n —2Z —([-ferma-ILerna)

a@>+0 n=1 ZSm(g )
@+ _ |im a_g i g i _(_)—7”10'2”_g f“ (nnazzﬂ*g
= n -
4sin(§7r) a@-+0 n=1 1=0 u!]‘(ﬂ_gﬂ) [=0 ,u'r(,u+0+1)
9 ) ) 21—6 oo 2
= 00+D2 |im 0 @na)**? (zna) H
4sin(§7z’) @40 p=l i ﬂz:‘) ﬂ!F(ﬂ—gH) Ilz=0 p!F(u+g+1)
Q o0 o0 [o%)
_00+Dx? |im 0 @naP?  _@na® (zna)?H+?
4sin(§7z’) @=+0 “§1 " ﬂz=0 /J!F(y—g+1) O!F(l +§) p=0 (p+1)!r(y+g+2)

9 oo
= 6(0+1)7r2 Y nf (Re(®) <-1,06C\{-2p:peN}).

n(-4r 1) &

By applying the reciprocal formula for the gamma function,

(5-14) Dpaj-1 (6) = Jﬂlnz F( 2) D n% (Re(@ <-1,0eC\{-2p:peN}).

n=1 0
For the second part,
(5-15) D212 (0) =
_0x1 lim o 2 Z ng(n'na')zsm(ﬂ—z%ﬂ)(l—zzi(utna’)—l22L0(27rna'))
8 o 22 o 222l
- _ 0+1 lim o 2 Z n2 (rna) Z (7z'na') 2 (nn @) 2

251n(2+0 )a—>+0 = p!l‘( 2+0+1)_ = ”'F(ﬂ+2+0 1)

0
—__O+DHm2 | Z nf i @na)?r-9 _ i (zn @)2 #+2
gt £ 3BTy B et

=0 (Re(®) <-1,0e C\{-2p:peN}).

For the third part,

0
(5-16) Dpaj- 3(0)—— I|m a

_Mz
=
N
~
3
=
R
N’
[\%)
—
e
|
£
>12
N
N
=
R
N’
]
D
~~
[ %)
3
=
=)
Nl

0

2 . Y 2u-042 & 2u+2
=—2- __ |im 2 @na)y™™ 77" (zna@)

sin(%n) @-=+0 nz=:1 ! Eo vr(u—gu) uzo vr(ﬂ+ +1)
=0 (Re(d) <-1,0 e C\{-2p:peN}).

By combining the above results,

0 [
(5-17) Bpy (0):%%%2 r(-4) z:: (Re(®) <-1,0 € C\{-2p:peN}).
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When the complex variable 6 is any even number of —2 or less, for the first part,

(5-18) Dp21-1 (—2p)=£i|1M2;r—ZIJLQ lim aoP Z nPK-perna
n=1

a-+0

- - p!@p-Hn-P
=Cp)-11-2p) = 227r17l'p{(2p) (peN).
For the second part,

(o)
(5-19) D[z]_z(—Zp)=—ile lim oP 2 n‘p(ﬂna')Kl—p(zfrna')
/9 a-+0 n=1

=C[2]_2(1—2p)=0 (peN).

For the third part,

(5-20) Dpj-3 (-2p)=72—t0!i_)n30 aP Y nPaEna)}K-perna

n=1
= C[z]_3(1—2p) =0 (peN).
For the right side of equation (5-17), (-2 p) is substituted directly for 6.

[ 00 [
0@0+1) 5 (8 1 _(=2p)(=2p+D) __p 1
(5-21) 72 I (- E = 7 PT (p) E
4n ( 2) oo 4 & n2p

_pl@p-Hx P
= QBT fap) (pem).
This result is the same to the result of equation (5-18), so one equation can be presented.
[ [
0(0+1) 5 0 1
(5-22) By = 2@ 750 (_8) Y L (Reo) <-1).
47 ( 2) = nf

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.

]
(5-23) B @ = 24201 (-8 L0 (ve0).

The function B[2] (6) is also a convergent function in the whole complex plane. And the following origin
symmetry holds:

(5-24) Ap1(-0)=B21 (0 (6€C).

Assuming that the integral and the double sum can be interchanged, for the integrals of F2] (), I perform the
variable transformation
1
v n2 +a?
0+1
. (o) oo 00 2
(5s-25) Fpy@= lim > f —6n? | Y
0+3 1
2 | -xm+yn2+a? (y+l) 2 _1
+47rn4[—my—] e y — 8y 2ay
n2 +a? vV n2 +a2

D [t
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0+2
. & X 2 (e & -mrmyn2+a? (y+l)
im 3 S |en|—ame]|® 1 7yz ™ v ay
1 Vn? +a? 0

6+4

2 e 022 —7m Y n2 +a?2 (y+l)
+d4mnd | —L— °—f y2 e y
vV n? +a? 2.Jo

Using the left-sided limit of the positive real variable @,

dy|.

1
o & —7mn y+)
(s-26) Fpz1(6) = Z Z ~6n’ m '—fy e ( Y/ dy
n=

Il

0+4 1 (® 042 —ﬂmn(y+l)
+47rn4(%)2'50y2@ dy
00 00 0+2 2zxrmn +l
_2 m B e 2 (y
o O+4 1 27rmn(y+l)
+2(rmn)- =~ ) ¥ 2 e 2 Y dy

The integrals can be written using the modified Bessel functions of the second kind.
(5-27) Fpj0) = 2 HZ Z (xmn) (1)2 ( 3K &2 ezmm+2mm K &4 @zmm).

Because any modified Bessel function of the second kind of the double sum converges absolutely, the

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is
applied twice.

0
ﬂmn)(%)Z (—3K 02L2(27rmn)

||M8

(5-28) Fy (0)=% 2
n:
@

+2(0—K
(W)
(%)

mn)+(7rmn)K 6’(27rmn)))

0
2

Ak A
DMs i
IMs e e Ul

((0-1) @mm) K &2 2zmn) +2 xmn)? K g(znmn))
1

=
1
—

=18
YL

((0 1)(0K % axmn)+@mn) K =2 (27rmn))+2(7rmn)2K 0(27rmn))
1

=
1l
—

A
(M2 (e@-nK 2eammn

1l
N =
Ms

=
1l
!

1
+ (6 - 1)(27tmn)K (27rmn)+(2nmn)2K9(2n'mn))

For the integral of G[2] (), I perform the variable transformation x = y L.

5-29 0= IIm -6 =

( ) Gp21 (0) oo Joo 24 m=1( n (y)
m2+02 ) 2)

—71'( ) +ny

+4mnt (%)0_5) e (— y‘z) dy
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o0 (n2 v2 4 m2 +q2 )
d

o0
= lim foo Z Z (—6n2y1_0+47rn4y3_0) y2
0 n=1 m=1

a—+0 ¥

Assuming that the integral and the double sum can be interchanged, for the integrals of G[2] (6), I perform the

variable transformation

1
Ym2+a? x |2
y=( m4 + X] .

n
(nteats|
—_ . 00 00 [} 2 m2+az X 3
(5-30) (;[2](0)_0|,|_)|‘1'|0 n;l mz=1 J; [—611 [ : ]
ra 1
+47mn [@] 2 ‘”mn(x+l)%{@]z L
2-6

R ol I v R S T (U A
= a-+0 n=1 m=1 2D

;cﬂx.

oo 00 2-6 o 2=0 , _2zmn( 1
(5-31) Gp1 (0 = Z Z [6n % 2 % ) X 2 e 2 ( x)cﬂx
=1 m=1

The integrals can be written using the modified Bessel functions of the second kind.
(]

(5-32) Gp @ = 2 Z Z (xmn) () ( 3KEermm +2@mm K £2eammn).

n=1

Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is

applied twice.
(o) [ _Q
5-3) G@=2 % Y @mn(®)2(-3K 5ermn
n=1 m=1
+2(22;0K22;0( mn)+(7rmn)K 6’(27z'mn)))

2(-@+nEmm K B ermm2amn? K £eamn)
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=72—r 1121 nzl () g(_(0+1)(‘2—0K F@amn) +@mn) K =& 2(27rmn))
+2@mn? K 2ermn)

=71_r 21 2‘1 ()~ 2(0(0+1)K—(27rmn) (0+1)(27z'mn)K0+2 2zxmn)
+Qam n)2K0(27rmn))

The following origin symmetry holds:
(5-34) F[z] (+x0) = G[z] (6) (the double sign is in same order ) .
Now, I define the set of lattice points on the hyperbola x y =p in the first quadrant as follows:

(5-35) Ap :={(myn):myneN,mn=p}.

From the definition,

00 Q 9 _Q
sow 3 S @p=F ¥ (2p- W2
=1 P=1 (mn)eAp P=1 (m,n)eAp
oo 0
= ), 0e(P)P 2 (BC).

P=1
Here, 0 (p) is the divisor sigma function. Conversely,

(5-37) Z mzl % = ) (-1%)2_

P=1 (m,n)eAp

|
™M
>
=
%)

) [}
= ), 0_g(P)P? (AeC).
P=1

[ (o) Q 00 —Q oo v
(5-38) Z z (%)_2 = 2 Z (_2) 2 _ Z m 0]32
n=1 m=1 P=1 (m,n)eAp P P=1 (m,n)eAp
o 0
= 2 O_o(P)p2 (eC).

P=1
The left sides of equations (5-36) and (5-37) are equivalent due to axial symmetry between the points (m, n)
and (n, m).
And I obtain the following formula with the origin symmetry for the complex variable 6:

(2] _9
(5-39) O_g(P)P2=09(P)p 2 (peN,0eC).

From the equations (5-28) and (5-37),
(5-40) Fpa1 0 =

o 2]
LY copp2(-0a-o+crp)Klerp-a-9eapKElarp).
pP=1
From the equations (5-33) and (5-38),

o0 0
(5-41) G (0)=% Y ogmp2(ea+p+eap)KLarp -+ eapK 2“2‘—9(27rp)).
P=1

The same term appears on both the right sides of equations (5-40) and (5-41). I define the following equations
to reduce it:
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A °° ]
(5-42) Fpy @ :=Fy@-L 3 o g@p2erp?KLlerp.
P=1
A oo ]
(5-43) G ® =GO -1 3, o y@pzerp?Kierp.
P=1

Therefore,

a s 9
(5-44) Fppy 0 = =1 Y, o) p2 (0K§(2np)+(znp)K 22;0(27rp)).

P=1
A oo 0
(5-45) Gy (0) = '9ﬂ—‘1 > o_g(p)p2 (—ng(znpn(znp)K 2;f—"’(znp)).
P=1

For the right side of equation (5-44), the recurrence formula for the modified Bessel function of the second
kind is applied.

A ) 0
(5-46) Fz10 ==L >, o_g(p)p2 (0K§(2ﬂp)+2(_2—0K Larp+apK _92—_2(27tp)))
P=1

o0

]
==L Y ocopprerpKZEerp.
P=1

By changing to the integral representation,

o 0 0o 042 2zp (1
A _ = —_—= 1 - X+
-4 Fpyo =21 ¥ og@prerp-1 [ x2 e 2 ( X)dx.
P=1 0
For the integral of F[2] —hat (), I perform the variable transformation
2
i
X = Tp
2
A & 0 w, 2.8 _[y2:ER°
_ - 0-1 2 .1 (_s’_)z ( y2 )2y
(s-48) Fz10) = Igl co@p2 ey | (35) e o dy
2
0o 0 0+2 o —(y2+—L(7r ) )
==L Y oo p2 Cap)(75) 2 f v+l e 2 Jay.
P=1 p 0
Therefore,

>

A —E o 00 _(yl +(lp)_2)
(5-49) F[Z] o) = 240_—711.)71'_ Z O_g(p) ﬁ y0+1 e y2 dy.
P=1

For the right side of equation (5-45), I change to the integral representations.

A o 0 w0 0=2 _pn(x+l
(5-50) Gz @) = &L 3 0'_g(p)p2[0-% L x2 e 7p x)dx
pP=1

o 0 _ 1
—(27rp)'%j(; x2 e ﬂp(x+x)dx].

For the integrals of Gy2] —hat (6), I perform the variable transformation

2
- Y
X‘er'
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~ oli § 1°°2H‘(y2+(l§&2)2
(5-51) Gz (0 = & O_g(p)p2 0-—f )2 ¢ y2 ) £Y gy
T 2.Jo (ﬂp) Tp
RSN _(y +(1p)_2)2
- 1 ¥ )2 2 )2y
@7p) 2ﬁ» (ﬂp) ¢ Vol apdy
Therefore,
(5-52) Gp1 (0 =
0 & oo _(y2+(11ﬁ) oo _(y2+(1&2)
(0+1ﬂ)7r LY o_e(p 9ﬁ, yo-le y? dy—Zj(; yotle 2 ) ayl.
P=1

The following equations are defined to evaluate the absolute convergence of the functions Fy2] ~hat (6) and
Gp2] -hat (6):

(5-53) S+ (0) :=

o) 00 _( 2 (7t E)z)
A E—
Z O_¢(p) j(; yt1+Re () ¢ y dy (the double sign is in same order ) .
P=1

For both sides of equation (5-49), the absolute value is taken.

_Re(®
i 210-1lwr 2
(5-54) |F[2] (0)|s 210 17; 2_1S: ).

Similarly, for both sides of equation (5-52), the absolute value is taken.

Re (6)
2

(5-55) |Gy @] < HUZ_2 (101 |S_(0)] +21S4 @)]).

Furthermore, for both sides of equations (5-53), the absolute values are taken.
(5-56) |S+®)] =

o oo _(yz Jllﬁ)
Z T _Re 9) (P) ﬁ ytl+Re (©) y2 dy (the double sign is in same order ).
P=1

Now, the following obvious fact is introduced into the inequalities (5-56):

(5-57) O_Re() (P) < p2 {(2+Re(®) (Re(@®>-1,peN).

The following proposition decides that the condition should be Re (6) > —1:

(5-58) 2+Re(®)>1 = {(Q2+Re(@)>1 (HeC).

Under the condition of Re () > —1, the absolute value of S (6) is written using the absolutely convergent
integrals.

0o o _(yz,r(l&z)
(5-59) [S+ @) <{ 2+Re @) D, pzﬁ yl+Re ® o Y2 Jdy (Re@®) > -1).
P=1

Because the variable of the zeta function is irrelevant to variable p, the zeta function of the infinite sum is
shifted outside.

Under the condition of Re (6) > 0, the absolute value of S_ (6) is also written using the absolutely convergent

integrals.
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0o o _(y2+(lp)_2)
(5-60) [S= (@) <{ 2+Re @) D, pz‘L; y~1#Re®) o Y2 Jdy (Re(@®) >0).
P=1

Here, the condition Re (6) > 0 is applied to the gamma function described later.

Because each integral converges absolutely, I can change the order of relation between the infinite sum and

the integrals for the function Sy (6). And the infinite sum is written as the limit of the L-th partial sum.

- L _@p?
(5-61) |S+ @) < 2 +Re (@) f yIHRe@ =¥ |lim ) pfe Y2 dy (Re(®)>-1).
0 L>oo P=1
The end point of the partial sum is expanded to L2 from L after correcting the function in the finite sum.
1.2 z2p
o0 2 B - 2
(5-62) |S+ )] < 2 +Re (9) ﬁ yl+Re (0) g-y {lm Z pe Y dy (Re() >-1).
—>00 P=1

From the result of equation (19-92), the limit value of the sum of L2 terms is described using the hyperbolic
sine.

(5-63) IS+(0)|<MI y1+Re(0) _ ey y dy (Re (@) > -1).

sinh? ( 2”;2)

By the same way,

(5-64) IS (0)| < M@lf y—l+Re(0)

) dy (Re(0)>0).
sinh 5 2)

To evaluate the integrals of inequalities (5-63) and (5-64), I prepare the function f (x).
The equation of definition is shown as follows:
_x2 2
(5-65) f(x):= % n —@—2 (x>0).
sinhZ ( )
22
Function values at both sides of the open interval are given by taking the limits.

: 1
5-66) lim =L,
( ) x—>+0 f(X) 71-3
(5-67) lim fx) =o.
X—00

The function f'(x) is differentiated so as to understand its behavior.

_x2 —x2 272 g2 cosh( )
_ / (x) = _2X 2xe™* 2x2
- f1@ nt “” +sinh2 (%) x3smh3(2 22)x
2
=|-xte );l' sinh3 (%)+ﬂ'4 x4 @‘xz sinh(%)—ﬂ'6 e‘xz cosh(%)]/(g—“x?’ sinh3 (%))
(x>0).

1 and B are presumably the solutions to the equation f” (x) = 0. The numerical solutions are shown as
follows:

(5-69) f/ (@)= f" B =0 (@ =~2.12138, By ~2.59993).
(5-70) f (1) = 0.00141964 > 0.
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X 0 [ eeeeeee al ....... ﬂl ....... o'e)
f 7 (x) - 0 + 0 _
1 minimum maximum
Jo DI ™ 0.0014196 - - - 7 0.0019232. - - N0
Fig. 5-1

From the table of the increase and decrease,

(5-7) f(xX)>0 (x>0).

Therefore
2
(5-72) “92 — 13
; i/l T
sinh ( 2x2)

<—(e_? (x>0).

This result is introduced into the right side of inequality (5-63).

And for the integral, I perform the variable transformation

1

= (wx)2.

y2
00 -
(5-173) IS+(0)|<Q%@Z\L; yl+Re(0)@ ﬂdy:

Therefore

(5-74) IS4+ 0] <

3

By the same way,

¥z

00 -

(5-175) IS_(g)l < g%@lf y—l+Re(0)@ T dy:
T

1+Re (0)

00
w:&;@zﬁ xx) 2
T
§!2+Re10nn_

2+Re (0) 00
a
8

2+Re (0)

1
8 13

—1+Re (6)

w& f°°(,t 9 2

2+Re [

87r

Therefore

o - o

e

2

r (2 +Re (6)

N|i—l

2+Re () _

e Xdx (Re(0) >-1).

2

Np—

l
2 dx

e Xdx (Re(0)>0).

){(2+Re(0)) (Re(®) > -1).

Re (6)
(5-176) |S_(0)|<SL37r 2 F(%ﬁl)g(zmew)) (Re (@) >0).
T

From the inequalities (5-54) and (5-74),

Re (0)
N - 2+Re (6)
(5-77) |F[2](0)|52'0‘1|§ 2 1371' 2
8x
0=11 I (2:+Re )
4n ( 2

From the inequalities (5-55), (5-74), and (5-76),

r(é—12 +Rze 2 )g(z +Re () =

) { (2 +Re (0)) (Re(6) > -1, the equality sign holdsatd =1).
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Re (6
A . Re (0)
(5-78) |Gy (0)] < 10+IZ_2 (|0|- Lx 2 1 (Re@)f2+Re0)
87
2+Re (6)
v2. a2 F(M)g(zme(a)))
8 2

_ 10 +1] (6] +7t Re (6)) Re (0)
= 1 F( ; ){(2+Re(0)) (Re (@) >0).

From the origin symmetry between the functions F2] —hat (6) and Gy2] -hat (),

(5-19) [Fiz1 @] = |G -0)] < "0+1'“Z'ﬂ‘fRe D1 (=Re@) £ 2 -Re(®) (Re®) <0).

(5-80) |G[2] (0)| =

|F[2] (- 0)| < IZ +§| r (2 —Rze (0)) { (2-Re(0)) (Re (0 < 1, the equality sign holds atd = -1).
T

The function F[2] —hat (6) is an absolutely convergent function in the whole complex plane, based on the
inequalities (5-77) and (5-79).

The function Gp2] —hat (6) is also an absolutely convergent function in the whole complex plane, based on the
inequalities (5-78) and (5-80).

Combining the above results yields the following functional equation:

(5-81) Ay @) +Fp2; 0 =By 0 +Gpy 0 (9e ).

Where
(5-82) Ap 0 = ‘—‘{ﬂ%ln_gl"(g)f(e).

(s-8) Bpy @ = 205057 1 () £ o).

(s-84) Koy = &=L gl 0'_g(p)pg(0K§(27rp)+(27rp)K 20 2xp)).
(5-85) G 0 = =6-1 121 Ug(p)p_g(—HK FLarp+erp K BLexp).

In the whole complex plane, all functions on both sides of the functional equation (5-81) are convergent.
It is the origin symmetric functional equation with correction terms, and in this case the functions F[2] -hat (6)
and Gy2] —hat () are applicable to the correction terms “[8].” I decide that it is called the second-order Ilc type

functional equation.

6. The first proof of the Riemann hypothesis

6-1. Derivation of a representation containing the leading term of the zeta function for any complex
number

The second-order Il type functional equation is shown again, but with a bit of difference.
(6-1) Ap)© =B @ +Hpj ) (6eC).
Where

0
_0@-1)_~5r(8
(6-2) A (0 = ax " 2F(2)§(0).
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] _1+0
(6—3)B[2](0)=ﬂ‘%17r2 r(%){pm:%%ln 2 T(L8)sa+e.

(6-4) H[z] © := G[z] () —F[z] .

The equations (5-84) and (5-85) are introduced into the equation (6-4).

% _o
6-5 Hpj@ =21 3 opmp 2 (-0KFerp+erpK 2arp)
P=1

0o 2]
_071';1 Z O_g(p)p2 (0K§(27rp)+(27rp)K22;0(27fp)) (6eC).
P=1

The relations of the equations (3-30) and (5-39) are applied to the equation (6-5).
(6-6) Hpy 0 = —71—r 121 O_o(p) pg (—2 0K £@xp)
+@-DerpK 22;0(27tp)+(0+1) erp K 22L9(znp)) (6eC).
The recurrence formula for the modified Bessel function of the second kind is applied to the equation (6-6).
(6-7) Hppp (0 = _71_r PZ: O_g (p)pg (—2 oK g(an)

+@-nerpK Zz;a(znp)+2(0+1)(§K Larp+ap K 02;2(27rp)))

(o)

0
Y, o_e(p)p2 (0(0-1)K Larp+200erpK 22;0(27rp)) (e ).
P=1

Nl

Therefore,
oo 0

(6-8) Hpy (0)=-% Y. o_o(p)p2 ((0-1)K§(znp)+2(znp)K 22;0(27tp)) (6e0).
P=1

By combining the equations (6-2), (6-3), and (6-8),

[/} 1+6
0@-1 .51 (8 00+ .~ (140
oo U1 (8)710 = 000 (138) 20
= 0
-8y o-_g(p)pz((0-1)K§(znp)+2(znp)K 2l exp) (9e0).
P=1

Both sides of the equation (6-9) are multiplied by
7]

4
0@-1)T (g) i

to obtain the zeta-hat function.

(6=10) C(6) = 0+1 F(I;‘g){(ne)

oo (i

Q o'} 0
412 ¥ o yp2(0-DK Lerpr2erpK ELarp) (hecii).
9) »=1 2 2
o

This is the representation containing the leading term of the zeta function for any complex number.
The above equation also gives the analytic continuation of the zeta function explicitly.
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6-2. The first proof of the Riemann hypothesis

The Riemann hypothesis is demonstrated using the following equation:
N _1+60
6-1) @-DT (&7 2¢@=w0+nx 2 T(LHE)sa+0
& 0
+4 Y o gpp2(a-0K2erp-2eapK Fexp) (4e0).
P=1
Here, the above equation is obtained from

_8
@-Hr (g) 7 2 x (equation (6 —10)).

Pioneers’ previous research established the existence of non-trivial zeros on the critical strip.

It is complicated to describe and insignificant to examine by focusing on this region.

The proof of the reduction to absurdity will be performed by assuming the whole complex plane as the target
region, excluding the critical line, and assuming the existence of at least one non-trivial zero (x + i y).

Under the assumption,

(6-12) C(x+iy)=0 (xeR\{l1/2),y € R).

Under the assumption, the point (1 — x — i y) is also the non-trivial zero of the zeta function due to the point
symmetry of the Riemann Xi function.

(6-13) {(1-x-iy)=0 (xeR\{l1/2},ye R).
For equation (6-11), (x + i y) is substituted for 6.

_X+iy A
(6-14) (x+iy-1)m 2 F(%){(xwiy):

_14x+iy . 0o X +i
A+x+iy) 7w 2 F(M%X)g(l+x+iy)+4 Z O_x_iy®Pp 2
P=1

(a-x-ipK XY rp)-2@ap K %(Zﬂp)) (xeR\{1/2},y € R).

For equation (6-11), (1 —x — i y) is substituted for 6.
1-x-iy

(6-15) (—x—iy)ﬂ_ 2 F(#)Z(l—x—iy):
_2-x-iy . ) 1-x-iy
Q-x-iyx 2 r(z‘%l)g(z-x-iy)m Y O iixsiy®Pp 2

P=1
((x+iy)K #(Zﬂp)—Z(Zﬂp)K %(znp)) (xeR\{1/2},y € R).

According to the assumption, the left side of equation (6-14) equals zero.

_lix+iy . 0o X +i
(6-16) 0= A+x+ipa 2 [(EEEY)LAuxriy)+d Y, Oyijy@Pp 2
P=1

(a-x-ipK XY Gapy-2@ap K #(Zﬂp)) (xeR\{1/2},y € R).

Based on this assumption, the left side of equation (6-15) is also zero.

_2—x—12y . 00 1-x-iy
6-11) 0=@-x-ipx 2 T(EEEY){@-x-ip)+4 X, O_jixsiy@Pp 2
P=1

((X+iy)K #X(Zﬂp)—Z(an)K #X(Zn'p)) (xeR\{1/2},y €R).

The non-trivial zeros of the zeta function off the critical line are given by the solutions of the simultaneous
equations with the qualification consisting of the equations (6-16) and (6-17). To solve the simultaneous
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equations with the qualification, I consider the simultaneous equations excluding the qualification.
The following are the simultaneous equations without qualification:

_14+x+iy . X+iy
(6-18) (1+X+iy) T 2 F(”%X)auxwy)ﬂ Z T_x-iy®p 2

((l—x—iy)K %X(znp)-z(znp)K 2‘%X(zﬂp)) =0 (x,yeR).

_2—x—iy s 00 1-X-1y
(6-19) @-x-inx 2 T(EEY)L@-x-iy)+4 X, O_jixsiy@Pp 2
P=1

(x+inK XY Gapy-2@ap K %(znp)) =0 (x,yeR).
The non-trivial zeros are determined by solving the simultaneous equations (6-18) and (6-19).
Because the equations are symmetrical,
(6-20) x=1/2.
is immediately determined.
For equation (6-18), 1/2 is substituted for x.
3+i2 . 1+i2

3 S 3+i2y 3+i2y 4

o (Fean)a” T (Y20 § o

(G- KPP erp-2eap K 22 eap) =0 (veR).

For equation (6-19), 1/2 is substituted for x.

oo (o) T B oy o

(L+iv)K L2V gapy-2eap K %X(znp)) =0 (yeR).

The equations (6-21) and (6-22) are complex conjugates of one another. And I can freely choose either of the
equations (6-21) or (6-22) as the determining equation of the real variable y. The existence proof of the real
solutions for the determining function is not given. As a result, for the simultaneous equations (6-16) and
(6-17), there are no solutions off the critical line. This fact contradicts the assumption of reduction to absur-
dity. Therefore, the assumption “At least one non-trivial zero lies in the whole complex plane excluding the
critical line” is denied, and “There is no non-trivial zero in the whole complex plane excluding the critical line
at all” is confirmed. Incidentally, in collaboration with J.E. Littlewood, G.H. Hardy proved in 1914 that an
infinite number of non-trivial zeros lie on the critical line.

By combining the time result and Hardy’s result, I concluded that all non-trivial zeros of the zeta function lie
on the critical line. Therefore, the Riemann hypothesis for the zeta function is proved correct.

6-3. Visualization of the zeta-hat function

Currently, it is known that all real parts of the non-trivial zeros of the zeta function are 1/2.
I define that py, is the positive imaginary part of the zeta function’s m-th non-trivial zero, to which the number
is allocated in order that is closer to the real axis.

(6-23) §( +lzpm).=0 (0<p1=pPr=pP3=<:-°).

(6-24) {pla P25 P35 P4y PS} =
{14.134725142, 21.022039639, 25.010857580, 30.424876126, 32.935061588} .

The infinite sum that is terminated at a finite term A is used for the approximate calculation for the zeta
function.
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Now, I decide that the positive integer A will be referred to as the degree of approximation and this rule is
applied hereafter.

The approximate formula for the zeta-hat function is written as (zeta —hat)y (6).

(6-25) £y (6) := 041 r(&¢)¢a-o

oo (fve

0

8 0

—472__ N g_y(p)p?2 ((0-1)K ﬂ(znp)+2(znp)Kﬂ(znp)) (e C\{1},1eN).
9) p=1 2 2

EHE

~

Graph of Re (As (L+iy))and Tm (25 (2+iy), y 10, 351

3k

1; Re(zs(;—ﬂzy))

gk mlelen)
i

_1E.

Fig. 6-1

The dots on the horizontal axis indicate the positive imaginary parts of the non-trivial zeros of the zeta func-

tion.

Fl?\?e non-trivial zeros of the zeta function can be found on this interval.

Here are the details.

6-26) {Re(¢7 (3 + (Hasigimons ~107°)) Re (& (5 +i (556 ago00- + 10~} =
{9.16162 x 1011, —1.57783 x 10~10},

{im (& (3 +i (Yosoomoor ~ 10 tm (&7 (3 + (oo ommone +10))} =
{~5.75483 x 10710, 9.91110 x 1010} ,

6-21) {Re (G 3+ (30000 ~107°))) Re (s (5 +i (3'5iavo0n0 +10))} =
{-1.91909 x 1019, 3.05551 x 10~10},

{im (&5 (3 +i (Aggato 00~ 1)) tm (s (5 + (giavnono +10))} =
{-8.55883x 10719, 1.36271 x 10~%} .

6-28) {Re(Gs 3+ (30 0n0000 ~197"))) Re (s (5 +i (Fa0aa000 +10~))} =
{5.15602 x 10~19, -3.84471 x 10~10},

{im (¢ (3 + (500000000 ~197°)) 1m (4 (7 + (300000000 +19°))} =
{-1.48458 x 10, 1.10701 x 10~%} .

6299 {Re (G (F+i (3568 S0 ~107°))) Re (6o (5 + (Yitioooans+10))} =
{~5.73733 x 10719, 7.61286 x 1010},
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{tm Gy (5 +i (000 a00000 ~107°))), 1m (§o(5+i (Totoa00000+107)))} =

{~9.62767x 10719, 1.27749 x 10~%} .

co-a0) {Re(Go (5 +¢(Yioonoon 10" Re(So 5+ (Fatoavanon +17"))} =

{5.54802 x 10719, ~9.46306 x 10~10},

{Im (29 (% +i (312090305000601050808 - 10_9)))’ Im (29 (% +i (312090305000601050808 + 10_9)))} =

{-8.57881x 10710, 1.46326 x 10~°} .

7. The general representation containing the leading term of the zeta function for any
odd number of 3 or more

In this section, the exact values of the zeta function for any even number of 4 or more will be treated as the
known values for convenience.

7-1. Derivation of a general representation containing the leading term of the zeta function
for any odd number of 3 or more

Equations (5-49) and (5-52) are introduced on the right side of equation (6-4).

2] _g o 00 —(y2+—p—(” )2)
_ 2
(7—1)H[2](0)=£L17)t7r—l§1 T_g(p) OI) y-le 2 Jay
2 (lp)_z) 8 & (2 (ﬂp)z)
00 -1y“+ _ 2 00 -1y~ + 2
) yo+l o ( y2 Jay _20-Hr 2 oo (p) v+l o 2 Jay
J; T 1§1 j‘;
_Q 00 (2 (71'[2)2)
00 —|y* +
=_97§r2 21 O_o(p) 4£ yo+ e y2 Jay
oo (2+(L&2)
_(9+1)j(; yi-le y2 dy| (6eC).
Therefore
(7-2) 2(0) = (=l M) zawp-—24— 3 o 4m

(0—1)1"(%)‘/; (04)1“(%) P=1

o _[+v2 (l}ﬁ) - _( 2+(7rp)2)
[4f0 yHle (y % dy—(0+1)j; yo-le Yy dy| (s ec\(1}).

For equation (7-2), any odd number of 3 or more is substituted for 6.
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(1-3) C@k+n = MDD ED roy p) 4 Z T -2 k+1) (P)
k

r(h)vr

- vz 4+ (rp)~ )) ( )
[Zﬁ yz‘k“)e(y v Jay- (k+1)f vhe Uy Jay| (kem.

The description in subsection 19-4 gives the general representation for the two integrals in equation (7-3).

- _(x2+££%ﬁ) k
(7—4)£ x2ke x° Jdx = k+1 ﬂz_: agy QapHVr e 27P (p,keN).
Where
(7-5) ak,ﬂ A&L (kEN,/J=0,1,"',k).

2Ky VY (k—p)!
And the following coefficients deserve special mention:
(7-6) gk =1 (keN).
(7-7) a1 =ax0=Qk-D ! (keN).

The above relations are introduced on the right side of equation (7-3).

e k+DT (k+1)
(7-8) C@k+D = §(2k+2)' Z O_2k+1) (P)
2k +1
kI (25 v ( £l) £
k+1 K
[2 2k+2 2 ak"'lﬂ(z”l’)ﬂ‘/_@_znp (k+1) - 2k+ ,uZ= aky(Zn’p)ﬂ‘/_(e—ZﬂP
_ k+DI (k+1) LQ2k+2)- i ®
T L Ck-DN . (Zk 1)' 2 0-2k+n (P
k 2k \ENES Vr 2k P=1

k
[ak+1,k+1 eapktle Y (A1 -k +1) Ak y) @7 p)/“‘] vV e 27P
=0

k+1) (k -1) 12K 2
= ( ("2'12(_1)")7( {(2k+2)_—k(2k—1)!! PZ] T_2k+1) (p)

k
[ak+1,k+l @rpk+l 4 2 (A1 - (K +1) A y) (Zﬂp)”] e 27P (keN).
f1=0

The following equation is the obvious from the definition of ak 4
(7-9) A1 =1 (KEN).

Therefore

o0

% _ (k+D(k-1)!2k _ 2
(7-10) £Q@k+1) = S = EQk+D) - oy lg‘l T-@k+1) (P)

k
@rapktle D (Akerp -+ agy) @apH|e27P (keN).
p=0
For the general representation containing the leading term of the zeta function for any odd number of 3 or
more, new coefficients are employed.
The coefficients are determined by defining the following equation:



Beyond the Riemann hypothesis Version 1.nb | 35

(7-11) bry =k p-k+Dagy (keN,u=0,1,2, ---, k).

The coefficients are calculated as follows:

Qk+2-w! Qk-w!
K+1— —(k+1) S
2 P u!l(k+1-p)! 25HpuV (k-p)!

(7-12) by =

—_pu-D+2k(K+1-p) ! =
_2k+1‘ﬂp!(k+1—ﬂ)!(2k w! (keNu=0,1,2, , k).

For equation (7-12), 0 and 1 are substituted directly for .

_ -D+2kk+1-p) _ _2k(k+1
(7-13) by = LW QK- )!| = 2KE&+D) (5
AP E R TA Y R A Y

= 2kl;(' CK!'=kQCk-1D!" (keN).

“1)+2 kK (k+1 —p1) 2K2
(7-14) bq = LW Qk- )!| = 2K -1y
2k Y (k1 —p)! a u=1 2Kk!

= mak—l) 1I=kQk-D!" (keN).

And for equation (7-12), k + 1 is substituted directly for u.

uw-D+2k Kk +1-p) Qk-m!

— Jk_-l-l)k_(k_l) =1 (keN)
2K+ V(K +1 —p) !

(7-15) bik+1 =
* u=k+1 2% k+D)!0!

As a result, the general representation containing the leading term of the zeta function for any odd number of 3
or more is obtained. This is also the first general representation for the zeta function for any odd number of 3

Oor more.
A _ ' k
(7-16) {Qk+1) = ‘kéllz(_‘;)}');tz {2k+2)
) o) k+1
— o_ by CrpH|e27P (keN).
Kek-DU & (2k+1)(p)[pz=0 ku 27 p) ]B (keN)

The following expression is equivalent to the above equation.

A K
(7-17) {Qk+1) = (k+D(k-1)!2 {Q2k+2)

Qk-Dx
_Z_(Z_ﬂ)ﬂ 3 o ) lil —bkz.u_ e-27p (keN)
kek-DI g T2t P L kT :

Where

“1)+2 K (K +1 —p)
(7-18) by y = LW Qk-w! (keN,u=0,1,2, -- -, k+1).
T k=t (k41 —pp) ! a K

And the coefficients deserving special mention are as follows:
(7-19) bgk+1 =1 (keN).
(7-20) b1 =bko=kQk-D!! (keN).
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Table of the leading terms and the coefficients of the infinite series

Kk 1 2 3 4
Ges)-112X .o 22 4z 3247 325
Qk-nug o2k 45 945 70875 654885
2 2 1 2 1
kKQ2k-D! 3 45 210
Kk 5 6 7 8
D k-D12K . | 353702710 | 1024213 29630464 '3 179679232 x!7
ak-Ditx 0D 6043851575 | 1806070275 | 188950811724375 | 27870196268289375
—2 2 1 2 1
kQ2k-D! 4725 31185 945945 $108100
Fig. 7-1
Table of the coefficients by
k| by b b7 by by 5 b4 b3 b2 b1 b0
1 1 1 1
2 1 3 6 6
3 1 6 21 45 45
4 1 10 55 195 420 420
5 1 15 120 630 2205 4725 4725
6 1 21 231 1680 8505 29295 62370 62370
7 1 28 406 3906 26775 131670 | 446985 | 945045 | 945045
8 1 36 666 8190 72765 478170 2297295 7702695 | 16216200 | 16216200

Fig. 7-2

7-2. Another viewpoint

The equation (7-16) by changing the start point of the finite sum from O to 1 is written.
2 k
(7-21) L@k+1) = LDE=DI2® 5y )

Ck-DN"'x
5 00 k+1
22— 3 oo ®| D beuCapH+k@k-1 e 2TP (keN).
kQk-D! 5= =1
And the function E (2 k + 1) that is the separated term by changing the finite sum’s starting is defined as
follows:
(71-2) EQk+D)i=-—2— 3 0_g141) @kQk-1) e 2P (keN)
TTkQk-DI &y U@k " '
By simplifying,
o0
(7-23) EQk+1)=-2 ), 0_@ksn) () e 27P (keN).
P=1

There are two other viewpoints on the function E (2 k +1).

The second viewpoint is that the function E (2 k + 1) includes the zeta function in itself for any odd number of
3 or more, as follows:
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) 0o )
_ 1 -2Tmn _ coth (;rn) -1
(7-24) EQk+1)=-2 Z 2 ka1 € =- Z 2k+1
n=1 m=1 D n=1 n

=- ) eoth@n), rop,1) (keN).
n=1

n2k+1

When this relation is introduced into equation (7-16), the cancellation of the zeta functions is observed on both
sides of the equation.

% _ (k+D(k-D!2K
(7-25) {Q2k+1) = Gk-Dit7 {Q2k+2)

o0

k
_m 1§1 T-ck+n (P) EO biy +1 @rpH|@np) e 2P

_ ), coth@@n) , rok41) (keN).
n=1

n2 k+1

Therefore, the essence of equation (7-16) does not represent the zeta function for any odd number of 3 or
more, but the following representation does:

o k
n=1

n2 k+1 Qk-DH"rm
5 oo k
- & -2

The third viewpoint is that the function E (2 k + 1) can be written using the infinite series as follows:

o0 o0
(1-27) EQk+1) = - Z coth(wn)-1 _ _ Z 1__, cosh (s n) —sinh (7 n)
n=1 n=1

n2k+1 n2k+1 sinh (7T n)
o0 o0
1 2770 1
=- . =-2 (keN).
ngl n2k+l 7N _,-7Tn n;l n2 k+1 (QZW n _1)

From the result of equation (7-24),

(1-28) {@k+D) = 3 %%LLE(MH) (keN).
n=1

Ramanujan discovered the explicit formula for the first term on the right side of equation (7-28), where 2 k +1

2,

is equivalent to 3 modulo 4, as follows “[14]

) k+1
(7-29) D, %1211({7[—111)-_2%,,21(+1 Y puH BZu', Brk+2-2u
n=1 n°<t e ew! ek+2-2p!

(keN,2k+1=3 (mod4)).
By combining the results of equations (7-27), (7-28), and (7-29),

2k+1 lil Bay  Bak+2-24 i 1
(7-30) {2k+1) =22k g2kt (—H +1 ) - s
1=0 Cuw! Ck+2-2p! & n2k+l (027rn _1)

(keN,2k+1=3 (mod4)).

I also arrived at the same representation for the zeta function as Ramanujan for 3, 7, and 11, and so on.

7-3. Some Examples of calculation

When 6 =3,
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The representations for the zeta-hat(3) are

(o

(7-31) 2‘(3) 45 —2 Z O_3(P)(@np)?2+Q2np)+1)e 7P,
P=1

(-3 @)= __2(27[)3 Z 0-3(p)(27fp (27r1p)2+(27r1p)3)e_27rp'

In contrast, the essence of equation (7-31) is

(7-33) Z c"thng”“)_ -2 PZI O_3(p)(@np)+1) 2np) e 27P,

The description in subsection 8-6 shows the representation of equation (7-31) using hyperbolic functions.

(7-34) £@3) = ——2 Z Z ((27rmn)2+(27rmn)+1) —2zmn
71'3_2 i ((27rn)2, coth(mn) . @zn), 1 +L,coth(7rn)—1).
n3 4 sinh2 (7t n) n3 4sinh2(rn) n3 2
Therefore,
' (222 coth (x n) P coth (rn) -1
(71-35) {3 = ( . N )
; g nsinh2(zrn)  n2sinh2 (7 n) n3

For equation (7-29), 1 is substituted for k.

