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    Abstract: The functional equation of real variable that Riemann used in his paper was subjected to elemen-

tary operations. And I obtained a lot of complex functional equations that the Riemann zeta function follows 

respectively. Here, functional equation transformations were the main methods for obtaining the complex 

functional equations.

Half of those are equivalent to the complete symmetric functional equation that the Riemann Xi function 

follows, and one of those has an origin symmetry with correction terms. From the origin symmetric functional 

equation including correction terms, the representation containing the leading term of the zeta function for any 

complex number was obtained. And the Riemann hypothesis was proved by applying reduction to absurdity. 

Moreover the general representation containing the leading term of the zeta function for any odd number of 3 

or more was also obtained.

By suitably combining those functional equations, I observed a new explicit formula for the zeta function.

The Riemann hypothesis was again proven using the deductive method. And two types of general representa-

tions for the zeta function for any odd number of either 3 or 7, or more, were also obtained from the explicit 

formula.

In total, three types of general representations for the zeta function for any odd number of either 3 or 7, or 

more, were discovered. 

Conversely, I defined a new function, named the Chi function, for the left side of the origin symmetric func-

tional equation that includes corrective terms. The Chi function is similar to the Riemann Xi function and 

exhibits origin symmetry. Furthermore, I defined a new function, the eta function, which is similar to the zeta 

function. The eta function’s pole and trivial zeros are the same as those of the zeta function. Furthermore, the 

Chi and the eta functions have the same non-trivial zeros on the imaginary axis. Here, the imaginary axis 

corresponds to the critical line of the eta function. And I proposed a generalized Riemann hypothesis for the 

eta function that states that all non-trivial zeros lie on the imaginary axis. Since I was able to discover the 

explicit formula for the eta function, the deductive method was used to prove the generalized Riemann hypothe-

sis for the eta function.  

As you know, there are different types of transformations between the prime numbers and the non-trivial zeros 

of the zeta function. I discovered that there are comparable transformations between the prime numbers and 

the non-trivial zeros of the eta function. Based on the results of numerical experiments, I proposed some 

conjectures referring to relationships between the prime numbers and non-trivial zeros of the eta function.

1. Introduction

When considering the representations for the Riemann zeta function ζ (S) for any odd number of 3 or more, 

especially ζ (3), ζ (5), and ζ (7), a lot of series representations are known. Conversely, each representation for 

the Riemann zeta function for any odd number of 9 or more, which gives 1 as remainder when divided by 4 

(even any series representation) is unknown. This situation seems to be quite similar to the situation at the end 

era when the Fermat’s last theorem was once called the Fermat’s conjecture. This was my impression when I 

first started research.

The initial research motive was to obtain a unified representation for the Riemann zeta function for any odd 

number of 3 or more, excluding the classification of remainders when divided by 4. I discovered the new 

functional equation that the Riemann zeta function follows using a technique of functional equation transforma-



 equation  using  technique  equation

tion, which is newly devised in my research process.

This resulted in the unified representation, which does not require classification for any odd number of 3 or 

more. After solving the initial research problem and three years later, I observed that the newly discovered 

functional equation has origin symmetry, including correction terms, when the domain of definition is 

expanded to the whole complex plane.

Moreover, I had a flash of inspiration that the Riemann hypothesis would be solved by creating simultaneous 

equations consisting of the complete and the origin symmetric functional equations with correction terms.

Here, the complete symmetric functional equation that the Riemann zeta function follows is shown.

( 1 - 1 ) π
-

S
2 Γ S

2
 ζ (S) = π

-
1-S

2 Γ 1 -S
2

 ζ (1 -S) ( S ∈ ℂ \ {0, 1} ) .

Riemann used the following functional equation derived from the transformation formula (automorphic) for 

the theta function to show the complete symmetric functional equation: 

( 1 -2 ) ∑
n=1

∞

ⅇ-π n2 x +
1
2
= 1

x
∑
n=1

∞

ⅇ
-
π n2

x +
1
2

( x > 0 ) .

Following Riemann, I approached the Riemann hypothesis using the functional equation (1-2) as a starting 

point “[5].” In this article, I assumed that the complex variable of the Riemann zeta function was θ, excluded 

referring to pioneering research results. In addition, when both sides are infinite at the same time and the 

equality is established, as in functional equation (1-1), to show poles explicitly for other functional equations 

as well, the condition is excluded from the conditions for the equality to be established.

Moreover, I considered developing arguments as elementarily as possible.

Preliminary knowledge is described in Section 3, and additional knowledge is described in Section 19 as a 

supporting information, with the results used in Section 4 and after if necessary.

2. Preparations

I develop arguments by assuming that the theta function’s functional equation derived from the transformation 

formula (automorphic) is known:

( 2 -1 ) ∑
n=1

∞

ⅇ-π n2 x +
1
2
= 1

x
∑
n=1

∞

ⅇ
-
π n2

x +
1
2

( x > 0 ) .

By multiplying both sides by x after substituting x with x2 for the positive continuous variable x, the following 

functional equation is obtained:

( 2 -2 ) ∑
n=1

∞

x ⅇ-π n2 x2
+
x
2
= ∑

n=1

∞

ⅇ
-
π n2

x2
+

1
2

( x > 0 ) .

Both sides of the functional equation (2-2) can be differentiated infinitely many times, indicating that the 

functional equation (2-2) belongs to the C∞ class.

Although it is equivalent to the functional equation (2-2), the following functional equation is constructed as a 

means to find truth:

( 2 -3 )
1
x

= 1 + 2 ∑
n=1

∞

ⅇ-πm2 x2
 1 + 2 ∑

m=1

∞

ⅇ
-
πm2

x2
( x > 0 ) . 

For convenience, I define the denominator of the right side of the functional equation (2-3) as the function 

Θ(x).
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( 2 -4 ) Θ (x) := 1 + 2 ∑
m=1

∞

ⅇ
-
πm2

x2
( x > 0 ) . 

The functional equation of first-order differentiation is obtained by differentiating both sides of the functional 

equation (2-2) by x.

( 2 -5 ) ∑
n=1

∞

ⅇ-π n2 x2
- 2 π ∑

n=1

∞

n2 x2 ⅇ-π n2 x2
+

1
2
= 2 π ∑

n=1

∞
n2

x3
ⅇ
-
π n2

x2
( x> 0 ) . 

Differentiation of both sides of the functional equation (2-5) by x provides the following functional equation 

of second-order differentiation with difference constant multiplication:

( 2 -6 ) l(2) (x) = r(2) (x) ( x > 0 ) .

Where

( 2 -7 ) l(2) (x) = ∑
n=1

∞

-3 n2 x +2 π n4 x3 ⅇ-π n2 x2
.

( 2 -8 ) r(2) (x) = ∑
n=1

∞

-3 n2 x-4
+2 π n4 x-6 ⅇ

-
π n2

x2 .

The order of differentiation is indicated by the numeral in the right-shoulder parentheses. This rule will now 

be followed hereafter.

I decide that the functional equation (2-6) is called the second-order Ir type functional equation. Suffix r 

means “real.” This rule will be followed in the future. Formally, the functional equation of the second-order Ir 

type is

( 2 -9 ) l[2] (x) = r[2] (x) ( x > 0 ) .

Where

( 2 -10 ) l[2] (x) := l(2) (x) = ∑
n=1

∞

-3 n2 x +2 π n4 x3 ⅇ-π n2 x2
.

( 2 -11 ) r[2] (x) := r(2) (x) = ∑
n=1

∞

-3 n2 x-4
+2 π n4 x-6 ⅇ

-
π n2

x2 .

The numeral in the suffix [*] shows the order of the functional equation. This rule will also apply in the future. 