% 2
(1-36) D, m(sﬂ_n).=22ﬂ3 3 (pp+ Byy  Byay
n=1 n I“l=0

ew! @-2p!
— 2.3 2 (_1). (1.1 _1x
= ( #(-30)+ (3 6))_ 180 °
Also for equation (7—30) 1 is substituted for k.
(7-37) {3 = 45 -2 Z 27rn o)

By combining the results of equations (7-33) and (7-36), I obtained the infinite series that gives the transcen-
dental number “[13].”

(7-38) Z O_3(P)(@xp)+1) @xp) e 27P =

=1 360
The equations (7-31), (7-32), (7-33), (7-35), (7-36), and (7-37) are equivalent each other.
When 6=35,

The representations for the zeta-hat(5) are

A 5 >
(7-39) £(5) = %—% Z O_s(P) (@rpP3+3Qap)2+6Q2np)+6)e 7P,

_ A 27!' 1 3 6 6 ] —271'13
X _en’ .
(7-40) £(5) = 945 Z 5(1))((z7rp)2 Yaxp? T exptaxpd)©

The essence of equation (7-39) is
5 o0

(7-41) Z COthn(Sﬂn)_ 045 %I;l 0'_5(p)((27tp)2+3(27rp)+6)(27rp)e‘27fp.

The representation of equation (7-39) using hyperbolic functions is as follows:
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_l SR Y 3 2 e-27mn
(1-42) L(5) = 945 ] ;l mz L(@rmnBd+3¢amn)? +6@amn) +6) e

_ 7:5_1 (27rn3 ;(;+ 1 ) 1 ,3@an?2  _coth(xn)
945 3 ns 8 \3 ' sinh2 (st n)/ sinh2 (;r n) n3 4 sinh2 (7t n)
6(27rn) 1 + 5 . coth (or Il)_]
ns 4 sinh2 (7 n) n5 2
Therefore,
945 ~ smh2 (wn)) n2sinh2 (xn) 03 sinh2 (7 n)
x , coth (nn)-l)_
n4 sinh2 (77 n) nd

The equations (7-39), (7-40), (7-41), and (7-43) are equivalent each other.

Hereafter, the principal results are displayed in order without explanation. When 6 =7,

(1-44) {(T) = 730287;5 yea Z T_7(P) (@rp)*+6@xp)d +21 21 p)? +45 27 p) +45) €2 7P
% oo _ 327

(71-45) £(D = 35475

_AZ_”)I 3 o ( )( 1 + 6 + 21 + 45 + 45 )Q—Zﬂp

45 g‘l TP axp? T axp? T arpd  Grpl  @xp)

(7-46) coth (mn) _ 327
nzl o7 70875

2 3 -2

T 1;1 O_7(P) (@7 p)} +6 @ p)? +21 27 p) +45) @7 p) € 2 7P,

s RN ((1 1 ) 8 14 coth (7 n)
7-47) L (7) = 2L _ 1,
( )6 70875 Z 3 sinh2(rn)/ 15 n3 sinh2 (71 n)

n=1
(;+ 1 ) 473 , 147m2coth (n) I +c0th(7tn)—1).
3 sinh2(rn)) 5n4sinh2(rn) 15n5sinh2(rn) n%sinh2 (77 n) n’
(7 - 48) Z oth(7rn) = 26 47 2 (CDH+ Bay B2y
ew! 82!
Hn=0 IR -
96,7 (L2 (1), o(L. L) (L, 1\ _(L(_1)? =19z
=rn ( 8!( 30)*2(2! 6)(6 42) (4 ( 30)))‘ 56700 °
oo
(7-49) £ = 30505 - z_: 27rn Ny
o0
7
(7-50) Z O_7(p) (@npP+6(2np)2+2127p) +45) @np) e 2P = 1412(7{0.
P=1
When =9,
A 9
(7-51) {0 = B i
o0
ﬁ 2 09 (P) (@7 p)S+102x p)* +55 27 p)3 +195 27 p)2 +420 @ 7 p) +420) @27 P,

P=

o
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A 9
(1-5) {O = i
en® $ ( 1 10 55 195, _420 ., _420 ] —27p
- 9(P) + + + + + e .
210 ,El exp?t  @ap® @ap® @ap) @ap?® @xp)’

' coth(zxn) _ 327°
-5 2 19 - 654885

n=1

—ZL 2 O_9(p)(@7p)*+1027p)3 +55 (27 p)2 +1952 7 p) +420) 2 p) e 2 7P,

(o)
% 327° (( 2 1 1 ) 278
7 - 54 9 — —_ -4+ +
( ) 6O 654 885 ngl 15 sinh2(xn) sinh?4 (;r n)/ 7 n4sinh2 (;r n)

(L+ 1 )4n4coth(nn)+(;+ 1 ) 17
3 sinh2(rn)/ 7n5sinh2(@rn) \3  sinh2 (r n)) 14 n6sinh2 (r n)
13 7% coth () | P8 , coth (7 n) -1) .

14n7 sinh2(rn)  n8sinh2 (7t n) n’

When 6 =11,

s o _ 353792711 2 N 6 5
(7-5%5) (D = 3881875 ~ 4725 12‘1 011 (p) (@7 p)° +152 7 p)

+120 27 p)* + 630 (27 p)3 +2205 2 p)? + 4725 2 7 p) +4725) @2 7P,

coth (xn) _ _353792 711 5 4
(7-36) Z a1l - 67043851875 4725 Z O-11 (P) (@7 p)° +1527p)

+120 2 7 p)3 + 630 (27 p)2 +2205 2 7 p) +4725) @ p) @2 7P

) 6
(7-57) Z %hl(ir_n)_ =210 71-11 2 (—1)” +1 BZIJ' . B2 —211'
n=1 n = Cw! q2-2w!

a0 (422 ) ek )2 () )+ &) = e

1453 zl1 3 1
(7-58) L1 =143 __ 5 — 1
¢ 425675250 nz::l nll (270 )

(7-59) D, O_11 (p) (@7 p)S+15C 7 p)*
P=1

1
+120 27 p)3 + 630 2 7 p)2 + 2205 (2w p) + 4725) (2w p) 2 7P = 249889 1

56756700 °
When 6 =13,
%13 1024 713 1 i ; .
(7-60) £(13) = 750 8050775 ~ 37185 & T- @) @rp)T+2Gap)

+231 (27 p)5 +1680 2 7 p)* + 8505 (2 7 p)3 +29295 (2 7 p)2 + 62370 (2 7 p) + 62370) €2 7P,

(o

coth (rn) _ _ 1024713 1 6 5
(76D Z nl3 1806079275 31185 12‘1 013 (P) (@7p) 421 C7p)

+231 27 p)* +1680 2 71 p)3 + 8505 (2 7 p)2 +29295 (27 p) +62370) 2w p) €2 7P

When =15,
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(o

C P1g) = —29630464x15 2 8 7
(7-62) §U5) = (0811724375 ~ 945945 12‘1 T-15(p) (@7 p)°+ 2827 p)

+406 (27 p)0 + 3906 (2 7 p)5 + 26775 2w p)4 + 131670 2 7 p)3
+446985 (27 p)? + 945945 (2 7 p) + 945945) @2 7P,

[

Z O_15(P) (@np)7 +282np)°
P=1

coth (wn) _ _ 2963046475 2
(7-63) Z a15 - 488950811724375 ~ 945945

+406 (27 p)S +3906 (2 p)4 + 26775 (2 p)3 + 131670 (2 7 p)?
+446985 (27 p) +945945) 2 p) @27 P,

N

(7-64) i Lh(ﬂ)_ =214 715 Z (- 1)”_‘_1 B2u . B16—2H
n=1 H= =0
=214 415 (_L(_361 )

ew! a6-2m!
16! {7 510 (zl %)( }u %)
9

1
-2(3r(-30) 131 (-2730)) +2 (o7 - 32) (b - 656)_(1;7(_%))2):39(1)%23’175%1200'

__Beras __, ¥
(7-65) £(5) = 3555 0870500 zz“

27!'[1 1)

o0
(7-66) Z 0 _15 (p) (@7 p)7 +28 27 p)® + 406 (2 p)5 + 3906 2 7 p)* + 26775 2 7 p)3

P=1
15
) “27p - 16672807 1'%
+131670 (270 p)? + 446985 (27 ) + 945945) (27 p) @ 1378377000 °
When 6 =17,
> 17 179679232 xr!7 1 i 9 8
(7-67) £(T) = 27275706268 289375 ~ 8108100 &~ T-17(P) (@7 p)”+36 27p)

+666 (27 p)7 +8190 (27 p)O + 72765 (2 7 p)S + 478170 2 w p)?
+2297295 27 p)3 + 7702695 (27 p)2 + 16216200 (2 7 p) +16216200) @2 7P,

o0
_ coth (mn) _ _ 179679232 x!7 8 7
(7-68) n; nl7 = 27870196268 289375 - §T08 100 2 0-17(P) (@7 p)°+36 27 p)

+666 (271 p)0 + 8190 (2 7 p)3 + 72765 2 7 p)4 + 478170 2 7 p)3
+2297295 (27 p)2 + 7702695 (27 p) +16216200) 2w p) €2 7P,

The infinite sum that is terminated at a finite term A is used for the approximate calculation for the zeta
function.
Now, I decide that the positive integer A will be referred to as the degree of approximation.
The approximate formula for the zeta function is written as (zeta —hat)y (2k + 1).
_60) 2 — k+D(k-1D12K
(7-69) {12k +1) := Gk-Din {Q2k+2)
k+1
—2 o_ b 2apH| e 27P (kA eN).
NGTE DU £ Z (2k+1)(p)[z ku 27 p) ] (k,AeN)

I use the built-in Mathematica functions to perform numerical calculations, for example, DivisorSigmal[6, n]
and Zeta[S].
Furthermore, when calculating the values of the function (zeta —hat)y (2 k + 1), the Mathematica inputs are

2

shown as follows “[17]:

bl{k_. :=u(u—1)+2k(k+1—u) K-
[k, p_}1 2k+1—ﬂy!(k+1-ﬂ)'( -1
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o (k4D (k-1)!2K 2
zh[{k_, A_}] := Qk-DHN 7 Zeta2k +2] kQk-D!

Sum|DivisorSigma[- (2 k +1), p] (Sum[b[{k, 1}] @7 p)¥, {u, 0, k +1}]) =2 7P, {p, 1, A}];
N[{zh[{1, 1}], zh[{1, 2}], zh[{1, 3}], zh[{1, 4}], Zeta[3]}, 9]

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd
number of 3 or more.

(7-70) {{13),423), £33, 43, £ )}
~ {1.20340751, 1.20206199, 1.20205692, 1.20205690, 1.20205690} .

(1-1) {£165), 6235, 839, {45, { 5}
~ {1.03998935, 1.03694501, 1.03692783, 1.03692776, 1.03692776} .

(1-712) {§1 D, &2, &3, La (D, { D}
~ {1.01476857, 1.00840017, 1.00834956, 1.00834928, 1.00834928} .

(7-73) {$109), £29, £39, {49, §5 9. £ 9}
=~ {1.01392241, 1.00213605, 1.00200927, 1.00200840, 1.00200839, 1.00200839} .

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of
precision.

(71-19) {{123), § B
=~ {1.202056903159594285399738161511, 1.202056903159594285399738161511} .

(1-75) {136, £ )}
~ {1.036927755143369926331365486457, 1.036927755143369926331365486457} .

(1-16) {S13 1, § D}
~ {1.008349277381922826839797549850, 1.008349277381922826839797549850} .

711 {149, § O
=~ {1.002008392826082214417852769232, 1.002008392826082214417852769232} .

8. Study of the zeta function for any even number of 0 or more, and for any odd
number of -1 or less

The right side of the second-order I¢ type functional equation is replaced with the result of equation (4-8).
The equation (4-8) is shown again.

o _n (nz y2+01_22)
8-1) R 0=Iimf 302 v20 12 7 vA-0 ) gy
#-0 R @ = 10 Jo nz;‘l(“y +2rntytf)e y
According to the knowledge in Section 4, the integral and the sum can be interchanged. Therefore,
2
SRS _x[n2 y2+af_)
8-2) R 9= lim f —3n2v2-9 2t nd v4-9) e ( y2 d
(8-2) Rp21 (0) a->+0n§1 | (-307y20 127 y40)

For the integrals of R[2] (6), I perform the variable transformation
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X .
Van

(8-3) Rpz1 (0) =

00 o 2-6 4-6\ (.2 (@na)?
lim 3 f[—3n2( X ] +27tn4[ X ] ]e (X+ x2 ) L ax
1 0 ‘/;n

y:

a-+0 o= Y7 n T n
el s S T35 o\ y -(2 @0
=X lim —3f x2—0 e x2 dx+2f x40 e x2 dx|.
T a-»>+0 =y nl-? 0 0

Equation (4-7) is shown again.
]
(8-4) L (0) = 0—(‘%% 2 F(g)g(a) (heC).

Therefore
6-1 2
0 =1 ) 0o 2. (rna)
_ey 00-1 51 (8 T2 i 1| f 2-0 ‘(" T )
(8-5) £8=lx r(z)g(a)_ = lim 3 |3 | e 2 ) dx

a->+0 f=| nl-

oo _(x2+(ML2)
+2£ x4-9 ¢ x2 dx| (6e ).

Both sides of the equation (8-5) are multiplied by
o)

2 2

(0—1)F(1 +§)

to obtain the zeta function { (6).

00 0’2
(8-6) £ () = 2”00 airgo 110[-3ﬁ x2—0e‘("2+—(m§z) )dlx
Z i = -
(0—1)F(1+2)\/7r =t

0o _(+v2 . (rna)?
+2f0 x40 ¢ (x T )de (6eC\{1}).

When the complex variable 6 is set to any even number of 4 or less, the representation typel for the zeta
function with the quadrable integrals is obtained.

2k ) « - _(x2.(xna)?
8-7) QK = iz lim 3 —L— -3f 21k ¢ (2o )dx
Ck-DI k+)Vxr @>+0 3= n 0

) _(X2+(7Tlla')2)
+2£ x2 2-K) e x2 dx| (k=2,1,0,-1,-2, ---).

When the complex variable 8 is set to any even number of —2 or less, the zeta function has the value zero at
these points (the trivial zeros). Furthermore, knowing that no even number of 6 or more can be calculated
using equation (8-7), the equation of definition (4-2) is presented again.

) ﬁ sz)

o) T +&

_ N H z: _2n2 04 4 ,.0-6 (2

(8-8) Ry2; () ()!Il‘_ir_lo ﬁ P ( 3ncx"" 12 ntx )e x dx.

Similarly, the integral and the sum can be interchanged. Therefore,

n2 2 2)
00 00 - +d~ X
8-9) Rpj® = lim f “3n2x9 4 204X % e (xz dx
( ) Rz @ oam n;l o (-3n +27n )
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For the integrals of R[] (), I perform the variable transformation

x=——.
Vi a
| 00 00 -4
8-10) R 0) = lim f -3 n2
(8-10) Rpzy 0 = lim ngl A [ n [_y_«/?a]
0-6 _(y2+fmﬁ)
+27z’n4[—y—] ]e y2 1 dy
T Vr a
0-1 0-3 (yz 17rna'!2)
SRR L) _ f 0-4 y2
Toon JLTo( Z 3hye dy
o _(yz+gm)£)
+2(7tna/)zj(; y9-6 ¢ y2 dy]l.
From the equation L[2] (6) = Rp2] (6),
0 ﬂ oo
_ 00-1 .5 r(8 — i
- L8R (8) L@ = 2 lim (L ) Z;‘
2, (na)? (MLZ
00 =-|y-+ 2 00 )
-31; yo-4 e y dy+2(7rna)2£ y9-6e y dy| (heC).
Both sides of the equation (8-11) are multiplied by
I}
2 2
(0-1)F(1+§)
to obtain the zeta function £ (6).
oo 2 (7rn0/)
20 o "y (2 )
(8-12) £ () = Z -3f yi-e 2 Jay
@ - 1)1"(1+ )\/_ a—>+0( ) =
o _(y2+(7rna')2)
+2(nna)2ﬁ’ y?-6 e Y2 Jdy| (6ecC\{1}).

When the complex variable 6 is set to any even number of 6 or more, I obtained the representation type2 for
the zeta function with the quadrable integrals.

27 2k . 2 k— 00
(8-13) { 2k) = lim
¢ Ck-DI k+D) V7 a—>+0( ) ;

(2 (nnm) o (yz M)
_3f y2(k-2) ¢ y2 dy+2(ﬂna)zj; y2(k-3) ¢ y2 dy

(k=394959 "’)'
Both sides of the complete symmetric functional equation are multiplied by
VI _e
b/ T 2

(15
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to obtain the function £ (1 — 6).

(3-14) LA -0y = VT4 -0F(§)§(0) (6eC\{0}).

1-6
r(3%)
For equation (8-7), 0 is substituted for k.
(8-15) £(0) =
R o o0 (x2 (7”10/) = 2 @na)?
¥ L lim 2 % f X T dx+2f x4 e X T )clx
-Drayvn o530 n=1

[
———2_ lim Z l(_3.127rn4a')+1 ﬁe_znna+2,(27z'na')2+3(27rna')+3 ﬁe—utna')

\,7[ a-+0 n=1 n 8
. = . 2
=-2 lim (o) —27n@ = 3 |im az-l(L -L,0 az).
a—-+0 (@) ngl e a-+0 ) 4 (71'0') 37 (T @)

Therefore

8-16) O =-7 lim (1-0 @ ®)?) =-7.

For equation (8-7), 1 is substituted for k.

8-17) £ @) =

2 ) oo 00 2 (7rnOl)2 00 2 (zn @)?
—27° __ |im Z 11 f Ve X = dx+2f x2 e X M) )dx
r@Vva @240 331 n~

1l

R,

£
M

-3 AZE(B—Zn'na_'_Z, 127rn4a'!+1 ﬁe—Zﬂna’)

=222 lim ((m.l((L)Umuo(M)s)_%((L)z_%r%ﬁ_o(na)4))

Therefore

— 2 i (), L 2 - x%
(s-18) {@=22* lim (0 () + -O(na))_ c.

For equation (8-14), 2 is substituted for 6.

(8-19) {(—1)=Jin-zr(1){(2)=
r

For equation (8-7), 2 is substituted for k.
(8-20) {4 =

R o 00 (x2 (“0) = 2 @na)?
22" jj;m ¥ L 3f R dx+2f 0o (IR 4
3r@) Vo @>+0 4351 n-

\ n3(—3 LQ—Znna+2 £ —27rna')

T 3
3Va @+ 4Ty 2xna

4
Z_ Iim |- n2e27Tna nde27na
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=72—4 lim (- 3 %(( ) _zo)  4@ay O(na)S)

o 7 za) T 15 189
(), L _4@a? 4))
s((naf) +35- 139 0 @@
4 . 4
_ I 2.1 3\ () .1 (_1 3.1 _ 2
6 Jim (( 3ry+2 8)(7ra/) 3 4( 15)+2 8 0(7”’))
Therefore

T

4 . 4 4
B _ I (1 | 2\ _ &
s-2) {@ =7 lim (0 () + O(7ra'))_ :

For equation (8-14), 4 is substituted for 6.

(8-22) {(-3) = FJL 74T d@=

120

For equation (8-13), 3 is substituted for k.

2

2 76 3 °° _( 2 )

(8-23) £ (6) = —2Z— |im (L n2|-3 | yle 2 Jay
g 51"(4)\/ a—>+0( Z f

(7rna')

o, fpretng?)
+2(7rna')zj‘; ye ( 2 Jay

7 lim (L)"’ i nz(_3.(M_n4&)ﬁﬁe—2nna+(2ﬂ_rzla)l.ﬁe—2nna)

15V a-»+0 \ T/ 1= 2
6 3 (o) (o)
o 1 2 4 27N _ 3—27Tna _ 2 27N
=5 (|ZI_I)'Q (na/) (4(710/) nz::1 nte 6 (T ngl nde 3 nz::1 n2e )
6 .. 3
— A 2.3 (-1 2@ _(@a)d 5
= 60 JL’I‘O (na) (4 (T ay” ((na) 189 ~ 135 +0(7”’))
_ 3 4 1 4@a?  mwat 6)
6(a) - ((na) *25- g0t p3s "0
3. 1((LY _@a) 4@ae’ _@a)s 7))
3 4((7m) 15 7189 25 O @@
6 . 6 2
ol 3 6.3 3. 1) (1 _6-3. L _3.1(_1)\(L
~ 60 JL’I‘O ((4 653 4)(7ra) +( 6°%°25°3 4( 15))(7ra/)
3.2 _.3(_ 4 1.4 2
*4 4 1896 s( 189) 3° 4" 189 O(”“)))
Therefore
_| (A (V)40 o)) = 22
8-24) £ (6) = im 7a) *ra) |t 0@ @?)) =55
For equation (8-14), 6 is substituted for 6.
(8-25) {(—5):£7[‘6r(3){(6)=—§.

1=

For equation (8-13), 4 is substituted for k.



228 |lim

(8-26) ¢ (8) =
{ 1T (5) \/_ a-+0

(rna)?

0o - y2+ )
+2(7rna')zj(; yZe ( 2 Jay

(—San 3f00y4 _( y—2
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lim

84 \/_ a-+0

+ (27r1216b')2 . (27rn4a')+1 V7 @—Znna)

] 5
= & lim () (swor 3 u

(o) (o)

-18 (T @) Z nde-27nd _9 2 n2

n=1 n=1

(L)S i nz(_3,(27rna)2+3(27rna')+3
ma) &~ S

(o)
—271'[10’_8(71-0,)2 E nde

(ra)?

‘/;e—urna'

-2nrna

n=1

@—Zﬂ'n(}']

_d@a)t

= lim
a-+0

(ra) B - (7o) -5k

a)d

225
4 (x @)’

1485 1O @ "‘)6)

_$(ra)? - ((_) L2ma)

135
(ma)?

1485
_8(xa)®

-O@ a)7)

3
4 189
3
8

1\ 1 d@ma)?
_18(ra)- (( ) ek 1Q)

_9. _@a)s

8 (ra)?

ass tO0@ ")8)

T 45 189
1
i((7

)3 (@a)  4@a)
15 189
=& Jim, (-

225

15

+(8-

)-8 3. 2
945 4 189 8\ 189

A5, 1 o, 3 (.1 3.1
+8-¢ 358 4( 135) 18- 9" 135

Therefore

lim

s-27) {® =z lim

For equation (8-14), 8 is substituted for 6.

Nr_
1

r ('2)

(8-28) £ (-7 = 73T @@=

240

10395

S S O IE RS

8- 3 (-4 9. L.

[o-((7)" 72 +(7=)) + 55 -

O 0)9))

For even numbers of 2, 4, 6, and 8, the zeta function has the shape of

(Coefficient) x {(0 x (Divergent terms) + (Constant) — (Vanishing terms)} in the stage just before taking the

limit.
Let remember equation (7-26), which is shown again.

(8-129) Z cotlzllg_rln)=

K+ (k-1 2K
Qk-D!"'xw

{(2k+2)

mz O_2k+1) (P) 2 by +1 Cxp)H|@np) e 27P (keN).

IJ_

The series representation of the zeta function is demonstrated for every even number of 4 or more.

The following are some calculation examples:
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<s-so>g<4>=;—f > m@h% Y, o3 () (@rp)+) @xp) e~ 7P
n=1 P=1

- 72 % 2 O_3(P) (2xp)+1) 2xp) e 7P,

Mz

38-3) @ =% M+% Z 05 () (2P +3@xp) +6) @xp) € 27D

n=1 n’
(8-32){(8) =
L5z 3 cothxw , z Z 07 () (@ap3+6Qap)?+21@np) +45) @7 p) €2 7P
n=1 n
19 N _
= 241;?20 o Igl O_7(p) (@7 p)3 +6 27 p)? +21 27 p) +45) @7 p) €2 7P,
+% lgl O_9 () (@np)*+1027p)3 +55@ 7 p)2 +195 27 p) +420) @ p) e 2 7P,

The zeta function has the shape {(Constant or infinite series to be considered as constant) + (Coefficient) x
(Infinite series)} for any even number of 4 or more.
To understand the kind of series representation {'(2) have, recall equation (7-6), which is shown again.

o )
(3-30) 8=z (80 = —(Mlyr 2 r(L)saxe

0 ]
-8 % oe@p2(@-vDKLerp+2eapK BLarp) (9e0).
P=1

After exchanging both sides of the equation by moving the second term from the left to the right side,
[
(835 80D 75" r(l ) s+ = 28D 7721 (8) L)
47 47 2
6
[} 2 ((6 - (2] 2-6
+r Pz::l T_¢(P)P ((0 nkK 3 erp)+2ap K > (27rp)) (6eC).

For the second term on the right side of equation (8-35), the recurrence formula for the modified Bessel
function of the second kind is applied.

o 0
(8-36) £ E o p2(@-DK 2erp) +4@p K Earp)

= % Pz_l 0'_0(p)p2 ((0 nkK 9(27[p)+4((7¢'p)K 2(27rp)+(7‘5')K ‘9(27zp)))
oo [}
=% ;1 —9(p)p2 (4(71’p)K 9*2'—2(27rp)—(0+1)K§(27fp))

I
S
NS
SYTS
=~
fi{ Nk

042 (/]
6 (P) [4(7rp) 2 K#2@rp-0+DapzK %(znp)]



Beyond the Riemann hypothesis Version 1.nb | 49

0 o _(y2+_l’_(7f )2)
=022 N o4 e U ¥ Jay
pP=1

( ))
00 - +
-(0+1)£ yo-le (y y2 Jay| (6ec).

Here, the relation of equation (19-74) is used.
Therefore

_1+6 _o

Z —o(p)

b8 ]g)2

2 2
00 -\y-+ ) o0 _(y * )
[41(; yo+ e ( y2 dy_(0+1)j; yo-le y2 dy|l (feC).

|~

Both sides of the equation (8-37) are multiplied by

1+0

2 T2

0F(1+ ;0)

to obtain the function ' (1 + 6).
N R

21 (1412€) +r(1+12 L:0) §

(8-38) L (1+6) = 2 0 -9 (p)

2
I4f0°°y9+1 e—(yz (yz) )dy @+1) foo o- le_(y2+(l3'];)_)dy (0eC\{0}).

For equation (8-38), —1 is substituted for 6.

2T (-Y) v

(8-39) £ (0) = T
* +EBE ) ( )2)
o y2 y2
r(1) g‘l l(p)[ f e dy-0- f 4y

=2xl(-D+2Vnm Z o1 (p)-4- lzie-hp

=2 1)+4 y —27mn - ) 1 3 —1
nl{(-1)+4x z_:l mz_l me nl(-D+x ; Sinh? (7 n)

Therefore

(8-40) Z

-1 - 1(_1 )W 1__1
=1 smh2(7rn) ﬂ({(o)_mg("l))‘n(‘z ‘2”(‘12))‘ 6 21’

This result is known as “[1].”

For equation (8-38), 1 is substituted for 6.
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(8-41){(2) =
2
r3ve - N (ECI Ly
y y2 y2
=242V 2 O'—I(P)(“‘Q—”fﬁ\/?e-mp_z.lzie—znp)
P=1
=§+2ﬂ Z U—l(p)(Z”p)@_Z”p——+47r2 Z Z n(mn)@—utmn
P=1 ==

Thus, the double series representation is obtained.
(8-42){(2) = —+47r2 E Z m e~27mn,
n=

The hyperbolic sine is used to obtain the series representation.

8-43) L2 —+7r2
( ){( )= El smh2(7rn)

The exact value of £ (2) is finally reached:

2
(8-44) L (@) = —+7r2(é ﬁ)—%

9. Hadamard product representation for the zeta function and derivation of a new Chi
function

The Riemann Xi function’s Hadamard product is shown as follows:

_1 71 Cow?+26-1)2
9-1) @ =& 1- 1— = (e C).
¢ ¢ l_[ l+lzpm —upm 2 nl;ll 2 pm)?+1

The definition of the Riemann Xi function is again presented.
9-2) @ = 485" ; T (Yo (weo).

Therefore, the zeta function’s Hadamard product representation is as follows:
2] oo ) )
w-3 {o=—22— ] QPm) +(§0-1)
0@ -1 (g) m=1  2pm)?+l

(e C\{1}).

For equation (9-3), 0 is substituted for 6.

g oo
- 0) = n2 Q2P +20-1)? __1 QPy)?i+l _ 1

20-1T (1 +8) m=) 2 pu)? +1

Any odd number of —1 or less is substituted for 8 in equation (9-3).
1-2k 5 5
(9-5) L(1-2K) = T2 Cpn)+2A-2Kk)-1)

1-2K1-2k-DT (%) m=1 Qpm)?+1
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_ Vr 1 Qpm?2+@k-1)2
1 1k 2k VT k m=1 (me)2+1
2kQ2k-1)(-1) 2k-DN b8

1 (DKo K-BHN ﬁ Qpp)?+(@ k-1)2
2k 2k rk m=l 2pm)?+l

(keN).

Here, (=1) !! =1 is agreed.

Conversely, the exact value of the zeta function for any odd number of —1 or less is well known as the formula.

(9-6) {(1-21()=_5221-(k (keN).

By combining the equations (9-5) and (9-6),

> 2 12 _1)k+19k
(9-7) l_[ Cpm)-+@k-1> _ (—Dk+12kyg

k
ok T Gpmrea T ekopn D2k kel

Some examples of calculations are shown.

T Coem)?2+32 _ (<1221
9-8 = By=2x-
=8 ,,l;ll Qpat+l . (DIt 2TET

-
z.

M Coem)2+72 _ (<1322 72 2 (1) _ 272
9-9 = Bs=-4 . =
o= I G = S Be= 47 (o)

ﬁ Qo2 +112 _ (1423 13 873 1 _4x°
9-10 = B = o = .
R Y 3N 673 "227 63

_ T Qow?+152 _ (1524 xtn _ 167*.( 1) _ 8
¢-1D ,,!:[1 Qpmisl - S P8I s (-30) = 5

For equation (9-3), any even number of 2 or more is substituted for 6.

(o)

_ S mk ] Qem?s@k-12
(9-12) §(2k)— 2kQk-1DI (k) nl;ll Q2 pm)? +1

T2Qk-Dk! ot Qpa)t+l

Any odd number of 3 or more is substituted for 6 in equation (9-3).

2k+1 oo
(9-13) {Qk+D = x 2 QP2 +@ Kk +1)2

Ck+)Q2KT (2k2—+1) m=1  2pm?+l

2k-1 7k l—[ Qpm)? +@k +1)? (keN).

TkQk+D! N Qpm)?+l
The following are some calculation examples:

9-14) {2 =

S
—¢
F
s
+
W
3%
I
[N
N
N
[\°]

7 2pn)?%+52
(9-15) é’(3)=% l_[ (_Qm);

_m2 ]
0-16) {@ =1 n];I

= 2
(9_17) g(s)=7r_ l—l M.
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9-18) L(@6) =L [ Cew?+112 _ 73 473 _ 76
60 ~ & Qpn)i+l 60 63 T 945°

473 T1 QPm)?+132
9-19) (7)) = .
€0 =313 n!:[l Q2 pm)*+1

(9-20) g(s)=ﬁ 1 Qpw)?+152 _m4  8m4 _ _n8
336 11X Tap.?+l 336 225 T 9450

27t T QPm)?+172
9-21) (9 = .
¢ 945 nl;[l Q2 pm)?+1

9-2. Derivation of a new Chi function

By the way, the origin symmetric functional equation with correction terms is similar to the functional equa-
tion that the Riemann Xi function follows.
The new function, called the Chi function, is defined as follows:

(9-22) X 0) =27 (A 0)+F 2 0) (beC).

To generate the representation for the Chi function, equations (5-82) and (5-84) are substituted on the right
side of equation (9-22).

8
©-2) x @ = LD 7721 (80

= 0
+2(0-1) Y, 0'_9(p)p2(0Kg(27rp)+(27rp)K 22;0(27rp)) (e ).
P=1

The Chi function has clear origin symmetry based on functional equation (5-81).
V-2 Y@ =X)x (-0 (0C).
For equation (9-23), 1 is substituted for 6.

_0 &
0-25 x ) =LEL72T (970 |, +2:0- Y oo (0-Koerp+eapKiarp)
P=1

1-6
=-0mr 2

r(1+12;9)§(1-0) | goy =172
Therefore

(9-26) Y D) =1/2.
For equation (9-23), 0 is substituted for 6.

[
(9-27) Y (0) = % -2 2 oo 2nrp) K1 (27 p) ~ 0.4875331150002445 .
P=1

On the real axis, the Chi function has a minimum value at the point 8 = 0.

(9-28) Y ()= Y (0) (xeR).

An attempt is made to find 10 non-trivial zeros of the Chi function close to the real axis in order by interpola-
tion.

The result indicates that the real parts of 10 non-trivial zeros are all zero.

Thus, the assumption that all non-trivial zeros of the Chi function lie on the imaginary axis is proved in the
narrow domain.

Extending the domain of consideration to the whole complex plane, I propose the generalized Riemann
hypothesis for the Chi function that states that all non-trivial zeros lie on the imaginary axis. it will be proved
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in Section 14.
Furthermore, I assume that there are infinitely many non-trivial zeros on the imaginary axis in the Chi function.
I define that the positive imaginary part of the m-th non-trivial zero of the Chi function to which the number is
allocated in order to be closer to the real axis is Tyy. Under the assumptions,

(9-29) ¥ (2iTm):=0 (0<T1 S T2=<T3=<---).

The positive imaginary parts of 10 non-trivial zeros of the Chi function close to the real axis are shown in
order in a table. For comparison, the positive imaginary parts of 10 non-trivial zeros of the zeta function close
to the real axis are also demonstrated in order in the same table.

Table shows the positive imaginary parts of 10 non-trivial zeros of the Chi function and their

comparisons
m Tm <,or> Pm
1 [12.041--- < 14.134 - - -
2 (20.487- - - < 21.022 -
3 125976 - - > 25.010- - -
4 [28.269- - - < 30424 - - -
5 [32.685--- < 32.935. ..
6 [36.583--- < 37.586- - -
7 |42.044 - > 40.918 - -
8 [42.901- - - < 43.327 - - -
9 [46.556- - - < 48.005 - - -
10 150.021- - - > 49.773 - - -
Fig. 9-1

Under the generalized Riemann hypothesis for the Chi function, assuming that there are infinitely many non-
trivial zeros on the imaginary axis, The Hadamard product representation of the Chi function can alternatively
be written down.

9-30 0) = 000(1—.0)(1—.0 )= 000(1 02]9‘D-
( ) X ©) X()n!:[l iTo STy, X()n!:[l T an? (0e©)

To obtain the value of the infinite product in equation (9-30), 1/2 is substituted for 6.

1) _ B 122)
_ =Y 1 42r )
v-3 x(3)=xo n!:[l( ey
Therefore,
o0 1
1 X(z)
- 1 = ~ 1. 1 1486.
(9-32) nl;[1[ +(2_‘_m)2) ) = 1-0063381050061486

1/2 is substituted for 6 in equation (9-3).

1 1
_ 1) __4zx4 J] _QPm? _ _4x4 Y] 1
ey ety g

Therefore,
1

w-30) [] [1 +—1 2) =_—474 . 1,0057917953503750.
m=1 2 pm) r(l){(l)
4)°\3
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From the equations (9-32) and (9-34), the following inequality is obtained:
- 1 i 1
(9-35) (1+ )< (1+ ]
g« D ez

According to the inequality (9-35), the distribution of the positive imaginary parts of the non-trivial zeros of

the Chi function is closer to the real axis than the distribution of those of the zeta function on the whole.

10. Functional Equation Transformations, Part3

Compared to the previous sections of 4 and 5, this section will be conducted in a more straightforward manner.

10-1. Functional Equation Transformation for the third-order I, type functional equation
The following are the FET operations for the third-order I; type functional equation:

oo
(10-1) Liz;(0) := lim f D (-3m2x* 120t X034 72 06 x0+5)e—”(“2+a'2)x2dx.

a-+0
2 2
. 0o &, —71'(“—+a’2x)
(10-2) Ry31(0) := I|m0 f 2 (12n2x0‘4—187tn4x0‘6+47r2n6x9‘8)e x? dx.
a-+ =
For the integral of L[3] (6), I perform the variable transformation
1
x=(_y_)2.
7T (n2 +a2)
o & 0+1 043
w0 Lo lim [ 5 (e (a) T (o)
(10-3) L1 &= 1 Jo n;l ( "\zm+er)) T zm2ra2)
0+5 1 4
a2 6(_}’_) 2 -yl(#)Z "2 dy.
=n T (2 +a2) ) 7 (n2 +a2) y 2dy
Using the left-sided limit of the positive real variable @,
7] (0]
1 —+2
(10-4) L3 (0)——f 2 [ 3y2 +12y27 _ay2” ]e‘ydy

I

2 ) 00 00 0 _ 00 9 _
Z n0[ f y2 e Ydy+12 A y2 e Ydy-4 A y2 ycﬂy].
Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the
condition.

Nl%

(10-5) Ly @ = = _ 2 L(-3r(1+4)+12T (2+8)-4T (3+4)) (Re@ > D).

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.
]

(10-6) Lp31 (0) = 7;_—73{(0)(-3F(1+§)+12F(2+§)-4F(3+§)) (0eC).

The difference formula for the gamma function is applied to the above result.
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_8
10 Ly 0= 52 60 (5 () e1204) (8 4 ()-8 (BT (4
_8
=Z2s0(-9E-)r(g) veo.
Therefore
(10-8) L3 (0)=-9—(9—-1)7—r(mn"§r(§)§(0) (0eC).

The function L[3] (6) is a convergent function in the whole complex plane.

For the integral of R3] (6), I perform the variable transformation x = y_l.

0w Ry 0= fim, [0 3, (e (3
n=

2
+4 72 n® (%) )e y2 (—y_z)cﬂy
2
= lim ﬁ 2 (12 n?y2=0 _18 7 n* y4-9 + 4 72 n® yﬁ‘g)e y2
n=1

dy.
a->+0 y

For the integral of R3] (6), I perform the variable transformation
X

Van

one more time.

o OO 2-6 4-0
(10-10) Rzj 0 = lim f [12n2( 2 ) —187tn4( A )
a-+0 JO nzl V7 n 7o

y:

6-0\ _(v2, (xna)?
+47z’2n6( X ] ]e (X+ x2 ) L ax
T T n
_12;0 . oo 00 _(X2+!7flla’22)
=Z lim f > Lo (12x2-0-18 x40 +4x5-%) ¢ x2 Jdx.
T a-+0 JO n=1 n1_0

Using the left-sided limit of the positive real variable @,

_1=6 00
_x 2 [ 1 2-6 4-0 4 x6-6) p— X2
(10-11) R31(0) = p- j(; n;l 0 (12x -18x% 7 4+4x )e dx.

For the integral of R3] (6), I perform the variable transformation x = yl/ 2,

oo R N ~ N
(10-12) Rp31(0) = x j(; Z (12y 2 —18y 2 +4y 2 ]e‘y 7Y 2 dy
n=1

T nl-0

_1-0

p- T ) 1 o 1=6 o 3—=6 y o S5—=6 y
= 2 -y - 2 - 2 - .
P ngl 16 [6](; y e Ydy 91(; y eV dy+2 o Y e dy]

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (f) < 0 can be added to the above result because it is a convergent function under the
condition.
1-6

(10-13) Rp3) @) = & 21 Lo(6r (1+552)-or (24 558) 21 (3+ 158)) (Re@ <0).

7 al—0 2 2 2
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Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.
1-6

(10-14) R @) = Z2-£a-0) (6T (1+558) o1 2+ 158) 217 (3+ 158)) (ve ).

The difference formula for the gamma function is applied to the above result.
_1-0
2 _ 1-0)_ 1-6)(1-6
(10-15) Ry310) = p fa 0)(6( 3 ) 9(1+ )( )

ol ()Y

1-0
_nx 2 0) (g2 1-0
=T {(1-0)(-4)(0 —1)1"( > ) (6eC).
Therefore
1-6
(10-16) R[3](0)=_ﬂ9—‘1)#uyr_ 2 F(IZ;G){(I—O) (0eC).

The function R[3) (6) is also a convergent function in the whole complex plane.

Because of the convergent equations (10-8) and (10-16), the following functional equation holds true:
(10-17) Li31 (0 =R(31(0) (0€C).

Therefore

0 _1=0
(10-18) -£E@=DE@+1) 0‘:7r0+1 n 2 F(%){(()):——(—u—“ 0"}”0*1 T2 F(12;0)§(1—0) (e ).

I decide that the functional equation (10-18) is called the third-order I type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-2. Functional Equation Transformation for the third-order II; type functional equation

As you will see later, another way to prove the absolute convergence of the correction term is chosen due to a
symmetry collapse in the third-order Il type functional equation.
The operations of the FET for the third-order II; type functional equation are shown as follows:

. oo & 2
(10-19) Ay @) := lim L > (-3n2 x4 127 0t X434 12 06 x045) -7 (02 +0D)X" g,
a-+ n=1

(10-20) Fp31(0 :

2
] o O o —7r((n2 +a’2)x2+m—)
lim f D (-6 n2 x*1 424 71 n4 x93 _8 72 n6 x0*5) e 2/ ax.
a->+0 JO o7 5T
2 2
. 00 X —71'(“—+a'2x)
(10-21) By ) := al/lrll() j; > (12n2x03 _ 18wt xS pan2 b xfT) e \i? dx.
- n=1
(10-22) Gp31(0) :=
2
. 0 X & —ﬂ((m2+a'2)x2+n—)
lim f DD (24n2x973 _36 rn4x?5 182 n6x% ") e ) dx.
a-+0 JO o5 ooy

Immediately, the following obvious result is obtained:

_8
(10-23) Ap) 0 =Lz 0) = -2€=DCD 7751 (8 £) (9e ).
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For the integral of B[3] (6), I perform the variable transformation x = y_l.