The right side of the second-order Ir type functional equation is considered to be as follows:

( 2 -12 ) r[2] (x) = ∑
n=1

∞

 1
x
 × -3 n2 x-3

+2 π n4 x-5  ⅇ
-
π n2

x2 .

The functional equation’s relation (2-3) is introduced into the second-order Ir type functional equation, and 

both sides are multiplied by Θ(x) to obtain the following functional equation:

( 2 -13 ) a[2] (x) + f[2] (x) = b[2] (x) +g[2] (x) ( x > 0 ) .

Where

( 2 -14 ) a[2] (x) = ∑
n=1

∞

-3 n2 x +2 π n4 x3 ⅇ-π n2 x2
.

( 2 -15 ) f[2] (x) = ∑
n=1

∞

∑
m=1

∞

-6 n2 x +4 π n4 x3 ⅇ
-π n2 x2

+m2

x2 .
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( 2 -16 ) b[2] (x) = ∑
n=1

∞

-3 n2 x-3
+2 π n4 x-5 ⅇ

-
π n2

x2 .

( 2 -17 ) g[2] (x) = ∑
n=1

∞

∑
m=1

∞

-6 n2 x-3
+4 π n4 x-5 ⅇ

-π m2 x2
+n2

x2 .

I decide that the functional equation (2-13) is called the second-order IIr type functional equation.

Differentiation of both sides of the functional equation (2-6) by x provides the following third-order differentia-

tion functional equation:

( 2 -18 ) l(3) (x) = r(3) (x) ( x > 0 ) .

Where

( 2 -19 ) l(3) (x) = ∑
n=1

∞

-3 n2 +12 π n4 x2
-4 π2 n6 x4 ⅇ-π n2 x2

.

( 2 -20 ) r(3) (x) = ∑
n=1

∞

12 n2 x-5
-18 π n4 x-7

+4 π2 n6 x-9 ⅇ
-π n2

x2 .

To obtain the following third-order Ir type functional equation, multiply both sides of the functional equation 

(2-18) with x:

( 2 -21 ) l[3] (x) = r[3] (x) ( x > 0 ) .

Where

( 2 -22 ) l[3] (x) := x l(3) (x) = ∑
n=1

∞

-3 n2 x +12 π n4 x3
-4 π2 n6 x5 ⅇ-π n2 x2

.

( 2 -23 ) r[3] (x) := x r(3) (x) = ∑
n=1

∞

12 n2 x-4
-18 π n4 x-6

+4 π2 n6 x-8 ⅇ
-π n2

x2 .

The functional equation’s relation (2-3) is introduced into the third-order Ir type functional equation, and both 

sides are multiplied by Θ(x) to obtain the following functional equation:

( 2 -24 ) a[3] (x) + f[3] (x) = b[3] (x) +g[3] (x) ( x > 0 ) .

Where

( 2 -25 ) a[3] (x) = ∑
n=1

∞

-3 n2 x +12 π n4 x3
-4 π2 n6 x5 ⅇ-π n2 x2

.

( 2 -26 ) f[3] (x) = ∑
n=1

∞

∑
m=1

∞

-6 n2 x +24 π n4 x3
-8 π2 n6 x5 ⅇ

-π n2 x2
+m2

x2 .

( 2 -27 ) b[3] (x) = ∑
n=1

∞

12 n2 x-3
-18 π n4 x-5

+4 π2 n6 x-7 ⅇ
-π n2

x2 .

( 2 -28 ) g[3] (x) = ∑
n=1

∞

∑
m=1

∞

24 n2 x-3
-36 π n4 x-5

+8 π2 n6 x-7 ⅇ
-π m2 x2

+n2

x2 .

I decide that the functional equation (2-24) is called the third-order IIr type functional equation.

The differentiation of both sides of functional equation (2-18) by x provides the fourth-order differentiation 

functional equation:

( 2 -29 ) l(4) (x) = r(4) (x) ( x > 0 ) .

Where
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( 2 -30 ) l(4) (x) = ∑
n=1

∞

30 π n4 x -40 π2 n6 x3
+8 π3 n8 x5 ⅇ-π n2 x2

.

( 2 -31 ) r(4) (x) = ∑
n=1

∞

-60 n2 x-6
+150 π n4 x-8

-72 π2 n6 x-10
+8 π3 n8 x-12 ⅇ

-π n2

x2 .

Both sides of the functional equation (2-29) are multiplied by x2 and both sides of the third-order Ir type 

functional equation are added to each other to obtain the following fourth-order Ir type functional equation:

( 2 -32 ) l[4] (x) = r[4] (x) ( x > 0 ) .

Where

( 2 -33 ) l[4] (x) := x2 l(4) (x) + l[3] (x)

= ∑
n=1

∞

-3 n2 x +42 π n4 x3
-44 π2 n6 x5

+8 π3 n8 x7 ⅇ-π n2 x2
.

( 2 -34 ) r[4] (x) := x2 r(4) (x) +r[3] (x) 

= ∑
n=1

∞

-48 n2 x-4
+132 π n4 x-6

-68 π2 n6 x-8
+8 π3 n8 x-10 ⅇ

-π n2

x2 .

The functional equation’s relation (2-3) is introduced into the fourth-order Ir type functional equation, and 

both sides are multiplied by Θ(x) to obtain the following functional equation:

( 2 -35 ) a[4] (x) + f[4] (x) = b[4] (x) +g[4] (x) ( x > 0 ) .

Where

( 2 -36 ) a[4] (x) = ∑
n=1

∞

-3 n2 x +42 π n4 x3
-44 π2 n6 x5

+8 π3 n8 x7 ⅇ-π n2 x2
.

( 2 -37 ) f[4] (x) = ∑
n=1

∞

∑
m=1

∞

-6 n2 x +84 π n4 x3
-88 π2 n6 x5

+16 π3 n8 x7 ⅇ
-π n2 x2

+m2

x2 .

( 2 -38 ) b[4] (x) = ∑
n=1

∞

-48 n2 x-3
+132 π n4 x-5

-68 π2 n6 x-7
+8 π3 n8 x-9 ⅇ

-π n2

x2 .

( 2 -39 ) g[4] (x) =

∑
n=1

∞

∑
m=1

∞

-96 n2 x-3
+264 π n4 x-5

-136 π2 n6 x-7
+16 π3 n8 x-9 ⅇ

-π m2 x2
+n2

x2 .

I decide that the functional equation (2-35) is called the fourth-order IIr type functional equation.

Differentiation of both sides of the functional equation (2-29) by x provides the fifth-order differentiation 

functional equation:

( 2 -40 ) l(5) (x) = r(5) (x) ( x > 0 ) .

Where

( 2 -41 ) l(5) (x) = ∑
n=1

∞

30 π n4 -180 π2 n6 x2
+120 π3 n8 x4

-16 π4 n10 x6 ⅇ-π n2 x2
.

( 2 -42 ) r(5) (x) =

∑
n=1

∞

360 n2 x-7
-1320 π n4 x-9

+1020 π2 n6 x-11
-240 π3 n8 x-13

+16 π4 n10 x-15 ⅇ
-π n2

x2 .

Both sides of the functional equation (2-40) are multiplied by x3 and both sides of the fourth-order Ir type 

functional equation are added to each other to obtain the following fifth-order Ir type functional equation:
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( 2 -43 ) l[5] (x) = r[5] (x) ( x > 0 ) .

Where

( 2 -44 ) l[5] (x) := x3 l(5) (x) + l[4] (x)

= ∑
n=1

∞

-3 n2 x +72 π n4 x3
-224 π2 n6 x5

+128 π3 n8 x7
-16 π4 n10 x9 ⅇ-π n2 x2

.

( 2 -45 ) r[5] (x) := x3 r(5) (x) +r[4] (x)

= ∑
n=1

∞

312 n2 x-4
-1188 π n4 x-6

+952 π2 n6 x-8
-232 π3 n8 x-10

+16 π4 n10 x-12 ⅇ
-π n2

x2 .

The functional equation’ relation (2-3) is introduced into the fifth-order Ir type functional equation, and both 

sides are multiplied by Θ(x) to obtain the following functional equation:

( 2 -46 ) a[5] (x) + f[5] (x) = b[5] (x) +g[5] (x) ( x > 0 ) .

Where

( 2 -47 ) a[5] (x) = ∑
n=1

∞

-3 n2 x +72 π n4 x3
-224 π2 n6 x5

+128 π3 n8 x7
-16 π4 n10 x9 ⅇ-π n2 x2

.

( 2 -48 ) f[5] (x) = ∑
n=1

∞

∑
m=1

∞

-6 n2 x + 144 π n4 x3

- 448 π2 n6 x5
+ 256 π3 n8 x7

- 32 π4 n10 x9 ⅇ
-π n2 x2

+m2

x2 .

( 2 -49 ) b[5] (x) =

∑
n=1

∞

312 n2 x-3
-1188 π n4 x-5

+952 π2 n6 x-7
-232 π3 n8 x-9

+16 π4 n10 x-11 ⅇ
-π n2

x2 .

( 2 -50 ) g[5] (x) = ∑
n=1

∞

∑
m=1

∞

624 n2 x-3
- 2376 π n4 x-5

+ 1904 π2 n6 x-7
- 464 π3 n8 x-9

+ 32 π4 n10 x-11 ⅇ
-π m2 x2

+n2

x2 .

I decide that the functional equation (2-46) is called the fifth-order IIr type functional equation.

3. Preliminary knowledge 

3-1. The gamma function Γ(Z)

The gamma function Γ(Z) is an absolutely convergent function under the condition of Re(Z) > 0 “[2].”

The following equation provides its definition:

( 3 - 1 ) Γ (Z) := ∫0

∞
xZ-1 ⅇ-x ⅆx ( Re (Z) > 0 ) .

The formula can be used to calculate the value of the gamma function for any positive integer.

( 3 - 2 ) Γ (n) = (n -1) ! ( n ∈ ℕ ) .

The two formulae can be used to calculate value of the gamma function for any positive half-integer.

( 3 - 3 ) Γ 1
2
 = π .

6     Beyond the Riemann hypothesis Version 1.nb



( 3 - 4 ) Γ 2 n +1
2

 = (2 n -1) !! π
2n ( n ∈ ℕ ) .

Table shows the values for the gamma function for positive half-integers

Fig. 3-1

Analytic continuation extends the domain of definition of the gamma function Γ(Z) to the whole complex 

plane. The gamma function has simple poles at Z = 0, -1, -2, · · · , i.e.,

( 3 - 5 )
1

Γ (1 -n)
= 0 ( n ∈ ℕ ) .

Residue of the gamma function at Z = 0 is shown as follows:

( 3 - 6 ) Res (0 ; Γ (Z)) = 1 .

Residue of the gamma function at Z = -n is shown as follows:

( 3 - 7 ) Res (-n ; Γ (Z)) = (-1)n
n ( n ∈ ℕ ) .

Except for the poles, the gamma function is regular in the whole complex plane.

In the entire complex plane, the gamma function has no zero, i.e.,

( 3 - 8 ) Γ (Z) ≠ 0 ( Z ∈ ℂ ) .

The value of the gamma function for any negative half-integer can be obtained by the formula.

( 3 - 9 ) Γ -2 n -1
2

 = (-1)n 2n π
(2 n -1) !!

( n ∈ ℕ ) .

Table shows the values for the gamma function for negative half-integers

Fig. 3-2

The difference formula for the gamma function is shown as follows:

( 3 - 10 ) Γ (1 +Z) = Z Γ (Z) ( Z ∈ ℂ \ {-1, -2, -3, · · ·} ) .

The reciprocal formula for the gamma function is shown as follows:

( 3 - 11 ) Γ (Z) Γ (1 -Z) = π
sin (π Z)

( Z ∈ ℂ \ℤ ) .

3-2. The Riemann zeta function ζ(S)

The Riemann zeta function ζ (S) is an absolutely convergent function under the condition of Re(S) > 1 “[2].”

Beyond the Riemann hypothesis Version 1.nb     7



Its definition is provided by the following equation, and it has the Euler product representation:

( 3 - 12 ) ζ (S) := ∑
n=1

∞
1

nS
= ∏

p: prime
1 -p-s-1

( Re (S) > 1 ) .

In this case, the product of the right side crosses all prime numbers. 

The Bernoulli numbers Bn are provided by the following equation of definition:

( 3 - 13 )
x

ⅇx-1
:= ∑

n=0

∞

Bn
xn
n !

( x < 2 π ) .

Table shows the values for the Bernoulli numbers Bn

Fig. 3-3

The formula can be used to calculate the exact value of the Riemann zeta function for any even number of 2 or 

more.

( 3 - 14 ) ζ (2 n) =
(-1)n -1 22 n-1 π2 n B2 n

(2 n) !
( n ∈ ℕ ) .

Table shows the exact values for the Riemann zeta function for even numbers of 2 or more

Fig. 3-4

In 1979, R. Apery proved that ζ (3) is an irrational number using the following series representation “[4]”:

( 3 - 15 ) ζ (3) = 5
2 ∑n=1

∞
(-1)n +1

n3 
2 n
n 

.

The following series representation for ζ (5) is adopted from Ramanujan’s note book:

( 3 - 16 ) ζ (5) = π5

294
-

72
35 ∑n=1

∞
1

n5 ⅇ2 π n
-1

-
2

35 ∑n=1

∞
1

n5 ⅇ2 π n
+1

.

The following series representations for ζ (3) and ζ (7) are adopted from Ramanujan’s note book, too:

( 3 - 17 ) ζ (3) = 7 π3

180
- 2 ∑

n=1

∞
1

n3 ⅇ2 π n
-1

, ζ (7) = 19 π7

56 700
- 2 ∑

n=1

∞
1

n7 ⅇ2 π n
-1

, etc.

By analytic continuation, the domain of definition of the Riemann zeta function ζ (S) is expanded to the whole 

complex plane. The Riemann zeta function ζ (S) has only a single simple pole at S = 1, i.e.,

( 3 - 18 )
1
ζ (1)

= 0 .
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The Riemann zeta function is regular in the whole complex plane except the pole.

The residue of the Riemann zeta function at S = 1 is as follows:

( 3 - 19 ) Res 1 ; ζ (S) = 1 .

The value of the Riemann zeta function at S = 0 is shown as follows:

( 3 - 20 ) ζ (0) = -1 / 2 .

The Riemann zeta function has trivial zeros for any even number of -2 or less, i.e.,

( 3 - 21 ) ζ (-2 n) = 0 ( n ∈ ℕ ) .

The value of the Riemann zeta function for any odd number of -1 or less can be obtained using the formula.

( 3 - 22 ) ζ (1 -2 n) = -
B2 n
2 n

( n ∈ ℕ ) .

Table shows the exact values for the Riemann zeta function for odd numbers of -1 or less

Fig. 3-5

3-3. The Riemann Xi function ξ (S)

The Riemann Xi function ξ (S) is defined as follows:

( 3 - 23 ) ξ (S) := S (S -1)
2

π
-

S
2 Γ S

2
 ζ (S) ( S ∈ ℂ ) .

The Riemann Xi function’s functional equation exhibits point symmetry, which at S = 1 /2.

( 3 - 24 ) ξ (S) = ξ (1 -S) ( S ∈ ℂ ) .