(10-24) Bp3j 0) = 0!'_{110 Lj i (12 “2(%)0_3‘18”“4@)0_5
n=

2
-7\ -7 (n2 y2 +—)
+47t2n6(l) )e y2
y

(-y?)dy

. 00 & —ﬂ(n2y2+a—22]
= lim f Z (12n2y1‘9—187rn4y3‘9+47r2n6y5‘9)e Yl dy.

a->+0

For the integral of B[37 (6), I perform the variable transformation

X
Y= )
VY7 n
one more time.

o OO 1-6 3-6
- = li 2 X _ 4| _x
(10-25) By3; (0) ()!I_)n;lo £ 21 [12n (‘/_ ) 187 n ( )

n= T n Tn

5-0 2,(xn a!z
X~ +
+47z’2n6( ] ]e ( x2 ) L ax
T n T n
g 00 (Xz +!7[' nao !2 )

lim f —5 (12x!-0-18x3-9 +4x5%) e x2 Jdx.

a->+0
Using the left-sided limit of the positive real variable @,
(10 -26) B[31(0)-—f Z —(12x1-0 _18 x3-0 1+ 4 x5-0) o= X dx..

For the integral of B3] (6), I perform the variable transformation x = yl/2,

0
£ o & 1-0 3-6 5-6 1

_ -2 f 1 2 _ 2 2 yly™

(10-27) B3 0 = = ) n§=1 3 [12y 18y 2 +4y e"Y 3y 2dy

~|cz>

Z _0[ f y 2 e‘)’cly—9£ y 2 e Ydy+2 o y 2 e—)’dy]_

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (f) < —1 can be added to the above result because it is a convergent function under the
condition.

f &
(10-28) B[3](0)=%n§ %(6F(1+2) oT (2+32) 42T (3+32)) (Re@ <-1).

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta
and gamma functions.
[

(10 —29) B[3](0)——§( 0)(6F(1+ 2) 9F(2+ 2)+2F(3+‘0)) (6eC).

The difference formula for the gamma function is applied to the above result.
0]

- B 0 = £ o35 (1) () 2o 2) 1) ()
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]
=227 (L) @+n@+T (L) be0).

Combining the relation of the complete symmetric functional equation to the result,

0
(10-31) B3 @) = -2 0“:{”9*2 n2 F(—%)§(—0)
140
=-000:+D06:2) ;75" (L) 240 (pe0).

47

The function B[3] () is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable «, is used for defining the equation (10-20),

e - (nzx2 +m72)

(10-32) F3;(0 = f Z Z —6n2 x9t1 124 1 n4 x0+3 _8 712 n6 x9+5 dx.

n=1 m=1
Assuming that the integral and the double sum can be interchanged, for the integrals of F[37 (), I perform the

variable transformation

1
r= (B2,

[ ) 00 0+1 0+3
(10-33) Fp31(0) = Z f [ 6n2 (7 ) 2 4247t (BY) 2

n=1

- L)
_§x?n6 (%X)T]e ’”““(y*y L(m)yy 2 ay

00 00 '] o 042 ann(y+l)
=22 Y amo(M)2[-3-1 ) v2 e ? v/ ay
n=1 m=1
1 (% 0+4 —M%(y+l)
+12(7rmn)-5£ y 2 e dy
co 046 _27rmn(y+l)
—4(7rmn)2°%j(; y 2 e 2 dy

The integrals can be written using the modified Bessel functions of the second kind.
/]
(10-34) F3(0) = 2 HZ E (xmn) ()2 ( 3K #2rmn)

+2@mn K % ezmn) -4@mn?2K "’zf—ﬁ(znmn)).

Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is
applied three times.

(10-35) F3j 0= 2 2 D
n: m=
4

+12xmn) K &

_2 ¥
_ﬂngl

]
) (#mn) (%)2 (—3K %(Zﬂmn)

amn)— 4(7rmn)(02—4K 0;—4(27rmn)+(7rmn)K %(ZWmn)))

9 ]
2 @mm) ()2 (-3+4amn?) K &2 ermm-20-2) amn K &4 zrmn)

m=1
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0
(ﬂmn)(%)Z ((3 +4(7rmn)2)K osz(ann)

1
N
Ms
Ms

=
[IN
g
I

1
(0-2)(02;2K 82 azmm) +@mn K %(ann)))

+
N

]
(M2 20-DEmn?K 2ermm +(62-1+4@mn?) Gmm K &2 exmn)

I
|
NP
i
Ms iMz

I

I

|
S
Ms

=
[IN
g
I

()2 (2 ©-2)@mn?K £@rmn)
1

+(6% -1 +4(7rmn)2)(QK §(27rmn)+(7rmn)K 0;—2(27rmn)))

1
>\||~
||M8 T
M8

) (m)2 ( 6(62-1)+8@-1 mn?) K £@zmn)

+2 02-1 +4@mm?)@mn K ELermn).

From the equation (5-37) and the result of equation (10-35),
S 0
(10-36) F31(0) = ‘717 Y. o_g(p)p2 ((0(0-1) @+ +20-Derp?)K Laap)
P=1
+(@-1D@+D+2rp?) erp K ";—Z(znp)).

For the equation of definition (10-22), using the left-sided limit of the positive real variable «,

o X & - (mz X2+ n_]
(10-37) 3 = n“x =36 tn* X +0M“NnN° X e X X.
G[ 1 ) A 24 n2 6-3 36 4 ,.0-5 8 712 nf 0-7 2 d
n=1 m=1

For the integral of G[3] (), I perform the variable transformation x = y_l.

(10-38) G331 (0) =
00 00 3 m_2 2 2)

N 2 3 (e (B 6wt (1) enm2us (1)) (5 ety (cy2) dy
n= m=

o O 00 _7[(“2y2+m_22)
=j‘0 Z Z (24n2y1‘9—367rn4y3‘9+87r2n6y5‘0)e yeJldy.

Assuming that the integral and the double sum can be interchanged, for the integrals of G[3] (6), I perform the
variable transformation
1

= (2
[o8) 00 00 ﬂ
(10-39) Gz @O = X, D j(; [24n2(TX) 2
n=1 m=1
3-6 3-8 7rmn(x+L)1 11
-36xn (0X) 2 ;87206 (MX) 2 ]e x/ 2 ()2 x 2 dx
o 0 2-6 2xrmn 1
=;‘—r Z 2 (ﬂmn)(%) 2[6 %f‘x’x 2 1@ 2 (x+x)(ﬂx
n=1 m=1
4-0 27rmn 1
_9(ﬂmn).% 0°°X 2 le 2 (X+X)dx
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The integrals can be written using the modified Bessel functions of the second kind.

(10-40) Gp31(0) = % nz 2 (xmn) ()" (6K 2=0 3 zmn)-9 (xmn) K 4= 0 (27 mn)
+2(7tmn)2K 6;—“"(ann)).

Because any modified Bessel function of the second kind of the double sum converges absolutely, the

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is

applied twice.

Z Z (7z'mn) % ( Kz 0(27rmn) 9(7l'mn)I<4 6’(27z'mn)

m=
@

(10-41) G310 =

4
T =
+2(7rmn)(42;0K4— 7rmn)+(7rmn)I<2 0(27rmn)))

2
m A
1 (xmn) (T)"2

I

|
'S
i M
ﬁMs T

( 6+2amm) K ZLarmn) +(@+5 mn) K &2 '9(27tmn))

]
(ﬂ'mn)( ) 2 (—(6+2(7z’mn)2)K 22;0(27z'mn)

1l
N
M

=
1l
—

+(6+5)

UI

1
(32K B ermm +@mm K Fexmm))

0
@mm (2)72(20+5 @mm K £eamn)

1
N
Ms
M

=
I\
g
1l

1
~(@+1) @+ +4@mn?) K Z xmn))

]
(%)_2 ((0+5) (2 7 mn)? K %(ann)

Mz L
Ms

=

=1
+1) (0+2)+(27z'mn)2) (Zﬂmn)K 2= 0(27rmn))

=
u‘
=

S

o (

From the equation (5-38) and the result of equation (10-41),
(10-42) G310 =

o0

]
L3 comp2(0+9cap?Kleap-(0+) @+ +erp?) eap K E2exp).
P=1

I define the function H[3] () as follows:
(10-43) H[3] ) := G[3] ()] —F[3] ©).

From (the right side of equation (10-42)) — (the right side of equation (10-36)),

e 0
(10-44) Hi3 (49):71—r 2 O_g(p)p2 ((0(0—1)(0+1)+(0—7)(27rp)2)K%(Zﬂp)
P=1

+(@o+D@+D+22ap?)eapK 02;2(27rp)).

The modified Bessel functions of the second kind are written using the integral respectively.

(10-45) Hpzp0) =

3 o o 0y 2B (x.1)
2 To@P2|(0@-D@+D+@-Dxp?)-5 | x27 e 2 V¥ ax
P=1

N

w 02y 2D (y,1

+H(@o+D@+D+2CxpR) QAP g [ x 2 € 2
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For the integrals of H[3] (), I perform the variable transformation

_.Y_
X = ap
(10-46) Hpzp0) =
o) 0 00 (2 8=2 _(y +( ))
1 2y. 1 Y- 2 2y
p Igl O_g(PP2|(0OB-1)@B+1)+©6-7) @7xp)?) zj; (,rp) € y ap Y
- 6-4 _(2+(llﬁ)
+(@6+D)@+D+22xp?) 2xp)- f( )2 AT oy

N|
’\4 SYTS

oo - (2. Em?
Z T_g(p)|2 0(0—1)(0+1)+(0—7)(27tp)2)J; y-le (y Y2 )cly

oo _(y2+(LP)_2)
+((20+1)(0+1)+2(27rp)2)(27rp)2j(; y-3e y2 Jay

For convenience, the above result’s absolutely convergent integrals in the whole complex plane are defined as

follows:

o )
(10-47) Ip (0) :=£ y~1+Re(®) o Y* Jdy (peN,§eC).

S
(10-48) Jp (0) := [y HRe® ¢ ¥ Jay (pem,9e0).

Using the expressions Ip () and Jp, (6),
Re 10) oo
(10-49) [Hpz) 0] < 2 Z O _Re 6) (P)

(216 0-1) (0 +D)] Ip ) +210-71@xp? 1y 0) +|26+1) 0 +D| @z p)? Jp () +2xp)* I} ).
Now, the following obvious fact is introduced into the inequality (10-49):
(10-50) T—Reo) (P) < P? XL 2Kk+Re (@) (k,peN,Re® >1-2k).

Under the condition of Re (6) > 1 — 2k,

(10-51) |Hpz @) <
_Re(@®
2 % pk{QKk+Re®)(21600-1©@+DI1p©)+210-7| @xp)? I 0)

LR =]
+]2o+D @+ Cxp)?dp ) +2@ap)*Jp () (ke N, Re(®) >1-2k).
Because the variable of the zeta function is irrelevant to the variable p, the zeta function of the sum can move

outside.

(10-52) [Hpz; 0] <

_Re(® o
% {@k+Re®) Y, (100-1@+D|p*ky ©) +2m?10-7| p>&+D 1, ()
P=1

+272|20+1) @+ D] p2 &+ Jp (0) + @)* p2&+D J, (0)) (ke N, Re () > 1-2k).
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To estimate the absolute convergence of the function H[3] (6), the following equations with the condition are
defined:

oo oo _(y2+(11ﬁ)
(10 -53) Sk (x) := Z p“‘j(; yle 2 Jay (keN,x>-2Kk).
P=1

oo o _( 2 (LP)_Z)
Yo+
(10-54) Tk ) := D, p“‘ﬁ yY3e Y- Jdy (keN,x>2-2k).
P=1
For the function Sk (x), because the integral is an absolutely convergent integral, I can change the order of

relation between the sum and the integral.

o L _@p?
(10 -55) Sk(x)=£ yX—1e-y LI—I)Too 1;1 p*ke Y ay
<f°oyx‘1e‘y2 lim LZZ pk(e_ﬂy_zzndy=
0 Lo+ P=1
azp

o) 00 -
j{; v -1 -y Y pke Y2 dy (keN,x>-2Kk).
P=1

To evaluate the inside sum of the integral, I define the function fi (¢, y) of double positive variables with the
parameter k as follows:

a2t
(10-56) fx(t,y):=fe Y (,y>0,keN).

Taking the limits yields function values on both sides of the open interval of the positive variable ¢.
(10-57) lim fi¢,»=0 (y>0,keN).
t-+0

(10-58) lim fia,»p=0 (y>0,keN).
t—o00

In order to look into the behavior of the function, it is partially differentiated.
_n2t

(10-59) %fk(t,y) = (k—’y’—jt)tk‘l e Y (,y>0,keN).

I assume that the solution of the above equation is .

0 _
(10-60) 6tfk(t’y)|t=a'_0 (,y>0,keN).

The solution is easily obtained since it has a positive value depending on both the positive variable y and
parameter k.

2
(10 - 61) a=%>0 (y>0,keN).

Table of the increase and decrease for fk (¢, y) of the positive variable ¢

t +0 ....... a ....... 0%
d
. Jk (@, 0 -
57 Jic @) +
e,y [ 0] 2 |maximum| N [0

Fig. 10-1
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By considering mainly the rectangle consisting of a base (@ + 1) and a height fi (@, y) in area, I obtain the

upper limit of the infinite sum.

_ntp _n2t
(10— 62) Z ke ¥ <@+ - fk(a,y)+f Ko 92 gf-
P=1
K

k2 (k) ok p2 D N

(71'2 +1) (7r2 e+ 2(k+1)r(k+1)_

Kl eokik ! o vy KR ek ok

72 (k+1) +K 71-2k yr(y>0keN).

This result is introduced into the right side of inequality (10-55).

x—1 -2 (Kt e-k4k ! 2 (D) KK e-k Zk) _
(10—63)Sk(x)<fy ey( YT L dy =

k+1 ,— !
k ﬂ-zcgkfl-;-k f yx+2k+le—y2dy+k e— kf pX t2Kk le_yzdy (keN,x>-2k).

For the above integrals, I perform the variable transformation y = ull?,

(10-64) Sk (¥) <
1

2k +1 1 x+2k 1
Moo (7, S L e (7, sib o
72 (k+1) u e u 2du+>*—— T du =
KEtle-kyk! m(x+2k+2)  kKe-k - (x+2k
2 712 (k+1) F( ) )+—27r2k F(—Z )(keN,x>-2k).
Therefore,

kk+1l p-k 4k ! kK e-k) - (x+2k
(10 - 65) Sk(x)<( D (x+2k)+2ﬂ2k)l"( - )(keN,x>—2k).

By the same method,

+1 p—k ! -k -
e-k+k! Kk e X+2k-2
(10-66) Tk(X)<( 472 (k1) x+2k- 2)+2 21 )F( 2 ) (keN,x>2-2k).

The upper limit function of the function Sk (x) is defined by the following equation:

_ (KEt! e—k 4k kK e—k x+2k
(10-67) Sk (v) := (—4ﬂz(k+1) (x+2k) + K 2k)l‘( ; )(keN,x>—2k).

The upper limit function of the function Ty (x) is defined by the following equation:

1 o (KXl ek 4k ! kKKe-k)p(x+2k-2
(10 - 68) Tk(x)._( e TTey (x+2k—2)+27t2k)l"( 2 )(keN,x>z-2k).

Using the upper limit functions,
(10-69) |Hpz1 01 <

_Re(® R R
T2 @k+Re®)(10©0-1) ©@+D] Sk Re @) +@m? [6-7] Sir1 Re (6)

+272]20+1) @+ Tis1 Re 0) + @14 Tisz Re ) (keN,Re® >1-2K).

When any positive integer k is given, absolute value of the function H[3] (6) is a convergent function in the
right half-plane of Re (6) > 1 -2 k.

Because any positive integer for the variable k can be taken, the domain of definition can be expanded to the
whole complex plane.

Thus, the function H[3] (6) is an absolutely convergent function in the whole complex plane.

Combining the above results yield the following functional equation, which holds true:
(10-70) A[3] ) = B[3] ()] +H[3] @ (6eC).

Therefore
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_8 9
(10-71) ——(—)—(—)-‘9 0-10(0+1) o~ (g){(é’):—ﬂe—"i);[(M)-m F(—g){(—GHH[s] ()

47

= _0(0+1)(6+2) ;- (Te) 1+6)+Hp;0) (8eC).

- 47
Where
1y ’
(10-72) Hpzp0) = - Z O_¢(p)p2
n P=1
((0(9_1)(o+1)+(o_7)(znp)2)Kg(znp)+((20+1)(0+1)+2(z:rp)2)(27rp)K "2;2<27rp))-

I decide that the functional equation (10-71) is called the third-order Il type functional equation.

10-3. Functional Equation Transformation for the fourth-order I, type functional
equation

The following are the FET operations for the fourth-order I, type functional equation:
00 o0

10-73) Lg1 (0 := lim f -3n2x0+1 4 42 7 n4 x+3

( ) Ligy 0 := im - | Z(3nx +82mntx

— 44 712 nb x0+5 +873n8 x0+7) e~ (n2 +a'2)x2 dx
00 o0
10-74) Ryg1@) := lim f -48n2 x4 4+ 132 r n4 x9-6
( ) R41(0) om b ;1( n“x + ntx

—ﬂ(ﬁ+a’2x2)
— 6872 b xf8 1 8 3 nd xe‘w) e \x? dx.

For the integral of L[4] (), I perform the variable transformation

1
S ——"1
T (n2+a2)
0+1 0+3

- = li | g2y )2 4 —X—| 2
(10-75) Ly @ = lim, ﬁ nzz“] [ 3n (ﬂ(n2+a'2)) 42 (7r(n2+0/2))

045 0+7 L
442 6(_)’_) 2 3 8(_L) 2 —yl(+)2 2 dv.

"7 (n2 +a2) +87%n 7 (n2 +a2) ) 7 (n2 +a2) y y
Using the left-sided limit of the positive variable @,

] [2] 6
+1 =42 =
(10-76) Liqj (6) = f Z‘ [ 3y2 vazy2 7 _qay2? +syz+3]@—ydy,

) 1 o 8 oo_
S N
]
2

7]
2 © Z 43
* e_ycﬂy+8£ y2+ @_ydy].

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the

condition.
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(10-77) Li41 0) =
0

% 21 111—0(-3r(1+§)+42F(2+§)-44r(3+§)+sr(4+§)) (Re(9) >1).

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.

]
T2 _ [7) 0)_ (7] (7]
(10-78) Ly 0 = Z2£ @) (-3T (1+48) +a2T (248) 44T (3+8) 48T (44 4)) 0 0).
The difference formula for the gamma function is applied to the above result.
(10-79) L4310 =
_8
a2 _3(@ 0)(9) _ (7] 0)(e (7] (7] 0)(8 (7]
27 {(a)( 3(2)*“(“2)(2) 44(2+2)(1"2)(2)*8(3*2)(2*2)(1+2)(2))r(2)
[
T2 AYP 2r (8
=Zt @8 6-vE+?T(8) (veo).
Therefore
(0]
_ _0(0-D(O+D2 51 (8
(10-80) L4 (6) = e 2T (8¢ veo.
The function L4 (6) is a convergent function in the whole complex plane.
For the integral of R[4] (6), I perform the variable transformation x = y_l.
. 0 & 0-4 6-6
10-81) Rpg1® = lim f (—48 2(1 132704 (L
o R0 = fim, [* 5 (st (4 rsmnt (3
2,2,@2
_esa2ab (L), g3 08 (1010 _ﬂ(ny+2)_—z
6872n® (1) +87°n8 (1) ) e V2 (-y2) dy
o _ﬂ(n2y2+01_2)
: - - - - 2
= lim f Z (—48n2y2 0 4132w n? y4=0 —68 12 n6 y6-¢ 1 8 3 n8 y8 0)@ Yo dy.
a-+0 JO o=
For the integral of R[4] (6), I perform the variable transformation
X
y= )
V7 n
one more time.
i 0 i < P < P
(10-82) Rg1® = lim f [-48n2[ ] +1327tn4[ ]
a-+0 JO 55y Van o n
6-0 8-0 _(Xz+(mﬁ)
—687r2n6[ X ] +87r3n8[ X ] ](e x2 L ax
V7mn T n T n
1-60 2
—— . co O (<2 (rna@)
=22 [im f > Lo (-48x2-0 4132 x40 —68 x6-0 48 x8-0) ¢ (X T )dlx.

Using the left-sided limit of the positive real variable «,

=0
(10-83) Rgj () = & ﬂz j(; ) 11_ 7 (-48x270 +132 x40 68 x6-0 + 8 x80) £~ 2y,
n=1 I

For the integral of R[4] (6), I perform the variable transformation x = yl/ 2,
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2-6 4-0 6-—0 8—6

==
= (_48yT+132y 2 68y 2 +8yT)e‘y%y 2 dy

(10-84) R4 () =

) co 1= )
=z 2 Yy L | 2 ey f 2 eV
=i 2 n1-9[ 241; y2 e Vdy+66 | y2 e"Vdy

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (6) < 0 can be added to the above result because it is a convergent function under the
condition.
1-60

(10 - 85) R[4](6')=7r7r2 ij‘ 1 (24F( 20)+66r( Ta)

nl-0

-34F(3+1 9)+4r(

> )) (Re(8) <0).

2
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.

(10-86) R4 () =
_1-0

{-0)(-24T (1+158) 466T (24 158) 34T (34 152) vaT (4 + 158)) (0 e ©).

The difference formula for the gamma function is applied to the above result.

2 L0 a5 s 159 (159

-3 (24 58 (1159 (157) + 43+ 157) (2 57) (1 1) () T (1Y)

1-6

-2 4(1-0)(0-1)(§)(0+1)2F(12;9) (eC).

(10-87) R41(0) =

Therefore

1-6
- — 2 75 A "YU
(10-88) Rygp 0) = LE=DED" 575 1 (1) f1-) (6e ).

The function R[4 () is also a convergent function in the whole complex plane.

Because of the convergent equations (10-80) and (10-88), the following functional equation holds true:

(10-89) Li41(0) =R4 (0 (6eC).

Therefore
(0] 1-60
_ 0@-H@+D2 51 (8 _6@-1H@+12 -5 r(1=6 _
(10-90) g 72T (4)¢® = o = 2 T(LH){a-o veo).

I decide that the functional equation (10-90) is called the fourth-order I type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-4. Functional Equation Transformation for the fourth-order II, type functional equation

The operations of the FET for the fourth-order II; type functional equation are shown as follows:
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oo X
_ — | _2n20+1 4 ,.0+3
(10-91) A 0) : JI-»T() j{; §= (-3n2x%*1 s 270t x

4472 n6 X5 L 873 n8 x8*7) o~ (02 +aD)x g

00 o0 (o]
10-92) Fi510) := lim f —6n2x9*1 1 84 7 nd X013
( ) K41 (O LALLLA n;l mz=1 ( n“x +84 7t n*x

) -7 ((n2 +a2)x? +m—22

- 8872 n x5 1+ 16 13 n8 x9*7) e x )dx.

oo X
10-93) By @ := lim f —48n2 x93 132 w295
( ) By := lim - | ;1( 2 x5 41320t x

2
—71'( +a2 )
682 nbx?7 + 873 n8 x0‘9) e \x? dx.

OO

(10-94) Gq10) := Ilmf 2 D (9602 x93 1264 7 n# x93

m=1

X )dlx.

2
- ((m2 +a2)x? + 1
~136 w2 S x9~7 + 16 73 n8 x0‘9) e 2

I immediately obtain the following obvious result:

) 8
(10-95) Apg ® = Ly 0) = LE=DE 751 (8) £ (9 0).

For the integral of B4] (6), I perform the variable transformation x = y~l

(10-96) B4 (0) = c!i-mo : i (_4sn2(%)0—3”327[“4(%)0—5
n=

5 6 (1\0-7 g (1\0-9 —ﬂ(n2y2+a—22) "
-687°n (y) +8m3n (?) )e y (—y_ )cly

. 00 & - (n2 y2 +a'_22)
= I|m0 f Z (—48 n2yl1=0 1132 7 n4 y3-9 68 2 n6 y5-¢ + 8 3 n8 y7_0)e Y-l dy.
a-+ -

For the integral of B[4] (6), I perform the variable transformation

y= =
Yz n

one more time.

o 0 1-6 3-6
10-97) Bg1 (0 = lim f —48n2| =X 1327 nd| =X
( ) b4) ) om b El( n VT +1327

T n Tn
5-60
—687rzn6[ X ] +87r3n8( X
V7z'n Vn’n

g oo (X2+ ana 2)
lim f (-48x1-¢ +132x3-0 _68 x50 +8x7-%) ¢ x2
a-+0

x2

]7—0] . (Xz Ln a')z) L

T n
dx.
Using the left-sided limit of the positive real variable @,
9 o
(10-98) B[4] ) = % J; n;l # (—48 x1-0 1132 x3-9 _68 x5-9 + 8 X7_0) e- x2 dx.

For the integral of B[4] (6), I perform the variable transformation x = yl/ 2,
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ﬂg ° & 1-6 -0 50 10 ;-1
(10-99) B[4] o) = ?j; Z F -48y 2 +132y 2 -68y 2 +8y 2 |e™ ¥ 7Y 2 dy
n=1

x ) 1 oo =0 co 2=0
= I~ Z —0[ 24f y 2 e‘YJy+66j(; y 2 e Ydy

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (f) < —1 can be added to the above result because it is a convergent function under the
condition.

o
(10-100) Bpaj ) = Z- Z L5 (-24r (145 66T (24
n:

-34r(3+‘7)+4r(4 —9)) (Re (@) < -1).

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta
and gamma functions.
(10-101) B4y 0 =

A

%g(-a)( 24r(1+ 9)+66F(2+2‘9) 34F(3+ )+4r(4+20)) (0eC).

The difference formula for the gamma function is applied to the above result.
0]

(10-102) Bygj (6) = 75{(—0)(—24 =) +66(1+2) (L)
'

ufe (103 (e

‘]

=270 (8 0+n@+22T (E) veo).

Combining the relation of the complete symmetric functional equation to the result,

0
_00+D(©O+22 5 (_8
(10-103) By 0 = o 0*57[0*2 2 F(—g)f(—o)

1+6
_00+D(O+2)? 5 (10
e no2 F( 5 ){(1+a) (6eC).

The function B[4) () is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable @, is used for defining the equation (10-92),
(10-104) Fg (0 =

o O @ - (nz x? +m—22)
j{; D D (-6m2x%*1 484 nt x93 88 72 n6 x5 11673 n8 x9+) e x*dx.
n=1 m=1

Assuming that the integral and the double sum can be interchanged, for the integrals of F4] (), I perform the

variable transformation

1
x= (B,
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) ) 0+1 0+3
(10-105) Flgg @ = D, Z f [ 6 n? g +84nt (IY) 2
n=1 =1

-8872n0 (BY) 2 +16% n8 (Y 2

015 0+7 —7tmn(y+—) 1
. ]e

+ ) 0o 0+4 1 -V
dy+42(7rmn)°—f e 2

o 0+6 _M(yJ,l) o 0+8 _—(y+—)
—44(7rmn)2-—f le 2 dy+8(7rmn)3-—f le 2 Y/ dyl.

The integrals can be written using the modified Bessel functions of the second kind.
]
(10-106) Fq10) = 2 nZ Z @mn) (B)2 (3K &2 ermn) +42@mn K &2 @zmn)

—44amn)2K 9;—6(znmn)+8(nmn)3K ""zf—s(znmn)).

Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is
applied four times.

0 0 Q
(10 -107) F[4] (0)=% Z Z (7tmn) % 2( K0+2 (27tmn)+42(7rmn)K0+4(27rmn)
n: m:
~44(mn)2 K &6 n)+8(7rmn)2(oTK @amn) +(@mn) K 0“;—4(27rmn)))
=2 nz Z (rmn) (B ( 3K &2 ormm+2 (21 +4@mm?) cmn) K &4 2z mn)

+4(0—5)(7rmn)2K 0;—_6(27”11“))

0
@mn) ()2 (3K #2ermm+2(21 +4@mn?) emm K E4 @zrmn)

o
Ms
1 \gE

=
1l
—

1
+4(0-5)(rmn)

A

0"'4 K 0"'4 (27rmn)+(7rmn)K 0"'2 (Zﬂmn)))

]
@mn) ()2 ((-3+4©@-5 @mn?) K #2@zmn)

I
N
DMs
i \gE:

=
1
[==

1
-0+1 +4(7z'mn)2)(nmn)K 0;—4(27z'mn))

]
@mn) (B)2 ((-3+40-5 @mn?) K &2 eamn)

®

+2(

o
M
s

=
1l
—
—

+2(2-0+1+4@mn?) (E2K 22 eamm +@mm K £ @z mn))

+((0-1) @+1?+426-3) xmn)?) K 0';—2(27rmn))

]
(ﬂmn)(%) (2(62-6+1+4@mn?)rmm K L@amn

3
||M8

=
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)
()2 (2(92 0+1+4@mm?) xmn?K £@rmn)
1

+H(©@-D@+12+420-)@Emn?) (4K Lermm +@mn K &2 @zxmn))

=
1l
—

ho
DMs
i \gE

D 2 ()2 ( 0O-1)@+1)2 + ((0-1)(30-1)+4(7rmn)2)(nmn)2)K%(an)
n=1 m=1

=

2(0-D@+1)?2+4(26-3) rmn)?) xmn) K 0;—2(271mn)).

From the equation (5-37) and the result of the equation (10-107),
(10-108) Fg (0 =

(o]

]
D T_g@Pp2(OO-D@+D2+(@-DBo-D+eap?) eap?) K Larp)
pP=1

+(@-D@+Dr+20-3) expP eapK 9;—2(znp)).

1
r

The left-sided limit of the positive real variable @, is used for defining the equation (10-94),
00 o0 o0
(10-109) Gpg) ) = j(; D D (-96n2x%73 4 264 w0t x5
n=

e -n (mzx L02

—136 22 b x?7 116 23 n8 x0T e ) dx.

For the integrals of G[4] (), I perform the variable transformation x = y L

: 0 & 1)6-3 1\6-5
(10-110) Gqp (0)_L nz=:1 m2=1 (-96n2(y) +2647rn4(y)

5 6 (1\0-7 1\0-9 —ﬂ(m—;ﬂlz yz) X
-136 7% n® (—) +16 73 n8 (;) )e y (—y‘ )cﬂy

=f Z 96n2y1‘0+2647tn4y3‘9

n=1 m=1

n2y2 M- )
- 136 72 n®y5 —0 4+ 16 3 nd y7 ‘0) ( dy.

Assuming that the integral and the double sum can be interchanged, for the integrals of G4] (6), I perform the
variable transformation

1
v=(m)2.

1-60
(10-111) Gpgy 0 = f [ 96 n? (MX) 3

5-0 1-0\ _ 1
~13672 06 (LX) 72 41673 n8 (1Y) 2 )e ”m“(’”x)%(%)

N =
|
N =

o 2—0 2zxmn 1 oo 4—0 2zxmn 1
e e = 4 === Ix+
[—12-% ) X 2 e 2 ( X)clx+33(7rmn)-% ) X 2 e 2 ( X)clx

0o 6=6_, _M( L) 1 8-0_, _
-17 xmn)? - = ) X 2 e 2 X dx+2(nmn)3-5 ) X 2 e 2
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The integrals can be written using the modified Bessel functions of the second kind.
00 00 Q
(10-112) G @ =3 nz_“l m2—1 @mm ()72 (2K Zermm+33@mn K 52 @rmmn

~17@mn2 K &2 armn +2@mn’K 8;—0(27rmn)).

Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is
applied three times.

(10-113) Gy = & Z Z (xmn) () ( 12K &8 @amn) +33 amn K 58 @amn)
n:

—17(7rmn)2K 62—6'(27rmn)+2(7rmn)2 (62;0K 6;—6'(27rmn)+(7rmn)1< 42;0(27rmn)))

0 0 Q

=3 2 mz;‘ @mm (2)72 (-2K Zeamn +@3+2@mn?) amm K 2 ermn)
~@+11) zmn2 K 64 (27rmn))
(o) (o) Q

=8 % Y amn@®2(-2KFermn+(33+2emn?)@mnK £2ermn
n=1 m=1
—(0+11)(7rmn)(4 K& eamm +@mm K Z@zmn))

4
@mm (2)72 (-2(12+@+11) @mn?) K ZL @rmn)

e
M
25

=
1l
—
—_

+(02+70+22 +4(7rmn)2) (nmn)K 42;0(27rmn))

0
@mn) (B)72 (-2 (12+@+1) cmn?) K 2 rmn)

I
N e
DMs
i \gE

=
1l
—

1
+(02+70+22 +4(7rmn)2) (ZZ;GK 22;0(27rmn)+(7tmn)K _70(27rmn)))

0
(7tmn) (B2 (2(?+76+22+4@mm?) amm K £ @mn)

1
3
||M8
M

-((0+1) ©+2?+420+9) cmn?) K L 2 zmn))

Z (m)” (02 +70+22+@amn?) ezmm? K £@zmn)
1

m
( +1)(0+2)?2+260+9) eamn)?) 2amn) K 22;9(27rmn)).

1
8=
||M8

From the equation (5-38) and the result of equation (10-113),
s 0
(10-114) Gqy(0) = % Y, o) p2 (6*+70+22+@ap?)2xp?r K g(znp)
P=1

~(0+1DB+2? +20+9) Ccap?) eap K 22;0(27rp)).

I define the function H[4] () as follows:
(10-115) Hg ) := G40 -F47 (0.

From (the right side of equation (10-114)) — (the right side of equation (10-108)), I obtain the above result,
which will be shown soon. Additionally, since the procedure is the same as the one used in the previous
subsection, I may confirm the absolute convergence of the function Hy4] (6) without a proof. Combining the

above results, the following functional equation holds true:
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(10-116) A4 = B4 (@ +H4 0 (6€0).

Therefore
0 ]
0O-D@O+D2_—51 (8 _0(0+1)(0+2)2 5 /]
(10-117) p n 2F(2)§(0)_ i 2 F(—Z)f(—0)+H[4] )
1+
_00+D)(@O+2)2 - 1
= 00RO 575 T (L) +0) +Hig @) (9€0).
Where

© 0
(10 - 118) H[4](49)=-71—r 2 0'_0(p)p2((0(0—1)(0+1)2+(20+3)(0—7)(27rp)2)K§(27rp)
P=1

+(0+1) (262 +4043)+220+3) 2rp?)eap K 22;0(27rp)).

The functional equation (10-117) is called the fourth-order Il type functional equation.

10-5. Functional Equation Transformation for the fifth-order I, type functional equation

The following are the FET operations for the fifth-order I, type functional equation:
00 o0
(10-119) Lis;(0) := lim f . (-3n2x*1 472 w0t xO+3 - 224 22 06 xO+S
a-+0 JO o/
+128 3 8 x0t7 1674 n10x0+9) e m2+ad)x? 4y

00 o0
(10-120) R5(0) := lim f D, (312n2x%* ~ 1188 7 n# x0=% 4+ 952 7% n6 x0-3
a-+0 JO o=

%Hﬂxz

(1 4022)
-232 73 n8x9-10 | 16 74 n10x0—12) e \x dx.

For the integral of L[5] (), I perform the variable transformation
1

(resan)’
T m2+a?)) °

(10-121) Li55(0) =

o o 0+1 0+3 045

lim, [, % ['3"2(7‘3%) et (rag) P et (i)
0+7 0+9 L 4

R e R e R e e

Using the left-sided limit of the positive variable @,

_g © D q g 94 42 943 944
(10-122) L5 (0) = 7;—71_1(; Z n—o[—3 y2 +72y2 -224y2  +128y2  -16y2 ]e‘y dy.
n=1

o 8

(2] 00 0 /]
oo U 0 Z 41 2
_ 2 Z L[_3 ) Y2 e Ydy+72 A v2 ' oY dy-224 X v2 e Y ay

Z 43 = +4
+128 | v2 7 e Y dy-16 A y2 t e"ydy].

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the
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condition.

o0

(10-123) L5 (0) = % n; L(-3r(148)+ 72T (248)-224T (34

[SYES

+128r(4+§)-16r(5+§)) (Re(@) >1).

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.
7]

(10-124) Lis) (0) = %{(@) (-3r(1+8)+ 72T (2+8) - 2241 (3+8)

+1zsr(4+§)-161“(5+§)) (Be0).

The difference formula for the gamma function is applied to the above result.
[0)

(10-125) Ls) () = %f(m(‘ (§)+72(1+§)
+

(a8 2o 81+ (8- 10(0 4o G e

2 2

0

Therefore

_0@-1)(0+1)(6* +4 0 +5)

(10-126) L5 (0) = P

(0]
“ar(e
2T (8 ¢@ weo.
The function L5 (6) is a convergent function in the whole complex plane.

For the integral of R[s] (6), I perform the variable transformation x = y‘l.

(10-127) Risp @) = lim ﬁf il (312 n? (%)0_4 ~1188 77 n (%)‘9_6 +952 72 nb (%)‘9"8
n=

2
1\0-10 1\0-12) T (n2 y2+—) _
-2 8 (1) + 16t nl () )e Y (-y2)dy

00 o0
= lim f D, (312n2y2-0 1188 x n# y4-0 4+ 952 2 n6 y6-¢
a-+0 JO =

a2

2y2
ny+yz

(w23
-232 73 n8 y8-9 4 16 4 n10 y10‘9) e dy.
For the integral of R[5 (6), I perform the variable transformation
X

Van

one more time.

o 0 2-6 4-0
(10-128) Ris1(0) = lim f [312n2[ X ] —11887rn4( X ]
a->+0 JO n;l Vzn T n

y:

6—-0 8-6
+9527r2n6[ X ] —2327r3n8( X

T Van
10-6 _(Xz+(mﬁ)
J e

ldx

+167t4n10[ X
T n

Tn
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1

= Ilmfz

a-+0

(312 x2-0 —1188 x4-¢

nl‘

(x2 (mn a!z)

+952 x6-0 _ 232 x8-0 1 16 x10-0) ¢ dx.

Using the left-sided limit of the positive real variable @,

(10 - 129) R[s] 0 =

=6 4952 x6-60 _232 x8-0 4 16 x10-9) ¢~ X* dx.

For the integral of R[5] (6), I perform the variable transformation x = yl/2,
(10 - 130) R[5] o) =

2-6 4-0 =) 8-0 06y 4 -1
[312y 2 1188y 2 +952y 2 -232y 2 +16y 2 ]e lyzay

71'T°° 1 o 1=6 o 3=6 co 5—=6
=1 ZJ n10156fy2(eydy 594fy2emy+476fyzemy

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (f) < 0 can be added to the above result because it is a convergent function under the
condition.

(10-131) Rys51(0) = 5

—1161"(4+12;0)+8F(5+IT_

(156F(1+1 ‘9) 594F( 20)+476F( T")

)) (Re (@) <0).

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and
gamma functions.
1-6

(10-132) Rys)(0) = $a-0)(156T (1+152) - 504T (24 158) + 476 T (3 4+ 158

2

—116F(4+12;0)+8F(5+12;0)) (6eC).

The difference formula for the gamma function is applied to the above result.

(10-133) Rsj @) = & 105(1 6) (156 (1£) - 594 1 12—9)(79)
+476(2+12‘9)(1+12‘9)( ) 116(3+1 6’)(2+12“9)( +
+8(4+158) (34 158) (24 58) (14 58) (152)) T (45°)

_1-¢
= ﬂz {(1-0)(-§)(0-1)(0+1)(02+40+5)r(‘2;9), (heC).

7) (5°)

Therefore

00 -1)(0+1)(6* +4 0 +5) _?0

(10-134) Ry51(0) = A

r(L4)¢a-0 vec).

The function R[5] () is also a convergent function in the whole complex plane.
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Because of the convergent equations (10-126) and (10-134), the following functional equation holds true:

(10-135) Li51 (0 =Ry51(0) (6 C).

Therefore
0O-D@+1)(62+40+5) -2 9 B
(10-136) — p T 2F(2)§(0)_
2 _1-0
_0@-D@O+D(6*+40+5) -3 1“(12;9)4‘(1-0) (0ec).

an

The functional equation (10-136) is called the fifth-order I¢ type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-6. Functional Equation Transformation for the fifth-order I, type functional equation

The operations of the FET for the fifth-order II; type functional equation are shown as follows:
00 [
(10-137) A5 @) := lim f D (302291 4 72 7w 04 x93 _ 224 22 06 x+5
a-+0 JO =

2
+128 73 n8 x0+7 _ 16 74 n10 x0+9) o7 (02 +aD) X" g i

o0

00 o0
(10-138) Fs(0) := lim f D D (-6n2xP*1 1 144 0t x93 _ 448 72 n6 xO+5
a->+0 0 n=1

m2

xz)cﬂx.

2
- ((nz +az)x +

00 ()
(10-139) Bs;(0) := lim f >, (31202 x93 - 1188 7 n# x5 + 952 72 n6 x0-7
a-+0 JO o=

—ﬂ(ﬁ+a'2x2]
~232 703 n8 x99 + 16 14 n1? xo‘") e \x? dx.

. 00 [ [

(10-140) G510 := lim f > D (624n2x%73 -2376 7 n# x¥5 + 1904 22 n6 x0-7
a-+0 JO n=1 m=1

- ((m2 ra2)x? 402

)e :

— 464 73 n8 x99 4+ 32 74 n10 x0-11 X ) dx.

I immediately obtain the following obvious result:

6(6-1) (6 +1) (6% +4 0 +5)
- ar

_8
(10-141) As () = Lis; 0 = 72T (8¢ veo).

For the integral of B[s] (6), I perform the variable transformation x = y L.