The complete symmetric functional equation, of course, has the same symmetry.

The value of the Riemann Xi function at S = 0 is shown as follows:

( 3 - 25 ) ξ (0) = 1 / 2 .

The Riemann Xi function has an infinite product representation called the Hadamard product.

( 3 - 26 ) ξ (S) := ξ (0) ∏
ζ (ρ)=0

ρ: non -trivial zero

1 -
S
ρ
 ( S ∈ ℂ ) .

In this case, the infinite product crosses all non-trivial zeros of the Riemann zeta function.

This infinite product is absolutely convergent.

3-4. The Riemann hypothesis for the Riemann zeta function

It is well known that all non-trivial zeros of the Riemann zeta function lie in the domain called the critical 

strip, excluding both side lines on the boundary.

( 3 - 27 ) Critical strip = { S ∈ ℂ : 0 < Re (S) < 1 } .

The Riemann hypothesis asserts that all non-trivial zeros of the Riemann zeta function lie on the critical line.
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( 3 - 28 ) Critical line = { S ∈ ℂ : Re (S) = 1 / 2 } .

In this article, the Riemann zeta function is hereafter abbreviated to the zeta function.

3-5. The modified Bessel function of the second kind Kν(Z)

The modified Bessel function of the second kind Kν(Z) is defined as an independent solution of the following 

modified Bessel differential equation “[2], [3]”:

( 3 - 29 ) Z2 y′′ +Zy′ -(Z2 + ν2) y = 0 ( ν, Z ∈ ℂ ) .

Kν(Z) has a branch cut discontinuity in the complex z plane running from -∞ to 0.

The origin symmetry concerning the index ν is shown as follows:

( 3 - 30 ) Kν (Z) = K -ν (Z) ( ν, Z ∈ ℂ ) .

The recurrence formula is shown as follows:

( 3 - 31 )
Z
2

Kν + 1 (Z) = νKν (Z) +Z
2

Kν -1 (Z) ( ν, Z ∈ ℂ ) .

The integral representation is shown as follows “[7]”:

( 3 - 32 ) Kν (Z) = 1
2 ∫0

∞
xν -1 ⅇ

-
Z
2
x +

1
x

ⅆx ( ν, Z ∈ ℂ ) .

When the index ν is not an integer, the modified Bessel function of the second kind is given by the following 

equation using the modified Bessel function of the first kind, Iν(Z):

( 3 - 33 ) Kν (Z) = π
2 sin (π ν)

I -ν (Z) -Iν (Z) ( ν ∈ ℂ \ℤ, Z ∈ ℂ ) .

In this case, the function Iν(Z) is given as follows:

( 3 - 34 ) Iν (Z) = ∑
μ=0

∞
(Z/2)2 μ+ν

μ !Γ (μ +ν +1)
( ν, Z ∈ ℂ ) .

Iν(Z) has also a branch cut discontinuity in the complex z plane running from -∞ to 0.

When the index ν is a positive integer, the function Kν(Z) is given as follows:

( 3 - 35 ) Kn (Z) = 
ν→n

Kν (Z) = (-1)n +1 In (Z) log Z
2
 + 1

2 ∑μ=0

n -1

(-1)μ (n -μ -1) !
μ !

Z
2

2μ-n

+
(-1)n

2 ∑
μ=0

∞
ψ (μ +n +1)+ψ (μ +1)

(n +μ) !μ !
Z

2

n +2μ

( n ∈ ℕ, Z ∈ ℂ \ {0} ) .

Here, the Psi function ψ(Z) is defined as the logarithmic differentiation of the gamma function, i.e.,

( 3 - 36 ) ψ (Z) := Γ′ (Z)
Γ (Z)

= d
dZ

log (Γ (Z)) ( Z ∈ ℂ \ {0, -1, -2, · · ·} ) .

The Psi function is an analytic function in the whole complex plane except at Z = 0,-1,-2, · · ·. When Z is any 

integer of 2 or more,

( 3 - 37 ) ψ (n +1) = -γ + ∑
k=1

n
1
k

( n ∈ ℕ ) .

When Z = 1,

( 3 - 38 ) ψ (1) = - γ .

In this case, the constant γ is called Euler’s constant, and its definition and approximate value are given as 

follows:
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( 3 - 39 ) γ := 
n→∞ ∑

k=1

n
1
k

- log (n) ≃ 0.57721566490 .

When the index ν = 0, the asymptotic formula for the function K0(Z) is given as follows “[17]”: 

( 3 - 40 ) K0 (x) = -γ + log 2 - log (x) + 1
4
1 -γ + log 2 - log (x) x2 +Ο (x)4 ( x > 0 ) .

The formula for the function Kν(Z) at the index ν = 1 /2 is given as follows: 

( 3 - 41 ) K 1
2
(Z) = π

2 Z
ⅇ-Z ( Z ∈ ℂ ) .

The formula for the function Kν(Z) at the index ν for any positive half-integer is given as follows:

( 3 - 42 ) K 2 n +1
2

(Z) = π
2 Z

ⅇ-Z ∑
k=0

n
(n +k) !

k ! (n -k) ! (2 Z)k
( n ∈ ℕ, Z ∈ ℂ ) .

Table shows the formulae for the function Kν(Z) at the index ν for any half-integer

Fig. 3-6

3-6. The divisor sigma function σθ (n)

When d is a divisor of any positive integer n, the sum of the divisor sigma function σθ (n) runs all divisors, 

and the equation defining the divisor sigma function σθ (n) is shown as follows:

( 3 - 43 ) σθ (n) := ∑
d  n

dθ ( θ ∈ ℂ , n ∈ ℕ ) .

When θ = 0, the divisor sigma function is equivalent to the number of divisors function μ (n).   

( 3 - 44 ) σ0 (n) = ∑
d  n

1 = μ (n) ( n ∈ ℕ ) .

When n = 1, the divisor sigma function takes the constant 1 independent of the complex variable θ.

( 3 - 45 ) σ-θ (1) = 1 ( θ ∈ ℂ ) .

When two different arbitrary prime numbers a and b are assumed, examples of calculation are shown as 

follows:

( 3 - 46 ) σ-θ (a) = 1 +
1
aθ

( θ ∈ ℂ ) .

( 3 - 47 ) σ-θ a2 = 1 +
1
aθ

+
1
a2 θ

( θ ∈ ℂ ) .

( 3 - 48 ) σ-θ (a · b) = 1 +
1
aθ

+
1

bθ
+

1
(a·b)θ

= 1 +
1
aθ
 1 +

1
bθ
 ( θ ∈ ℂ ) .

When considering the product of two different giant prime numbers, there is a difficulty in factorizing the 

product. In addition, the divisor sigma function σθ (n) has the same difficulty.

4. Functional Equation Transformation, Part1

I consider multiplying both sides of the second-order Ir type functional equation by the kernel function
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xθ ⅇ-π α
2 x2

( x, α > 0, θ ∈ ℂ ) 

to perform the improper integral on the open interval (0,∞) and to provide the operation for taking the left-

sided limit of α→+0.

To ensure the validity of the above series of operations, it is necessary to evaluate the convergence of the 

integral and the boundedness of the limit value.

The operation for taking the left-sided limit is carried out at the proper stage of the calculation.

Moreover, the domain of definition is determined sequentially at appropriate stages.

The statements above also apply in Sections 5 and 10, except that the transformation sources are different.

The following are the operations of the functional equation transformation for the second-order Ir type func-

tional equation:

( 4 - 1 ) L[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+2 π n4 xθ+3 ⅇ-π (n2 +α2) x2

ⅆx .

( 4 - 2 ) R[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ-4
+2 π n4 xθ-6 ⅇ

-π n2

x2
+α2 x2

ⅆx .

For the integral of L[2] (θ), I perform the variable transformation

x = 
y

π (n2 +α2)


1
2 .

( 4 - 3 ) L[2] (θ) =


α→+0 ∫0

∞

∑
n=1

∞

-3 n2 
y

π (n2 +α2)


θ+1
2

+2 π n4 
y

π (n2 +α2)


θ+3
2 ⅇ-y 1

2
 1
π (n2 +α2)



1
2 y

-
1
2 ⅆy

= π
-
θ

2
2 π


α→+0 ∫0

∞
-3 ∑

n=1

∞

n2  1
n2 +α2



θ

2
+1

y
θ

2 + 2 ∑
n=1

∞

n4  1
n2 +α2



θ

2
+2

y
θ

2
+1

ⅇ-y ⅆy .

Using the left-sided limit of the positive real variable α,

( 4 - 4 ) L[2] (θ) =
π
-
θ

2
2 π ∫0

∞

∑
n=1

∞
1

nθ
-3 y

θ

2 +2 y
θ

2
+1

ⅇ-y ⅆy

= π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 ∫0

∞
y
θ

2 ⅇ-y ⅆy +2 ∫0

∞
y
θ

2
+1
ⅇ-y ⅆy  .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) > 1 can be added to the above result because it is a convergent function under the 

condition.

( 4 - 5 ) L[2] (θ) =
π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 Γ 1 +

θ
2
 +2 Γ 2 +

θ
2
 ( Re (θ) > 1 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 4 - 6 ) L[2] (θ) =
π
-
θ

2
2 π

ζ (θ) -3 · θ
2
Γ θ

2
 +2 · θ

2
1 +

θ
2
 Γ  θ

2
 = π

-
θ

2
2 π

ζ (θ) · θ
2
(θ -1)Γ θ

2


= π
-
θ

2
2 π

ζ (θ) · θ
2
(θ -1)Γ θ

2
 ( θ ∈ ℂ ) .

Therefore,
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( 4 - 7 ) L[2] (θ) =
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

The function L[2] (θ) is a convergent function in the whole complex plane.

For the integral of R[2] (θ), I perform the variable transformation x = y-1.

( 4 - 8 ) R[2] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

-3 n2 1
y 
θ-4

+2 π n4 1
y 
θ-6

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 y2-θ +2 π n4 y4-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

Assuming that the integral and the sum can be interchanged, for the integrals of R[2] (θ), I perform the variable 

transformation

y = αx
n 

1
2 .

( 4 - 9 ) R[2] (θ) =


α→+0

∑
n=1

∞

∫0

∞
-3 n2 αx

n 
2-θ

2 +2 π n4 αx
n 

4-θ
2 ⅇ

-π nα x +
1
x
 1

2
αn 

1
2 x

-
1
2 ⅆx

= 
α→+0

α
3-θ

2 ∑
n=1

∞

n
1+θ

2 -3 · 1
2 ∫0

∞
x

3-θ
2

-1
ⅇ
-

2π nα
2

x +
1
x

ⅆx

+ 2 (π n α) · 1
2 ∫0

∞
x

5-θ
2

-1
ⅇ
-

2 π nα
2

x +
1
x

ⅆx .

The integrals can be written using the modified Bessel functions of the second kind.

( 4 - 10 ) R[2] (θ) = 
α→+0

α
3-θ

2 ∑
n=1

∞

n
1+θ

2 -3 K 3-θ
2

(2 π n α) +2 (π n α)K 5-θ
2

(2 π n α) .

Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed 

exchange is justified.

The recurrence formula for the modified Bessel function of the second kind is applied twice.

( 4 - 11 ) R[2] (θ) =


α→+0

α
3-θ

2 ∑
n=1

∞

n
1+θ

2 -3 K 3-θ
2

(2 π n α) +2 3 -θ
2

K 3-θ
2

(2 π n α) +(π n α)K 1-θ
2

(2 π n α)

= 1
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 -θ (π n α)K 3-θ
2

(2 π n α) +2 (π nα)2 K 1-θ
2

(2 π n α)

= 1
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 -θ 1 -θ
2

K 1-θ
2

(2 π n α) +(π n α)K -1-θ
2

(2 π n α)

+ 2 (π nα)2 K 1-θ
2

(2 π n α)

= 1
2 π


α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 θ (θ -1)K 1-θ
2

(2 π n α)

- 2 (π n α) θK 1+θ
2

(2 π n α) + 4 (π nα)2 K 1-θ
2

(2 π n α) .

For convenience, I separate the result of equation (4-11) into three parts adding the condition Re (θ) < 0.

( 4 - 12 ) C[2]-1 (θ) := θ (θ -1)
2 π


α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 K 1-θ
2

(2 π n α) ( Re (θ) < 0 ) .
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( 4 - 13 ) C[2]-2 (θ) := -
θ
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα)K 1+θ
2

(2 π n α) ( Re (θ) < 0 ) .

( 4 - 14 ) C[2]-3 (θ) := 2
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα)2 K 1-θ
2

(2 π n α) ( Re (θ) < 0 ) .

Additionally, when the complex variable θ is not an odd number of -1 or less, the modified Bessel function of 

the second kind is given by the modified Bessel functions of the first kind. For the first part,

( 4 - 15 ) C[2]-1 (θ) =

θ (θ -1)
2 π


α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 π

2 sin  1-θ
2
π

I -1+θ
2

(2 π n α) -I 1-θ
2

(2 π n α)

= θ (θ -1)

4 sin  1-θ
2
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 ∑
μ=0

∞
(π nα)

2 μ+-1+θ
2

μ !Γ μ +-1+θ
2

+1
- ∑
μ=0

∞
(π nα)

2 μ+ 1-θ
2

μ !Γ μ +1-θ
2

+1

= θ (θ -1)π
-1-θ

2

4 sin  1-θ
2
π


α→+0

∑
n=1

∞

nθ-1 ∑
μ=0

∞
(π nα)2 μ

μ !Γ μ +-1+θ
2

+1
- ∑
μ=0

∞
(π nα)2 μ+1 -θ

μ !Γ μ +1-θ
2

+1

= θ (θ -1)π
-1-θ

2

4 sin  1-θ
2
π


α→+0

∑
n=1

∞

nθ-1 (π nα)0

0 !Γ 1 -1-θ
2

- ∑
μ=0

∞
(π nα)2 μ+2

(μ +1) !Γ μ +1+θ
2

+1

- ∑
μ=0

∞
(π nα)2 μ+1 -θ

μ !Γ μ +1-θ
2

+1
( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .

Now, using the following fact for calculation:

( 4 - 16 ) 
α→+0

(π nα)β = 
1 ( β = 0, n ∈ ℕ ) ,
0 ( Re (β) > 0, n ∈ ℕ ) .

Therefore

( 4 - 17 ) C[2]-1 (θ) = θ (θ -1)π
-1-θ

2

4 sin  1-θ
2
πΓ 1 -1-θ

2

∑
n=1

∞

nθ-1 ( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .

By applying the reciprocal formula for the gamma function,

( 4 - 18 ) C[2]-1 (θ) = θ (θ -1)
4 π

π
-

1-θ
2 Γ 1 -θ

2
 ∑

n=1

∞
1

n1-θ
( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .

For the second part,

( 4 - 19 ) C[2]-2 (θ) =

-
θ
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα) π

2 sin  1+θ
2
π

I -1-θ
2

(2 π n α) -I 1+θ
2

(2 π n α)

= -
θ

2 sin  1+θ
2
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα) ∑
μ=0

∞
(π nα)

2 μ- 1+θ
2

μ !Γ μ -1+θ
2

+1
- ∑
μ=0

∞
(π nα)

2 μ+ 1+θ
2

μ !Γ μ +1+θ
2

+1

= -
θ π

-1-θ
2

2 sin  1+θ
2
π

α→+0

∑
n=1

∞

nθ-1 ∑
μ=0

∞
(π nα)2 μ+1 -θ

μ !Γ μ -1+θ
2

+1
- ∑
μ=0

∞
(π nα)2 μ+2

μ !Γ μ +1+θ
2

+1

= 0 ( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .
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For the third part,

( 4 - 20 ) C[2]-3 (θ) =

2
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα)2 π

2 sin  1-θ
2
π

I -1+θ
2

(2 π n α) -I 1-θ
2

(2 π n α)

= 1

sin  1-θ
2
π

α→+0

α
1-θ

2 ∑
n=1

∞

n
-1+θ

2 (π nα)2 ∑
μ=0

∞
(π nα)

2 μ+-1+θ
2

μ !Γ μ +-1+θ
2

+1
- ∑
μ=0

∞
(π nα)

2 μ+ 1-θ
2

μ !Γ μ +1-θ
2

+1

= π
-

1-θ
2

sin  1-θ
2
π

α→+0

∑
n=1

∞

nθ-1 ∑
μ=0

∞
(π nα)2 μ+2

μ !Γ μ +-1+θ
2

+1
- ∑
μ=0

∞
(π nα)2 μ+3 -θ

μ !Γ μ +1-θ
2

+1

= 0 ( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .

By combining the above results,

( 4 - 21 ) R[2] (θ) =
θ (θ -1)

4 π
π
-

1-θ
2 Γ 1 -θ

2
 ∑

n=1

∞
1

n1-θ
( Re (θ) < 0, θ ∈ ℂ \ {1 -2 p : p ∈ ℕ} ) .

When the complex variable θ is any odd number of -1 or less, for the first part, 

( 4 - 22 ) C[2]-1 (1 -2 p) = (1 -2 p) (-2 p)
2 π


α→+0

αp ∑
n=1

∞

n-p Kp (2 π n α)

=
p (2 p -1)

π

α→+0

αp ∑
n=1

∞

n-p (-1)p +1 Ip (2 π n α) log (π n α)

+
1
2 ∑μ=0

p -1

(-1)μ (p -μ -1) !
μ !

(π n α)2 μ-p +
(-1)p

2 ∑
μ=0

∞
ψ (μ +p +1)+ψ (μ +1)

(p +μ) !μ !
(π n α)p +2 μ

=
p (2 p -1)

π

α→+0

αp ∑
n=1

∞

n-p (-1)p +1 ∑
μ=0

∞
(π nα)2 μ+p

μ !Γ (μ +p +1)
log (π n α)

+
1
2 ∑μ=0

p -1

(-1)μ (p -μ -1) !
μ !

(π n α)2 μ-p +
(-1)p

2 ∑
μ=0

∞
ψ (μ +p +1)+ψ (μ +1)

(p +μ) !μ !
(π n α)p +2 μ

=
p (2 p -1)π-p

2 π

α→+0

∑
n=1

∞

n-2 p ∑
μ=0

p -1

(-1)μ (p -μ -1) !
μ !

(π n α)2 μ

+ (-1)p +1 ∑
μ=0

∞
2 log (π nα)-ψ (μ +p +1)-ψ (μ +1)

μ !Γ (μ +p +1)
(π nα)2 μ+2 p ( p ∈ ℕ ) .

When the complex variable θ is any odd number of -3 or less,

( 4 - 23 ) C[2]-1 (1 -2 p) =

p (2 p -1)π-p
2 π


α→+0

∑
n=1

∞

n-2 p (-1)0 (p -1) !
0 !

(π n α)0 + ∑
μ=1

p -1

(-1)μ (p -μ -1) !
μ !

(π n α)2 μ

=
p ! (2 p -1)π-p

2 π
ζ (2 p) ( p ∈ ℕ \ {1} ) .

When the complex variable θ is equal to -1,

( 4 - 24 ) C[2]-1 (-1) = π-2
2


α→+0

∑
n=1

∞

n-2 ∑
μ=0

0

(-1)μ (1 -μ -1) !
μ !

(π n α)2 μ = π-2
2
ζ (2) = 1

12
.

For the result of equation (4-23), 1 is substituted directly for p.
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( 4 - 25 )
p ! (2 p -1)π-p

2 π
ζ (2 p)p=1

= 1 !π-1
2 π

ζ (2) = 1
12

.

This result is the same to the result of equation (4-24); hence, they can be combined.

( 4 - 26 ) C[2]-1 (1 -2 p) = p ! (2 p -1)π-p
2 π

ζ (2 p) ( p ∈ ℕ ) .

For the second part,

( 4 - 27 ) C[2]-2 (1 -2 p) = -
1 -2 p
π


α→+0

αp ∑
n=1

∞

n-p (π nα)Kp - 1 (2 π n α) ( p ∈ ℕ ) .

When the complex variable θ is any odd number of -3 or less,

( 4 - 28 ) C[2]-2 (1 -2 p) = 2 p -1
π


α→+0

αp ∑
n=1

∞

n-p (π nα) (-1)p Ip -1 (2 π n α) log (π n α)

+
1
2 ∑μ=0

p -2

(-1)μ (p -μ -2) !
μ !

(π n α)2 μ-p +1 +
(-1)p -1

2 ∑
μ=0

∞
ψ (μ +p)+ψ (μ +1)

(p +μ -1) !μ !
(π n α)p +2 μ-1

=
2 p -1
π


α→+0

αp ∑
n=1

∞

n-p (π nα) (-1)p ∑
μ=0

∞
(π nα)2 μ+p -1

μ !Γ (μ +p)
log (π n α)

+
1
2 ∑μ=0

p -2

(-1)μ (p -μ -2) !
μ !

(π n α)2 μ-p +1 +
(-1)p -1

2 ∑
μ=0

∞
ψ (μ +p)+ψ (μ +1)

(p +μ -1) !μ !
(π n α)p +2 μ-1

=
(2 p -1)π-p

2 π

α→+0

∑
n=1

∞

n-2 p (-1)p ∑
μ=0

∞
2 log (π nα)-ψ (μ +p)-ψ (μ +1)

μ !Γ (μ +p)
(π n α)2 μ+2 p

+ ∑
μ=0

p -2

(-1)μ (p -μ -2) !
μ !

(π n α)2 μ+2 = 0 ( p ∈ ℕ \ {1} ) .

When the complex variable θ is equal to -1,

( 4 - 29 ) C[2]-2 (-1) = π-2 
α→+0

∑
n=1

∞

n-2 (π n α)2 K0 (2 π nα)

= π-2 
α→+0

∑
n=1

∞

n-2 (π nα)2 (-γ + log (2) - log (2 π n α))

+
1
4
(1 -γ + log (2) - log (2 π n α)) (2 π nα)2 +Ο (2 π nα)4 = 0 .

Here, I used the asymptotic formula for the function K0(Z).

For the third part,

( 4 - 30 ) C[2]-3 (1 -2 p) = 2
π

α→+0

αp ∑
n=1

∞

n-p (π n α)2 Kp (2 π nα)

= 2
π

α→+0

αp ∑
n=1

∞

n-p (π n α)2 (-1)p +1 ∑
μ=0

∞
(π nα)2 μ+p

μ !Γ (μ +p +1)
log (π nα)

+
1
2 ∑μ=0

p -1

(-1)μ (p -μ -1) !
μ !