(10-142) Bs; @) = lim J:’) i (312 nZ (%)0'3 ~1188 7 n* (%)9_5 +952 712 nb (%)0_7
n=

22,02
ny+y2)

-23273n8 (%)9_9 +16 714 n10 (%)0_11) e—ﬂ'( (_y—Z) dy

00 (]
= lim f D (312n? y!=9 1188 w n* y3-0 + 952 72 n6 y5-¢
a-+0 JO =

_r (nz y2 +0l_2)
~23273 08 y70 1 16 14 n10 y9-0) ¢ v} a

For the integral of B[s] (6), I perform the variable transformation
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y=—2—,

V7 n

one more time.
(10-143) Bys1(0) =

o 5 oo

T n

7-60
] +16 74 nl0 (

1-6 3-60
) -11887rn4[ X ) +9527r2n6(

5-60
7T n vﬂ ]l]

1 dx
Tn

9-¢ _(X2+(7rna')2)
—2327r3n8( ) ]e x2

T n Tn

0

0 . oo

2 lim f —L (312x1-0 - 1188 x30 4 952 x50
a-+0

(2 gnna!z)
-2+

-232x79+16x° % e dx.

Using the left-sided limit of the positive real variable @,

(10-144) B[5] ) =
f —L (312 x10 _ 1188 x3-0 4952 x50 _232 X0 + 16 x°~) &= ** dx..

For the integral of By[s] (6) I perform the variable transformation x = y1/2.

1-0 3-0 5-0
(10-145) Bys (0)——f Z [312y 2 1188y 2 +952y 2

-6 9-60 1
-232y 2 +16y 2 ]e yzy Zcﬂy

- o) oo =0 o 2—60 o 4=0
=2 2 e-Ydy- 2 ey 2 ey
= Z;‘ [156 f y2 e~ Ydy-59% ﬁ y 2 e~ Ydy+476 fo y 2 e-Vdy

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (f) < —1 can be added to the above result because it is a convergent function under the
condition.

Nl%

(10-146) Bysy (0) = 2 %(1561‘(“ D) 5941 (2+43L) +476T (3+2)

2 2

-116r(4+-7)+sr(5+‘2—9)) (Re (@) < -1).

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta
and gamma functions.
0

(10-147) Bisj @) = Z2 £ (-0) (156 T (1+32) - 594T (2+52) + 476 T (3 + L)

-116F(4+ )+8F(5+ )) (heC).

The difference formula for the gamma function is applied to the above result.
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]
-1 By 0= 52 156() -0 (1) () (e )1+ ()

o 2l BB AT

”2 {0 (R)6+n @+ (B +60+10)T(FE) (ve0).

Combining the relation of the complete symmetric functional equation to the result,

00+1)(0+2)(? +660+10) & 0
pAE st () 2o

(10-149) Bys1(0) = -

0@+ (0+2)(? +66+10) -2 1 o
_ 2 = 2 T(L)fa+e weo.

The function B[s] () is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable «, is used for defining the equation (10-138),

00 o0 o0
(10-150) Fis1(0) = ﬁ D D (-602x%*1 4 144 10t x0+3 _ 448 72 n6 x0+5

- (n2 2 mz)
+256 13 n8 x0t7 _ 32 74 nl0 x0+9) e 2/ dx.

Assuming that the integral and the double sum can be interchanged, for the integrals of F[s] (6), I perform the

variable transformation

mv\1
x= ()2
[ [ 00 0+1 _Xﬂ 2.6 MLS
(10-151) Fis51(0) = HX_“I E f [ 6n2(TY) 2 +144xnt (FLY) 2 - 44872 n6 (FLY) 2
1
0+7 6+9 —7rmn(y+—) 1 1
3.8 (M 4 .10 (I 1m)y ~
+256 13 n8 (A1) 2 3274010 () 2 ]e Y S (Bzy 2 dy
00 00 o 0+2 ann(y+l)
-2 m), .1 2
= Z 2 (ern)(n)l -3 y 2 e Y dy
n=1 m=1
L[ f+4 27rmn(y+1)
+72(7rmn)-5 0 y 2 e Y/ dy
o M_ _27tmn(y+l
—224(7rmn)2-%j‘; vz le 2 Y/ ay

L e B8 _M(HL)
+128(7rmn)3'5 , Y2 e y

o 0+10_ _Zﬂmn(y+l)
—16(ﬂmn)4-%£ y2 e 2 v ayl.

The integrals can be written using the modified Bessel functions of the second kind.
]
(10-152) Fis)(0) = 2 Z 2 @mn) ()2 (3K &2 ezmm+72@mn K &2 ermn)
n=

-224(zmn)2 K ";—6(znmn)+128(nmn)3K %—S(znmn)-ls(nmn)“K 0';—10(27rmn)).
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Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is

applied five times.

00 0
(10-153) Fisj0) = 2 Z , xmm ()2 (-3K &2 ermm+2@Gmm K &4 eamn
n:
L6

>.|
ﬁMz

-24xmn) K )+128(ern)3K0+8(271mn)

2 (
—16(7rmn)3(02—8K 48 Gzmn) +(xmn) K 6 (Zﬂmn)))

]
@mn) (2)2 (3K &2 ermm+2@mm K 24 ermn
1 1

~16(14+@mm?) @mn? K &8 @rmn)-8(6-8) rmn)® K &8 o xmm)

=
1l

1l
o)
DMs
NGt

1l
A
||M8

00 9
Z (x mn) % ( 3K&;—Z(ann)+72(7tmn)K0;—4(27rmn)
m:

—16(14+(7tmn)2)( mn)? K &8 o7 mn)
- 8(6-8) (x mn)? (TK 0+6 @zmn)+@mn) K 0"'4 (27rmn)))

]
(ﬂmn)(%)z( 3K0+2 2zxmn) - 8( 9+(0—8)(7rmn)2)(7rmn)K 6”2'—4(27rmn)

o
M
25

=
1l
—
—_

—4(02—20+8+4(7rmn)2) (ﬂmn)zK 6";'—6(27tmn))

]
)2 (-3K &2 eamm -8(-9+@-89) @mn?) Gmm K &4 exmn)

=
1l
—
—

I
N
DMs
M
3
=
2
==

—4(02—20+8+4(7rmn)2)(7rmn)(02L4K 0“;—4(27rmn)+(7rmn)K 0;—2(27rmn)))

1l
N
M
M8 % ||M8

7tmn) % ((3+4(02 20+8+4(7rmn)2)(7rmn)2)K0+2(27rmn)

+2( 02—4+8(0—2)(7tmn)2)(7rmn)K0;—4(27z'mn))
& (A
=-2 ¥ @mn) (2)2((3+4(62-20+8+4amm?) @mn?) K 22 exmn)
n=1 m=1
+2(03 +2 62 -4+8(0-2) (ﬂmn)z)(oz;zK 6";'—2(27z'mn)+(7z'mn)l< g(Zﬂmn)))

0

(xmmn) ()2 (2 (@ +262-4+80-2)@mn?)aemm K ermn

I

|
S
i M3
M

p—

+462-40-5+4(362-20+4xmn?) rmm?) K &2 2z mn))

+
*
+
EN
2

']
)2 (4(03 +26*-4+80-2) Gmn)?) zmn)? K £ @zmn)

1

|
Sy
Ms
Ms
S|

=

I

N D -

~ ks
+

N A~

63 +462-460-5+4(36%-260+4 (xmn)?) (xmn)?)

(27rmn)+(7z'mn)K 0;—2(271mn)))

+
[ 5]
—_

>~l|'-
IM8 —_—
|M8
=|E

((05+404+403-402-50+4(403-4+4(30-4)(7rmn)2)(nmn)z)Kﬂ(zyzmn)
+2(6’4+4(9:"+46'2 40 - 5+4(36’2 20+4(7rmn)2)(7rmn)2)(7rmn)K—(27tmn))
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From the equation (5-37) and the result of equation (10-153),
& 0
(10-154) Fi5 @ =-L 3, 0_4(p)p2
P=1

((05 +460° 4465402 -50+(46°-4+30-9 apPeapHK g(zyzp)
+(04 +463 +4 02 —40—5+(3 02—20+(2ﬂp)2) (271'[))2) (27l'p)K 22;0(27rp)).

The left-sided limit of the positive real variable «, is used for defining the equation (10-140),

00 (o] (o)
(10-155) Gis1 (0) = 624 n2 x93 2376 & n4 x5 + 1904 72 n6 x0-7
5] A
n=1 m=1

2
- (mzx2 +n_)
— 464 3 n8 x99 4+ 32 14 n10 xo‘ll) e ) dx.

For the integral of G{s] (), I perform the variable transformation x = y~ L

(P v v 1)6-3 1\0-5 1\6-7
(10-156) Gy (0)‘L n; mz=“1 (624112(;) —23767rn4(§) +19047r2n6(§)

] o pm2 e z)
—464 13 ns(%)g it n10(§)0 ll)e ﬂ(yz Y (-y2)ay

(624 n2 y! =0 - 2376 7 n* y3 —9 + 1904 712 n6 y> —¢

= [

Ms
NGt

n=1 1

n2y2+m_2)
dy.

_,,(
-464 w3 n8y7 -0 1 32 74 n10 9 ‘0)@3 y?

Assuming that the integral and the double sum can be interchanged, for the integrals of G[s] (6), I perform the

variable transformation
1

y={)2
> X a5 3 50
(10-157) Gys1 () = Z Z L [624n2(TX) 2 _23767rn4(TX) 3 +19047T2n6(%) :
n=1 m=1
7-6 o_g\ _ L .
_464713HS(TX)T+32,,4H10(TX)T]€ nmn(“X)%(%)Ex L
SRS u 2= . _2mamn 1
DI IC L AP R P

o 4=0_, _2zmn( 1
-297 mm - L L X2 L™ 2 ( x)[jx

o 6=0_, _2xmn( .1
+238rmm?- 1 L X2 e 2 ( X)dx

1

o 8=0 . _2zmn( 1
-58(xmm)3 - 3 ) X 2 1.7 2 (“ )dx

X

1
+4(7tmn)4'% ) X 2 e 2 (X+x)dx .

The integrals can be written using the modified Bessel functions of the second kind.
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0
(10-158) Gs @) = 3 @mn) (2)72 (8K B @rmn) -297 amm K 2 2 zrmn)

1

9\5
<b»—t

Ms
*‘ gL

+238(7tmn)2K mn) -58 (xmn)3 K 8= 0(27rmn)+4(7rmn)4K 10— 0(27rmn))

Because any modified Bessel function of the second kind of the double sum converges absolutely, the
assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is
applied four times.

8

S0 (2]
(10-159) G[S] o) = Z mz—l (ﬂmn)(%)_l (78K 22;0(27rmn)—297(7rmn)K 4;—‘()(Zﬂmn)

+238(xmn)2 K T‘-" amn)-58 (xmn)3 K H(znmn)

+4(7rmn)3(820K T(Zn'mn)+(7z'mn)K 6= H(Zﬂmn)))

(o

& 0
Z Z @mn) (2)72 (18K Zermm-297Gmm K &L eamm

m=1

N Joo

+(238+4(7rmn)2)(7rmn)2K eamm-20+2) mn’ K &L eamm)

>||oo

Z 2 (xmn) (2 (78K22;‘9(zzmn)-297(7rmn)K42;9(znmn)

+(238+4(7tmn)2)(7rmn)2K 6;—‘Q(Zﬂmn)

—2(0+21)(7rmn)2(62;0K 66 armn+@mn K 42;9(271mn)))

0
mn) ()72 (18K B2 @2xmmn)

Il
N oo
DMs
i \gE

=
1l
—

1
-(297+2@+2) Gmn?) Gmm K 2 @rmn)
+(02+150+112 +4(7rmn)2) (ﬂmn)zK 6;—9(271'mn))

0
1 @mn) ()72 (78K 52 2zmmn)

-(297+2@+2) Gmn?) Gmm K £ @rmn)

=
1]
=\

e
DMs
M

+(6? +150+112+4(7rmn)2)(7rmn)(42;0K 0 aamm +@mm K 2;—0(27rmn)))

1l
YIS
Ms
Ms
~~
N
3
=
N’
—
=B
\—/
—
ey
n
(=)}
+
N
—_
>
+
—
N
e
+
—
—
N
+
=
~~
=]
3
=
N’
\-/N
~~
N
3
=
N’
N
N—
N
Q:
~
[3°]
=]
5
=
N’

—_
%‘E
+
o
o
®
+
9]
N
S~
+
[y
S
(=)
+
-~
—~
[ 5]
S
+
ey
.l
~
—~
3
=
=
~
N
N —
—~
N
=
=
~
-lk
Cb
~
(5]
8N
=
=
~
~—

0
@mn) (B)72 (156 +2 (62 +150 +112 +4 Gmn)?) rmm?) K 58 2 7 mm)

I
EYIS
DMs
% EM8

+11t92+52(9+146+4(209+17)(71'mn)2)(2 6’I(Z 6’(27z'mn)+(7z'mn)1< 0(27rmn)))

i 3 amm(my2

m
+(64+96% +3062 +420+20+4 (362 +280+78 +4 rmm?) amm?) K 2 @z mn))

N

(-2(03 +11602 452041464420 +17) mm?) amm K £ 2z mm)

00 00 ]
=-L 3 X () 2(4(®+1162+526+146+420+17) Gmm?) amn? K £ @amm)

n=1 m=1

~2(64 +96° 43067 ++420+20+4(362+280+78 +4 xmn)?) rmm?) amm K L 2 xmm).
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From the equation (5-38) and the result of equation (10-159),
G 0
(10-160) Gps1(0) = —% Z O_¢(p)p2
P=1

(63 +1162+520+146 +20+17) @7 p)?) @7 p)2 K g(znp)

—(0*+96% +3062 +420+20 +(36% +2860+78 + 2 p)?) 27 p)?) eap K 22;9(27rp)).
The function Hfs] (6) is defined as follows:
(10-161) Hjs; (0 := Gsp 0) -Fis1 6).

From (the right side of equation (10-160)) — (the right side of equation (10-154)), I obtain the above result,
which will be shown soon. And I may also omit a proof for the absolute convergence of the function H[s] (6).

Combining the above results, the following functional equation holds true:

(10-162) Ays16) =Bys; 0) +Hps1(0) (6e).

Therefore
0(0-1)(0+1)(6>+40+5) -£_ g _
(10 - 163) — an n 21"(2)4,“(0)_
0(0+1)(0+2) (2 +60+10) 2
_ (0 +1)( +4)7£ + + )7[2 F(—g){(—0)+H[5](0)
2 _1+0
= _00+D@+2)(0? +60+10) -7 r(L)Za+0 +His @ (9ec).
47 2
Where
1 W g
(10-16) Hisg@ =1 3 0_g(p)p2
P=1

((05 +464+46%-462 -50+(36°-1162-520-150+(0-2) 2z p?) ez p?) K £ 27 p)
+(264 4136343462 +3860+154+2 (302 +130+39+2np)?) exp)eap K 22;0(27rp)).

The functional equation (10-163) is called the fifth-order Il type functional equation.

11. Derivation of a new explicit formula for the zeta function and the second proof of
the Riemann hypothesis

11-1. Derivation of a new explicit formula for the zeta function

The fourth-order Il type functional equation is shown again.
(0] [7]
., 00-D@O+12 51 (8 _00+1)@+22 5 +(_8) 7
(11-1) DO+ 7731 (9) () = 202002 55 1 (_8) £ (-6) + Hg @)

1+6
Y TCESVICES VLR r(&28)¢a+0+Hy @), (ve0).

4

The third-order I1; type functional equation is also presented.
[7] (7]
o,y _0O-DH(O+D  ~5 (& __0(0+1)(O0+2) 51 (_8)
(11-2) DO+ 7721 (£) £ (6) = -200+D0+2) 3 1 (_8) £ -0) + Hy3) 0)

140
=_0_(%)7{M,; 2 r(12;0)§(1+o)+H[3](0) (e C).

From (fourth-order Il type functional equation)+(third-order Il type functional equation) X (6 + 2),
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_8
(11-3) -2E=DEON 2751 (870 = @+ Hz @ +Hig © (9€©).

Where

e 0
(11-4) Hpgy (0)=7l—t 2 O_g(p)p2 ((0(0-1)(a+1)+(0-7)(27rp)2)Kg(zyzp)
P=1

+(@o+D@+D+22ap?)eap K 22;0(27rp)).

)
& 2]
(11-5 Hyg@=-1 ¥ o 4@p2(00-D0+12+20+3)@-DCap?)K Lazp

pP=1
+(@+1) (262 +40+3)+220+3) 2ap?)eap K Zz;a(znp)).

The right side of equation (11-3) is calculated to obtain the following equation:

% 0
(11-6) @+ Hp @ +Hg @ = L 3 oo pz(0@-1+T-0eap2)K Larp)
P=1

+(@-n-20zp)erpK Elerp) (0e0).

The common factor (6 +1) is simplified to obtain the following equation:
2] & 7]
(11-7) —ﬂ%)-n 'T(8)¢@=1 Y o smp2(0@-D+T-0)Crp2)K Lanp)
P=1

+(@-n-20xp?)eap K B erp) (6e0).

Both sides of the above equation are multiplied by
[7)
>+1

— 212 (ge C\{1})

1-6T (1 + %)

to obtain the new explicit formula for the zeta function.
7]

=z (o) Q
(-8 {@=—=22_—— % o g@p2(00@-D+T-0erp?)KLaxp)

(1-6T (1 +§) p=1

+(@-nD-20xp?)erpK Fexp) (6 C\(1)).

11-2. The second proof of the Riemann hypothesis

Both x and y are assumed to be real numbers, and (x + i y) is assumed to be a non-trivial zeta function zero.
From the point symmetry of the Riemann Xi function, (1 — x — i y) is also non-trivial zero of the zeta function.
The real axis must be excluded from the target region because there are trivial zeros of the zeta function on it.
I consider that the non-trivial zeros are determined as the solutions of the simultaneous equations comprising
the following equations:
(11-9) {{(x+u'y)=0 (x €R,y e R\{0}),

{A-x-iy) =0 (xeR,y e R\{0}).

For the explicit formula for the zeta function, (x + i y) is substituted for 6.
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271'_” ';’2 X+iy

(11-10) {(x+iy) = Z O _x_iy®PPp 2
P=1

(1-x-iyT(1 +%1)

x+iy) x+iy-1)+(T-x-iy) Cxp?) K XY o7 p)
( )K 2%
+((X+iy—1)—2(27rp)2)(27rp)K#(2ﬂp))=0 (xeR,y e R\{0}).

Similarly, for the explicit formula for the zeta function, (1 — x — i y) is substituted for 6.

Ml—%x l-x—iy

(1-11) {A-x-iy) = D Oxiiy P 2
pP=1

x+iy)I (1 +#X)

(((1 —X-1y)(-X-Ly)+(6 +X +iYy) (27:p)2) K #X Qrnp)
+(-x-iy-2@xp?)erp K %(znp)) =0 (xeR,y € R\{0}).
The non-trivial zeros are determined as the solutions of the simultaneous equations comprising the equations

(11-10) and (11-11).
Because of the symmetric pair of the equations,

(11-12) x=1/2.
is immediately determined.

For equation (11-10), 1/2 is substituted for x.

1+i2y j
00 1+i2y
(11-13) {(1/2+iy) = x4 D Ty PP
2

(%—iy)l“(l +#) P=1
(<(L+iy)(3-iy)+(B-iy)erp?) K 2 oap)
+(~(L-iy)-2eap?)erp K 2= @rp) =0 (yeR\(0}).

For equation (11-11), 1/2 is substituted for x.

1-i2y oo 1-i2y
N 2w 4
(m-14) {A/2-iy) =

(%ny)l"(l +#) &~ 0'_%+iy(p)p

(3=) ()8 o)) K 2

+(—(%+lf)’)—2(2ﬂp)2)(2ﬂp)K %X(znp)) =0 (yeR\{0}).

The equations (11-13) and (11-14) are complex conjugates of one another. And I can choose either equation
(11-13) or (11-14) as the determining equation of the real variable y. On the critical line, the gamma factor of
the zeta function does not take the value zero. Furthermore, the condition of y = 0 can be excepted because
there is no non-trivial zero of the zeta function on the real axis.

Therefore, the following equation gives the determining equation of the real variable y:

) 1+i2 .

+(—%+12y—2(27rp)2)(27tp)K %X(Zﬁp))=0 (yeR).

The explicit formula for the Riemann Xi function is also calculated.

_e
(11-16) £@O) = ‘9—(%)% zr(g)g(a)
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) 9
=-2 2 O_g(p)p2
P=1

((0(0-1)+(7-0) exp?)K g(znp)+((0-1)-2(znp)2) ecapK 22;0(27rp)) (6eC).

The function value of the Riemann Xi function on the critical line is

142y

(11—17)§(%+iy)=—2 lil U_l_‘y(p)p 4 ((_yz_%+(%—iy)(znp)2)K%X(Mp)
= 2

i
. -i2
+(—%+Izy—2(27rp)2)(27rp)K 3—‘IiX(Zﬂp)) (yeR).
This result shows that the Riemann Xi function on the critical line is equivalent to the left side of the determin-
ing equation with difference constant multiplication.

Applying the recurrence formula and the origin symmetry with respect to the index of the modified Bessel
function of the second kind,

o0
(11_18){;'(%+12y)=—2 le 0-_l—l7y
= 2

+(—%+lfy—2(27fp)2)(27fp)K #X(an))

o) 1+i2 .
_ 1 (13 _. 1+i2
2§ oo (e (B en) K S an

el
+ -:zy+2(znp)2)(1+§2VK LH2Y o 7p) - eap K 32Y 2 p)

) 1+172! .
=-2 ), exp o iy ®P 4 (B+iy)erp K g rp)
P=1 -3~

(p)pr‘2 (-y2-1+(L-iy)erp?) K 2 G ap)

D [

—(%—iy+2(27rp)2)K %X(znp)) (y eR).

Using the complex conjugate on both sides of the above equation,

1 3 1=i2y 15 1-i2

* 1 . — 1D . -

(11-19) & (2 +uy)_—2 121 (Zﬂp)O'_%_'_iy(p)p 4 ((2 —uy)(an)K I=22Y arp)
—(%+iy+2(27rp)2)K %X(Zﬂp)) (yeR).

Therefore, it is shown that the Riemann Xi function takes real value on the critical line as follows:
_ 1 . W L (el . ) _ex(l_ . )=

(11-20) Im (5(2 +lzy)) =5 (f(z +Izy) & (2 +lzy)) =0 (yeR).

The Hadamard product representation for the Riemann Xi function on the critical line is

(11—21)§(%+iy)=l ﬁ (1 —4&) (yeR).

2 = _(me)2+1
From the equations (11-17) and (11-21),
[ 1+i2! .
(11-22) ), o 1 . (Pp 4 ((-yz-%+(12—3-iy)(27rp)2)K%X(znp)
p=1 ~3 7ty
iy 2 3=izy __L ] __4&)
+( 3 FiY 2@2np) )(27l'p)K 4 (27l'p))— 4 nEII (1 @ pat el €R (yeR).

The equation (11-22) insists on two points. One is that the left side of the determining equation has a real
value on the critical line, and the other is that there are an unlimited number of non-trivial zeros. It is possible
to assert that there is no non-trivial zero off the critical line.

The second proof of the Riemann hypothesis for the zeta function is thus completed.
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It may appear strange because the left side of the determining equation takes a real value on the critical line,
although the imaginary unit i is described as explicit in equation (11-15).

Then see the following analogy as a reference:

Consider the cubic equations with three different real solutions. Additionally, the imaginary unit i appeared
when the formula for solving cubic equations was applied. When you actually proceed with the calculation
according to the formula, the imaginary unit has disappeared and the real solutions have been obtained.

It is possible to design a zeta function variant that takes real value on the critical line.
The method is to take the absolute value for the gamma factor in the explicit formula for the zeta function.
I decide to write the zeta function variation as zeta-tilde by adding the symbol ~ (tilde) just above the Greek

letter £.

(11-23) {@=—2E— ¥ o o@p2(0@-D+T-0Crp?)KLarp
(1-0)r(1+§) p=1

+(@-n-2exp?)erpK Fexp) (0ec\1)).

From now, I consider the behavior of the number-theoretic function o _g (n) n/2 on the critical line by present-
ing specific examples.

As its preparation, I begin with the classification of the whole positive integers into four subsets.

Assuming k as a positive integer, I consider the first subset: {1}, the second subset of the (2 k — 1) power of
prime numbers: {P2 k-1 }, the third subset of the 2k power of prime numbers: {P2 k}, and the fourth subset of
the composite numbers not belonging to any one of the aforementioned three subsets.

In the following discussions, a, b, and c are assumed to be three different arbitrary prime numbers.

The magnitude correlation of a, b, and ¢ does not matter.

Whenn=1,
1+i2y
(1=2)n 4 O j4iy 0 =1.
2 n=1

This is a direct current component when y is considered as the time variable and applied in the analogy of an
electric circuit’s current waveform.

When n is the prime number a,

1+i2y 142y 1+i2y )
- 1 2
(11-25)a 4 0'_1+,;2y(a)=[1+a 2 |a 4 =2c0sh(—x+i log(a))
2

= 2 cosh (10g4(a)) cos (V log (a)) +i 2 sinh (1024(3)) sin (V log (a)) .
This corresponds to an alternate current waveform with a single spectrum.

When n is the cubic of the prime number a,

1+i2y _1+i2y _1+i2y _1+i2y 1+i2y
(11-26) (23) 4 0 14i2y (a3) = [1 +a 2 +(az) 2 +(a3) 2 ](a3) 4
)

= 2 cosh (%X log (a) +2 cosh (%X log (a)) .

When n is the (2 k — 1) power of the prime number a,
1+i2y

k :
(11-27) (2% )74 0 gupy (251 = Y 2cosh (2MEIH2EMDY o0 ) (ke ).
- 2 m=1

This corresponds to an alternate current waveform with multiple spectra.
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When n is the square of the prime number a,

1+i2y _1+4i2y _1+i2y 1+i2y
(11-28) (a2) 4 O 14y (a?)= [1 +a 2 +(@@%) 2 |@P) ¢4
)

=1+2cosh (%Xlog (a)) .

When n is the fourth power of the prime number a,

1+i2y
(11-29) (a%) 4 0 j4ay (a%)=
2
_1+i2y _1+i2y _1+i2y _1+i2y 1+i2y
[1+a 2 +(a?) 2 4@ 2 +(aY) 2 ](34) 4

= 1+2cosh (%X log (a)) +2 Cosh (1 +i 2y) log (a)) .

When n is the 2 k power of the prime number a,

1+i2y k .
(11-30) (a2X) 74 0 g4z (a2¥) =1+ Y, 2cosh (MHEMY j0p(a)) (keN).

2 m=1
This corresponds to an alternate current waveform with multiple spectra and superimposed direct current
components. When n is the power of each prime number, the functional type can be determined additively.

When n is the composite number ab,

1+i2y _1+i2y _1+i2y _1+i2y 1+i2y
(11-31)(a*b) 4 O 1+i21z(a'b)=[1+a 2 +b 2 +(a*b) 2 ](a'b) 4
T2

= 4 cosh (%X log (a)) cosh (#X log (b)) .

When n is the composite number abc,

1+4i2y
(11-32) (a*b+c) 4 O

_1+i2y _1+i2y 1+i2y
(a*bec)=]|1+a 2 +b 2 +c 2

_1+i2y
2

_1+i2y _1+i2y _1+i2y _1+i2y 1+i2y
+(@b) 2 +(-c) 2 +(cra) 2 +(a-b-c) 2 ](a'b-c) 4

= 8 cosh (%X log (a)) cosh (%X log (b)) cosh (%X log (c)) .

When n is the composite number ab2,

1+4i2y
(-3 (a6 4 O piay (a0b2) =
T2
_1+i2y _1+i2y _1+i2y _1+i2y _1+i2y 1+i2y
[1+a 2 +b 2 +(?) 2 +(@@-b) 2 +(a-b?) 2 ](a-bl) 4

= 2 cosh (%X log (a)) (1 +2 cosh (%X log (b))) .

When n is a composite number other than the powers of each prime number, the functional type can be mainly
determined using multiplicative analysis.

The number-theoretic function o_g (n) n/? is described by the complex hyperbolic cosine in the explicit
formula for the zeta function on the critical line.
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12. Some representations for the zeta function for any odd number except 1

I presented some representations for the zeta function for any odd number except 1 and relational mentions in
the first half of this section. In the second half, I will show another two types of general representations for the

zeta function for any odd number of either 3 or 7, or more.

12-1. Some representations for the zeta function for any odd number except 1 and relational
mentions.
The explicit formula for the zeta function is shown again.
6
0

(2-1) {@=—28— % o 4@p2(0@-D+T-9erp?)K Larp
a -0)1“(1 +§) P=1

+(@-nD-2eap?)erpK Fexp) (0ec\1)).

For rewriting the modified Bessel function of the second kind into the quadrable integral representation, the
following equation is prepared in subsection 19-5:

00 —(x2+a—2) ]
(12-2)](; x0-1¢ X dx:ang(Za) (¢>0,0eC).

Here, putting as
a=7mp (peN)

the following two relations are obtained:

] o _(x2+£ll2ﬁ)
(12-3) (ﬂp)ZK%(Zﬂ.’p)=f x0-1e x2 Jdx (8eC,peN).
0
=2 =2
(12-4) (xp) K”z;z(zyrp)=(7rp) 2 K22;0(271'p)

- _(X2+££EL2)
=j(; xf0-3 e x2 Jdx (6eC,peN).

To apply those transformation formulae, the right side of equation (12-1) is modified as follows:

oo ]
(12-5) (@) = —L—— D a_g(p)[z(0(1-0)+(0-7)(znp)2)(np)zKg(znp)
(0-1)F(1 +§) P=1

0=2
+((1-0)+2@np)?)@ap)? (xp) 2 KOE—Z(an)] (e C\{1}).

Therefore,
(12-6) £ () =
2
[ . _ X2 M)
—1 3 o p 2(0(1—0)+(0—7)(27tp)2)j; x0—1e( Tkt ax
(0-1)r(1 +§) P=1

- _(xz+££2ﬁ)
+((1-0)+2(znp)2)(27rp)2£ x0-3e 2 ) dx| (gec\{1}).

The equation (12-6) can be used to calculate each zeta function representation for any odd number of 3 or
more. Conversely, for calculating each zeta function representation for any odd number of —1 or less, for
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equation (12-1), 7—0 is substituted for 6 to obtain the foliowing equation: 7
e 0
(12-7) {(-0)= —E L age(p)p 2 (2 6@+ +(7+0) 2rp?)K -g(znp)
(1+6)T (1 -g) p=1

DMs

—4((0+1)+2(27rp)2)(7rp)K Zzﬁ(znp)) (e C\{-1}).

The relations of equations (3-30) and (5-39) are applied to the equation (12-7).
0]
_Z 00 0
(12-8) {(-)=—F 2 —— N o_g(p)p2 (2 e@+D+T+0Cxp?)K Lap)

a +0)F(1 -g) P=1
-4(@+D+2@rp?)ap K zzﬁ(znp)) (0 e C\{-1}).

The recurrence formula for the modified Bessel function of the second kind is applied.

_0 oo Q
(12-9) £(-6) = #0 oo@p2(200@+D+T+0) Cxp?) K Laap
(1+0)F( 5)
~4(@+v+202p?) (4K Lerp +ap K 2 eap))
Q oo Q
—x2 o_a(p)pz(2(7—a)<znp)2K§(zfrp)
(1+0)F(

—2((0+1)+2(27rp)2) erpK 0;—2(27rp))

oo (2]
- @9 Z 0'_0(p)[2(7—0)(27rp)2(7rp)2K%(znp)
a +0)F(1-§) P=1

9-=2
-(@+1+2@ap)?)@ap)? (xp) 2 K%(znp)] (6 e C\{-1}).

Therefore

, 0o - _(X2+££Eﬁ)
(12-10) {(-) = —T——— Z T_g(p) 2(7-0)(27rp)2£ x-1e x2 ) dx
( +0)F(1-§) P=1

- (2. @p?
—((0+1)+2(27tp)2)(27rp)zj(; x0-3 e (X T )clx (6eC\{-1}).

Thus, the equation (12-10) can be used to calculate each zeta function representation for any odd number of —
1 or less.

Some calculation examples and the results will be shown soon.
Moreover, because the values are well known, I will post exact value for each of the zeta function for any odd
number of —1 or less together.

For equation (12-10), 1 is substituted for 6,
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2
_(Xz +££EL)
x2 ) dx

(z-1) {(-=—ZL Y o_ (p|rerp? ﬁwx"e
21“(1—%) P=1

o 2 ﬁuﬁ)
—(2+2(27rp)2)(27rp)zj(; x2e (X * 2 ) dx

3 2N# -27p _ 2 2N# 2n
27[‘/_ z=] (p)(12(27rp) S P_(2+2@xp)?)@xp) 27p © p).
Therefore,
- 1n=_1 3 2 _ -27p = _L
(12-12) {(-D=-7 Y, oo (@ap?-3@ap) +1)@ape =-3.
P=1
For equation (12-10), 3 is substituted for 6,
3 ) o _(X2+££EL2)
(12-13) {-H=—Z=— 3 o_3(p) 8(271'p)zj(; x2e 2 ) dx
41"(1_3_’) P=1
2
- _(x2+£ﬂzﬁ)
—(4+2(27rp)2)(27tp)2£ xle x2 Jax

87T3ﬁ P=1 4 2

Therefore,
_ _3)= 1 i _ 3e-27p = L
(12-14) {(-3) = — O-3(P)(@2rp)-2)2np)e 120
87 p=1
For equation (12-10), 5 is substituted for 6,
s @ - _(X2+ML2)
(12-15) {(-5)= —Z=— > o_5(p) 4(27rp)2f e x> Jax
6F(1—i) pP=1 0
2
(2 mﬁ)
0o -(xF+375
-(6+z(znp)2)(znp)2£ e x* Jdx

1 N 2 CQrp)2+3Q2ap)+3 .
e & e o el

~(6+22xp)?) 27 p)? gz—”fﬁﬁ@-zﬂ’).

Therefore,

Z o_sp)@rpSe-27p=_-L

(12-16) {(-5) =- 16 5 & 353 "

For equation (12-10), 7 and 9 are substituted for 6, only the results are shown.
(12-17) {( 7 =

m Igl o_ 7(p)((27rp)4+3(27z'p)3+7(27rp)2+12(27rp)+12)(27tp)2 -27p = ﬁ
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Z T_o (p) (@7 p)5+7 @7 p)* +30 27 p)3 +90 27 p)?
256 P=1

2 ,-27p = __L_
+180 2 p) +180) 2w p)’ e 33

(12-18) {(-9) =-

For equation (12-6), 3 is substituted for 6,

- _(X2+££Eﬁ)
(12-19) { 3) = Z o_3(|2 (6—4(27rp)2)j; x2e x* ) dx
2F(1+3)
2
2
- _X2+EEL)
+(—2+2(27z’p)2)(2ﬂp)2£ xle ( x2 ) dx
2 R 2 !27!'2!+1 =27
—3( )[ —-6-4(27p) V7 e p
T 3vE Z;‘ 3P )=
+(—2+2(27tp)2)(27rp)2lzie‘z”p].
Therefore,

(12-20) { 3) =

m|~

Z o_3(p)(@rp?-2QapP-3Qap)?-32rp)-3)e 7P,
The right side of equation (12-20) can be expanded as follows:
(12-21) £ 3) = % Y o3 (ezpP-2@ap)?-32np)-3)@np) e 27P

P=1

_ 2 COthnssﬂ' n! +§(3) .

Thus, I can obtain the representation for the series

Z oth!ﬂn[,

and also its exact value is known.

(12-22) Z cothrm) - 2 1»21 o_3(p) (@xpP -2@ap)-3C7p) - 3)(27rp)@_27rp=m.

Further, the right side of equation (12-20) can be also expanded as follows:

(12-2) {3 =% 3 o 3(p)@rp-2)@xp) e 7P
P=1

—2 ), o_3(P) (@xp?+@ap) +1)e 2 TP,
P=1

Because the first term on the right side of equation (12-23) has already been determined, I obtain the representa-
tion that gives the transcendental number a fixed value.

3
- _ 3,27p XL
(12-24) P§=1 O_3p)((2rp)-2)2np) e P = 5

For equation (12-6), 5 is substituted for 6,
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- _(X2+££Eﬁ)
(12-25) {(5) = Z o_s5(p)|2(-20- 2(27rp)2)f xte x2 ) dx
4r(1+5) P=1
2
o 2 ﬂﬁ)
+(—4+2(27rp)2)(27rp)zj; 2 e (X * 2 Jax
2 2) Q7 p)? +3Q27p)+3 my
o ()[ -20-2Q27p) Vr e-27p
T svr PZ - @2 ) 8
+(-4+2@7p2) @7 p)? ﬂfﬂﬁe-zﬂp].
Therefore,
(12-26) £ (5) = Z o_s() (@rp)y-5@np)>-15@np)?-3027p)-30)e 7P,

The right side of equation (12-26) can be expanded as follows:

(12-27) £ (5) = 11—5 Y, o_s(p)(eap)*-52ap?-152ap)-30) @7 p) € 27P
P=1
- Z cothngsnn) + 6.

Thus, I can obtain the representation for the series

[eo)
Z coth (7 n)
nS ’

but its exact value is unknown.

(12-28) ), %(5”—“)1% Y, 0_s(P(@ap?-52ap)?-15@27ap) -30) 27 p) e 27P.
n=1 P=1

Furthermore, the right side of equation (12-26) can also be expanded as follows:

(12-29) £ 5) =

% gl o_s(P) @xp)P (B_ZHP‘% gl O_5() (@np? +3Qxp)? +62xp)+6)e 2 7P,

Because the first term on the right side of equation (12-29) has already been determined, I obtain the representa-
tion that gives the transcendental number a fixed value.

o0 5
- 5p-27p = 47"
(12 -30) PE=1 o_s(p)@erple 2=

For equation (12-6), 7 is substituted for 6, and the principal results are shown.
(12-31) { (N =

ﬁ 121 O_7(p) (@rp)®+3@np)’ -302np)} -1352np)?-3152np) -315) e 2 7P,

(12-32) Z M = g4= Z o_7(p) (@xp) +3Cap)
n:

19 7’

_ 2 _ 27p - 270
3027 p)? - 1352ap)-315) @ p) e 2 7P = ZH.
7

(12-33) 2 0'_7(p)((27rp)4+3(27rp)3+7(27rp)2+12(27tp)+12)(27rp)2@‘2”p=—lgzg .
P=1
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For equation (12-6), 9 is substituted for 6, and the principal results are shown.

(o

(12-34) £ 9) = ﬁ Z O_o() (@xp) +71@np)® +2127p)°
P=1

-3152 7 p)® - 15752 7 p)2 - 3780 (2 7 p) - 3780) =2 7P,

coth(wn) _ _1
n? ~ 1890

(12-35)
n=1

-3152np)? - 15752 p) - 3780) 2w p) €2 7P

Y, 0o (@apS+71@ap)S+21@ap)?
P=1

(12-36) Y, T_o()(@xp’+7Qap)*+3027xp)
P=1

64 11°
693

For equation (12-6), 11 is substituted for , and the principal results are shown.

+90 (27 p)? +180 27 p) +180) @ p)? @2 7P =

[

(12-37) £ A1) = 2 Z0'_11(p)((271'p)8+12(27rp)7+70(27tp)6+210(27l'p)5
P=1

51975

-10527p)* - 4410 2 p)3 - 217352 7 p)2 - 519752 p) - 51975) @2 7P,

o0
h(n) _ _ 2 7 6 5 4
(12-38) cot = Z o_11 (P (2xp) +12@xp)® +70 27 p)° +210 2 7 p)
& ol 51975 & (
11
_ 3_ 2_ _ “2ap _ 1453711
10527 p)3 - 4410 2w p)? - 217352 7w p) - 51975) 2w p) € 125675250 °
(12-39) Y, O_1; (P)(@ap)P+122xp)S +81 @ap) +3752 7 p)3
P=1
11
2 2 p-27p — 176896
+1215 27 p)? +2520 2w p) +2520) @ p)? @ 1789025 -
For equation (12-6), 13 is substituted for 6, and the principal results are shown.
o0
_ __1 9 8 7 6
(12-40) {(13) = gozoe 12‘1 O_13(p) (@7p)? +18Qap)d+16227p)’ +882 (27 p)

+2457 (27 p)° - 3780 2w p)* — 72765 (27 p)> - 343035 (2 7 p)% - 810810 (2 7 p) - 810810) @2 7P,

hn) _ _ 1V 8 7 6 5
(12 -41) cot = E O_13(p) (Cxp)d+182ap) +16227 )b + 88227 p)
& a3 405405 & (

+2457 27 p)* - 3780 (2w p)® ~ 72765 (2 p)? — 343035 2 7 p) - 810810) 2w p) @2 7P
oo

(12-42) Y, O_;3(p)(@xp) +18Qap)S +175@ap)S + 1155 2 p)?
P=1

—2xp - 102473

+5460 (27 p)® + 18060 (2 7 p)* + 37800 (2 7 p) +37800) (2 7 p)* € 4155

For equation (12-6), 15 is substituted for 6, and the principal results are shown.

o0

(12-43) £ (15) = ;e 1»2—:1 O _15() (Cxp)1® +2527p)? +315 27 p)®

+2520 27 p)7 +12915(2 7 p)® + 31185 (2 7w p)S - 103950 2 w p)* - 1351350 (2 7 p)3
- 6081075 (27 p)2 - 14189175 (2 71 p) - 14189175) €2 7P,
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o0 o0
_ coth (rn) _ 2 9 8 7
(12— 44) El L) = T 1§1 O_15(P) (27 p)® +252xp) +31527p)
+2520 27w p)0 + 12915 2 7w p)S + 31185 (2 7w p)* - 103950 (2 7 p)3 - 1351350 (2 7 p)?
15
- 6081075 (27 p) - 14189175) @ p) €2 7P = 39(1)3;23%.