(π nα)2 μ-p +
(-1)p

2 ∑
μ=0

∞
ψ (μ +p +1)+ψ (μ +1)

(p +μ) !μ !
(π nα)p +2 μ
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= π-p
π


α→+0

∑
n=1

∞

n-2 p (-1)p +1 ∑
μ=0

∞
2 log (π nα)-ψ (μ +p +1)-ψ (μ +1)

μ !Γ (μ +p +1)
(π nα)2 μ+2 p+2

+ ∑
μ=0

p -1

(-1)μ (p -μ -1) !
μ !

(π n α)2 μ+2 = 0 ( p ∈ ℕ ) .

For the right side of equation (4-21), (1 - 2 p) is substituted directly for θ.

( 4 - 31 )
θ (θ -1)

4 π
π
-

1-θ
2 Γ 1 -θ

2
 ∑

n=1

∞
1

n1-θ
θ=1 -2 p

=
(1 -2 p) (-2 p)

4 π
π-p Γ (p) ∑

n=1

∞
1

n2 p

=
p ! (2 p -1)π-p

2 π
ζ (2 p) ( p ∈ ℕ ) .

This result is the same to the result of equation (4-26); hence, they can be combined.

( 4 - 32 ) R[2] (θ) =
θ (θ -1)

4 π
π
-

1-θ
2 Γ 1 -θ

2
 ∑

n=1

∞
1

n1-θ
( Re (θ) < 0 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 4 - 33 ) R[2] (θ) =
θ (θ -1)

4 π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

The function R[2] (θ) is also a convergent function in the whole complex plane. Thus, the following equation 

holds true:

( 4 - 34 ) L[2] (θ) = R[2] (θ) ( θ ∈ ℂ ) .

Therefore

( 4 - 35 )
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ -1)

4 π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

I decide that the functional equation (4-35) is called the second-order Ic type functional equation. Suffix c 

means “complex.” This rule is also hereafter applicable.

It is equivalent to the functional equation that the Riemann Xi function follows.

5. Functional Equation Transformation, Part2

The following are the operations of the functional equation transformation for the second-order IIr type 

functional equation:

( 5 - 1 ) A[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+2 π n4 xθ+3 ⅇ-π (n2 +α2) x2

ⅆx .

( 5 - 2 ) F[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+4 π n4 xθ+3 ⅇ

-π (n2 +α2) x2
+m2

x2

ⅆx .

( 5 - 3 ) B[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ-3
+2 π n4 xθ-5 ⅇ

-π n2

x2
+α2 x2

ⅆx .

( 5 - 4 ) G[2] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ-3
+4 π n4 xθ-5 ⅇ

-π (m2 +α2) x2
+

n2

x2

ⅆx .

Immediately, the following obvious result is obtained:
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( 5 - 5 ) A[2] (θ) = L[2] (θ) =
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

For the integral of B[2] (θ), I perform the variable transformation x = y-1.

( 5 - 6 ) B[2] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

-3 n2 1
y 
θ-3

+2 π n4 1
y 
θ-5

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 y1-θ +2 π n4 y3-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

Assuming that the integral and the sum can be interchanged, for the integrals of B[2] (θ), I perform the variable 

transformation

y = αx
n 

1
2 .

( 5 - 7 ) B[2] (θ) = 
α→+0

∑
n=1

∞

∫0

∞
-3 n2 αx

n 
1-θ

2 +2 π n4 αx
n 

3-θ
2 ⅇ

-π nα x +
1
x
 1

2
αn 

1
2 x

-
1
2 ⅆx

= 
α→+0

α
2-θ

2 ∑
n=1

∞

n
2+θ

2 -3 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2π nα
2

x +
1
x

ⅆx

+ 2 (π n α) · 1
2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 π nα
2

x +
1
x

ⅆx .

The integrals can be written using the modified Bessel functions of the second kind. 

( 5 - 8 ) B[2] (θ) = 
α→+0

α
2-θ

2 ∑
n=1

∞

n
2+θ

2 -3 K 2-θ
2

(2 π n α) +2 (π n α)K 4-θ
2

(2 π n α) .

Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed 

exchange is justified. The recurrence formula for the modified Bessel function of the second kind is applied 

twice.

( 5 - 9 ) B[2] (θ) = 
α→+0

α
2-θ

2 ∑
n=1

∞

n
2+θ

2 -3 K 2-θ
2

(2 π n α)

+ 2 2 -θ
2

K 2-θ
2

(2 π n α) +(π n α)K -θ
2

(2 π n α)

= 1
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 -(θ +1) (π n α) K 2-θ
2

(2 π n α) +2 (π n α)2 K θ
2
(2 π n α)

= 1
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 -(θ +1) -θ
2

K -θ
2

(2 π n α) +(π n α)K -2-θ
2

(2 π n α)

+ 2 (π n α)2 K θ
2
(2 π n α)

= 1
2π


α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 θ (θ +1)K θ
2
(2 π n α)

- 2 (θ +1) (π n α)K 2+θ
2

(2 π n α) + 4 (π n α)2 K θ
2
(2 π n α) .

For convenience, I separate the result of equation (5-9) into three parts adding the condition Re (θ) < -1.

( 5 - 10 ) D[2]-1 (θ) := θ (θ +1)
2 π


α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 K θ
2
(2 π n α) ( Re (θ) < -1 ) .

( 5 - 11 ) D[2]-2 (θ) := -
θ +1
π


α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 (π n α)K 2+θ
2

(2 π n α) ( Re (θ) < -1 ) .

18     Beyond the Riemann hypothesis Version 1.nb



( 5 - 12 ) D[2]-3 (θ) := 2
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 (π n α)2 K θ
2
(2 π n α) ( Re (θ) < -1 ) .

Furthermore, when the complex variable θ is not an even number of -2 or less, the modified Bessel function 

of the second kind is provided using the modified Bessel functions of the first kind. For the first part,

( 5 - 13 ) D[2]-1 (θ) = θ (θ +1)
2 π


α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 π

2 sin  θ
2
π

I -
θ
2
(2 π n α) -I θ

2
(2 π n α)

= θ (θ +1)

4 sin  θ
2
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 ∑
μ=0

∞
(π nα)

2 μ- θ
2

μ !Γ μ -θ

2
+1

- ∑
μ=0

∞
(π nα)

2 μ+ θ
2

μ !Γ μ +θ

2
+1

= θ (θ +1)π
θ

2

4 sin  θ
2
π


α→+0

∑
n=1

∞

nθ ∑
μ=0

∞
(π nα)2 μ-θ

μ !Γ μ -θ

2
+1

- ∑
μ=0

∞
(π nα)2 μ

μ !Γ μ +θ

2
+1

= θ (θ +1)π
θ

2

4 sin  θ
2
π


α→+0

∑
n=1

∞

nθ ∑
μ=0

∞
(π nα)2 μ-θ

μ !Γ μ -θ

2
+1

-
(π nα)0

0 !Γ 1 +θ

2

- ∑
μ=0

∞
(π nα)2 μ+2

(μ +1) !Γ μ +θ

2
+2

= θ (θ +1)π
θ

2

4 sin - θ
2
πΓ 1 --θ

2

∑
n=1

∞

nθ ( Re (θ) < -1, θ ∈ ℂ \ {-2 p : p ∈ ℕ} ) .

By applying the reciprocal formula for the gamma function,

( 5 - 14 ) D[2]-1 (θ) = θ (θ +1)
4 π

π
θ

2 Γ - θ
2
 ∑

n=1

∞
1

n-θ
( Re (θ) < -1, θ ∈ ℂ \ {-2 p : p ∈ ℕ} ) .