(o)
(12 -45) Z 0 _15( (@7 p)8 +25 27 p)7 +330 27 p)® +2940 2 7 p)° + 19005 2 7 p)*
P=1

—2xp - 14815232715

3 2 2
+89775 2 p)° +297675 2 p) +623700(27rp)+623700)(27rp) e 34450425

For equation (12-6), 17 is substituted for , and the principal results are shown.

o0

_ -1 11 10 9
(12-46) { (A7) = 37837700 lgl 0'_17(p)((27rp) +33Qap)l¥+s502xp)

+5940 2 7t p)8 + 44055 2 7 p)7 + 211365 (2 7 p)© + 405405 (2 7w p)> - 2702700 (2 7 p)*
-27702675 2 7 p)® — 119594475 (2 70 p)% — 275675400 (2 7 p) — 275675400) €2 7P .

_ coth (1 n) _ 1 3 10 9 8
(2-47) 3 SO = a0 1§1 O_17(P (a1 +33@xp)® +550 @7 p)

+5940 27t p)7 + 44055 2 7 p)® + 211365 (2 7 p)5 + 405405 (2 7w p)* - 2702700 (2 7 p)3
- 27702675 (2 7 p)* - 119594475 (2 7 p) — 275675400) 2w p) €2 7P,

(12-48) D, O_17(p) (@zp)? +33 27 p)8 +567 27 p)7 +6552 27 p)® + 55377 27 p)°
P=1

+350595 2 7t p)4 + 1642410 2 70 p)3 + 5426190 (2 7 p)?

718716928 17

2 ,-27TP —
+ 11351340 2 7 p) + 11351340) @ p)? @~ 27P = 308782 975

12-2. Another two types of general representations for the zeta function for any odd number
of either 3 or 7, or more

For equation (12-6), any odd number of 3 or more is substituted for 6.

o

1 Z O_2k+1)(P)

(12-49) { Qk+1) =
ZkF(l +%) p=1

- _(X2+££EL2)
2((2k+1)(—2k)+(2k—6)(27rp)2)j{; x2ke 2 ) dx

- _(X2+££Eﬁ)
+(—2k+2(27rp)2)(27rp)zj(; x2 (k-1 o x2 ) dx

o0

2k+1

2

X2 4 ED)°

=—s 2 Jax
kQk+DNVx P21

O_ak+1) (P) (—2k(2k+1)+2(k—3)(27rp)2)j{; x2ke_( X

- _(xz+ﬁlnﬁ)
+(—k+(27rp)2)(27rp)2j(; x2 k=D g x2 Jdx| (keN).

The general representation for the two integrals of the result of equation (12-49) is given by the description in



94 | Beyond the Riemann hypothesis Version 1.nb

the sﬁbsection719—4 1.e.,

S s
(12—50)](; x2ke X dx =

D A QapHVT e27P (p,keN).
fi=0

Where
- Qk-p! =
(12-51) Ay = (keN,p=0,1, - -+, k).

And the coefficients deserving special mention are as follows:
(12-52) agx =1 (keN).

(12-53) a1 =aKp = QRk-D!! (keN).

For equation (12-51), 0 is substituted directly for k and .

Qk-w! | —1.
2K=1 ) (k—p)!

(12-54) Ag = =
k=u=0

This result indicates that equation (12-50) holds even if k = 0. The above general representation for the two
integrals is introduced into the result of equation (12-49).

[

_— o_ P)
KQk+D" V7T ;1 @k+D (P

k+1
(12-55) { Qk+1) = Plas

k
(-2k@k+D+2(k-3)2xp)?) 2k1+1 2 A erpHVr e-27p
fi=0

k-1
+(-k+@7rp)?) @7 p)? sz ;12=0 A1y QapH \/?e-lﬂp]

00 k
-2 _ — 2 M
= KaraDn g‘l 0'_(2k+1)(p)[( k2k+1)+(k-3) 27 p)?) ,Z‘o ayy 27 p)
k-1
+(-k+@xp?) @xp? Y, Ak-iy (znp)ﬂ] e-27P
u=0

2 k+3 k+2
R E— g an_ _ 2 aAn_ _ k_3 a 2
kKQk+1)!! 1; _(Zk“)(p)[ k-Lk=1 @7 PR3+ (At k2 +(K=3) A x) @7 p)

k+1 k+1 k+1
+ A1y -4 QapH +(k-3) D Ay 2 QrpH -k D Ag-1,u -2 @apH
p=4 p=2 H=2

k
—kQk+1) ), ak,,,(znp)ﬂ]e—lﬂp (keN).
p=0

From the equations (12-52) and (12-54), the coefficient of (2 7 p)k*3 is immediately determined as follows:
(12-56) ak_l’k_l =1 (keN).
The coefficient of (2 7 p)k*’2 is determined under the condition of k > 1 as follows:

2k-w!
(12-57) Ag—1 k-2 +(k-3)Agk = — Qko): +k-3)-1
2K=H p Y (k- ! | k=k—1,u=k—2

oK' (k=D (k+3)
2l (k-z)!1!+(k 3= 2 (k e N\{1}).

For the result of equation (12-57), 1 is substituted directly for k.
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(12 -58) k‘22k+3 ey =2

This result is the same as the coefficient of (2 7 p)3 of the representation for £ (3). Thus, the right side of
equation (12-57) holds even for the case when k = 1.

The above results are introduced into the result of equation (12-55).
o0
(12-59) { Qk+D) = ——2—— 3\ O_pep) (P [@rp)kt3 + E=REKED (55 k2
kQk+D! $= 2

k+1 k+1

+ Z A1,y —4 QrpH +(k-3) Z agy 2 @rpH
/.[:4 Il=2
k+1 Kk
-k D Akopu2CapH-kQk+1) ) ak’”(Zﬂ'p)ﬂ] (keN).
H=2 H1=0

Here, new coefficients Ck 4 are used for the general representation for the zeta function for any odd number of

3 or more.
The coefficients C y are determined by the following equation of definition:

_ — 2 \ k+3 , (k-2 (k+3 k+2
(12 60)4,"(2k+1) = RakaDN 1; 0'_(2k+1)(p)[(27rp) + 5 Qnp)
k+1
+ Cryu CrpH|e27P (keN).
p=0

The coefficients Ci k+3 and Cy k+2 are immediately determined as follows:
(12-61) Ckk+3 =1 (ke N).
(12-62) C ez = k‘22k+3 (keN).

And the coefficients C y are determined with the condition as follows:
(12-63) Cxy =
A1y -4+Kk=-3) Ay 2 -kAk-14-2-kQk+Dagy (keN\{1,2},u=4,5, -, k+1).

The relation of equation (12-51) is introduced into the above equation.

(12_64)ck’”=k4&ﬂ!; +(k_3).k42L_EL
2KH eV (k) | kmke =gt —4 2KV (k! | ok =gt —2

2k-u)!
-kQk+1 .A_L
( ) 2Ky Y (k—p)!

ke —Qk-m!
2Ky Y (k-p)!

k=k-1,u=p -2
(keN\{1,2},u=4,5,--,k+1).
I demonstrate the calculation steps..
Qk+2-w)! + Qk+2-w)!
K31y —4)V (k+3 —p) ! 2KA2 1 (1 —2) V(K +2 —p) !

x Qk-p)! _kQk+1) —2k-!
2K+~ (4 2) 1 (K +1 1) ! 2K=Hp V (k-p)!

(12-65) Cxy = (k-3)

=( Qk+2-mQk+l-p)  (k=-3)Qk+2-p)2k+1-p)
2R3 =M () V(k+3 —p)!  2K+2=H (y —2) ) (k +2 —p) !

_ k _ k(2k+1) ]Zk— !
2K+L=H (4 —2)V (K +1 —p) ! Zk_ﬂﬂ!(k—ﬂ)!( #
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- (u W-DW-2)Ww-3)Qk+2 ) 2k +1 -u) + 2p@-DEK-DHDEK+3 - Rk+2 -2k +1-u)

2K+3 =4 1y ) (k43 —p) ! K31y (k43 —p)!
Ap-DKK+3 ) (k+2-p) 8k @k +1) (k+3 —p) (k +2 —) (k +1 ‘”))(21(-”) |
2R3 1V (k43 —pr) ! 2KH3-H Y (k+3 -p)!

The result of the above calculation is shown.

Qk-m!
T 2kH3—pp V(K +3 —p)!

+4k2 (23 +3 % -26 1 +28) —k (7 p# -2 3 -89 ? +168 1 -92)
+(u-1)(3p*-2p3 -394 +681-24))) (keN\{1,2},u=4,5, -- -, k+1).

(-2 @-2)(u-3)(u+4) -2k (8k* -4 K3 (12 +5 -13)

For equation (12-65), 0 is substituted for u.
2k (8 k* +52 k3 +112 k2 +92 k +24)

(12-66) Cko = — Q2k)!

k0 2K+3 (K 43) !

8k 2Kk +1) (k+1) (k +2) (k +3) Kk
=_ QK !'=- Qk+1)!=-kQk+1) ! (ke N\{1,2}).
2K+3 (k +3)! 2kk! .2}
For equation (12-65), 1 is substituted for p.
4 3 2

(12- 67 G _ _2k(8K+28K3 428 K2 48K) )\ 4y

2k+2 (K 12)1

8k2Q2k+1) (k+1) (k +2) k
=- 2k-1) 1= - 2k+1) 1= -kQk+1) ! (ke N\{1,2}).
W gt @k = i ke 1= k@D ! (1,2})

For equation (12-65), 2 is substituted for p.

2k (8k* -4 K3 +16 k% +16 k -12) 2k-2) 1= _8kQk-D(k+1) (k2 -k +3)
2k+L 1 (k+1)! ’ 2k+1 1 (k+1)!

(12-68) Ck2 = — 2k-2)!

k2 —k +3 2
=- 2k-1) 1= -(k*-k+3)2k-1) ! (ke N\{1,2}).
2l(_l(k_l)!( ( ) ( )1 ( {1,2})
For equation (12-65), 3 is substituted for p.

2k (8 k* —44 k3 +124 k% -124 k +36)
2k.31k!

(12-69) €3 = - 2k-3)!

8k (2k-1)(k-1)(k? -4k +9) k2 —4 Kk +9
=_ 2k-3) 1= -—X =242 _k_1)!
2k.31k! ( ) 3-2k-1(k-1)! ( )

2
=_k-‘;¢(zk-1) "N (keN\({1,2}).

For equation (12-65), 1 is substituted for k, and 0,1, and 2 are substituted for p.

Qk-m!
2k+3-pp V(k +3 —p) !

+4K2 (2p3 +3 4% 261 +28) -k (7 p* -2 > —89 % +168 1 —92)

+(u-1)(3p* -243 -39 2 +68 pu -24))) |k_] (u=0,1,2).

(12-70) Cpy = (- @-2)(@-3)(u+4) -2k (8k* -4 K3 (12 +5u-13)

The results of the above calculation are shown.

(12-171) {01’2, €115 Cl’o} ={-3, -3, -3}.

Because the coefficients €1 4 and ¢ 3 have already determined,
(12-72) {01’4, €1,3, €1,2, C1,1, 01’0} ={1,-2,-3,-3,-3}.

This result is the same to the coefficient elements of the representation for £ (3).
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For equation (12-65), 2 is substituted for k, and 0,1,2,3, and 4 are substituted for p.

Qk-m!
2k+3-pp 1 (k +3 —p) !

+4K2 (2p3 +3 42 261 +28) -k (7 p#* -2 > —89 % +168 4 —92)

+(u-1)(3p* -2 -39 2 +68 pu -24))) |

(12-73) Cy = (- @-2)@-3)(u+4) -2k (8k* -4 K3 (12 +5u-13)

, (H=0,1,2,3,4).

The results of the above calculation are shown.

(12-174) {02’4, €23, €22, C2.1, Cz’()} = {0, -5, -15, -30, -30} .

Because the coefficient €3 5 has already determined,

(12-75) {02’5, C2.4, €23, €22, €2.1, 02,0} ={1,0, -5, -15, -30, -30} .

This result is the same to the coefficient elements of the representation for £ (5).

The above results are combined with the results of equations (12-66), (12-67), (12-68), and (12-69). Therefore,
(12-76) Ck1=Cko=-kQk+D! (keN).

(12-77) k2 =-(k2-k+3)2k-D!! (keN).
2
(12-78) ck’3=—k“;—k+9(2k—1)!! (keN).

Combining the above results, I arrive at one of the conclusions in this subsection.

The following is the second general representation for the zeta function for any odd number of 3 or more:

()
- -2 k+3 , (k-2)(k +3) K+2
(12-79) { @k+1) = 2oy Igl O_aieny @ |@rp)td + B2UELI) o 1)
k+1
Y Crpu QrpH|e27P (keN).
f1=0

Where

Qk-w!
2k43—ppu V(K +3 —u)!

+4K2 (2p3 +3 4 -26 1 +28) -k (7 p* -2 % -89 % +168 4 —92)
+(u-1)(3p*-2p3 -394 +68-24))) (keN,u=0,1, -+, k+1).

(12-80) Cyy = pu-1%2@-2)(u-3)(u+4)-2k(8k*-4K3 (2 +5u-13
H

Hereafter, I consider the third general representation differently.

For equation (12-80), k +3 is substituted directly for t under the condition of k > 2.

QCk-w!
2k+3—ppu VY (k+3 -

+4 K2 (2p3 +3 % 261 +28) -k (7 p* -2 —89 % +168 4 - 92)

(12-81) Cik+3 = 7 G =2 =3) e+ d) -2k (BKE - 413 (u? +5 4 -13)

+(ﬂ—1)(3u4—2u3—39u2+68u—24)))|k s (ke N\{1,2}).
=k+

I show the final step of the calculation.

(12-82) ck,k+3 - k+3)(k +2)((ll({+13))l'( k-1 (Kk-2) (k -3) =1 (ke N\{l, 2}).
+3)°

For equation (12-80), k +2 is substituted directly for (¢ under the condition of k > 1.
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Qk-m)!
2k+3—ppu V(K +3 -p)!

+4k2 (243 +3 2 -26 4 +28) —k (7 p# -2 3 -89 ? +168 1 -92)

(12-83) C k42 = (u-D?@-2)(u-3) (u+4) -2k (8 k* -4 k3 (12 +5 1 -13)

+(;1—1)(3u4—2,u3—39u2+68y—24)))|k o (ke N\{1}).
=k+

I show the final step of the calculation.

2(k+2)! 2

(12-84) C k42 =

The above results are the same as the coefficients of both (2 7 p)k*3 and (2 7 p)¥*2 of equation (12-79) under
the condition of k > 2. And I arrive at another conclusion in this subsection.
The following is the third general representation for the zeta function for any odd number of 7 or more:

) k+3
_ -2 Ule—27p
(12 85)§(Zk+1) K2ksDN 1§1 0'_(2k+1)(p)[#2=0 Cku Q7 p) ]@ (ke N\{1,2}).

Where

Qk-m)!
2k43—pp V(K +3 —u)!

+4K2 (2p3 +3 % -26 1 +28) -k (7 p -2 % —89 % +168 4 —92)
+(u-1)(3p*-2p3 -394 +68-24))) (keN\{1,2},u=0,1, - -, k+3).

(12-86) Cy = (H@-D@-2)(@-3)(u+4) -2k (8k* -4 k3 (12 +5p-13)

And the coefficients deserving special mention are as follows:
(12-87) Ckk+3 =1 (keN).

(12-88) Char = E=2ES) (cen).

2
Ci3 =_k-‘;—k+9(2k-1) " (keN).

Ck2 = -(k2-k+3)2k-D!! (keN).

(12-389)

(12-90)
(12-91) Cx1=Cko=-kQk+D!! (keN).

Table of the coefficients of the infinite series

k 1 2 3 4 5 7 8
2 2 1 2 1 2 1 2 1
kKQk+)!! 3 15 315 1890 51975 405405 14189175 137837700
Fig. 12-1
Table of the coefficients Ck
k Ck,11 Ck,10 Ck,9 Ck8 Ck,7 Ck,6 Cks Ck 4 Ck3 Ck,2 Ck,1 Ck,0
1 1 2 -3 -3 -3
2 1 0 -5 -15 -30 -30
3 1 3 0 =30 -135 =315 =315
4 1 7 21 0 -315 -1575 -3780 3780
5 1 12 70 210 -105 -4410 -21735 -51975 -51975
6 1 18 162 882 2457 -3780 -72765 | -343035 | -810810 | -810810
7 1 25 315 2520 12915 31185 -103950 -1351350 | -6081075 | -14189175 | -14189175
8 1 33 550 5940 44055 211365 405405 2702700 | -27702675 [-119594475 [-275675400 (-275675400

Fig. 12-2
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When calculating the values of the function (zeta)) (2 k + 1), the Mathematica inputs are shown as follows.

2k —n)!
ellhy 1) = e ST (1 (=102 0 -2) u=3) (a4 4) - 2K (8RS - 413 (12 +50-13)

+4K2 (243 +3 2 261 +28) — Kk (7 p -2 13 -89 p? +168 11 -92)
+(u=1) (3p* =243 -39 4% +68 1 —24)));

zeta[{k_, A_}] :=

-2 Sum[DivisorSigma[— Q2k+1), p] ((2 ap)kt3 4 k-2)(k+3 27 p)k*t2 4+ Sum|[
kQk+D!! 2

cl{k, 3] @7 M, {, 0, k+1)]) €72 7P, {p, 1, i ;
N[{zeta[{1, 1}], zeta[{1, 2}], zeta[{1, 3}], zeta[{1, 4}], zeta[{1, 5}], Zeta[3]}, 10]

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd
number of 3 or more.

(12-92) {£13), $23), £33), £43), £53), £ 3)}
=~ {1.148054268, 1.201550493, 1.202053511, 1.202056889, 1.202056903, 1.202056903} .

(12-93) {{15), §25), £35), {4 (5), £55), £ (5)}
=~ {0.9638129674, 1.035899189, 1.036919392, 1.036927709, 1.036927755, 1.036927755} .

(12-94) {$1(D, §2 (D, §3(D, $4 (D, &5 (D, § (D}
=~ {0.8992359468, 1.006186929, 1.008327215, 1.008349125, 1.008349277, 1.008349277} .

(12-95) {£109), $29), $39), $49), £509), £6(9), £ (9)} = {0.8448946784,
0.9977962524, 1.001954409, 1.002007939, 1.002008390, 1.002008393, 1.002008393} .

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of
precision.

(12-96) {{133), £ 3))
~ {1.202056903159594285399738161511, 1.202056903159594285399738161511} .

(12-97) {$145), £ )
~ {1.036927755143369926331365486457, 1.036927755143369926331365486457) .

(12-98) {{14(D), { (D)
~ {1.008349277381922826839797549850, 1.008349277381922826839797549850} .

(12-99) {£1409), £ 9}
~ {1.002008392826082214417852769232, 1.002008392826082214417852769232} .

12-3. Two special series with fixed values

The left side of equation (12-30) can be written as follows:

() () (o)
(12-100) Y, T_s(p)@apSe2 P = 3 ¥ Lermnse-27mn
P=1 n=1 m=1 N

V' 15 (2 1 1 1
=(@2n)s o= (— + + )
@m El 8 \15 ' sinh2(rn) sinh4 (@t n)/ sinh? (ot n)

= 607> (L 1 1 ) L
ngl 157" sinh2 (71 n) * sinh?4 (7t n) / sinh2 (7t n)
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Therefore,

o0
2 1 1 ] 1 1
12-101 2, + -1
( ) ,,;1 ( 15 * sinh2(rn) sinh4(rn)/ sinh2(rn) 945

The following formulae are known “[1]:

\ 1 1 1
12 -102 —_— = -,
( ) ng] sinh2(xn) 6 27

N 1 1, 1 1 1
12 - 103 —_—— = — =} r8(i).
( ) nz:“l sinh*(rn) 90 37 1920 70 (4)

The above formulae are introduced into the equation (12-101) to obtain the following series with fixed value:

o0
1 _191 4 1 s(L
12 - 104 = _4 r8(1).
( ) nz;‘l sinh6 (rn) _ 1890 157 190 6 (4)

13. Function that takes the constant 0 anywhere in the whole complex plane, and
some series that give the algebraic number 0

The fifth-order Il type functional equation is shown again.

00-1)@+1)(62+40+5) -2 9 B
- 4 T ZF(Z)g(G)—

9(0+1)(+2)(6*+66+10) -1
- +47£ 00410} ;-3 r(lzi)éu(1+9)+H[5](0) (0eC).

(13-1)

Where
1 W o
(13-2) His@ =1 Y T—¢(p)p2
P=1

((05 +46*+463-4602-50+(36° -1162 -520-150 +(0-21) 27 p)?) 27 p)?) K g(znp)
+(260°+136% +346% +380+15+2 (362 +130+39 +2xp)?) eap?)2ap K 22;0(27rp)).

From (the third-order Ilc type functional equation) x (62 +60+ 10),

6(0-1)(0+1) (62 +6 0 +10)
- 47

0(0+1)(0+2) (02 +60+10) -1%¢
_0@+ +47£ +66+10) -5 T (L) ¢a+6)+(62+66+10)Hz 0) (e C).

(13-3) n‘gr(g)g(a)=

Where

o [}
(-9 Hzj@ =1 ¥ o g@p2(0@-D@+D+@-1Cap?)K Larp)
P=1

+(@o+D@+D+2¢ap?)eap K 2;—6’(znp)).

From (equation (13-1)) - (equation(13-3)),

_8
(13-5) HE=DELDEE3) 7751 () £9) = His) 0)-(62 +66+10) Hp31 0) (6 e C).

In addition, from (equation (11-5))x (@ + 1) (260 + 5),
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e & o
(13- 6) _0(0—1)(04-;[1)(20+5)7T 2 F(g)é‘(g) = (M)_(7r20_+5). z T_o(p)p?2
pP=1

((0(0—1) +(7-6) (Zﬂp)z)K g(znp) +((0—1) -2 (27rp)2) ecxpK 22;0(27tp)) (0eC).
And also, from (equation (13-5)) + (equation (13-6)),

o 0
(13-7) His)®) - (62 +60+10) Hpyy (9 + @120 K ) p2
P=1

((0(0—1)+(7—0)(27rp)2)K Larp+(@-D-202p2)eapK 22;0(27tp)) =0 (heC).

Substituting the results of H3] () and Hs) (6) for the calculation, the following equation is obtained:

x 0
(13-8) Z T_o(p)p2 ((-3 0-3)(0-5+@0-21) 2xp?)2xp? K g(znp)
P=1

+2(24+crp?)erpiK 22;0(27rp)) =0 (§eC).

Let define the left side of equation (13-8) as the function w (6).

(13-9) W (@) := 12‘1 T_p(p) pg ((-3 0-3) (-5 +@-21) 2xp?2)2ap? K g Qnp)
+2(24+erp?)erplK 22;"(27:;))) (8eC).

For above equation, — is substituted for 6 to obtain the following equation:

(13-10) W (-0) = 2‘1 Te(p) p_g ((-3 (-0-3)(-0-5)+(-0-21) 27 p)?) exp? K ‘7" Q7np)

2(24+Cap) expP K 2L arp))

o 0
Y, Ty p2((-30+3)@+5-©+2) Cap?) exp K Lazp)

4(24 +@xp)?) @7 p)? (gK Larp+apK 02;2(27rp)))

o )
Y, o_g()p2 ((-3 0-3)0-5+@0-21) 2xp?)exp?K g(znp)
P=1

24 +cap?)erpP K Harp) (e0).

As aresult, I obtained the function that takes the constant 0 anywhere in the whole complex plane.
& 0
(13-11) W O = W (-6) = 2 O_g(p)p2 ((-3 0-3) -5 +@-21) 2xp?)eap?K g Q@np)

+2(24+erp?)erp K &2 (27tp)) 0(0eC).

In order to obtain a representation that has quadrable integrals, | modify the right side of equation (13-11) as
follows:

0 & 0
(1B-12) W@ =7 2 2 _g(p)[ 3(0-3)(0-5)+(0-21)(27rp)2)(znp)2(np)zKg(znp)

0-2
+(24+@ap2)@rp) (xp) 2 Kﬁ’;—z(znp)) (feC).

From the equations (12-3) and (12-4),
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g &
(1B-13) WO =7 2 Y, T_g(p)
P=1

ISR (¥ S .4 ) s
(—3(0—3)(0—5)+(0—21)(27tp)2)(27rp)2j(; x0-1e (x TR )cﬂx

- _(X2+$£Eﬁ)
+(24+erpR)Crp [xTe 2 Jax| (aec).

Two integrals of the right side of equation (13-13) are quadrable when 6 is any odd number of 1 or more.
Some calculating examples will be shown. When 6= 1,

1 & oo (X2 + gﬂﬁ)
(B-14) W) =7 2 2 l(p) 24 - 20(27rp)2 (an)zf 2 Jax

o s2 mﬁ)
+(24+(27rp)2)(27rp)4j; x2e (x ¥ X2 ) dx

=1 Z o l(p)( —24 - 20(27rp)2)(27rp)2£e 27fP+(24+(27rp)2)(27rp)43C -Zﬂp)
Vﬂ' P=1
Z o_1 (P (@rpP-10@xp)? +2427p)-12) @7 p)* €7 27P,
P=1

Therefore

(13 -15) 2 o_1(p)(@xpP-10Qrp?+24C2rp)-12)2rple 2P =w (1) =0
P=1

When 0 =3,

_(Xz L@’

S o )
(13-16) W B) =7 2 Z o_3(p) (—18(27rp)2)(27rp)zj(; x2 e x2 ) dx
P=1

o (2 mﬁ)
+(24+(27rp)2)(27tp)4j(; x0e (x * X2 ) dx

o0

=1 Z0'_3(p)(—18(27rp)4gz—”fm\/?e‘zﬂ'p+(24+(27rp)2)(27rp)4AZEQ‘Z”P)

TNt P=1

= # 21 o_3(p)(@rp)2-9@np)+15)2xp)t e 27D,

Therefore
(13-17) Y, 03P (@ap2-9Qap)+15)Qap e 2P = 27w (23) =
P=1

When 0 =35,
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R - (X2+££EL2)
(13-18) W (B) =7 2 2 o_s (P |(-16 27 p)?) (Mp)zf 2 ) ax
o _[x2 ﬂﬁ)
+(24+(27rp)2)(27rp)4ﬁ x2 e (x 2 ) ax

1 Z o_5(p) (—16 (27Tp)4 @np)? +3é(271p)+3 \/?e-Zﬂp

2V f
+(4+ @rp?) Gap? GERLEL e—“P)

= L2 Y, o_s() (@xp)-7) @rp)b e 27P,
47 P=1

Therefore
o0
(13-19) D, T_s(P(@xp)-7)Cap)e27P =472 W (£5) =0
P=1
When6=7,9, 11, 13, 15, and 17, only the results will be shown.

(13-20) 2 O_7(P)(@rap)0-4@np)S-15@np)-45Q2np)3 - 10527 p)?
P=1

-18027p)-180) 2w p)? e 2P =83 W (27) = 0

o

(13-21) Z O _g(p) (@7 p)7 =212 p)5 - 147 27 p)* - 630 (27 p)3 - 1890 (2 7 p)?
P=1

-3780 27 p) -3780) 2w p)? e 27P = 1674 w (£9) = 0
(13-22) 2 O_11 (P (@rpB+52@rp)7 -6@np)®-252@7np)S-1995 27 p)* - 9765 2 7 p)3
P=1

-32445(27p)2 - 68040 2 p) - 68040) 2 p)? €72 7P =321 W (x11) = 0
(o)

(13-23) Z 0_13(P) (@7 p)? +11 27 p)8 + 4527 p)7 - 180 (2 7 p)® - 4095 (2 7 p)° - 33075 2 7 p)*
P=1

—170100 (2 7 p)3 - 585900 (2 7 p)? — 1247400 (2 7 p)
-1247400) 2w p)? e 27P =64 7% w (£13) = 0

o

(13-24) Z 0_15() (@7 p)10+18 27 p)? +150 2 7 )8 + 450 (2 7w p)7 - 4725 (2 7 p)©
P=1

—79380 (27 p)S - 630315 (2 7 p)4 - 3274425 2w p)3 - 11382525 (2 7 p)?
-24324300 27 p) — 24324300) 2w p)? €72 7P = 12877 W (x15) = 0

o

(13-25) Z 0_17(P) (@7 p)11 +26 27 p)10 +330 27 p)® +2310 2 7 p)8 + 3465 2 7 p)7
P=1

— 124740 2 7 p)® - 1735965 (2 7w p)5 — 13357575 (2 7 p)* — 68918850 (2 7w p)3 — 239188950 (2 7 p)?
- 510810300 (2 7 p) - 510810300) 2w p)? ™2 7P =256 28 W (+17) =

It is recognized that some series that seem to give transcendental numbers, however, give the algebraic
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number 0 at times. And the function w (6) is the null function in the whole complex plane. Unfortunately, no

one knows whether the zeta value for any odd number of 3 or more is a transcendental number at the moment.
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14. Derivation of an explicit formula for a new eta function and the proof of the
generalized Riemann hypothesis for the eta function

14-1. Derivation of an explicit formula for a new eta function

The following equation defines the eta function 77 (6):
6

(U-1Hnp@ :=—=EL @ (seC\{1}).

1-6T (1 +§)

According to the definition, the non-trivial zeros of the eta function are the same as those of the Chi function.
Thus, I also propose the generalized Riemann hypothesis for the eta function that states that all non-trivial
zeros lie on the imaginary axis. it will be proved soon.
The equation (9-24) is introduced into the equation of definition.

& 0
(14-2) 1 () = a2 {0(02‘1){51“(%){(0)

(0-1)1"(1 +§)

& ]
+20-1 Y, 0_g@p2 (0K erp+arpK 22;0(27rp))]
pP=1
f

g 0
={®+22L_ 3 o_pp2 (0K Lerp+eapK BLerp) (0ec\).
r(1+8) &= 2 2

The explicit formula for the zeta function is introduced into the equation (14-2).
9 oo
22

0
—An2 o-_g(p)pz((0(0-1)+(7-a)(znp)2)Kg(znp)
-9 (1 +E) =1

(14-3) 1) (6) =

8 0
22 O_y(P)p2

(1-6T (1 +§)

+(@-n-2ezp?)ermK Flaxp)-

s

(0(0-1)K Larp+@-nerpK 2;—9(znp)) (6 eC\{1}).

By simplifying, I obtain the explicit formula for the eta function.
222 3 g

(4-0) @ = —2IL— 3 7o) p2 (7-0exp?K Larp

(1-6T (1 +E) P=1

—2eapPK 22;0(27rp)) (6e C\{1}).

For the explicit formula, —6 is substituted for 6.
_9
2 2

_0
1+6)T (1 _g) P=1 :

Ms

(14-5) ) (-6) = Oy(P)p ((7+0)(27rp)2K 2Larp

—2¢xpPK 2;—0(27rp)) (e C\{-1}).

The relation between the equations (3-30) and (5-39) is applied to the equation (14-5).
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Zﬂ_g
(1+6)T (1 _g) P=1

0
o_o@p2 (T+0@xp K Larp)

DMs

(14-6) 1] (-6) =

~4erp?ap K 2 erp) (e c\(-1).

The recurrence formula for the modified Bessel function of the second kind is applied.

o« 0
(4= (-0 = —2L2— 3\ 0@ p2 (7+0) exp? K §axp)
a +0)1“(1-E) P=1
-4(znp)2(§K§(znp)+(np)K %(znp)))

')

-2 oo 0
- 271'—2‘9 Z T_g(p)p2 ((7—0)(27rp)2K%(27rp)
a +0)F(1-5) =1

2¢explK 22;0(27rp)) (0eC\{-1}).

The difference between 17 (6) and 17 (—6) is essentially reflected in each gamma factor. And the result of
equation (14-7) will be used in Section 16.

14-2. The proof of the generalized Riemann hypothesis for the eta function

Assuming that there are infinitely many non-trivial zeros on the imaginary axis in the eta function, and both x
and y are assumed to be real numbers, and (x + 7 y) is assumed to be a non-trivial zero of the eta function.
Based on the origin symmetry of the Chi function, (—x—i y) is also a non-trivial zero of the eta function.
Because it contains trivial zeros of the eta function, the real axis must be excluded from the target region.
I consider that non-trivial zeros are determined as solutions of simultaneous equations consisting of the
following equations:
(14-8) {l](x+i)f)=0 (xeR,y e R\{0}),

nN-x-iy) =0 (xeR,yeR\{0}).
For the explicit formula for the eta function, (x + i y) is substituted for 6.

X +i

o X+iy
(14-9) N (x+iy) = 2x 2 D O _x_iy®p 2

A-x-iy)T (1 +"%1) =1
((7—x—12y)(27z'p)2K XY orp)-2@apPK #(an)) =0 (xeR,yeR\{0}).
Similarly, in the explicit formula for the eta function, (—x — i y) is substituted for 6.
—X-i 00 . Sl )\

2 2 : Z O o(Pp 2
(1+x+iy)r(l+%x) o= B

(14-10) 1 (-x-iy) =

((7 +x+iy)eapP K #X(znp) 2explK %(znp)) =0 (xeR,yeR\{0}).

The nont-rivial zeros are determined as the solutions of the simultaneous equations comprising the equations
(14-9) and (14-10). Owing to the symmetric pair of these equations,

(14-11) x=0.

is immediately determined.

For equation (14-9), 0 is substituted for x.
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(14-12) N @y) = 2r2 —— 3 O_iy®Pp?2
(-iy)T (1+55) #=1

(7-inerp K Xeap-2e2pPrK 2 exp) =0 (yeR\(O).

For equation (14-10), 0 is substituted for x.

_iy o -iy
. 2 2
(14-13) M (-iy) = - 2 Tgivipp 2
+ipl(1-2Y) #=1 %Y

(7+iverp?K ZXerp-2eap3K 2 eap) =0 (yeR\(0)).

The equations (14-12) and (14-13) are complex conjugate of each other in relation.

Hence, I can choose either of these equations as the determining equation of the real variable y.
Furthermore, the gamma factor of the eta function does not have a value of zero on the imaginary axis.
Additionally, the condition of y = 0 can be excepted, because the eta function has no non-trivial zero on the
real axis.

Therefore, the following equation gives the determining equation of the real variable y.

[

(14-14) X O_; (PP 2 ((7—12y)(27rp)2K Heap-2erpK Z;Z”X(znp)) =0 (yeR).
P=1
The explicit formula for the Chi function is also found.

_9
(4-15) ¥ @ =0O-Dn 2F(1+§)n(a)=

]
-2 Y o g@p2(7-0CrprK Laap-2eap3K Fexp) (4e0).
pP=1

The function value of the Chi function on the imaginary axis is
oo iy )
(14-16) Y iy)=-2 3, O_iy®Pp?2 ((7—iy)(27tp)2K Y exp)
P=1

—2expBK %X(znp)) (yeR).

Applying the origin symmetry with respect to the index of the modified Bessel function of the second kind and
the recurrence formula,

(o] u . .
(14-17) X (iy) = -2 le O_iy@®Pp2 ((7—12y) ezp? K erp-2022p3K ”—YZ‘—Z(znp))

=-2 Y, 0_;y@p? (T-iperppKLarp
pP=1

=

s20ap? (iyK 2 eap-eap K 2522 eap))

& Ly

i . .
=-2 Y, 0y @p2 (+ipeap?K Zrerp-202p* K 2  @rp) (veR).
pP=1

Using the complex conjugate on both sides of the above equation,

o -iy . -
(14-18) x*Gy)=-2 ), Tiy@p 2 ((7—:zy)(znp)2K Y erp-2e2pPK 2;2”1(znp))
P=1
o iy . i
=-2 Y 0_jy@p? ((7—iy)(27rp)2K Y anp)-2@apPK ;Z”i(znp)) (y eR).
P=1
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Here, the equation (5-39) is applied.
Therefore, it is shown that the Chi function takes real value on the imaginary axis as follows:

(14-19) Im (y Gy) = ﬁ(,\/(iy)—/\/* (tfy))=0 (y eR).

The Hadamard product representation for the Chi function on the imaginary axis is

(14—20)/\/(iy)=(%—2 le 0'0(p)(27rp)K1(27(p)] l_[l (1 (—y7] (yeR).
= m= m

From the equations (14-16) and (14-20),

oo iy _ .
(14-21) 121 o_iy®p2 (T-iyeapP KX eap-20rp3K 2 @rp)

o0

=_l[l_z D O'O(p)(an)Kl(Zﬂp)] I1 ( 2]6 R (yeR).
2 2 P=1 m=1 ( m)

On the imaginary axis, the left side of the determining equation takes a real value. In this case, the imaginary
axis corresponds to the critical line of the eta function.

It is possible to assert that there is no non-trivial zero off the imaginary axis.

At this stage, the proof of the generalized Riemann hypothesis for the eta function is complete.

It should be noted that the existence of an infinite number of non-trivial zeros of the eta function remains
unproven.

Furthermore, it is possible to design an eta function variant that takes real values on the imaginary axis. The
method is to obtain the absolute value for the gamma factor of the eta function’s explicit formula. I decide to

write the eta function variant as eta-tilde (6) by adding the symbol ~ (tilde) just above the Greek letter 7.

Q [o%) 0
(4-22) N O :=|—22—| 3 o g@pz(7-0erp2Klarp
(1-0)F(1+§) p=1

—2expPK 22;0(27rp)) (e C\{1}).

From now on, I consider the behavior of the number-theoretic function o _g (n) n?/? on the imaginary axis by
presenting specific examples. Whenn =1,

iy
(14-23) N 2 O_jy(n) =1.
n=1

When n is the prime number a,
(14-24) a 2 O'_iy(a) = (1 +a‘”y)a 2 = 2cos(§log(a)).
When n is (2 k — 1) power of the prime number a,
iy
(14-25) (a2k-1) 2 0_; y (a2 k-1 Z 2c0s (2D Y 10g (@) (ke N).

m=1

When n is 2k power of the prime number a,
iy k
(14 -26) (aZk) 2 O'_iy(aZk) =1+ Z 2cos(mylog(a)) (keN).
m=1
The number-theoretic function o_g (n) n/? is described by a real cosine in the explicit formula for the eta
function on the imaginary axis.
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15. Visualization of the zeta functions and the eta functions

Let start by preparing some formulae for visualization.

The rule in subsection 6-3 is applied to the explicit formula for the zeta function.
In this case, the approximate formula for the zeta function is written as £} ().
0]

o4 A ]
(15-1) {0 = —22— 3 o g@p2 ((660-D+T-0)exp?)K §axp)
a -0)F(1 +—) P=1
2
+(@-D-2exp?)erp K 22;0(27rp)) (e C\{1},1eN).

The rule is also applied for defining equation (11-23).
(15-2) £y (0) := L& Y, o_¢(p)p2 ((0(0-1)+(7-0) erpt)K£enp
a-or (1 +—) P=1
2

+(@-D-2ap?)erp K Zz;o(zzp)) (6eC\{1},1eN).
The relation between ) (9) and (zeta —hat) (0) is
(15-3) lim £, @ = lim Z/\(O) (6eC\{1},1eN).

A-+oco A-+o0

The relation between ) (6) and (zeta —tilde)y (6) is

(15-4) [{ )] =

{;t(a)| (e C\{1},1eN).

The rule is also applied to the explicit formula for the eta function.
222 4 g
(15-5) M) = —22—0 3 oy p2 (7-0exp? K faxp
a-oT (1+8) #=1
2
—2¢xpPK 22;0(27rp)) (e C\{1},1eN).

The rule is also applied for defining equation (14-22).

~ g A ]
(15-6) M :=|—2E— ¥ o y@p2(7-0erp?KLerp

a-oT (1 +§) =]
—2¢xpPK 22;0(27rp)) (e C\{1},1eN).
The relation between 77, (6) and (eta - tilde), (6) is
(s-7) || @] =|m®| vec\u,1en).

The right side of the null function w(#) is multiplied by the absolute value of the gamma factor of the zeta
function to obtain the estimating function (omega —tilde), (6); moreover, the function (omega - tilde)s, () is
also the null function.

(/]
(15-8) Wy (0) := |—2X2

(1-6T (1 +§) P=1

((-3 0-3)0-5+@-21) xp?)erp?K g(znp)

0
O_¢(p)p?2

M-

+2(4+erp?)erp’ K2 eap) (e ) 1en).
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Three —dimensional graph of Z = Re (g)g X +1 y)) andZ = Im ((7)3 X +1 y)),
X € [-35,35], y €0, 70]

L Re ((7)3

—_—

X +i y))
L Im ((7)8

—

X+iy))

Fig. 15-1
The above three-dimensional graph shows the computational error because the null function

(omega - tilde)o () takes the value zero anywhere in the whole complex plane.

Three —dimensional graph of Z = Re ((7)11 X +i y)) andZ = Im ((7)11 X +I y)),
X € [-35, 35], y € [0, 70]

Ll Re ((7)11 (x +17y))
L Im (27)11 (X +1 y))

Fig. 15-2

When the following two graphs are compared, it is observed that the computational error decreases with a

| 109

larger degree of approximation at each point in the observational domain. In comparison to the same domain,

the above results emphasize that the degree of approximation is needed to draw another kind of graph.
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Graphof Z = Re ({8 (%Hiy)), z=Im (gs (%sz)), and Z = -L s Gy, y € [0,52]

s

~
o
——
aN 2
@

DN =
+

~
=
——

-

_2}

-3F

=R T — im(Gaften
~AJV \]v/ (6(302)

4L
Fig. 15-3
Both the functions

s(3+iy)and - L ;s y)|

are projected onto the same surface. I can see a relation between the imaginary parts of the non-trivial zeros of
the zeta function and those of the eta function that is neither too close nor too far away. The imaginary part of
the function (zeta - tilde) (6) is zero anywhere along the critical line because the absolute value is taken for the
gamma factor of the zeta function. On the critical line, the function (zeta —tilde) (6) takes a real value, and 10
non-trivial zeros of the zeta function lie on the interval [1/2 +i0, 1/2 +i 52].

Here are the details. (The positive imaginary parts of the 11 non-trivial zeros of the eta function will be shown
later.)

~ (1..(14134725142 40-9 S (1..(14134725142 {a-9\\]\
(15-9) {Re[gs(z +i (160 00000 ~10 ))] Re(§8(2 +i (L 00000 10 ))]}‘
{-5.82730x 10710, 1.00359 x 10~°} .

~ (1..(21022039639 a9
(15-10) {Re( {5 (] +i (RGREiE -10~0))
{8.77134 x 10719, —1.39654 x 10~°} .

~ (1..(25010857580 a9
as-11) {Re( o (3 +i (Bg00000000 ~10~°))
{-1.57157x 107, 1.17188 x 10~%} .

% (1. .(30424876126 109
(15-12) {Re(Zs(3 ”(1000000000 -10~0))
{1.12075x 1079, -1.48713 x 1079} .

> (L ..(32935061588 10-9
(15-13) {Re| o (3 +i (Fomoroaoo ~107°)
{-1.02165x 107, 1.74259 x 109} .

- (1,.(37586178159 0-9 (1, .(37586178159 {n-9\|\
(15-14) {Re( $10 (3 + (Tooongaoe ~10 ))) Re(gl"(z +i (500000060 10 ))]}‘
{1.59892 x 10~%, -2.27410 x 10~%} .

~
o

&(z+ (Fawwovoaon +107)))} =

Re o (3 +i(Foo0000000 +107)))} =

N

>

Re( £ (3 +i(Too0000000 +107")))} =

Re( o (5 +¢(Tovoooo000 +197")))} =

>




Beyond the Riemann hypothesis Version 1.nb | 111

R

sy oo (s (0202 109)) e Zo (s (2020082 19

{-1.71047x 1079, 1.27075 x 10~°} .

510 (ve( Gl oo (S 107)) (oo (oo (3202 100

{1.67766 x 102, -1.98936 x 10~°} .

(15-17) (Re(yy (L i (4BLISISO8BL 199))) e (&, (L i (BUSISOBBL 19-9))))

R

R

1000000000 1000 000 000
{-1.83014x 107, 1.30592 x 10~%} .
7 (L, :(49773832478 14-9 7 (L,:(49773832478 10-9
(15-18) {Re[glz (3+¢ (455 ovooc0—107°))) Re(§12(2 +i (ooso0ea00 +107)))}
{9.53951 x 10~19, —1.88391 x 10~°}..

R

Three —dimensional graph of Z = Re ({ 5(X +1 y)) andZ =0, X € [— %, %], y € [0, 35]

Fig. 15-4

Three-dimensional graphs will be hereafter drawn using the plane z = 0 as the auxiliary plane.
Using topography as an analogy, the plane z = 0 (colored blue) is suited for the surface of the sea, and the
candidate sites for the non-trivial zeros of the zeta function are along the coast lines.
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~

Three —dimensional graph of Z = Im ({5 X +i y)] andZ =0, X € [— %, %], y € [0, 35]

Fig. 15-5

On the sea’s complicated surface, the critical line is clearly visible.
The intersections of the coast line and the critical line in the two graphs above are the non-trivial zeros.

As reference, the same graphs above (Fig. 15-4 and Fig. 15-5) can also be drawn using only the well-known
built-in Mathematica functions.
The Mathematica inputs are shown as follows:

. 0
. 272 2x2 '
zetaxx[6_] : Abs[(l ~6) Gammal 1 +§]] Zeta[a]/ (1-60) Gammal1 +£] )

Plot3D[{Re[zetaxx[x +iyll, 0}, {x, —%, %}, {y, 0, 35}, BoxRatios — {1, 3, 1}]
Pl j 13 i
0t3D[{Im[zetaxx[x +iyll, 0}, {x, -3 } {y, 0, 35}, BoxRatios - {1, 3, 1}]
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Graph of Z = Re ({5 (% +i y)) andZ = Im ({5 (% +1 y)), y € [0, 35]

3F

Fig. 15-6

To evaluate the error, real and imaginary values of Zeta[1/2 + i y], i.e., Mathematica’s built-in zeta function,
are superposed on the graph. A five degree of approximation is appropriate for the interval [1/2+i 0,1/2+i 35].
The built-in zeta function should be superposed if necessary for all graphs.

Graphof Z = Re (3 (3 +iy))and z=1m ({3 (1 +iy)), y € 135, 701

Fig. 15-7

An eight degree of approximation is appropriate for the interval [1/2+i 35,1/2+i 70].

I change to the function (zeta —hat)2 (6) for drawing in the interval [1/2+i 70,1/2+i 105] for accuracy.
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Graphof Z = Re (212 (% +iy))andz = Im (212 (% +iy)), y €170, 105]

Fig. 15-8

It would be short on accuracy in the interval [1/2+i 95,1/2+i 105]. The next graph is prepared to confirm this

€rror.

Graph of Z = Re (212 (% +1 y)), Z =1Im (212 (% +1 y)),
z = Re(Zeta| L +iy]),andz = Im (Zeta| L +iy]), y € 195, 105]

3

Fig. 15-9

From the above four graphs, I can recognize that in total, 29 non-trivial zeros of the zeta function lie on the

interval [1/2+¢0, 1/2 43 100].

Graph of Z = {5 (x) and Z = Zeta[x], x € [-13, 10]

0.02 E

[N
A2 -10—"8 -6 -4 -2
-0.02

-0.04 .

-0.06
-0.08

Fig. 15-10

2 4 6 8 10

— {5()
Zeta[x]

I can see that the pole and the trivial zeros of the zeta function on the real axis are accurate.
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Graph of Z = Re ('ﬁs @y) z=Tm ('ﬁs Gy) andz=-3|G(L+iy)) vy el 521

:
AN ANl — i)
10/ 20 / Y,o/’ \ 40/‘( 5V ~

s -3|gs (5 +4)

Fig. 15-11
Both the functions

’778 (@y)and -3 |§8(%+iy)|

are projected onto the same surface. I can also see the relation neither too close nor too far away between the
imaginary parts of the zeta function’s non-trivial zeros and those of the eta function. Since the gamma factor
of the eta function is taken as an absolute value, the imaginary part of the function (eta —tilde) (6) is zero
anywhere on the imaginary axis. Function (eta —tilde) (6) is observed to take real values on the imaginary axis;
moreover, 11 non-trivial zeros of the eta function lie on the interval [Z 0, i 52].
Here are the details.
> (- (12041897 809 -9 > (- (12041897 809 -9 ~
as-19) {Re (15 i (550060000~ 10~°) Re (s (¢ (66 000000+ 107°)))} =
{-1.151464 x 107, 4.99152 x 1010} ,
> (: (20487540608 -9 > (: (20487540 608 -9 -
as-20) {Re (18 (i (Fgota00 000~ 107°) Re (s (¢ (265 500000 +107°)))} =
{3.39148 x 109, -1.69660 x 10~} .
> (:(25976 196 025 -9 > (:(25976 196 025 -9 -
as-21) {Re(no (i (F5ugao0000 ~107°)) Re (19 (¢ (4550000000 +107°)))} =
{~1.074615x 1077, 2.36501 x 10~9} .
> (- (28269450283 -9 > (: (28269450283 -9 ~
(1s-22) {Re (1o (i (Fgaraoo o0~ 107°)) Re (19 (¢ (00006 +107°)))} =
{2.75628 x 1072, -9.95323 x 1010} ,
> (:(32685214209 -9 > (;(32685214209 -9 -
as-23) {Re (19 i (5600000~ 107°)) Re (19 (¢ (Fb6 d0n 00 +107°)))} =
{~5.02927x 1077, 3.53524 x 1079} .
> (: (36583986392 -9 > (: (36583986392 -9 -
(1s-24) {Re (1710 (¢ (3556 500 500~ 107°)))> Re (110 (¢ (3506 aoes00-+107°)))} =
{7.85814x 1079, -4.74443 x 1079} .
> (:;(42044079278 -9 > (:(42044079278 -9 ~
(15-25) {Re (111 (i (406500000 ~17°)))> Re (1111 (¢ (42056 otoo0-+107°)))} =
{-8.94336 x 10719, 2.39905 x 10~°} .
> (; (42901222688 -9 > (:(42901222 688 -9 -
(as-26) {Re (1711 (i (4500 dao00- ~107°)))> Re (11 (¢ (42550 doamn0-+107°)))} =
{1.46300 x 10~%, -1.56310 x 109} .
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as=21) {Re (711 (¢ (o agoo00 197" Re (711 (- (550500000 +197)} =

{-4.30492x 107, 5.06314 x 10~%} .

(15-28) {Re (”711 ('2 (W - 10_9)))’ Re ("711 ('2 (510000201070105010600 * 10_9)))} =
{4.64200 x 107°, -2.54722 x 10~%} .

1s-29 {Re (i1 (¢ (Ygg0aa00 17" Re(m ¢ (56w aono0 +1~ "))} =
{-5.47820x 107, 3.82695 x 10~} .

Three — dimensional graph of Z = Re (775 (X +i y)) andZ=0, xe[-1,1], y € [0, 35]

Fig. 15-12

The coast lines are candidate sites for the non-trivial zeros of the eta function.
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Three —dimensional graph of Z = Im (775 X +i y)) andZ =0, x e [-1,1], y € [0, 35]

Fig. 15-13

On the intricate surface of the sea, the imaginary axis is clearly visible.
The intersections of the coast lines and the imaginary axis in the following two graphs are the non-trivial
zeros. Here, the imaginary axis corresponds to the critical line of the eta function.

GraphofZ=Re (75 (i y))andZ = Im (175 @ y)), y € [0, 35]

6

— Re (5@ y)
— Im@s5@y)

2k
Fig. 15-14

The eta function on the imaginary axis has a similar shape as that of the zeta function on the critical line.
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Graph of Z = )5 (x) and Z = Zeta[x], X € [-13, 10]

0.02 E A\ b
| N e . AN 2F \

J2 -10—"8 -6 -4 -2 )
-0.02 ; i N5 (X)

|| J
~0.04 [ ‘ . ‘ ‘ ‘ ‘ ‘

“ - 2 4 6 8 10 Zeta[x]
-0.06 P
-0.08 f
Fig. 15-15

On the real axis, I can also see the pole and the trivial zeros of the eta function.
On the real axis, there is a little difference between the eta and the zeta functions.

16. Similarities and differences between the zeta and the eta functions, and other
knowledge

16-1. Similarities and differences between the zeta and the eta functions

The explicit formulae for the zeta and the eta functions are shown again.
9

= 0
(16-1)5(0)=2+20 2, T-o@p2(@-D+T-0)Cxp?)K Lanp)
a-oT (1+8) #=1
2
+(@-D-2@rp?)erpK 22;0(27rp)) (6 eC\{1}).

Q [o%) 0
16-n@=—=2E— 3 o @ p2(7-0cap?K Larp

_ 9) p=1
1-oT(1+9)
—2¢xpPK 22;0(27rp)) (e C\{1}).
An easily recognized common point here is that they have the same gamma factor.
Thus, having only a simple pole at @ = 1 is one of the common points.
The residue of the eta function at 6 = 1 is as follows:

(16-3) Res(1;0(0) = @-1)1 (0) lo=1 = @-1) £ (0) lo=1 = Res (1; { (9)) =

The calculation is performed for the second term of equation (16-3).

(16-4) @-1)n O lg=1 = 2

(—)

) 1
2 o_1(P)p2 (@np)-3)2np)?

— (o)

1
, -1 (®)p2 @7 -3 exp?K 3 @xp)

e=27P

ﬁIN._

T
2@np)

4

Ms

o_1(p)(@rp)-3)2np)le27P,
P

1

Thus, the following infinite series that gives the algebraic number 1/4 is obtained:

(&

(16 -5) 2 0'_1(p)((27rp)—3)(27rp)ze'2ﬂp=%.
P=1

In addition, another common point is that they have trivial zeros for any even number of —2 or less.
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That is
(16-6) {(-2k) =1 (-2k) =0 (keN).

When k is assumed to be any positive integer again, the value of { (1 —2k) corresponds to the value of {'(2 k)
for the zeta function due to the point symmetry of the Riemann Xi function. In contrast, in the case of the eta
function, the value of 1 (-2 k — 1) corresponds to the value of 17 (2 k + 1) due to the origin symmetry of the
Chi function.

Furthermore, the mathematical phrase can define any relation between of 77(-2k — 1) and 1 (2k + 1). The
modified equation is performed to calculate the function value on the real axis of the eta function (16-2),
which is obtained earlier (14-4).

o [}
(16-1)p@O = —2—— 3 0'_0(p)((7—9)(27tp)2 @p2 K &aerp)

-9 (1 +§) =1

60-2
-@ap@p) 2 Kz;—aanp)] (8ec\1}).

When 6 is any odd number of 3 or more, the following integral representation is used:

oo - (2, ED?
(16-8) )= —2—— 3 T_4(p) (7—0)(27tp)2f ¥-1¢ (X e )dx
a -0)F(1+§) p=1 0

24 EELZ)
2

—(271p)4j(;00x0_3€_( dx| (gec\1}).

For equation (16-2), —6 is substituted for , which is obtained earlier as equation (14-7).
0 oo

-8 0
(16-9) N (-0 = —2L2—= 3\ 0@ p2 (7-CxpPK fexp
a +0)r(1-5) P=1

2¢apRK 22;0(27tp)) (e C\{-1}).

The modification is performed for equation (16-9).
0 7]
—0 -
(16-10) 7] (-6) = 2”—0 o_g(p) [(7—0) exp?@p2 KZ@xp)
@+ (1 _5) p=1

0-2
-Q@rp)i(xp) 2 KO;—Z(MP)] (e C\{-1}).

When 6 is any odd number of 1 or more, the following integral representation is used:

{re

6=ty -0 = —2EL— 3 o ,@)|T-0exp? [ e dx

(1+6)T (1 -g) P=1

- (2.@D?
-(znp)4f0 x0-3 e (X e )cﬂx (0 e C\{-1}).

For equation (16-11), 1 is substituted for 6.
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- (xp)*
(16127 1) = 2("_‘ g g oo @|senpr [x0 (X2+ 2 )cﬂx
- (2. @D
—(27fP)4j(; xZe (x2+ HXZ )dx

71'\/_

The representation for 17 (—1) and its exact value are shown.

as-Hnn=-L ¥ o @@rp-yerperp=_L.
P=1

For equation (16-11), 3 is substituted for 6.

2 o_3(p) 4(27rp)2f°°

(Xz +££%L2) dx

(16-14) 1 (-3) = X

g )

w [ KLEL)
_(Zﬂp)“j(; XO@ (X + I

X
=-—l= i o 3(p)(4(27rp)2-Mﬁe—mp_(zﬂp)mﬁ@-znp)_
471'3‘/? P=1 - 4 2

The representation for 17 (—3) and its approximate value are shown.
o0
(16-15) 1 (-3) = 843 Z 0_3() (@ p)? -2 @np)-2)2xp)? e 27P ~ 0.0077338931815.
T P=1

In addition, in the equation (16-8), 3 is substituted for 6.

[ o _(X2+§£E£)
(16-16) N = —2—— Y o_3(p) 4(2ﬂp)2f e 2 ax
-2F(1+1) =1 0
2
w2 S&ELZ)
—(27rp)4j(; xle (X ¥ X2 ) dx
4 Z _3(p)[4(2ﬂ.p)2 g_EL\/_@—Zﬂ'p (271'[))4 £ —271'p]
3\/? P=1

=% _3(P) (2rp)?2-227p)-2) @xp)? e 2 7P = 1.2789292363 .

P=1
Equations (16-15) and (16-16) are integrated to obtain the relation between 77 (3) and 17 (=3).
(16-17) 1] 3) = 16” 17-3).

For equation (16-11), 5 is substituted for 6.
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s S - _(Xz +S£I%L2)
(16-18) ) (-5) = —2Z=— " o _s(p) 2(27rp)2f xte x2 ) dx
61“(1-5) P=1 0
2
w2 ﬂﬁ)
—(27rp)4j(; x2 e (X ¥ x2 /) dx

_ 1 3 2.@ap)2+3Qnap)+3 -2
= AV 1;1 0'—5(p)(2(27rp) S Vr e27p

—Q@rp)H- Mﬁe—zﬂp)

(o

2 O_s5() (@rp-3@ap)-3)2nap)? e 2P ~ -0.0036345168378.

For equation (16-8), 5 is substituted for 6.

oo o ) ﬂﬁ
(16-19) ] (5) = —4F( _) ; o_s(p) z(zﬂp)zj; de (X - )dx
2
w2 ﬂﬁ)
_(Zﬂp)“j(; Xz@ (X + 2 I

= Z 0-—5(1))(2(27?[))2 (27rp)2+3(27tp)+3 VT e-27p
15\/_

—@ap?- Mﬁ@—zﬂp)

= Z 0_5 () (@7p)? -32ap)-3) @xp)? e~2 TP = 1.1863826102.

Equations (16-18) and (16-19) are integrated to obtain the relation between 1 (5) and 17 (=5).
(16-20) 1] (5) = 16” n(-5).

Hereafter, the calculations can be performed similarly.
In cases where =7, 9, 11, 13,15, and 17, each representation by the elementary functions and the approxi-
mate value are shown all together.

7
(16-21) P (7) = S12x N7

4725
_2 ¥ ) ‘2 o

=313 1; O_7(p)(erp?+32ap) +3)Crp)e =~ 1.2460084172 .
(16-22) N 9 = _llésszlrs n(-9)

1Y < . , ,

~ 1890 12‘1 O_o(P) (@np)S+72ap)*+2527p)3 +60 27 p)

+105 (27 p) +105) 27w p)? @2 7P ~ 1.3360607156 .

(16-23) 1 (11) = 146039;5—27;25”( 11)
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o0

= 51575 0_11 () (@ p)® +12@ 7 p)S +75 @7 p)* + 315 2w )3 + 945 (2 7 p)?
P=1

+1890 (2 7t p) +1890) 2w p)? @2 7P ~ 1.4336203440 .

13
(16-24) 1) (13) = —63%‘;#1](—13)

— 1 N 7 6 5 4 3
= 705405 121 0'_13(p)((27rp) +18 2 p)® + 168 (2 p)° + 1050 2 T p)* + 4725 (2 T p)

+15120 2 7 p)% +31185 2 7 p) +31185) 2 p)? @2 7P =~ 1.5315820258 .

262144 115
(16-25) 1 (05) = 1517454 163625 1 19
-2 3 8 7 6 5 4
= 14189175 lgl 0'_15(p)((27rp) +25Qap) +322Qap)° +2772 2 p)° +17325Q2  p)

+79695 (27 p)3 + 259875 (27 p)2 + 540540 (2 7 p) + 540540) (2w p)? @2 7P ~ 1.6272471919.

16384 7
(16-26) 1 (17) = 7 s 11 17

(&

-1 9 8 7 6 5
= 137837700 ]gl 0'_17(p)((27rp) +33 Q2 p)®+5582ap) +6300 (27 p)°+51975 (2 p)

+322245 2t p)* + 1486485 2 7 p)3 + 4864860 (2 7 p)?
+10135125 (27 p) +10135125) 2 p)? @2 7P ~ 1.7195887751 .

In the domain of > 1 on the real axis, the zeta function is strictly monotonically decreasing. Conversely, the
eta function has a minimal value at 6 > | in the same domain. Although the eta function is strictly monotoni-

cally decreasing in 1 <6 <K, it turns to be strictly monotonically increasing in 6 > K.

The range of the minimal value and K value (that gives the minimal value) are shown.

(16 -27) 1.183937412932 < 1} (K) < 1.183937412933 (4.62270 < K < 4.62271).

The next graph shows the non-trivial zeros of both the eta and zeta functions.

Graph of the non-trivial zeros of the eta function and those of the zeta function

[ )
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-0.1 F 0.1 0.2 0.3 0.4 0.5 0.6

Fig. 16-1

The dots on the imaginary axis indicate the eta function’s non-trivial zeros, while those on the critical line
indicate the zeta function’s non-trivial zeros.
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16-2. The general representation for the eta function for any odd number of 3 or more

For equation (16-8), any odd number of 3 or more is substituted for 6.
(16-28) N Qk+1) =
2
_(xz +££12L)
x2

1 Y T_ak+n P |2k-6) (an)zﬁ 2ke dx

2k+1 P=1
2kF(1+ : )
2
N _(Xz+m)
+(27rp)4‘](; x2 k=1 o x2 ) dx

2k+1

- —_— X
KQk+DN"Vx P=1

2
oo _ X2+ML)
O_ak+1)(P) 2(k—3)(27rp)2£ x2ke ( 2 ) ax

2
(2 . @p

4 [P 2x-1 (x 2 )

+Q2nrp) b X e dx| (keN).

The general representation for the two integrals of equation (16-28) is given by the description in the subsec-
tion 19-4 i.e.,

_(x2+££EL2) Kk
x2 Jax=-1 2 ak,ﬂ(Zﬂ'p)/‘l‘/ﬂ' e 27P (p,keN).
p=0

(]
- 2 k
(16 -29) L x-Ke Sk

Where
- QCk-w! _
(16-30) Ay = (keN,u=0,1, -+ -, k).

And the coefficients deserving special mention are as follows:
(16-31) akk =1 (keN).
(16-32) a1 =aKo=Qk-DH!! (keN).
The above general representation for the two integrals is introduced into equation (16-28).
(16-33) ) 2Qk+1) =
ok+1

[e] k
— o_ m|2&=3)erp2- -1 A, CrpH VT e-27P
KQk+DN VT El @ken P [ P EO bt 2P

k-1
+(27rp)“'2Lk Z A1y QrpH Vr e‘Z”P]
p=0

2 o0
=—2 -3 0
kQk+D)!! 2‘1 ~@i+n ()

Kk k+1
(k=3) D, Ay Q@apH+ ) ak_l,ﬂ_z(znp)ﬂ](znpﬂe-”l’ (keN).
I.l=0 Il:Z

Therefor,



124 | Beyond the Riemann hypothesis Version 1.nb

(16-34) N 2k +1) =

) k
-2 k+1
KQk+DN gl O_2k+1) (P) [ak—l,k—l Qrp)tt + EZ (A1, —2 +(k=3) A ) @ p)H

+(k=3)a, @ap)+k-3) ak,o] @rple27P (keN).

From the definition of a y,

Qk-p)! |
2K=1 Y (k-p)! k=k-1,u=k-1

(16 —35) Ak—1,k-1 = =1 (keN).

(16-36) (k-3)ai1 =(k-3)akp=(k-3)2k-D!! (keN).
The above results are introduced into equation (16-34).

(16-37) ) Qk+1) =

o k
2
KQraDl gl O_ak+1) (P [(M pktl+ MZ;‘Z (A1, 2 +(K=3) A ) @ P)H

+(k-3)QCk-DN@xp) +Kk-3)2k-1) !!](Zn'p)z e~27p (keN).

Here, new coefficients di ;, are used for the general representation for the eta function for any odd number of

3 or more.
The coefficients di y; are determined by the following equation of definition:

[ k
_ -2 k+1 V7
(16-38) ) 2k +1) : KZkaD! gl 0'_(2k+1)(p)[(27rp) + El dgy 27 p)

+&k-3)Qk-DNQap)+k-3)2k-1) !!](Zn'p)z e~27P (ke N\{1}).

The coefficients di k41, dk,1, and di o are immediately determined as follows:
(16-39) dgk+1 =1 (keN).

(16-40) di 1 =dgo = k-3)2k-D!! (keN).

The coefficients d y are calculated as follows:

(16-41) diy = A1, -2 +(k=3) Ay

_ 2k-w)! 2k —w)!
= koot +(k-3)- 2K
2KH p Y (k—p)! | k=k—1,u=p -2 25=Hp ) (k-p)!

_ 1450 -6-2k(u+2)+2 K2
2k=H+1 Y (k—p +1)!

Qk-p)! (keN\{1},u=2,3, .-, k).

For equation (16-41), 1 is substituted for k, and 2 is substituted for p.

(16-42) dyp =1.

This result is equivalent to the result of substituting 1 for k in equation (16-39).
For equation (16-40), 1 is substituted for k, and 0 and 1 are substituted for 4.

(16 -43) {dy,1, d1,0} = {-2,-2}.

This results are equivalent to the results of substituting 1 for k in equations (16-40).

Thus, the right side of equation (16-41) holds even for the case when k = 1.
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245 -6 -2k (u +2)+2 k>
(16— 44) dyy = L2224 Qk-p! (keN,p=2,3, .-+ Kk).
= k=41 (k —p +1)! a g

Combining the above results, I arrive at the conclusions in this subsection.
As a result, the general representation for the eta function for any odd number of 3 or more is obtained.

[ k+1
(16-45) ) 2k+1) = k(Zsz)" PZI 0'_(2k+1)(p)( ZO dic (Zzp)”](an)ze—”P (keN).
bl - ”:

Where

2 2
(16-46) dyy = L HSM=O02RWD IV 5y ) (KeN, p=0,1, - k+1).

2K—p+1 V(K —p +1)!

And the coefficients deserving special mention are shown as follows:
(16-47) dgk+1 =1 (keN).
(16-48) dyy = k‘22k+3 (keN).

(16 -49) dk,l =dk,0 =k-3)QCk-D!" (keN).

The coefficients of the infinite sum of the function 77 (2k + 1) are the same to those of the function { 2k + 1)
without a leading term.

Table of the coefficients dy ,

k| dgy dic g di 7 dic 6 dic s dic 4 dic3 dy 2 dic) dico

1 1 -2 -2

2 1 0 -3 -3

3 1 3 3 0 0

4 1 7 25 60 105 105

5 1 12 75 315 945 1890 1890

6 1 18 168 1050 4725 15120 31185 | 31185
7 1 25 32 2772 17325 79695 250875 | 540540 | 540540
8 1 33 558 6300 51975 322245 | 1486485 | 4864860 | 10135125 |10135125

Fig. 16-2

16-3. Observational results about relationships between prime numbers and the zeta function

This subsection describes the known relationships between the prime numbers and the zeta function that are
necessary “[16].” The purpose is to compare the relationships between the prime numbers and the eta function.
Let consider the second Chebyshev function “[19].”
(16 -50) ‘I’(x):: Z log(p) (x>0).
pk=x

p: prime, keN
The i-th prime number is assumed to be p;. This function is a step function where the function value steps up
by log(pj) as the positive real variable x continuously increases and reaches the k-th power of the prime
number p;. Until it reaches the first prime number 2, the function value on the interval of 0 <x <2 is zero.
This function can be written using the Mangoldt function A(n).
16-51) Y=, Am (x>0).

n=x
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Where

log(p) n=pk,
0 otherwise.

(16-52) A ) := {

Let P* (x) be the modified function so that its value at the step-up point corresponds to the midpoint.

(16-53) P* (x) :=%I’inz (P c+m)+P (x-h)) (x>0).
%

The modified second Chebyshev function is described by the second Chebyshev function and the Mangoldt

function as follows:

Yoo -LAx x=2,3225,723,32,11,13,24,17, - - -,
(16-54) P*(x) = 2

x) otherwise.

The Riemann-von Mangold explicit formula states that the modified second Chebyshev function is described
by the information on the zeta function as follows:

(16-55) P* () =8 ) - D ’%) (x>0).
£ )=

P: non—trivial zero

Here, s(x) is called the approximate term and is given by the following equations:

_log1-x-2) ' (0)

(16-56) SX)=x (x>0).
2 '4(U)
4
(16-57) O _ 146 (271) = 1.8378770664.

4 ()

The periodic terms are the second term on the right side of equation (16-55), and the sum of the periodic terms
crosses all non-trivial zeros of the zeta function.

The function ¥ (x) is defined such that the infinite sum of periodic terms is restricted to the sum of N match-
ing pairs. Here, the matching pair consists of a non-trivial zero and its complex conjugate.

(16-58) PN (0) ;=S - )] 2 +i0m 1/2—ipm) (x>0,NeN).

N . .
(xl/Z +iPpm x1/2-iPm

m=1

Here, p is the positive imaginary part of the m-th non-trivial zero of the zeta function to which the number is

allocated in an order that is closer to the real axis.

The values of the 201 non-trivial zeros of the zeta function were calculated with 25-decimal accuracy for the

following drawing “[15].” The numerical data will be presented at the end of this section.

Graph of the approximate term S(x) and ‘I’zoo (X) on the interval [3 / 2, 30]

301

- —sw
A ¥a00 x)
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Graph of the approximate term S(x) and ‘I’z(m (X) on the interval [3 / 2, 120]

120 -

ped — S X
F ¥a00 (x)

20; ’/’

L L L L L L L L L L L L | L L L |
20 40 60 80 100 120
Fig. 16-4

It is shown that the step function is generated from the information on the non-trivial zeros of the zeta function.

As a main spectrum, the imaginary parts of the non-trivial zeros of the zeta function generate prime numbers.
In principle, the points that the step function steps up (i.e., the positive integer power of the prime numbers)
can be extracted by differentiating the periodic term of Wy (x) by x.

According to the known result, the positive integer powers of the prime numbers are given as the maximal
values of the following function ®y (x), which is generated using the information on finite numbers of the
imaginary parts of the non-trivial zeros of the zeta function:

N , '
(16 -59) Py (x) := _% ) (x1/2+:zpm xl/Z—upm)
m=1

1/2+iPm 1/2 -iPm
N
=-—2 Z €0S (Pmlog(x)) (x>0,NeN).

‘/; m=1

Since the maximal values at the square or more of a sufficiently large prime number tend to be sufficiently
small in comparison with the maximal value at the first power of the prime number, I use the expression “main
spectrum.”

Graph of @5 (x), P99 (x), and P29 (x) on the interval [3 /2, 15]
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? > ced | R P H FoYore gl WA TV 14

Fig. 16-5
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The peaks are observed at the points where x is one of the prime numbers 2, 3, 5,7, 11, and 13; 4 and 9 are the
squares of prime numbers 2 and 3, respectively; and 8 is the cube of prime number 2.

Graph of ®sq (x), @19 (x), and P3¢ (x) on the interval [15, 50]

20~

Fig. 16-6

The peaks are found at the points where x is one of the following prime numbers: 17, 19, 23, 29, 31, 37, 41,
43, and 47; 25 and 49 are the squares of prime numbers 5 and 7, respectively; 27 is the cube of prime number
3; and 16 and 32 are the fourth and fifth powers of prime number 2, respectively.

Graph of (1)50 x), (1)100 (X), and (1)200 (X) on the interval [50, 100]

— D5y (x)
— D9 ()
— Dy x)

Fig. 16-7

Peaks are recognized where x is one of the following prime numbers: 53, 59, 61, 67, 71, 73, 79, 83, 89, and
97. However, at the points where X is 64 (the sixth power of prime number 2) and 81 (the fourth power of
prime number 3), the peak values are so small that their detection is difficult. The imaginary parts of the non-
trivial zeros of the zeta function are proven to generate prime numbers as a main spectrum.

When I consider another relation between the prime numbers and the zeta function’s non-trivial zeros, the
following equation, whose peaks correspond to the imaginary parts of the non-trivial zeros, is also known as
‘L[ 1 6]”:
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(16-60) Qe :=- Y, 020) ¢o5 (y10g (p") (y R, CeN).
pt=¢C P
p: prime, neN

Here, the sum crosses all the integers for which the positive integer powers of the conditional prime number p
are less than or equal to the sufficiently large arbitrary positive integer C.
Assuming the k-th prime number as py, the conditional partial sum is given as follows:

m
(16 -61) we (¥, m, n) := — 2 l—o(iﬂ)lrlflcos(ylog((pk)“)) (c,mneN,yeR, (pm)" =cC).
k=1 Kk

For the positive integer C, 3 numbers (1260, 110 880, and 10 810 800) are selected to display graphs.
Some prime numbers pg for the calculations are shown as follows:

(16 —62) {P1, P2, P3, P4, P5, P205, P10522, P714823} = {2, 3, 5, 7, 11, 1259, 110879, 10810763} .
When C = 1260,

(16-63) (1260 (») = 1260 (¥, 205, 1) +W1260 (P, 11, 2) + W1260 (I, 4, 3) +W1260 (s 3, 4)
6 10
+ 2, W (r LW+ Y W, Ln) (VER).
n=5 n=7

When C =110880,
(16— 64) L110880 (») = w110880 (¥, 10522, 1) + 110880 (V> 67, 2) +W110880 (> 15, 3)

7 10
+W110880 (I, 7, 4) + W110880 (I, 4, 5) + Z wW110880 (¥, 3, n) + 2 w110880 (V5 2, n)

n=6 n=8§

16
+ 2 w110880 (¥, 1, n) (¥ €R).
n=11

When C=108102800,

(16-65) £210810800 () = W10810800 (V> 714823, 1) +W10810800 (V> 462, 2) +W10810800 (> 47, 3)

8
+10810800 (I, 16, 4) + 10810800 (I 9, 5) + W10810800 (V5 6, 6) + Z 10810800 (¥, 4, n)

n=7
10 14 23
+ Z 10810800 (s 3, n) + Z 10810800 (s 2, n) + Z w10810800 (¥, 1,n) (¥ €R).
n=9 n=11 n=15

Graph of Q¢ () (€ = 1260, 110880, 10810 800) and -% |§5(% +i y)| on the interval [2, 35]
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To clearly show the imaginary parts of the non-trivial zeros of the zeta function, the function
il (340
- S +L
4|6\ +iy
is superposed on the above graph. Hereafter, functions showing the imaginary parts of the non-trivial zeros of
the zeta functions or those of the eta functions are superposed on all graphs as needed.

The imaginary parts of the non-trivial zeros of the zeta function are proven to exist under each peak, i.e., the
maximal values of the CapitalOmega functions.

Graph of Q¢ () (€ = 1260, 110880, 10810800) and - §- {51 +i y)| on the interval 35, 70]
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Fig. 16-9

I demonstrated that the imaginary parts of the zeta function’s non-trivial zeros are generated as a spectrum
using only prime number information.

16-4. Observational results about relationships between prime numbers and the eta function
without a proof

I define the following equation as an analogy to the equation (16-55):

~ ~ Vx|
(16-66) P*(x):=8 x- D =

n =0

T: non—trivial zero

(x>0).

In comparison to equations (16-56) and (16-57), the positive real variable x is replaced with x 172 and the non-

trivial zeros of the zeta function are replaced with those of the eta function.

Y e log(1-x71) 5/ (0)
(16-67) S ) :=Vx - 5 =10 (x>0).

4
(16-68) 1O - 18609727754,
70

The sum of the periodic terms crosses all non-trivial zeros of the eta function.
As an analogy to the equation (16-58), I define the following equation:
5 ((vE) ™ (vR)

(16-69) Pn x) := S %) - mz=:1 iTm -iTm

(x>0,NeN).

Here, T is the positive imaginary part of the eta function’s m-th non-trivial zero, to which the number is
allocated in order that is closer to the real axis.
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The values of 201 non-trivial zeros of the eta function were obtained with 25-decimal accuracy following the
drawing. Specifically, as part of the search for the non-trivial zeros of the eta function, the sign changing was
investigated at a step width of 0.1 (finely adjusted if necessary) using (eta —tilde), (6), which takes the real

value on the imaginary axis. At the end of this section, the numerical data will be presented.

Graph of the approximate term S (x) and ‘PZOO (X) on the interval [3 / 2, 30]
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Fig. 16-10

The step-up is not recognized at the non-Pythagorean prime points of 3, 7, 11, 19, and 23 at all.

Graph of the approximate term S (x) and ‘PZOO (X) on the interval [3 / 2, 120]
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Fig. 16-11

The information on the non-trivial zeros of the eta function is used to produce the different step function.

In principle, the points that the step function steps up can be extracted by differentiating the periodic terms of
(CapitalPsi —tilde)N (x) by x.
As a counterpart to the equation (16-59), I define the following equation:
iTm —iTm
S| ()" (V)

= | iTm —iTm

oy D () e
(16-170) Pn x) := ix

2
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ol

N
21 cos (3 Tmlog(®) (x>0,NeN).
m=

In contrast to the equation (16-59), the essential correction is that pm, is replaced by Tm /2.

Graph of @5 (x), P99 (x), and P29 (%) on the interval [3 /2, 15]
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Fig. 16-12

The peaks are recognized at the points where x is the Pythagorean primes 5 and 13; 2, 4, and 8 are the first,
second, and third powers of prime number 2; and 9 is the square of prime number 3.

Graph of (1)50 (x), (1)100 (x), and (I)ZOO (X) on the interval [15, 50]
25¢

Fig. 16-13

The peaks are recognized at the points where x is one of the following Pythagorean primes: 17, 29, 37, and 41;
16 is the fourth power of prime number 2; and 25 and 49 are the squares of prime numbers 5 and 7, respec-
tively. However, the peaks are not recognized at the points where x is 27(the cube of prime number 3) and
32(fifth power of prime number 2).
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Graph of (1)50 (x), (I)IOO (x), and (1)200 (X) on the interval [50, 100]
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Fig. 16-14

The peaks are recognized at the points where x is one of the Pythagorean primes 53, 61, 73, 89, and 97; 81 is
the fourth power of prime number 3. However, the recognition of the peak is difficult when x is 64(sixth
power of prime number 2). It is obvious that the imaginary parts of the eta function’s non-trivial zeros gener-
ate Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 as a main spectrum.

Based on the research results so far, let define the following function:

(16-71) Qe (y) :=

Z _0ng cos (X log (2")) D l—ogﬁgl cos (% log (q“))
2ﬂ< C qi=<¢C q

neN q: Pythagorean prime

neN
- > 1020 ¢os (Y10 (r21) (yeR, ceM).
r2nsc r
r: non —Pythagorean prime \ {2}
neN

Assuming the k-th Pythagorean prime as q, the conditional partial sum of the second term on the right side of
equation (16-71) is defined as follows:

~ L log jqk! Yy
(16-72) We (Y, m, n) := - Z o cos(2 log((qk)“)) (¢, mneN,yeR, (qm)" =C).
k=1 (ay)
Here, the sum crosses all integers whose positive integer powers corresponding to the conditional Pythagorean
prime q are less than or equal to the sufficiently large arbitrary positive integer C.

For the positive integer C, 3 numbers (5040, 554400, and 61261200) are selected to display graphs.
Some Pythagorean primes qy for the calculations are shown as follows:

(16 -73) {q1, 92, 93, 94, 45, 4331, 422799, q1815875} = {5, 13, 17, 29, 37, 5021, 554377, 61261169} .

Assuming the k-th non-Pythagorean prime except even prime 2 as Iy, the conditional partial sum of the third
term on the right side of equation (16-71) is as follows:

(16 - 74) D¢ (Y, m, n) := Z MCOS(Xlog((rk)Z“)) (¢, mneN,yeR, (rp" <c).

Here, the sum crosses all integers whose positive even powers of the conditional non-Pythagorean prime r are
less than or equal to the sufficiently large arbitrary positive integer C.
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Some non-Pythagorean primes 1y for the calculations are shown as follows:
(16 -75) {ry, r2, I3, r4, Is, Y10, 69, I'499} = {3, 7, 11, 19, 23, 67, 743, 7823} .
When C = 5040,

~ 12 ~ ~
(16-76) Qsoao 1) = -5 2, 122 cos (¥ log @) + a0 (v, 331, 1 + Ws0a0 (¥, 8, 2)

n=1

DN [t

~/ ~/ 7 ~
+Ws040 (Y, 3, 3) + Wsp40 (Y, 2, 4) + Z w5040 (Y, 1, n)
n=5

+W5040 (¥, 10, 1) + D540 (Y, 2, 2) + Ds040 (Y, 1, 3) (Y €R).
When C =554400,

~ 19 -
(16 -77) LDss4400 () = —% Z l—ogle cos (% log (2“)) +Ws54 400 (Y, 22799, 1)
n=1

+Ws554 400 (Y, 62, 2) + Ws54 400 (Y, 9, 3) +Ws554 400 (Y, 3, 4) + W554400 (Y, 2, 5)

8 ~/
+ D Wss4400 (¥, 1, m) + Ds54400 (Vs 69, 1) + Ds54400 (¥» 55 2) + D554400 (¥> 2, 3)
n=6

6
+ Z Ws54400 (Y, 1,m) (Y €R).

n=4

When C = 61261200,

~

25 -
(16-178) 961 261200 (Y) = —% 2 l—ogﬁzl cos (% log (2“)) + We1 261200 (Y, 1815875, 1)
n=1

+We1 261200 (Y, 489, 2) + We1 261200 (Y, 36, 3) + We1261200 (Y, 9, 4) + We1261200 (¥, 4, 5)
11

+We61261200 (Y5 3, 6) + Z We1261200 (¥ 1, 1) + Dg1261200 (¥, 499, 1) + WDe1261 200 (Y, 13, 2)

n=7
8
+We1261200 (Y, 4, 3) + W61 261200 (¥ 2, 4) + Z We1261200 (Y, 1, n) (y €R).

n=5

Graph of ﬂc (y) (€ =5040, 554400, 61261200) and - % |75 (i y)| on the interval [2, 35]
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Fig. 16-15
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Graph of ﬂc (y) (€ =5040, 554400, 61261200) and - % |78 (i y)| on the interval [35, 70]
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Fig. 16-16

Below each peak, there are one or two imaginary parts of the eta function’s non-trivial zeros. It is shown that
the imaginary parts of the non-trivial zeros of the eta function are generated as a quasi-spectrum using the
information on Pythagorean primes, the squares of non-Pythagorean primes, and even prime 2.

For further exploration, I newly define the following function:

(16-79) Qe (v :=-1 3 l—ogglcos(%log(zn))

2"<c¢
neN
- D l—ozgmcos(xlog(rzn—l)) (yeR,ceN).
r n—-1 2
r2n-l<c
r: non —-Pythagorean prime \ {2}
neN

By using this, I obtain the following obvious relation:

(16-80) Qe N =Ne 2y +Qe 2y (YyeR, CeN).
The conditional partial sum of the second term on the right side of equation (16-80) is defined as follows:

(16-81) We (y, m, n) :=

m
- (l"—g)z(%'% cos (%1 log ((ri,)? n-l)) (e,mneN,yeR, (rm)?*"!=c).
k=1 (I,

When C = 5040,

— 12 — -
(16-52) Qsoa0 = -1 3, 2P cos (¥ log @) + Wsoao (v, 343, D+ Wsoa0 (¥ 3, D)
n=1

4 —
+ Z wWsp40 (Y, 1,n) (y € R).

n=3

When C = 554400,

— 19 _
(16-83) Dssaano ) = -3 2, 1252 cos (¥ log @") + Wssaa0 (v, 22855, 1)
n=1

_ _ 6 _
+Ws54 400 (Y, 12, 2) + Ws54400 (Y, 3, 3) + 2 Ws54400 (Y, 1, n) (Y € R).
n=4
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When C = 61261200,

2

7 X lozn2 cos (¥ log @) + We1 261200 (v, 1816644, 1)
n=1

|

(16 - 84) 1261200 () = -

+We1 261200 (Y, 40, 2) + We1261200 (Y, 6, 3) +We1261200 (¥ 3, 4) +We1 261200 (Y5 2, 5)
8 _
+ Z We1261200 (¥, 1, m) (y € R).

n=6

Graph of Qc (y) (€ =5040, 554400, 61261200) and - 11_6 |75 (@ y)| on the interval [2, 35]
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Fig. 16-17

Graph of {)¢ (y) (C = 5040, 554400, 61261200) and - 11—6 |ng (i y)| on the interval [35, 70]
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Fig. 16-18

It is shown shortly after that the CapitalOmega-tilde and the CapitalOmega-dash functions are important when
considering their difference and sum.
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Graph of ()¢ (y) - Q)¢ (y) (€ = 5040, 554 400),
1 1., . 1 . .
- |Zeta[5 +I %]l, and - 16 |75 (@ y)| on the interval [2, 35]
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Fig. 16-19

Graph of ()¢ (y) -{)¢ (y) (€ = 5040, 554 400),
1 1. .Y 1 ; ;
-4 |Zeta[2 +i5 ]l, and — 16 [n8 (@ y)| on the interval [35, 70]
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The dots on the horizontal axis indicate the imaginary parts of the eta function’s non-trivial zeros.

Below each peak, there is always one imaginary part of the eta function’s non-trivial zero.

In the observation range, the imaginary parts of the non-trivial zeros of the modified zeta function

£ (6/2 + 1/4) belong to the subset of those of the eta function.

In other words, twice the imaginary part of each zeta function’s non-trivial zero belongs to the subset of

imaginary parts of the eta function’s non-trivial zeros.

| 137

Twice the imaginary parts of the zeta function’s non-trivial zeros are far from the y-coordinates of the peaks,

respectively.
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Graph of {d¢ 2 y) +{)¢ (2y) (€ = 5040, 554 400),
1 1., . 1 . .
- |Zeta[5 +I y]l, and — 16 Ins (@ 2 y)| on the interval [2, 35]
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Fig. 16-21

Graph of (¢ 2y) +{¢ 2y) (€ = 5040, 554 400) and - % |Zeta[% +iy]| on the interval [35, 70]
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The dots on the horizontal axis indicate the imaginary parts of the non-trivial zeros of the modified eta func-
tion 17 (2 6).

Below each peak, there is always one imaginary part of the non-trivial zero of the modified eta function.
Furthermore, it is also the imaginary part of the non-trivial zero of the zeta function.
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1 accuracy), Partl

1ma

t, 25-dec

. .

ive imaginary par

iti

List of 201 non-trivial zeros of the zeta function (Pos

k Psk+1 P3k+2 P3k+3 P3k+4 P3k+5 Sk+1~5k+5
0 | 14.13472514173469379045725 | 21.02203963877155499262848 | 25.01085758014568876321370 | 30.42487612585051321031190 | 32.93506158773918969066237 I~ 5
1 | 37.58617815882567125721776 | 40.91871901214749518730813 | 43.32707328091499951949612 | 48.00515088116715072794247 | 49.77383247767230218191678 6~ 10
2 | 5297032147771446064414730 | 56.44624769706339480436776 | 39.34704400260235307965365 | 60.83177852460980984425990 | 65.11254404808160666087505 | 11~ 15
3 | 67.07981052949417371447883 | 69.54640171117397925292686 | 72.06715767448190758252211 | 75.70469069908393316832692 | 77.14484006887480537268266 | 16~ 20
4 | 7933737502024936792276359 | $2.91038085408603018316484 | $4.73549298051705010573531 | $7.42527461312522040653167 | $8.80911120763446542368235 | 21~ 25
5 | 92.49189927055848429625973 | 94.65134404051988696659793 | 95.87063422824530975874103 | 98.83119421819369223332442 | 101.3178510057313912287854 | 26~ 30
6 | 103.7255380404783394163984 | 105.4466230523260944936708 | 107.1686111842764075151234 | 111.0205355431696745246365 | 111.8746591769926370856121 | 31~ 33
7 | 1143202209154527127658909 | 116.2266803208575543821608 | 118.7907828659762173229791 | 121.3701250024206459189455 | 122.9468292935525882008175 | 36~ 40
8 | 1242568185543457671847320 | 127.5166838705964951242703 | 129.5787041999560509857680 | 131.0876885300326567235664 | 133.4077372020075864501305 | 41~ 45
9 | 134.7565007533738713313261 | 138.1160420545334432001916 | 139.7362089521213889504500 | 141.1237074040211237619404 | 143.1118458076206327394051 | 46~ 50
10 | 146.0009824867655185474025 | 147.4227653425506020495212 | 150.0535204207848803514325 | 150.9252576122414667618525 | 153.0246938111988961982565 | 51~ 55
11 | 156.1129092942378675697502 | 157.5975918175940598875305 | 158.8499881714204987241750 | 161.1889641375960275194373 | 163.0307096871819872433110 | 56~ 60
12 | 165.5370691879004188300389 | 167.1844309781745134400578 | 169.0945154155688214895050 | 169.9119764794116989666998 | 173.4115365195915529598461 | 61~ 65
13 | 174.7541915233657258133788 | 176.4414342977104188888926 | 178.3774077760999772858300 | 179.9164840202569961393400 | 182.2070784843664619154070 | 66~ 70
14 | 184.8744678483875088009606 | 185.5087836777074714665277 | 187.2289225835018519916415 | 189.4161586560169370848523 | 192.0266563607137865472836 | 71~ 75
15 | 193.0797266038457040474022 | 195.2653966795292353214632 | 196.8764818409583169486223 | 198.0153096762519124249199 | 201.2647519437037887330161 | 76~ 80
16 | 202.4935945141405342776867 | 204.1896718031045543307164 | 205.3046972021632860252124 | 207.9062588878062098615020 | 209.5765097168562598528356 | 81~ 85
17 | 211.6908625053653075639075 | 213.3470193597126661906391 | 214.5470447834914232220442 | 216.1695385082637002658696 | 219.0675963490213789856773 | 86~ 90
18 | 220.7149188393140033691156 | 221.4307055546933387320975 | 224.0070002546043352117289 | 224.9833246605822875037825 | 227.4214442796792913104614 | 91~ 95
19 | 229.3374133055253481077601 | 231.2501887004991647738062 | 231.9872352531802486037717 | 233.6934041789083006407045 | 236.5242296658162058024755 |  96~100

Fig. 16-23
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1 accuracy), Part2

1ma

t, 25-dec

. .

ive imaginary par

iti

List of 201 non-trivial zeros of the zeta function (Pos

k P5k+1 P3k+2 P5k+3 P5k+4 P3k+5 Sk+1~5k+5
20 | 237.7698204800252040032366 | 239.5554775733276287402689 | 241.0491577962165864128370 | 242.8232719342226000168265 | 244.0708984070781582368165 | 101105
21 | 247.1369900748974994675510 | 248.1019900601484592567621 | 249.5736896447072091923298 | 251.0149477950160011420542 | 253.0699867479994771945990 | 106~110
22 | 255.3062564549140227530865 | 256.3807136944344777893584 | 238.6104394915313682089831 | 259.8744069896780003506728 | 260.8050845045968701859312 | 111~113
23 | 263.5738939048701322330816 | 265.5578518388763202924773 | 266.6149737815010724957201 | 267.9219150828240594403790 | 269.9704490239976025046935 | 116~120
24 | 2714940556416440990181704 | 273.4506091884032870457143 | 275.5874026403438412487407 | 276.4520405031329386798873 | 278.2507435208419544027483 | 121125
25 | 2792292500277451892284000 | 282.4651147650520962330272 | 2832111857332338674204038 | 284.8350630809047241331576 | 286.6674453630028842028476 |  126~130
26 | 287.9119205014221871552541 | 289.5798549292188341527380 | 201.8462013290673958355131 | 293.5584341393562853567767 | 204.9653696192655421750664 | 131133
27 | 295.5732548789582923884608 | 297.9792770619434152099297 | 299.8403260537213129600271 | 301.6493254621941836234701 | 302.6967495896069170517515 | 136~140
28 | 304.8643713408572977001487 | 305.7289126020368092892228 | 307.2194961281700547894100 | 310.1094631467018988047862 | 311.16514153035600327090427 | 141~145
29 | 312.4278011806008919804860 | 313.9852857311589220790490 | 315.4756160804757338685061 | 317.7348050423701803956455 | 318.8531042563165070066892 | 146~150
30 | 321.1601343091135782919215 | 322.1445586724829322988374 | 323.4669695575120505062120 | 324.8628660517396132649801 | 327.4430012619054573434603 | 151~155
31 | 329.0330716804809340336147 | 329.9532397282338663438921 | 331.4744675826634243756618 | 333.6433785248698505849617 | 334.2113548332443832324034 |  156~160
32 | 336.8418504283906847946548 | 338.3399928508066118862573 | 339.8582167253635401923266 | 341.0422611110465604825978 | 342.0548775103635854514038 | 161~163
33 | 344.6617029402523370441812 | 346.3478705660009473950365 | 347.2726775844204844757971 | 340.3162608706061441231556 | 350.4084193491920091876720 | 166~170
34 | 351.8786490253592804367134 | 353.4889004887188067836038 | 356.0175749772640473179604 | 357.1513022520396248096029 | 357.9526851016322737551289 | 171175
35 | 359.7437549531144487992920 | 361.2893616958046503902913 | 363.3313305789738347473344 | 364.7360241140889937162621 | 366.2127102883313168610771 | 176~180
36 | 367.9935754817403033261833 | 368.9684380957343898915769 | 370.0509192121060003396512 | 373.0619283721128384491194 | 373.8648739109085697447564 | 181~185
37 | 375.8259127667393341079077 | 376.3240922306680521171908 | 378.4366802499654797240910 | 379.8729753465323466510241 | 381.4844686171865249196625 | 186~190
38 | 383.4435204405364877043458 | 384.9561168148636871037516 | 385.8613008450742201805620 | 387.2228902223879800750485 | 388.8461283542322546008004 | 191195
39 | 391.4560835636380457705782 | 392.2450833395190967490152 | 303.4277438444340259366990 | 395.5828700109937209708777 | 396.3818542225921869319995 |  196~200
40 | 397.9187362096142433869812 Not caluculated Not caluculated Not caluculated Not caluculated 201~205

Fig. 16-24
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1 accuracy), Partl

1ma

t, 25-dec

ive imaginary par

iti

1 zeros of the eta function (Pos

ivia

List of 201 non-tr

k Tsk+1 Tsk+2 Tsk+3 Tsk+4 Tsk+s Sk+1~5k+5
0 | 12.04189780930519330980400 | 20.48754060833310010427551 | 25.97619602462484501490622 | 28.26945028346938758091450 | 32.68521420917444438995372 I~ 5
1 | 36.58308639224706967705201 | 42.04407927754310098525696 | 42.90122268796692099440190 | 46.55675304091906306363912 | 50.02171516029137752642758 6~ 10
2 | 51.45751285017745513453018 | 56.71926868605065557130322 | 39.31276802018630544361981 | 60.84975225171902642062380 | 65.18437305423431026163039 | 11~ 15
3 | 65.87012317547837938132474 | 68.39991501842629382608959 | 72.28576091660627566113163 | 75.17235631765134251443553 | 77.02384628343738258755301 | 16~ 20
4 | 80.64534813338108836068870 | $1.83743802420409037479625 | $3.61416924000012467431504 | $6.65414656182999903899224 | $9.23578211732460678696410 | 21~ 25
5 | 91.19916879358313349187540 | 95.48312456187828250156269 | 96.01030176233431945588495 | 99.44625864756517213313914 | 99.54766495534460436383357 | 26~ 30
6 | 103.3721869057410568790676 | 105.5376415356094585300702 | 105.9406429554289212882046 | 110.5350871693984496934365 | 112.8924953941267896087355 | 31~ 35
7 | 113.8687481104045937736034 | 116.2334142213478359545247 | 118.6940880052047061593073 | 120.8434278980156693460372 | 121.6635570492196196885198 | 36~ 40
8 | 124.0172645715355389038612 | 127.4292822375708662470366 | 129.9523411461919986972118 | 130.2250880961632133217501 | 134.1596210589883474289577 | 41~ 45
9 | 1352738417270021367961100 | 136.7317690076688459224675 | 139.0928034223479585058537 | 140.3717598176042241227426 | 144.1343153489638151650442 | 46~ 50
10 | 1443109699487637624203831 | 147.5352710429717866723093 | 150.2862432948662228115960 | 151.4093813981678663366538 | 153.3926064068603981291333 | 51~ 55
11 | 1542896801377496107433653 | 157.6199966286418260073836 2 | 160.4202624767332778302961 | 162.4279032537663023154697 | 56~ 60
12 | 165.8207617081720603663297 | 167.3333120289411433025666 | 169.4634807275632572164352 | 169.4709859610341002114706 | 173.1553203367805288204211 | 61~ 65
13 | 174.8505492262504588130633 | 175.2594362391757993780789 | 177.6182224152689308473647 | 179.6022632333916226510388 | 182.6994076293951469478620 | 66~ 70
14 | 184.4749998209085160920084 | 184.9837985411169685925195 | 188.3332391719200426141061 | 189.3026880810397739331959 | 191.7412684564906195174821 | 71~ 75
15 | 1922720223235611163705490 | 193.9234831588349671552155 | 197.5106008315090353372079 | 197.6623884363873844666488 | 200.2697734061353705803846 | 76~ 80
16 | 202.6357020114627824575709 | 204.2827616537792276535200 | 206.5761507633580054031867 | 207.4510760809566788327968 | 208.6665396885349090099017 | 81~ 85
17 | 210.8932461046521889873417 | 213.3889178177916834502008 | 214.3372223685528150302467 | 215.3804139502934004162589 | 218.5198850478563849825795 | 86~ 90
18 | 220.9992163528581895609698 | 222.0590710863393490493120 | 223.7493183539852741712242 | 224.7356334880243599143332 | 227.6295910979853470791262 | 91~ 95
19 | 228.6404418309054255317819 | 230.2847392952986558070189 | 232.3864093169224379792603 | 232.4533606417151087643216 | 237.0751087576937233156002 |  96~100

Fig. 16-25
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1 accuracy), Part2

1ma

t, 25-dec

ive imaginary par

iti

1 zeros of the eta function (Pos

ivia

List of 201 non-tr

k TSk+l T5k+2 Tsk+3 TSk+4 TSk+5 Sk+1~5k+5
20 | 237.5815657319524346459583 | 238.9059797524181807164837 | 241.4625872373207538673698 | 242.7402500048412918378911 | 244.8949227581374238393590 | 101~105
21 | 245.8936585871051764016349 | 247.5890975206300121975876 | 248.5136371086915343694640 | 251.5370301198311875240928 | 252.5075520498828181958003 | 106~110
22 | 255.0333677591929902485586 | 255.9188153661265987661118 | 259.1574083999121019715361 | 259.7712467172909386524701 | 262.1753770618653134471327 |  111~115
23 | 262.1871575081679921504687 | 264.2871532019756557610026 | 266.9954744059951729002610 | 267.4883629279496263828475 | 269.5130195067477426626522 |  116~120
2 | 270.9816745051140044951081 | 273.0946245345651167786625 | 276.2320841090668864003831 | 276.9145890193925153301808 | 277.5003554092228802590954 | 121~125
25 | 279.4724179042427779009001 | 282.2474148080422475238807 | 282.5072650195035682561334 | 284.7888350443055645966940 | 286.2236916152412654788102 |  126~130
26 | 286.6581254832354640231872 | 289.9563325554227243635735 | 292.0019649735310370948050 | 293.0440105698166769799168 | 204.8455306851192040990424 |  131~135
27 | 295.8690616243618340696205 | 298.3769154346050727635361 | 300.1070408415697607028649 | 300.5927180030862429160328 | 301.8505152244829335237050 |  136~140
28 | 303.9239753400673814558369 | 306.0493876223977923965131 | 307.3992252470305210510120 | 309.1509828574398346725859 | 311.3004973264868717362307 | 141~145
29 | 3122258185884757351395004 | 315.1951836351881197750610 | 315.4966106158058566381491 | 317.4100422510587022498614 | 317.6999763428409974483500 | 146~150
30 | 320.4729681935420846675554 | 322.3779282751920550388747 | 322.8142939523134146905627 | 325.1320933791980792525484 | 326.0614193743639744866221 |  151~155
31 | 329.4623292331537938398151 | 330.8028385717263081892296 | 331.0741383758008376600778 | 333.5077583382168542293586 | 334.3688799563490268819155 |  156~160
32 | 336.0888415634194892414857 | 338.1890308311376429790117 | 339.8239529588233979333997 | 340.1022623750533804296962 | 341.4695339891576109129115 |  161~165
33 | 344.5609635432426762367639 | 346.8230730391831059196922 | 346.8859576722700314339416 | 349.5083830467314516267575 | 349.8301761708011468088310 | 166~170
34 | 352.8828685954208377777853 | 353.1946042838361348850912 | 355.4024251491475516160485 | 356.7247498179713112188241 | 356.7548155521999545716619 | 171~175
35 | 339.8329680405139922786801 | 361.1386207705710627955890 | 363.2298274634087799618162 | 364.4141569687329238308141 | 363.8335366579379344544134 |  176~180
36 | 368.2300647507367775313421 | 369.7489356967750176019213 | 370.7479932154009498344296 | 371.1975673554149429330554 | 374.1375211813888190829118 | 181185
37 | 374.4578451670037039832831 | 376.5427486645415013718075 | 378.8323173120338741697046 | 378.9834629842570850271637 | 380.7423752215115454866728 |  186~190
38 | 384.0533127214275730045673 | 384.7222757521126368148321 | 386.1504532076914080948044 | 387.5941458522033619891087 | 388.4637664387217984439057 | 191~195
39 | 390.5307933500584706420264 | 392.2640113093685696467059 | 393.7520636819166338972445 | 394.2268924431528170755268 | 396.0306193525038248498398 |  196~200
40 | 397.6129514722938134226983 Not caluculated Not cahuculated Not caluculated Not cahuculated 201203

Fig. 16-26
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17. The equivalent function to the Riemann-Siegel Z (¢)

The function ¢ (1 /2 +1 t), which takes real values on the critical line, is equivalent to the Riemann-Siegel
Z (¢) function “[6].”

(17-1) {(;—+it) =Z({) (teR).

Therefore, the new explicit formula for the Riemann-Siegel £ (#) function is given as follows:

(17-2) Z@ =
1 oo L+i2¢
274 . 4 ((_lxdf2  13-i2¢ 2\ K Li2tf
L=izep (sxize) 21 O-_thzﬂ(p)p (-4=+ 252 @ap?) K 2L arp)
2 4

- (=2t 2ap?)erp K 3=2laap) (feR).

The rule in subsection 6-3 is applied to the above equation.

(17-3) (=

Zn% A L+E2¢ 1+4¢2  13-i2¢ 2\ K Li2s
. . o oL 4 (- st 1iL21
1_u2tr(5+y2t) lgl _%ﬂ(p)p (( s T P) ( ﬂP)) 4 Qnp)
2 4

—(—l‘f“+2(znp)2)(27rp)K 3“"22’(27rp)) (teR,AeN).

Graph of Re (Z11 (1)), Im (Z;1 (9), and RiemannSiegelZ[z], ¢ € [0, 70]

3r
2f
1k |
e VL L — ReZun @)
) i 10 20 30 40 50 60 70 Im (le (t))
¢ RiemannSiegelZ[7]
f
s
af
Fig. 17-1

To confirm the equivalence, the graph is superposed with Mathematica’s built-in Riemann-Siegel Z (¢)
function.

The following equation defines the Riemann-Siegel theta function:
(17-4) Z(@t):=et?® {(+i)er (teR).

On the critical line, the Riemann-Siegel theta function takes a real value. From the defining equation,

) 1—122t1-(5+122t) 1+i2t
(17-5) eu(?(t)= 2 4 -271' 4 =
1+22t 1—ﬂ2t1~(5+u2t)
2t 4 2 4

Taking a logarithm and dividing by i in both sides of the above equation,
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1,1t
(17-6) (O +2kT = - —"g@t L logl 4 “) (keZ, teR).
Here, the integer k is chosen such that the Riemann-Siegel theta function is continuous.

Using the following proposition formula, the discontinued points of the second term on the right side of the
above equation are obtained:

r(t ifm r(L ifm
(17-7) Re Jf_z_l +1=0 = log _(f_z_l =log(-)=imx (mezZ\{0}).
r(:- )

(-2

4 2

Specifically, fin can be determined as the zeros in the premise formula of the proposition. The following are

some fmy, examples:
(17-8) {f1, f2, f3, f4, 35, [36} = {8.58494, 12.3904, 15.6226, 18.5534, 80.6619, 82.3566} .
(17-9) fcm=-fm (meN).

For describing the partial Riemann-Siegel theta function, the following unit step function is proposed:

0 x<0,

(17-10) U (x) := { 1 x>0,

Hence, the partial Riemann-Siegel theta function is obtained as follows:

a7-11) OZ@ =

m—nl

log@m, Ly, [ :_ (m+1-U @) (U ¢~ f) = U (¢~ fins1)

(neN,teR, | <fn+1).
Here, fy is specially defined for simple expression.
(17-12) fp:=0.
The partial Riemann-Siegel theta function is an odd function.
(17-13) OZ@O=-OL(-p (neN,teR |f] < fn+1).
The Riemann-Siegel theta function is determined as the infinite limit of an integer n.

(17-14) = lim Of o (teR).

Graph of RiemannSiegelTheta[#] and @Z (1), ¢ € [0, 30]

5 -

L | - |- - - L e | - - | - 1

5 10 15 20 25 30

— RiemannSiegelTheta[z]
OZ @)

Fig. 17-2

The graph is superposed with Mathematica’s built-in Riemann-Siegel theta function.
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The built-in Riemann-Siegel theta function is continuous on the whole interval, although the partial Riemann-
Siegel theta function is discontinuous.

Graph of Re (@3'7 @% ® Zeta[% +1 t]), Im ((ei @% ® Zeta[% +1 t]), Re (le (% +i t)),

and Im({ll( +ut)) t e [0, 70]

3F

2* \ — Re (@’7 O% 1) Zeta[% + t])

1F
i L ‘ ‘ ‘ ‘ ‘ Im (@” O% @ Zeta[ 1. t])
E 10 20 30 4Q 50 | { 60 70

1 ~
b ‘ Re (511 )

_2} |

—3; \ { Im( 11 )

af

Fig. 17-3

For the eta function, the theta-hat function is defined by the following equation:
(171-15) E®:=et?Onin=1GineR (teR).
According to the defining equation,

it i ¢

) it it _
(1—11t)F(1+2) 272 =7r—'l? 1-it

271_'22—t a-inT (1+—) V1+22

Taking a logarithm and dividing by i on both sides of the above equation,

(17-16) €i?® =

A . . F 1+u
(17-17) (ﬂ(t)+2kﬂ=—m2£&t—ilog[i]—%log ( (ke Z, teR).
V1+22 F(l—ﬂz—t)

Here, the integer k is chosen such that the theta-hat function is continuous.

Using the following proposition, the discontinued points of the third term on the right side of the above
equation are obtained:

r !1 + ' r ‘ 1 +L§m! .
(17-18) Re +1=0 = log - =log(-D)=imw (meZ\{0}).
r (-4 r(1-t4n)
2
Specifically, gn can be determined as the zeros in the premise formula of the proposition. The following are
such examples of gpy:
(17-19) {21, 22, 23, L4, £35, 236} = {6.87947, 11.0772, 14.4675, 17.4912, 80.0252, 81.7234}.
(17—20) g—m=—gm (mEN).

The partial Theta function for the eta function is obtained as follows:
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it
1+LL
(17-21) OF @ = —Og@t ulog[ =it | —?—l

1 +t2
n
+7Tm_2n . m+1-Um) U@E-gm)-UE-gm+1)) (neN,fteR, |f]<gn+1).
Here, gy is specially defined for simple expression.
(17-22) go:=0.
The partial Theta function for the eta function is an odd function.
(17-23) OF O =-OFE 1) (neNteR, | <gn+1).
The theta-hat function is also determined as the infinite limit of an integer n.

a7-24) d= lim OF» (teR).

Graph of @% (¢) and @F (), t e [0, 30]

5 _—

L | - |- - - L e | - - | - 1

5 10 15 20 25 30

— ®¥5 o
1210

_20k
Fig. 17-4
The function (CapitalTheta — E)35 (¢) is continuous in the observational range,

although the function (CapitalTheta — E)s5 (¢) is discontinuous.

Graph of Re (@i @3% @ N1 @ t)), Im (@lz 83% ® n @G t)),

Re (?ju 1), and ITm (ﬁu(i 0), t € [0,70]

20F
15; — Re (@l @PS ® i (] t))
10F
: Im (@'2 Ok oy, i t))
5r
I I | - | 1 I Re (;ill (i t))
r 40 20, 30 40 50 60 [ 70
_5} — Im (’7711 (ll t))
-10;
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18. Conjectures

This section will go through five kinds of conjectures.

First Conjecture

Pythagorean primes, the squares of non-Pythagorean primes, and even prime 2 would be generated as a main
spectrum using information on the imaginary parts of the eta function’s non-trivial zeros.

The following functions are developed to describe the next topic of the first conjecture:

(18-1) Qe := Qe -Qe () = - 3 '—"%ﬁﬂlcos (Y102 o)
pi=<C
p: prime, p= 1 (mod 4)
neN
1
- E,c (—D“—%ﬁ‘”—lcosglog(p“)) (yeR,ceN).
p: prime, I:E 3 (mod 4)
neN

The peaks of the functions (CapitalOmega - tilde). (y) would be separated into two types.

Peaks of the first type are provided by the functions

(CapitalOmega - tilde) (2 y) +(CapitalOmega —dash) (2 y), and they would correspond to twice the imagi-
nary parts of the zeta function’s non-trivial zeros.

Specifically, almost half of the imaginary parts of the non-trivial zeros of the modified eta function 17 (26)
would be generated as a spectrum using the information on all prime numbers.

Conversely, peaks of the second type are given by the functions (CapitalOmega - hat)¢ (y), and they do not
correspond to twice the imaginary parts of the zeta function’s non-trivial zeros. As a spectrum, almost half the
imaginary parts of the non-trivial zeros of the eta function 77 (f) would be generated using the information on
all odd prime numbers.

It can be seen that the squares of non-Pythagorean primes except prime 2 play the same role as Pythagorean
primes.

I believe the following facts are reasons for it: Over the field of complex integers, both Pythagorean primes
and the squares of non-Pythagorean primes are not prime numbers, while non-Pythagorean primes are prime
numbers.

Pythagorean primes are uniquely represented by the sum of two squares over the standard field of real inte-
gers, but the squares of non-Pythagorean primes are represented in at least one way by the sum of three
squares. In contrast, non-Pythagorean primes are represented by the sum of three or four squares. Here, even
prime 2 have been omitted for simplicity.

(18-2) (Qi=k*+2 (kiLieN, k<),

(18-3) I? =k +L2+m? (kLmieN, Ik=<3<m).

The following are examples of squares of non-Pythagorean primes except prime 2:

(18-4) I{=32=12422422

r;=72=22+32+62%

r;=112=22+62+92 = 62 +62 +72,

ri =192 =12 462 +18% = 62 +62 +172 = 62 +102 +152,

r=232=32:62+222=324+142 +182 = 62 +132 +182,

I =312 =52162+30% = 62 +142 +272 = 6% +212 +222 = 142 +182 +212.



148 | Beyond the Riemann hypothesis Version 1.nb

Second Conjecture

Twice the imaginary part of any non-trivial zero of the zeta function would belong to the subset of imaginary
parts of the non-trivial zeros of the eta function.

Specifically, the following proposition would hold:

(18-5) {(%Hme):O = N@E2pm)=0 (meN).

This conjecture supports the existence of an infinite number of non-trivial zeros of the eta function.
The converse proposition would not be necessarily true.
(18-6) N(ETm)=0 (meN)

= f(Leigt) 20, (e S2) 20,0 (Lei T2) 20,4 (Rei S4) =0, et

The second conjecture can be confirmed graphically in the narrow domain.

Graph of Re (ﬁn (i2y)), Re (Zs (3+i y)] Im (511 (i2y)), and Im (Zs (3+i y)) y € [0, 45]

20

15 (\ [\ — Re (3711 i2y)

\,q 2 I/\\\ZO-‘ ,/\V- M iEURYS '
\/\/ V \f\/\/ I C Im Zs(l_ﬂzy))

(&)}

Fig. 18-1

A variable interval is constructed to describe the next topic of the second conjecture.
On the imaginary axis, the variable interval is defined as follows:

(18=7) U(m) :={iy:Tm>0,N(ETm) =0,0<y<Tm} (meN).
From the observational results, the following equation would hold:

. M, (m) 1
_ i BASLLY
(18-8) lim M@m) = 2°

Where

(18-9) M(m) :=#{Tm:Tm >0, (ETm) =0, iTmeUmM}=m (meN).
(18-10) My(m):=#{pn:neN,py>0,{(1/2+ipn)=0,i2ppeU@m)} (meN).
Here the symbol # express the number of elements of set.

Assuming the second conjecture is correct, the eta function’s non-trivial zeros can be classified into two
groups:
1

nEt)=0 , {(Euz%k);eo (keN),

(18-11) . 1 .
nG2p)=0 , {(Ewp,):o (IeN).

The Hadamard product representation of the Chi function is modified as follows:
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(18-12) X (0) = ¥ (0) ]_[ [1+ 2] ]_[ [1+ 6 ] (eC).

Conversely, the Hadamard product representation of the Riemann Xi function is transformed as follows:

sl 2 ~_1)2 = 2
(18-13) £@=£@ [] Bm2QOD- L TT Qo) (ycg).

m=1 (me)z"'l m=1 1+ 1
Q2 pm)?
Therefore
(18— 14) (1 M]:z ®) (1 1 )(aec).
G r)=260 1 {15

Replace the complex variable 6 with (1 + 6)/2.

(18-15) ﬁ (nﬁ):zf(lzi) ﬁ (1+ 1 ] (0e0).

m=1 m=1 Q@ pm)2

Using this result,

2 02 146
(18-16) ¥ (0) =2 X (0) || 1+ [T [1+-¢ (6eC).
/\/ /\/ [ ] i=1 [ (Tk)Z]f( 2 )

(2 Pt)

Replace the complex variable 6 with —6.

(0] (o) 2 _

(as-17) x o =2xo [] [1+ 1 2] I1 (1+f’ ]5(12—‘9) (6eC).
I=1 (2p) 7

I define the Chi-hat function as follows:

as-18) Y@ :=2x®¢(E) veo).

Then the Chi-hat function satisfies the following functional equation:
(18-19) Y@ =Y (-0) (#eC).

Proceed with the calculation according to the definition.

1-6
e =2 S (8- 4158 ()T (152159
1+6
=a-0a+0x 4 T(1+4r(38)¢ (L) ne weo).
I define the eta-hat function as follows:
0
(18-21) @ =-——EL 3@ (eC\{1}).
(1-0)F(1+§)
Therefore
1-6
as-2) @O =-a+07x 4 T (Z)(LE)pe vecap.

In order to draw graphs, I modify the eta-hat function by two functions I have already obtained.

1-6
(18-23) M@ :=-a+0x 4 [(Z){(LHE)me vecvn,r1en).

_ 1-0 ~
(1s-20) Mm@ :=-a+0)x 4 T () {(LE)m@e vec\tunren.
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Graph of cosh 2y /7) Re (ﬁs (I y)) and cosh 2y /7) Im (ﬁs (T y)) on the interval y € [0, 41.5]

(5]

— cosh (—,,X) Re (f]g (i y))

[

cosh (—7X) Im (f]s (i y))

Fig. 18-2

The dots on the horizontal axis indicate the imaginary parts of the eta-hat function’s non-trivial zeros.

Since the eta-hat function is a rapidly decreasing function on the imaginary axis, the displayed curves are the
eta-hat function multiplied by the rapidly increasing function cosh(2y/7).

The real part of the eta-hat function is positive without changing sign in its vicinity except for the fourth non-
trivial zero of the eta-hat function.

Graph of cosh 2y/7) Re ( ng (i y)) and cosh 2y/7) Im ( ng (i y)) on the interval y € [0, 41.5]

S\ e re(an)
T \/ “ v (2 im (7y )
ool
Fig. 18-3

The dots on the horizontal axis indicate the imaginary parts of the eta-dash function’s non-trivial zeros. Since
the eta-dash function is also a rapidly decreasing function, the displayed curve is the eta-dash function multi-
plied by the rapidly increasing function cosh(2 y/7).
The function value is positive without changing sign in its vicinity except for the fourth non-trivial zero of the
eta-dash function. Here are the details.
_ 5o (: (12041897809 10-9 o (- (12041 897 809 -9 ~
as-25) {Re (175 (i (60 o00000-~197°))) Re (75 i (50000000 +197°)} =
{~4.82204 x 10710, 2.09032 x 1010},
_ 5 (: (20487540608 1-9 T (- (20487 540 608 -9 ~
as-26) {Re (775 (i (3500500 000~ 19~°))) Re (75 i (Bgoto00m0. +107°)} =
{2.22244 x 10710, —1.11178 x 10~10} .
5 (: (25976196025 1,-9 (- (25976196 025 -9 ~
as-27) {Re (110 (i (355500000 ~197°)} Re (0 (i (355000 000+ 19~°))} =
{-6.34781 x 10712, 1.39702 x 10~ 11},
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(18 -28) {Re (7_79 (i (2 X % - 10—9))), Re (7_]9 (lf (2 X % + 10—9)))} ~

{2.96614 x 10~21, 2.24625 x 1021} .

as-29) {Re (o (i (FGGamao00 197 Re (10 (¢ (5556300 a0 +107°)))} =
{7.09716 x 10-12, —4.98882 x 10~12} .

as-30) {Re (710 i (3555900000 19~} Re (o (¢ (o000 000 +107°)))} =
{-3.76781 x 10712, 2.27485 x 10~12} .

Graph of cosh 2 y/7) Re ( s (i y)) and cosh 2y/7) Im ( s (i y)) on the interval y € [41.5, 43.5]

[ ]

85 cosh (—7X) Re ( T Y))

[ ]

10 cosh (—7X) Im ( ﬁg @ y))

-20F

-25 i
Fig. 18-4

The function value is also positive without changing sign in its vicinity except for the seventh non-trivial zero
of the eta-dash function. Here are the details.

-3 {Re (i (¢ (2 gggogongon 10" Re (11 (¢ (2 Fyggoaonaon +10”)))} =

{2.59974 x 10723, 3.26487 x 1023} .

as-32) {Re (7 i (Fongnn00 197" Re (i (Fgogasaaon +10)))} =

{1.58941 x 10714, —1.69816 x 10~14} .

Graph of cosh 2y /7) Re ( ﬁs (i y)) and cosh 2y/7) Im ( ﬁs (i y)) on the interval y € [43.5, 52]

10l

N

., . — cosh (—7X) Re (7_]8 @ y))

52
\ cosh (—,,X) Im ( 7_18 @@ y))

[
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The function value is also positive without changing sign in its vicinity except for the tenth non-trivial zero of
the eta-dash function. Here are the details.
= (:(46556753041 10-9 = (; (46556753041 _14=9N\\\ ~
(18-33) {Re (11 (¢ (SE5pa00 000 ~107°) Re (11 (¢ (4B 00 000+ 107°)} =
{-3.94975x 10714, 4.64542 x 10714} .
= (i 250108575801 14-9 = (i(r 250108575801 _ 14-9\\)\ ~
(18-34) {Re (12 i (2 x 2500 000 ~107°) Re (12 (¢ (2 2500 aco 000 +107°))} =
{5.41705 x 10724, 3.75474 x 1024} ,
= (:(51457512850 10-9 = (:(51457512850 , 149\ ~
(18-35) {Re (1712 (i ( soco00an0.~107))): Re (112 (i (Toors00a00 +107°))} =
{6.26619 x 10-15, —4.37742 x 10~15} .

Graph of cosh 2 y/7) Re ( 1 G y)) and cosh 2y/7) Im ( s (i y)) on the intervaly € [52, 63]

10F

(5]

— cosh (—,,X) Re ( ﬁg @@ y))

[

cosh (—,,X) Im (7_78 @ y))

-50

—e0L
Fig. 18-6

The function value is negative without changing sign in its vicinity except for the fourteenth non-trivial zero
of the eta-dash function. Here are the details.

(-36) {Re (112 (i (Yog0000000 ~ 10" Re (112 ( (Yoggaonoon +197"))} =

{-3.98984 x 10715, 3.60511 x 10~15} .

as-37) {Re (122 i (F55 300 000 ~197°))) Re (12 (¢ (G5 500 009 +197°)))} =
{3.41677 x 10716, —2.34359 x 10~16} .

(s =38) {Re (113 (i (2 < 50 a00 000 ~107°)))» Re (113 (¢ (2% Tt o00 000 +107°)))} =
{-9.04002 x 1026, ~1.25067 x 10=25} .

The imaginary part of the eta-dash function’s m-th contact zero with the imaginary axis would be twice the
imaginary part of the zeta function’s m-th non-trivial zero. This is a paraphrase of the second conjecture.

Third Conjecture
Variable intervals are constructed to describe the first topic of the third conjecture. On the imaginary axis, the
variable intervals are defined as follows:

(18-39) Vm) :={iy:pm>0,{(1/2+ipm)=0,0<y=<pm} (meN).

From the observational results, the following relations of inclusion would hold:
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(18-40) N(m)e{m-1,m,m+1} (meN).
Where
(18—41) N(m) :=#{Tp:neN, Ty >0,N7ETn)=0,iTheV(@m)} (meN).

The second topic: concerning the relation between the imaginary parts of non-trivial zeros of the zeta function
and those of the eta function, I noticed that it is neither too close nor too far away in the observational range.
The following relations between pm and T, would be true in a narrow domain:

(18-42) Tm < Pm+1 <Tms3 (MeN).

(18-43) Pm < Tm+2 <Pm+3 (meN).

Fourth Conjecture
The following equation is defined to describe the fourth conjecture:

(18-44) A (O :=L @O +n©) (6 C\{1}).
And the habitable zone is defined.
(18 —45) Habitablezone := {0 e C:0<Re (@) <1/2}.

The explicit formula for the lambda function is given as follows:
0]

(18-46) A () = _2m2
a -0)1“(1+§) p=1

0
O_g(p)p2 ((0(0-1)+2(7-0) exp?)K g(znp)

M

+(@-v-4erp?)erpK Flaxp) (4ec\n).

The rule in subsection 6-3 (using the character k instead of A) is applied to the above equation.

[} k 0
(18-47) A () = —2EL )" a_g(p)pz((0(0-1)+2(7-0)(27rp)2)Kg(znp)
a -0)F(1 +§) P=1

+(@-D-4crperpK 22;0(27rp)) (feC\{1},keN).
I define that the positive imaginary part of the m-th non-trivial zero of the lambda function, which is the
number allocated in the order that is closer to the real axis, is @&y. Under this assumption,
(18-48) A (Um+i@m):=0 (Um,am €R,meN).

Here the real part of the m-th non-trivial zero of the lambda function is uy.
The fourth conjecture is that: all non-trivial zeros of the lambda function would be present in the habitable

zone.
The following function is defined for drawing a graph that just shows the lambda function’s non-trivial zeros:

(18-49) A (@) :=|—2EL— 3 o_gpp2((0@-D+207-9xp?)K Larp
(1-0)r(1+§) =1

+((0—1)—4(27rp)2)(27rp)K 22;0(27rp)) (e C\(1}).
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3 D graph of Re (lg (X +1 y)), Zero, and 4 Im (lg (X +1 y)),

xe[0,1/2], y € [8, 40], Viewpoint - Above

40

30

i 1

L Re [Xg (X +i y))
L Zero

) E 4Im(,)tg (x+12y)]

il

)
L | 101

0.0 0.2 04

Fig. 18-7

The non-trivial zeros of the lambda function are the cross points of three colors.
The coefficient number 4 is used in front of the imaginary part to emphasize the non-trivial zeros.

Here are the details.

(18-50) uy+iay = 0.36360066983 +i 12.970445119,
up +i @y =~ 0.23314410196 +i 20.645405240,

u3 +i a3 =~ 0.16959589417 +i 25.432819891,

ug +iaq =~ 0.41836013776 +i 29.250622535,

us +i as =~ 0.17066664686 +i 32.737058741,

ug +i g ~ 0.23291116250 +i 36.864192387 .

Calculation errors of non-trivial zeros in the lambda function are shown as follows:

36360066983  ; 12970445119
(18 -51) |/\8(100000000000 *2°7000 000 000

| ~ 4.41687 x 1010,

23314410196, 20 645 405240

100000 000000 ** 1000 000 000

)
( )
( 16959589417 | » 25432819 891)

100000000 000 1000000000
( )
( )

(18- 52) |/\8 8.02663 x 10~7 .

R

~9.03159x 1079

(18-53) |/\9

41836013776 ; 29250622 S35

100000000000 ** 1000000 000

17066664686 _ ; 32737058741
100000000000 1000000000

1.31080 x 108 .

R

(18 - 54) |/\9

591107 x10-8.

R

(18-55) |/\9
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) 23291116250 . ; 36864192387)| _ 10
(18— 56) |’\11(100000000000 *21000 000 000 )| = 699155 x 10710,

Fifth Conjecture

This is a conjecture regarding diverging series that diverge slower than the reciprocal series of the
Pythagorean primes.

Remember that the sum of three squares can be used to express the square in non-Pythagorean primes except
prime 2.

Consider adding the constraint that the sum of two from the smallest of the three squares is a prime number.
The following simultaneous Diophantine equations describe this:

s 7) { I7=x2+y2+22 (X, p,5ieNxsy=<2),

oo(x*+y}) =2 (x,yeN,x<y).
Some non-Pythagorean primes have unique solutions, and all verified solutions are of this form.
(18-58) If =k +R+@i-12 (ki eN,i=1,2,4,6, - -, 174491).

Since primes except even prime 2, represented by the sum of two squares are limited to Pythagorean primes,
let it be the j-th Pythagorean prime q;- Furthermore, I assume that there are infinitely many solutions with this

form.

(18-59) ri2 =(q;+T;j -2 (G H=0,1,2,2),4,5),6,8), ---).
Since the square of 1 is canceled on both sides,

(18-60) 2ri-1=¢q; (G, ))=(1,1),(@2,2),4,5),(6,8), ---).

I obtain a rare relation between the non-Pythagorean primes and Pythagorean primes by adding only one
condition.
After this, the rare relationship is shown in two graphs.

Graph of the points (2 I'j - 1,q;) with the line y = X, x€[0,500]

500 [
400
300 [

200 [

A S S S S S O S S SR
100 200 300 400 500

Fig. 18-8

The dot on the graph indicates the point (2 rj — 1,q;) is on the line y = x.
Here are the details.

(18-61) (1 =5=2x3-1=2T11-1,

Q2 =13=2x7-1=2I"-1,

Q5 =37=2x19-1=2T4-1,

Qg =61=2x31-1=2T¢-1,
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qi7=157=2x79-1=2TF13 -1,
Q7 =277=2x139-1=2TF3-1,
Q37 =397=2x199-1=2TFp4-1,
Qqo =421 =2x211-1=2Tp5-1 .

Graph of the points (2 I'; - 1,q;) with the line y = x, x€[10000000,10010000]

1.0010x1077
1.0008x107:
1.0006x107:
1.0004)(107:

1.0002 x 107

1.0000 x 107 :
Fig. 18-9

There is no regularity in distribution even for very high numbers.
On the contrary, adjacent non-Pythagorean primes are found.

Here are the details.

(18-62) (332228 = 10001701 =2x5000851 -1 =2T174346 -1,
(332245 = 10002133 =2x5001067 -1 =2X174354 -1,
(332293 = 10003957 =2x5001979 -1 =2X174390 -1,
(332319 = 10005013 =2 x5002507 -1 = 2174403 -1,
(332327 = 10005277 =2x5002639 -1 =2 174407 -1,
(332372 =10006741 = 2x5003371 -1 =2X174434 -1,
(332384 = 10007077 =2x5003539 -1 =2V174442 -1,
(332392 = 10007317 =2x5003659 -1 =2 1744451,
(332394 = 10007341 =2x5003671 -1 =2¥174446 -1,
(332402 = 10007653 =2x5003827 -1 =21X174453 -1,
332451 = 10009477 =2x5004739 -1 =2 174481 -1,
Q332462 = 10009981 =2x5004991 -1 =2F174491 -1 .

Up to 10010000, there are 28202 conditional Pythagorean primes, but 56089 Sophie Germain primes. Here,
Sophie Germain prime is a prime number that is prime again by adding 1 to it’s double.

2

It is unknown whether there are infinitely many Sophie Germain primes “[9].

Let now define the m-th conditional Pythagorean prime as twice the m-th conditional non-Pythagorean prime
minus 1. They are denoted as qy —hat and ry, —hat, respectively.
Under the premise, there are infinitely many pairs of qp, —hat and ry, —hat.

(18-63) qm=2Fm-1 (meN).
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Let Sq (m) be the reciprocal sum up to the m-th conditional Pythagorean prime.
m. 1

(18-64) Sq(m):= Y, §; = %J,
i=1

Similarly, let Sy (m) be the reciprocal sum up to the m-th conditional non-Pythagorean prime.

A—1
—— 4.4, .

a-1 1 1
199

m
1.1.1 1 1
(18-65) Sp(m):= », f; =L, L, L, L, L,
= 1 3 7 19 31 79 139

The following inequality holds for any positive integer:

(18-66) Sy(m)>Sq(m) (meN).

The following reciprocal series of conditional Pythagorean primes would be a divergent series “[11]”:

1.1 1 .1 1 1 1 . o4t
(18-67) S+13+37 61157 7277 t397 + " *ldm +- - =+00.

The following reciprocal series of conditional non-Pythagorean primes would also be a divergent series:

1.1,1 .1 .1 1 1 ool
(18-68) 3+7+19+31+79+139+199+ +I;m + =+00.

19. Additional knowledge

19-1. Proof of the absolute convergence of the integral

) —(x2+a—2)
j(;x9-10 x“Jdx (¢>0,0eC)

At first, the function of three real variables is defined as follows:

2
X2+ 9

(19-1) u(x,t,a)::xt-l(e( xz) (x,a>0,teR).

The variable x integrates the above function into the open interval (0, co).

00 00 —(x2+a—2)
(19-2) j(; u(x,t,a)dx:j; xt-le x“Jdx (¢>0,teR).

The left-sided limit of the integrand is zero as follows:

a,Z
19-3) lim u,t, @)= lim 2. lim xt-1¢ X
X-+0 X-+0 X-+0

. 2
= lim y'~te-@*y* =0 (a>0,teR).

Y00

The right-sided limit of the integrand is also zero, as follows:

a?

19-4) lim u,t, )= lim e x2 - lim xt-1¢-x*
X—=00 X—00 X—00

. 2 .
= |Im0 e~ yz-!cl_r)n xt-1e=X* = (a>0,teR).
Yo+ 00

The integrand is partially differentiated by the variable x.

2
P {2
(19-5) Lux,t,@)=(¢-Dxt-2-2xt+202x"4)e x

Ox
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2
_(x2+a'—)
=—(2x4+(1—t)x2—202)xt‘4(e ) (x,a>0,teR).

And I assume that the integrand’s differentiation is zero at x =5 (8> 0).

0 _
(19-6) axu(x,t,a)|x=ﬁ_0 (x,0,8>0,tcR).

The dependent variable § is then determined as the solution of the following quartic equation:
(19-7) 284+ -0p*-20*=0 (a,B>0,teR).

The quartic equation is defined as the quadratic equation of the variable 2. Based on the formula for solving
the quadratic equations,

—d -+ A -2 2
(19-8) gt = “ADNAD"+16@” (o 4Ry,

4

The quartic equation has the unique solution § in the open interval (0,c0).

(19—9)ﬂ=%\/\j(1—t)2+16a'2 ~(1-f) >0 (a>0,feR).

Table of the increase and decrease for the integrand

X +0 ....... ﬂ ....... (%)

0 _
Ox uxt a + 0

Ut o 0 7~ |maximum| ~ |0

Fig. 19-1

The open interval of the improper integral is divided into two semi-open intervals on the right side of equation
(19-2) as follows:

o? o?
00 1 —x2+—2 00 _x2+—2
(19-10) j{; u(x,t,a)dx:foxt—le X dx+£ xi-le x*Jdx (a>0,teR).

For the second term of the right side, I perform the variable transformation x = y_l.

o

00 —(x2+—2)
(19-11)‘]1‘xt-1e x“)dx =
1
2

1
0 -1 _(—+aZy2) 1 —(_+(12y2)
ﬁ()l_;) e )2 (_y_z)dyzj(;y_l_te y dy (@>0,teR).

The following inequality is obtained by applying the Schwarz’s inequality to the equation (19-10):
(19-12) j‘; lu (x, t, @) dx <
2
i —(xZ +0‘—2) 1 _(Lz a2 yZ)
j(;xt—le x cﬂx+£y‘1‘te y dy (a>0,teR).

The function of three real variables v (x, ¢, @) is defined as the integrand of the result of equation (19-11) for
convenience.

_(L.pcnyZ)
(19-13) v(x, t, @) :=x"1-Te \x2 (x,a>0,teR).

Hereafter, I will find the upper limit of the improper integral of the function |u (x, ¢, @)|.
I begin by considering the two-dimensional & — ¢ phase space.
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The boundary curve divides the space’s right-half-plane into two regions.
To generate the curve’s representation, 1 is substituted for 8 on the left side of equation (19-8).
The result is

(19-14) t=3-20a% (a>0).

Of course, the value of 8 is equal to 1 throughout the boundary curve.
Under the condition of 0 <8 < 1,

(19-15) t<3-20% (a>0).

The improper integral’s upper limit is calculated as the sum of two square areas.

00
(19-16) j{; U, t,)dx<1-u@B,t,a)+1-v(Q,t,a) =

+

ﬁ’-le( ﬂz)+@-(a2+1) (@>0,t<3-202).
Under the condition of 8> 1 i.e.,

(19-17) t>3-2a% (a>0).

The upper limit of the improper integral is also calculated as the sum of two square areas.

(o]
(19-18) j(; Iu(x,t,a)ldxs1-u(1,t,a)+1~v(%,t,a)=

e‘(“2+1)+(}?)_]_t (B2+.32) = pl+1 e_(ﬂ2+(ﬁy_;)+e—(az+l) (@>0,t>3-202).

The results of equations (19-16) and (19-18) show that the improper integral absolutely converges.

Finally, I expand the domain of definition of the variable ¢ from a real number to a complex number.
To clearly express this, I change the character from 7 to 6.
Herein, I take the absolute value of the improper integral.

2
00 (x a
(19-19) j(; xt0-1¢

)
) e e 5
dx <f [x0-1] e x“/dx =

2
ﬁ <—1+Re ®) ¢ xX2)dx (a>0,6e0).

The right side in inequality (19-19) is the same to substituting the real value Re (6) for ¢ in the equation
(19-2).
Therefore, the proof of the assertion in the title of this subsection is complete.

19-2. Proof of the recurrence formula for the integral

)
fxﬂ-le dx (¢>0,0eC)
I apply the integration by parts to the integral excluding the case when 6 = 0 as follows:
2 2

co —|x2+ a'_) 0o -(xZ +a'—)
(19-20) f xt-1e ( x? dx:f (x—o)'e x* ax

0 0o \6

2

B

3 )¢
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0o —x2+a—] 2 oo —(x2+a—)
=%j(; x9+1(e( x? dx—z%j(; x0-3 ¢ xX2)dax (a>0,6eC\{0)).

Thus, the integral of the second term on the right side of the result is written as follows:
2

) —(x2+a—)
(19—21)](; x0-3e¢ x2ax =

2 2
00 —(x2 +—a ] 00 —(xz +—a' )
L f x0+1 e x? dx—Qf xf-1e xX2Jax| (@>0,0ecC\{0}).
a?|Jo 2Jo

In case of 8 = 0, I perform the variable transformation x = y'1 for the left side of the above equation.
2

00 —(x2+a_)
(19—22)1‘; x3e X2 ax =

1 2 1 2
0 -3 - +@ 2 00 - + 2
1 ( 2 J) 2\ gy — ( 2+ ) )
f( ) e \) (-y )cﬂy_ﬁ ye \Y dy (a>0).

I perform the variable transformation y = x / @, one more time.
oo '(Lz +a? yz)
(19-23) j{; ye \Y dy =

a?

00 —x2+ ] 00
f Xe ( x2) Ly =L f xe

For the right side of equation (19-21), 0 is substituted directly for 6 and the result is the same to the above

2
_xz+af_]
( X2 ax (a>0).

result.
Thus, I can include the condition 8 = 0 for the equation (19-21).
2

) —x2+a—)
(19—24)](; x0-3e( x2) dax =

2 2 (1'_2

00 —x2+a_] 00 —(x+ )
L f x9+1(e( x? dx—Qf x0-1e x2Jax| (@>0,0eC).
a?|Jo 2 Jo

The integral of the first term on the right side of equation (19-24) is written as follows:

2
00 —(x2+a_2)
(19—25)£ xt+1 e x“/dx =

az a
00 —x2+—2 0 [ —x2+—2
azﬁ x9-3 e x cﬂx+5£ xb6-1¢ x*Jdx (¢>0,6eC).

For equation (19-25), 0 is substituted for «.

And for the integral of the left side, I perform the variable transformation x = yl/ 2,
) oo O+1 1 o @
_ 0+1 p-X2 gy = 2 eyl 2 =1f Tevdv=1 0
(19 zs)fox eXdx= |y 2 evlyrdy=1] y2revdy 2r(1+2) (0eC).

For equation (19-25), 0 is also substituted for .

And for the integral of the right side, I perform the variable transformation x = yl2,
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(19 -27) —f x0-1e-X2 gx =

? owygz eviy Zdy Qj(;wyg_lf_y‘ly=%r(z) 2T(1+3) weo.

Both sides of the equation (19-25) are the same when & = 0 and the results have same poles at even numbers

of -2 or less. As a result, the integral’s recurrence formula is as follows:

o2
00 (x2 )
(19—28)](; xt+1 e dx =
2

~ -(x2+ ) [x+a'—)
azj(; x9-3 e cﬂx+—fx91e xX*Jax (a>0,0eC)V

(x=0,0eC\{-2n:neN}).

19-3. Representations for the integrals

00 —(x2+_)
ﬁxll’e dx (¢>0,p=-1)V(z20,p=0,1,2, ---).

When p =0,

I consider the integral

o>
) (x2+—)
j(; x0e dx (@x=0).

At first, I show the equation of definition of the function J (@) for preparation “[10].”

2
(19-29) J (@) := ﬁme_(x_%) dx (aeR).

The function J (@) is also written as follows:

)
2, A

e
(19 -30) J(a):ezaj(; dx>0 (@eR).

The value of J(0) is given follows:
(o]
(19-31) J(0) = j(; e—X2 dx = 32£ ( Gaussian integral ) .

The value of left-sided limit of J (@) is given as follows:

et st ) .
(19-32) lim J@ = lim e22. |lim f ( dx < I|m e2®. | e-X2gx=0.
@——00 Q-0 @——00 0

Assuming that the function J (@) has uniform convergence, the differentiation of J () is carried out for the

integrand as partial differentiation.

=R

2 2
(19-33) iJ(a):ﬁwie_(x_%) dx:j(;oo—z(x—%)(— ) dx (a eR).

da oa

Therefore

S S o)
(19 -34) —J(a) f X dx—Zaj(; e \) dy (axeR).
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When « < 0, the differentiation of J () takes positive value as follows:

(19 -35) —J(a)

zfoe_(x_%) dx - 2af°° _( _+x) (_%)ﬂﬁme_(x_%)zdxw (@ <0).

The right-sided limit of the differentiation of J () in the neighborhood of @ = 0 takes the fixed value as
follows:

_ d - X g —a. NI _
(19 -36) dQ/J(a/)|a,=_0_4£ e dx=4-Y =2Vrx .

When a > 0, the differentiation of J (@) takes zero as follows:

(19-37) —J(a) foo _( _;) dx - 2cyf°° _(__x) %:0 (a>0).

The left-sided limit of the differentiation of J (@) in the neighborhood of @ = 0 takes zero as follows:

d —
(19-38) o~ J(a)|a=+0 =0.
Therefore, when « = 0, the function J () takes the constant as follows:
(19-39) J (@) = Constant = J (0) = 32£ (a=0).

Table shows the increase and decrease in the function J (@)

a —00 | seeeeee 0 | eeeeens 00
d g (@) + | discontinuous | 0
Ja |0 ]| ~ 32£ — 32£
Fig. 19-2

By referring to the equation (19-30),

2
00 —x2+a—]
(19—40)J(a)=e20/j(; e( x2 dlx=32E (=0).

Both the central and right sides are multiplied by @2 @ to obtain the formula in the case of p = 0.
2

00 —x2+a'—)
(19—41)£ x"e( x2 dx:lzi(e‘za (=0).

I show another proof of the above formula that makes no assumptions. If @ > 0,

For the right side of equation (19-30), I perform the variable transformation x = (& y) 12,

00 —a/(y+l) 1 _l
(19-42) J(a):zezaj; e y \/Uiy 2dy=

a5
Va e2@. fyZ e yLM:\/E@“’K%(Za') (>0).

Now, recall the formula for the modified Bessel function of the second kind at the index v = +1/2.

_ 1 - | -7
(19 43)K¢2(Z)_J2Z e (ZeC).
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The formula (19-43) is introduced into the result of equation (19-42) to obtain the result as follows:

_ _ 2. s 2o - N
(19-44) J@ =Va e 100 © @=L (¢>0).

Incase of @ <0,

For the right side of equation (19-30), I perform the variable transformation x = (—a y) 12,

00 a/(y+l] 1 _1
(19 - 45) J(a):e“’ﬁ' e Y -a Jy rdy=

_(—m)( 1)
o) l_ y
V-« eza.%fo yr e 2 Yay=vV-a 2?K 120 (a<0).

The formula (19-43) is introduced into the result of equation (19-45) to obtain the result as follows:

(19-46) J (@) = V-a 2. 2(_7;0[) @20=32£<e40/ (<0).

Because equations (19-44) and (19-46) show that the function J (a) is continuous in the neighborhood of zero,

(19-47) J (@) = 32£ (=0).

The above result is the same to that of the equation (19-40). Therefore, another proof of the formula (19-41) is
completed.

When p = -1,

I consider the integral

00 —(x2 + a_z)
j; x-2e *lax (a>0).

For this integral, I perform the variable transformation x = @/ y.

2
) —(x2+a—2]
(19—48)](; x2e x“)dx =

0 -2 -(i+y2) 00 -(y2+a'—2)
L(%) e \y? (-ay ) dy= éj(; e Yay (a>0).
Therefore
2
00 —x2+a—)
(19-49) f x—2e( ax=YT 20 (a>0).
0 2a
Whenp =1,

For the recurrence formula (19-28), 1 is substituted for 6.

2 2 2
00 —(xZ + (l’_] 00 —(xl + 0’_2) 1 00 —(xl + 0’_2)
(19-50)‘](; x2e x2 dx:afzj(; x2e X dx+5£ x0e x“)dx

2
= (2%)_.32%@—204_%.32@@-20/: %((Za/)+1)\/7t e2¢ (@=0).

When p =2,
For the recurrence formula (14-28), 3 is substituted for 6.
2

2 2
00 —(x2 + Q’_z] ) 00 —(xl + 0’_2) 3 00 —(xZ + 0’_2)
(19—51)](; xte x“Jdx=a j(; x0e X dx"'fj(; xle x“ ) dx
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2
= fo)—-lzie—w%-fz—‘f‘“—l«/n €20 = L(2a2+3Qa)3) VT 2 (a20),

19-4. General representation for the integrals

S
) —x2+—2
ﬁkae x“Jdx (=0,keN)

Hereafter, I will use mathematical induction to find the general representation for the integrals. First, in order
to prove, I prepared the following equation that I had found in advance:

2
00 —(x2+a—2) 1 L
- 2k I v 2«
(19 52)](; x2ke X dx_zk+1 EO ak,ﬂ(m)ﬂ T e (=0, keN).
Where
Qk-w!

(19-53) Agy = (keNu=0,1, ---, k).

2K=1 ) (k—p)!

Whenk =1,
For equation (19-52), 1 is substituted for k.

2
00 —(x2+a—2]
(19—54)£ x2e x“Jdx =

1

Ly __@-pw! 2a-1 -
5 Eﬂ 21_”[1!(1—[1)!(20)”‘/7@ 2e=l@oysnVr e2@ (a20).

The results of equations (19-50) and (19-54) are the same, so in the case of k = 1, equation (19-52) is correct.

Whenk =2,
For equation (19-52), 2 is substituted for k.
2

00 —x2+al_]
(19—55)](; x4(e( X2 ax =

2
2% Z JtEL(Za)ﬂ\/;@—ZQ’=

1 2 VT e-2@
20)°+32a)+3 >0).
(=0 22-H ' 2 -p)! 8(( ) +3Q2a)+ ) T e (=0)

The results of equations (19-51) and (19-55) are the same, so in case of k = 2, equation (19-52) is correct.

When k = m, I assume that equation (19-52) is correct. The following equation holds under the assumption:

2
00 —(x2+a_2)
(19—56)](; x2me x“)dx =

m
!
2,,}“ Z zm_(ﬁ;ln,(’z'”),ﬂa)”‘lﬂ e~2@ (¢=z0,meN).
IJ=0 . - .

When k =m + 1, [ assume that equation (19-52) is also correct. The following equation holds under the
assumption:

00 —(x2+a_)
(19—57)](; x2 (m+1) o X2 ax =

m+1

!
Z Sm +1(fﬂmﬂ+,2(m”1'l Y QoM Vr 2@ (¢=0,meN).
IJ:(] : -u)!

2m+2
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When k =m + 2, I apply the recurrence formula (19-28) to the integral.

o

e
(19—58)](; x2 (m+2) o X2 ax =

) G’_Z

2
00 _(x2+a—2) 2 3 00 —(x + 2]
azj(; x2me X dx+%j(; x2(m+1) ¢ x“) dx

m
_Cm?._1 Cm-m! VTRV 2«
T4 om+l /Z'o 2m=H ! (m —p)! QaiNT e

+1

m
2m+3, _1 Cm+2-m! Vo o2
Tz Tome pz=0 2m+1‘”u!(m+1—,u)!(za)ﬂ e

1 RS Qm+2-w!
+2—)!
= E QaH
am+3 [ f=2 2™ H (u-2)! (m+2 —p)!

m+1

2m+2 —u)!
+Q2m+3) (
'uz=:0 2m+1 =y (m 41 —p)!

(2a/)ﬂ]\/?e—2a/ (x=0,meN).

The coefficient of the highest degree of the polynomial of the variable (2 @) in the sum is simplified as follows:

! !
2_(2m+2 1) | =—0m. =1 (meN).
2MHE=M (y-2)! (m+2 -p) ! ly=m+2 2°m!o0!

(19-59)

This polynomial is called the monic polynomial since it is unity.
The coefficient of the first degree of the polynomial is simplified as follows:

Q2m+2 -w)!
m+L=f ) (m+1 —p)!

=Qm+3)2m+D! _ o1 (meN).

19-60) 2m+3
( ) 2m + )2 M o 1

p=1
The constant term of the polynomial is simplified as follows:

Qm+2-p)! |
2m A=Y (m 1 —p)!

= Qm+HCmD! _p i1 (meN).

(19-61) 2 m +3) =
=0 2m+1 (m +1)!

Thus, the first-degree coefficient and the constant term are the same.

The above results are introduced into the result of equation (19-58) to obtain the general term.

00 _x2+—] m+1 '
(19—62)f x2(m+2)e( 2 ax =L _|eaym+2 4 Z [ Qm +2 ).
0 2m+3 f=2 \2M P2 -2) ! (m +2 —p)!
+2m+3) Qm+2-p)! ](2a)ﬂ+(2m+3)!!(2a)+(2m+3)!! V7T e
2m 1=y ) (mo+1 —p) !
1 RS -1 2 (m +2 —) 2 m +3)
= (20’)m+2+ [ IRV + e 1 + ](2m+2— )1 Qa
2m+3[ EZ 2MA2—[y V (m 42 —p)! 2MF2=H ) (m+2 —p)! a
+Cm+3)"NQ2a)+2m+3) !!]Vﬂ e-2a
1 m+1 Qm+4 )'
= Q@)™+ 12 QoM
2m+3( E‘z 2M 2Ky (m+2 -p)!

+Cm+3) N Q@)+ 2m+3) !!] Vi e 2 (¢=z0,meN).

Therefore
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a?

00 -(xZ +5 ) 1 m+1
(19-63) j(; x2 (m+2) e x“/)dx = Qaym+2 4 Z An2u Q)
p=2

pm+3
+Cm+3) N QCa)+2m+3) !!]Vﬂ' e 2 (=20, meN).
For the coefficient of the general term of the polynomial, m + 2 is substituted for p.

Cm+4-w)! =D __y (e,
2m+2—ﬂ”!(m+2_ﬂ)!”=m+2 20(m+2)!0!

(19-64) Ay 42 m42 =

Also, 1 is instituted for u.

(2m+4—ﬂ)! — (2m+3)! =(2m+3)!! (mGN).

(19-65) A = | =
m+2,1 om +2 “Hpu!(m+2-p! =1 2m+1 (4 1))

And also, 0 is instituted for p.

Qm+d ! Qm+d! __om.3 10 (men).

(19-66) A = -
m+2,0 = ym+2-p u!(m+2-p)! |ﬂ=0 2m+2 (m +2)!

The results of equations (19-64), (19-65), and (19-66) are the same to that of equation (19-63), so in the case
of k =m + 2, equation (19-52) is also correct.

00 _(x2+ ) m+2
(19—67)](; x2(m+2) o ax=—1-3 anpuCoHVr e2@ (@¢z0,meN).
fi=0

am+3

Where
Q2m+4-w)!
2M+2 =y Y (m +2 —p)!

(19—68)am+2’”= (meN,,u:O,l,Z,---,m+2).

I can obtain the general representation for the integrals as a result of mathematical induction. At this stage, the
proof is complete. Therefore, the following equation holds true:

oo _x2+01_) k '
19— 69 2k ( ) ax = 1 Qk-): o vVr e2® (az0,keN).
oo Jy e T ke ugo 2t gt ( <

Finally, the general representation for the integrals is given by using the coefficients.

2
00 —(x2+a_2)
(19—70)£ xX2ke x2) ax =

Where

k
2 Ay Qo Vr e2@ (az0,keN).
=0

1
2k+1

Qk-m)!
2K—1 p V (k-p)!

(19-71) Ay = (keN,u=0,1,2, --+ k).

And the coefficients deserving special mention are shown as follows:
(19-72) agk =1 (keN).

(19-73) ag1 =ako=Qk-D!! (keN).
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Table of the coefficients ay

k k10 Ak Ak k7 Ak A5 Ak A3 A2 k) (N)

1 1 1

2 1 3 3

3 1 6 15 15

4 1 10 45 105 105

5 1 15 105 420 945 945

6 1 21 210 1260 4725 10395 10395
7 1 28 378 3150 17325 62370 135135 135135
8 1 36 630 6930 51975 270270 045045 2027025 | 2027025
9 1 45 990 13860 135135 945045 4720725 | 16216200 | 34450425 | 34450425
10 1 55 1485 25740 315315 2837835 18918900 | 91891800 | 310134825 | 654729075 | 654729075

Fig. 19-3

19-5. Relation between the modified Bessel function of the second kind and the integral

2
00 —(x2+a'—)
j(; x0-1e xX*ax (a>0,6eC)

For the integral in the subtitle, the variable transformation
x:Va/y (a,y>0)

is performed.

at

2
00 —x2+a_) 00 6—1 _( ) _l
(19-74) j(; x@—le ( xz dx:\l(; (vay) e ay+a’y £2Q' y 2dy
(2 0o 8_ _2_a(y+L) 0
=‘”'%£ e ? Yay=a2Kéea) (@>0,0e0).
Therefore
2

_Q 00 —(x2+a'—2)
(19-175) K%(Za):a/ Zj[; x0-1e x“)dx (¢>0,0eC).

Thus, when « is a positive real number, the above modified Bessel function of the second kind absolutely
converges.

19-6. Laurent series expansions of the infinite series

(0]
Z nke20X (x>0,keN)
n=1

The hyperbolic cotangent of the real variable x is a convergent function in the intervals of -7 <x <0 and 0 <x
<.

And it has the Laurent series expansion described by the Bernoulli numbers “[12].”

(19-76) Coth(x):)lc+ D 2EBoy 2p- (0<|x] <m).

H=1 (2 I'l) !

The infinite series,
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(o

Z e-2nx

can be written using the hyperbolic cotangent of the positive variable x as follows:

o0
_ —2nx _ _e2X _ _eX _ cosh(x)-sinh(x) _1
(19-77) HZJI e = R = o = 3 (coth(¥) -1) (x>0).

By combining the above two equations,

2’4 B
(19-78) Z e2nx =211 Z = p-1| (g<x<7).
n=1 H=1 (2”)’

For the right side of equation (19-78), I show several terms of the series in order.

o0
(19-79) ), e~2nX=

n=1
-1 q,x_ X 20 X KBy gy
2|¥ 13 ustoss Tams t 93555 26 Q! (0<x<m).

The infinite series,

(o)

Y, nke 20X (x>0,keN)

n=1

has a recurrent formula based on differentiation.

o0
(19-80) nk@—znx=_5_ Z nkle-2nX (x>0, keN).
n=1 dx
Whenk =1,
(19-81) i ne—an=_li i —an=_lil Z ﬂ& 2[1 -1
n=1 2 dx n=1 2 dx 2 p=1 (2/.1)'
S . S i (ﬂ_l)ﬂfi 2 -2
4 2 pu=1 @ )'
=l(L_(2 1)_Bl£x2p 2| - Q@ 1)—Ex2,u -2
2T e ,,,12: =0 ey
% 2p1+2
1|1 _1_ 22 Bop2 2
_4[x2 ] ,,Z=1 Qu+1) Tt X (0<x<m).
Therefore
o0
(19-82) ), ne 20X =
n=1
1,2 1, x2 2x8 X8 _BZ& 2u
4(" R Tk TR R Ty 2 Quah =gy © | (O<x<m).

The following Pochhammer symbol will be used for convenience hereafter “[2]”:
(19-83) (a)k:=ax@+1)x ---x(a+k-1) (keN).
When k =2,
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o0
(19-84) ), n2e 20X =
n=1

(s3]

n@—an=_%[ 5- Z (zﬂ)(2ﬂ+1)—leﬂx2y 1

1d
2 dx Qu+2)!

=

n=

& 2u+2 B
A l 2 2u+42 2u—-1
[ 2;42:1 G2 g xeb= ](0<x<7f)

Therefore

(19-85) D, nZe 20X =
n=1

H3,p.x,48 x5 8 1§ 22H+2By )y 42 K2u-1
4(" *0- 15+ 189 ~225 " 10395 * 2 ES Q2 =5 o) (0<x<m).

When k =3,

n=1

= & 2u+2
(19-86) Z n3e‘2nx=—%[_i+% 2 (2IJ_1)3J'L+2 2/1—2]

wﬁzpz

I
0w
—_—
Al"‘
|
2=
~
S
‘:
)—l
N’
[9%)

at 2u+2 B
_1 227" Bop+2 ap
Q2 1 M-
Qu+2)! |'u 1 3! ﬂZ: H-Ds3 Qu+2)! ]

x* 3
=3L+s-& i Qu+s bl VR X2H| (0<x<m).
8 x4 45 3! =1 (2,1 4)'
Therefore
o0
(19-87) D, m3e 20X =
n=1
3,1 4x2 2 8x® 1§ PEHBy i ,,
s(x T 457189 Y 135 T 4455 " 31 2 @u+D Q! (0<x<7).
When k =4,
= & 2u+4 B
4 ,-2NnX — _ I 4 L 2 21 +4 2[1—1
19-88 =- 2 ptd
-t 2y ofe 16[ s 3! ,121(”)4 Qu+d)! ]

L ) 22”+4B2 +4 2” _1
[ * 3T Z= (ﬂ)4—‘“—(2ﬂ M (0<x<m).

Therefore

o0
(19-89) Y, nfe-2nX =
n=1

3|5 20X 4x° 1§ 22K Boysd gy
4(" +0+189_135+1485+4!I§4 Qs =G (0<x<m).

When k =5,
o) =)
22[[+4B2 +4
(19-90) nSe2nx_-_3|_ S 1 Qu-1)s 2 D2+d 22
) 8| 4!,§1 =08 e

2/"+4B
_15(1 _1 2 2u+4 2p-2
=3 ( 6§57 @H-Ds Iz

* (2” 4)' |I,[=1

at 2u+4 g
L _ 2 ZH+4 2,_[_2
51 Z;‘ @H-Ds =g ]
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) 2u+6 B
_15(1 2 1 2 2046 2
= - = _ L E Qu+l) X*Hl (0<x<m).
(xe 945 " 51 & P05 = G +e)! ]

Therefore

o0
(19-91) ), nSe=2nX—

n=1
15 6_ 2  x2 _ax* 1 ¥ 22HBypi6 oy
8 (x 945 T 225 T 1485 351 ”Z=3 Qu+ls 211+6)! X (0<x<m).

19-7. Formulae using the hyperbolic functions for the infinite series
Y, nke2nX (x>0,keN)
n=1

When k = 1, taking derivative and multiplying by —1/2 for the result of equation (19-77),

o0
- —2nx__1.d (cosh() _1)_ _1 sinh?(x)-cosh? (x)
(19-92) nz=:1 ne = de(Zsinh(x) 2)' 4 sinh? (x)

1

= — 0).
4 sinh?2 (x) (x>0)

When k = 2, in the same way,

_ ) 2nx__1d 1 _ _1 =2sinh (x) cosh (x) _ _coth (x)
(19-93) Y, nle = de( )_ (x>0).

~ 4 sinh? (x) 8 sinh? (x) " 4sinh2 (x)
When k = 3,
(19 - 94) i nd e-2nX _ 1 L( cosh (x) ) -_1 sinh4 (x) =3 cosh? (x) sinh? (x)
n=1 2 dx \45sinh3 (x) 8 sinh® (x)
_ 1 3cosh? (¥)-sinh? (xv) _ 1 3(sinh? 0 +1) ~sinh? (X) _ 1 2sinh? ()43 (1 5 ).
8 sinh? (x) 8 sinh? (x) 8  sinh? (x)
Therefore

o0
(19 - 95) n3e-2“x=1(3+ 1 ) 1 x>0).
,,;1 813 sinh2 (x)/ sinh2 (x) (

When k =4, I apply the same operations to the result of equation (19-94),
3 - 1 d (1 2sinh?(x)+3
(19-96) nte 2nx=___(_ )
nz=:1 2 dx\8 sinh* (x)
_ 1 4sinh3 (x) cosh (x) -4 (2 sinh? (x) +3) sinh3 (x) cosh (x)
16 sinh8 (x)

_1 (2 sinh?2 x) +3) cosh (x) - sinh? (X) cosh (x) _ ( sinh? (x) +3) cosh (x)
= =

1
sinh (x) 4 sinh (x)

(x>0).

Therefore

o0

_ 1 1 coth (x)

(19-97) nt e 2nx=3(—+ ) (x>0).
nz=:1 4\3 " sinh2 (x)) sinh2 (x)

Hereafter, I show some results in order.

19-98 n5e-2“x=§(i+ l_, 1 ) 1 x>0).
( ) ,,g, 8 \15 * sinh2(x) sinh4(x)/ sinhZ (x) ( )
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o0
19-99 nﬁe-2“x=ﬁ(i+ 2, 1 )c"th(x) x>0).
( ) n;l 8 \45 " 3sinh2(x) sinh?(x)/ sinh2 (x) ( )
(19 - 100 n7@—2nx=ﬁ(i+ 2,4 1 ) 1 x>0).
) ,,g, 16 \315 * 5sinhZ(x) 3sinh4(x) sinh6(x)/ sinh? (x) ( )
oo
(19 -101) n8@—2nx=L(L+ 1 PR T p— )—(—)—c"thx x>0).
112:11 4 \315 " 5sinh2(x) sinh4(x) sinh%(x)/ sinh2 (x) ( )
o0
(19-102) Z n® e-2nX =
n=1
2835 ( 2 17 7 5 1 ) 1
+ + =+ + X > 0 .
8 12835 " 189sinh2(x) 9sinh4(x) 3sinh®(x) sinh8(x)/ sinh? (x) ( )

20. Conclusion

I obtained three types of general representations for the zeta function for any odd number of either 3 or 7, or
more; one has the leading term, while the others do not.

Unfortunately, because the general representations lack essential information on the zeta function at these
points, finding exact values (closed representations) such as

{@)=x]6

would be extremely difficult.

I discovered that some infinite series represented using the divisor sigma function give transcendental numbers
with fixed values. The Riemann hypothesis was proved by applying reduction to absurdity using the representa-
tion containing the leading term of the zeta function for any complex number. In addition, I obtained the new
explicit formulae for the zeta and the Riemann Xi functions. And the Riemann hypothesis was again proved
using the deductive method. I believe that the Riemann hypothesis is a symmetry problem unrelated to prime
numbers. Moreover, the Hadamard product representation for the zeta function for any integer of 2 or more

was obtained.

Furthermore, I confirmed the explicit formulae for each of the Riemann-Siegel Z (¢) and the Riemann-Siegel
theta functions.

Conversely, I obtained a new function, named the Chi function, for the left side of the origin symmetric
functional equation that includes corrective terms. The Chi function is similar to the Riemann Xi function and
exhibits origin symmetry. Furthermore, I obtained a new function, the eta function, which is similar to the zeta
function. The eta function’s pole and trivial zeros are the same as those of the zeta function. Furthermore, the
Chi and the eta functions have the same non-trivial zeros on the imaginary axis. Here, the imaginary axis
corresponds to the critical line of the eta function. And I proposed a generalized Riemann hypothesis for the
eta function that states that all non-trivial zeros lie on the imaginary axis. Since I was able to discover the
explicit formulae for the eta and the Chi functions, the deductive method was used to prove the generalized
Riemann hypothesis for the eta function. In addition, I discovered that an infinite series represented using the
divisor sigma function gives the algebraic number 0 anywhere in the whole complex pane. I also found an
infinite series of the same form which gives the algebraic number 1/4, albeit only one.

The following are the new core conjectures:

1. Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 would be generated as the main
spectrum using information on the imaginary parts of the non-trivial zeros of the eta function.

2. Almost half of the imaginary parts of the non-trivial zeros of the modified eta function 7 (2 6) would be

generated as a spectrum from prime number information.
3. A spectrum based on all odd primes would generate almost half of the imaginary parts of the non-trivial
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zeros of the eta function 77 (6).
4. Twice the imaginary part of any non-trivial zero of the zeta function would belong to the subset of imagi-
nary parts of the non-trivial zeros of the eta function. It supports the existence of an infinite number of non-
trivial zeros of the eta function.

5.1 could predict that the number of non-trivial zeros of the eta function within a certain distance ppy, (the
positive imaginary part of the m-th non-trivial zero of the zeta function) from the origin would be m-1, m, or
m+1 on the imaginary axis.

6. Considering where the non-trivial zeros of the sum function of the zeta and eta functions lie, they would all
be in the habitable zone 0<Re(6)<1/2.

7. There is a reciprocal series of the conditional Pythagorean primes (twice the conditional non-Pythagorean
primes minus 1 are Pythagorean primes), it would diverge slower than the reciprocal series of the Pythagorean
primes.

However, those were found using the functions defined as analogies in previous studies of the zeta function. I
could not provide any mathematical evidence for these. Hence, the knowledge obtained in subsection 16-4
remains within the anticipated range. Moreover, studies on Dirichlet series representation and Euler product
representation for the eta function have not yet started.

I hope you will be able to solve the new problems someday!

When interpreting that the functional equation (2-2) stipulates the relation between whole positive real number
and all squares of natural numbers, I must conclude that the essence of the numbers is condensed here.

By the way, the security of the current information society depends on the difficulty of factorizing the product
of two huge prime numbers. In contrast, we know some people believe that when the Riemann hypothesis is
solved, safety will be violated. Because the explicit formula for the zeta function has the same difficulty, I
believe the safety will be maintained in the future as well.

21. Thanks

21-1. Letter to Professor Hardy “[18]”

Dear Professor G. H. Hardy,

I’m delighted to inform you that you and I have proved the Riemann hypothesis, which was proposed by
Bernhard Riemann himself in 1859. You demonstrated (together with Professor J. E. Littlewood) in 1914 that
there are an infinite number of non-trivial zeros of the Riemann zeta function £ (S) on the critical line.
Recently, I was able to demonstrate that the non-trivial zeros of the zeta function don’t lie off the critical line.
Combining these two results, we arrived at the conclusion that all non-trivial zeros of the zeta function lie on
the critical line. Problems with symmetry in general, not just prime numbers, were raised by the Riemann
hypothesis. I want to sincerely commend you for your great achievement.

I sincerely appreciate you, Hardy-san.

From future Japan 106 years after your time, on 30 Apr, 2020.
Hideharu Maki - - - was born on 30 Jun, 1959.

21-2. To those who supported and encouraged me

Many people gave me words of support and encouragement as I was writing this article. I would like to
express my gratitude. further, please allow me to introduce the following people:
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Kenta Iijima, Shigeko Iijima, Yoichi Okuno, Yukiharu Okumura, Hiroshi Kamide, Kunihiko Saito, Norio
Sasaki, Yukiko Shimoda, Toshiyuki Sugio, Erdenebat Bayarbat, Toshi Furuta (Yu-Min), Kyoko Matsumoto,
Nobuko Watanuki, and Noriyoshi Yamazaki (in the order of the Kana syllabary, without title of honor) and I
express my thank you to all for giving me your words of support. Above all, I want to express my heartfelt
appreciation to my parents. Moreover, | want to express my gratitude, especially for giving me the opportunity
to attend university for four years.
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