For the second part,

( 5 - 15 ) D[2]-2 (θ) =

-
θ +1
π


α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 (π n α) π

2 sin  2+θ
2
π

I -
2+θ

2
(2 π n α) -I 2+θ

2
(2 π n α)

= -
θ +1

2 sin  2+θ
2
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 (π nα) ∑
μ=0

∞
(π nα)

2 μ- 2+θ
2

μ !Γ μ -2+θ
2

+1
- ∑

μ=0

∞
(π nα)

2 μ+ 2+θ
2

μ !Γ μ +2+θ
2

+1

= -
(θ +1)π

θ

2

2 sin  2+θ
2
π

α→+0

∑
n=1

∞

nθ ∑
μ=0

∞
(π nα)2 μ-θ

μ !Γ μ -θ

2

- ∑
μ=0

∞
(π nα)2 μ+2

μ !Γ μ +θ

2
+2

= 0 ( Re (θ) < -1, θ ∈ ℂ \ {-2 p : p ∈ ℕ} ) .

For the third part,

( 5 - 16 ) D[2]-3 (θ) = 2
π

α→+0

α
-
θ

2 ∑
n=1

∞

n
θ

2 (π n α)2 π

2 sin  θ
2
π

I -
θ
2
(2 π n α) -I θ

2
(2 π n α)

= π
θ

2

sin  θ
2
π

α→+0

∑
n=1

∞

n
θ

2 ∑
μ=0

∞
(π nα)2 μ-θ +2

μ !Γ μ -θ

2
+1

- ∑
μ=0

∞
(π nα)2 μ+2

μ !Γ μ +θ

2
+1

= 0 ( Re (θ) < -1, θ ∈ ℂ \ {-2 p : p ∈ ℕ} ) .

By combining the above results,

( 5 - 17 ) B[2] (θ) =
θ (θ +1)

4 π
π
θ

2 Γ - θ
2
 ∑

n=1

∞
1

n-θ
( Re (θ) < -1, θ ∈ ℂ \ {-2 p : p ∈ ℕ} ) .
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When the complex variable θ is any even number of -2 or less, for the first part, 

( 5 - 18 ) D[2]-1 (-2 p) = (-2 p) (-2 p+1)
2 π


α→+0

αp ∑
n=1

∞

n-p K - p (2 π n α)

= C[2]-1 (1 -2 p) = p ! (2 p -1)π-p
2 π

ζ (2 p) ( p ∈ ℕ ) .

For the second part,

( 5 - 19 ) D[2]-2 (-2 p) = -
-2 p+1
π


α→+0

αp ∑
n=1

∞

n-p (π n α)K1 - p (2 π n α)

= C[2]-2 (1 -2 p) = 0 ( p ∈ ℕ ) .

For the third part,

( 5 - 20 ) D[2]-3 (-2 p) = 2
π

α→+0

αp ∑
n=1

∞

n-p (π n α)2 K - p (2 π n α)

= C[2]-3 (1 -2 p) = 0 ( p ∈ ℕ ) .

For the right side of equation (5-17), -2 p) is substituted directly for θ.

( 5 - 21 )
θ (θ +1)

4 π
π
θ

2 Γ - θ
2
 ∑

n=1

∞
1

n-θ θ=-2 p
=

(-2 p) (-2 p+1)
4 π

π-p Γ (p) ∑
n=1

∞
1

n2 p

=
p ! (2 p -1)π-p

2 π
ζ (2 p) ( p ∈ ℕ ) .

This result is the same to the result of equation (5-18), so one equation can be presented.

( 5 - 22 ) B[2] (θ) =
θ (θ +1)

4 π
π
θ

2 Γ - θ
2
 ∑

n=1

∞
1

n-θ
( Re (θ) < -1 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 5 - 23 ) B[2] (θ) =
θ (θ +1)

4 π
π
θ

2 Γ - θ
2
 ζ (-θ) ( θ ∈ ℂ ) .

The function B[2] (θ) is also a convergent function in the whole complex plane. And the following origin 

symmetry holds:

( 5 - 24 ) A[2] (-θ) = B[2] (θ) ( θ ∈ ℂ ) .

Assuming that the integral and the double sum can be interchanged, for the integrals of F[2] (θ), I perform the 

variable transformation

x =
m y

n2 +α2

1
2
.

( 5 - 25 ) F[2] (θ) = 
α→+0

∑
n=1

∞

∑
m=1

∞

∫0

∞
-6 n2 m y

n2 +α2

θ+1
2

+ 4 π n4 m y

n2 +α2

θ+3
2

ⅇ
-πm n2 +α2 y +

1
y
 1

2
m

n2 +α2

1
2

y
-

1
2 ⅆy
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= 
α→+0

∑
n=1

∞

∑
m=1

∞

-6 n2 m

n2 +α2

θ+2
2
· 1

2 ∫0

∞
y
θ

2 ⅇ
-πm n2 +α2 y +

1
y

ⅆy

+ 4 π n4 m

n2 +α2

θ+4
2
· 1

2 ∫0

∞
y
θ+2

2 ⅇ
-πm n2 +α2 y +

1
y

ⅆy .

Using the left-sided limit of the positive real variable α,

( 5 - 26 ) F[2] (θ) = ∑
n=1

∞

∑
m=1

∞

-6 n2 mn 
θ+2

2 · 1
2 ∫0

∞
y
θ

2 ⅇ
-πm n y +

1
y

ⅆy

+ 4 π n4 mn 
θ+4

2 · 1
2 ∫0

∞
y
θ+2

2 ⅇ
-πm n y +

1
y

ⅆy

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 · 1
2 ∫0

∞
y
θ+2

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

+ 2 (πm n) · 1
2 ∫0

∞
y
θ+4

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy .

The integrals can be written using the modified Bessel functions of the second kind.

( 5 - 27 ) F[2] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) +2 (πm n) K θ+4
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied twice.

( 5 - 28 ) F[2] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n)

+ 2  θ +2
2

K θ+2
2

(2 πm n) +(πm n) K θ
2
(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 (θ -1) (πm n) K θ+2
2

(2 πm n) +2 (πm n)2 K θ
2
(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 (θ -1)  θ
2

K θ
2
(2 πm n) +(πm n) K θ-2

2
(2 πm n) +2 (πm n)2 K θ

2
(2 πm n)

= 1
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 θ (θ -1) K θ
2
(2 πm n)

+ (θ -1) (2 πm n) K θ-2
2

(2 πm n) +(2 π m n)2 K θ
2
(2 πm n) .

For the integral of G[2] (θ), I perform the variable transformation x = y-1.

( 5 - 29 ) G[2] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

∑
m=1

∞

-6 n2 1
y 
θ-3

+ 4 π n4 1
y 
θ-5

 ⅇ
-π m2+α2

y2
+n2 y2

-y-2 ⅆy
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= 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 y1-θ
+4 π n4 y3-θ ⅇ

-π n2 y2 +
m2+α2

y2

ⅆy .

Assuming that the integral and the double sum can be interchanged, for the integrals of G[2] (θ), I perform the 

variable transformation

y =
m2 +α2 x

n

1
2
.

( 5 - 30 ) G[2] (θ) = 
α→+0

∑
n=1

∞

∑
m=1

∞

∫0

∞
-6 n2 m2 +α2 x

n

1-θ
2

+ 4 π n4 m2 +α2 x
n

3-θ
2

ⅇ
-π m2 +α2 n x +

1
x
 1

2
m2 +α2

n

1
2

x
-

1
2 ⅆx

= 
α→+0

∑
n=1

∞

∑
m=1

∞

-6 n2 m2 +α2

n

2-θ
2
· 1

2 ∫0

∞
x
-
θ

2 ⅇ
-π m2 +α2 n x +

1
x

ⅆx

+ 4 π n4 m2 +α2

n

4-θ
2
· 1

2 ∫0

∞
x

2-θ
2 ⅇ

-π m2 +α2 n x +
1
x

ⅆx .

Using the left-sided limit of the positive real variable α,

( 5 - 31 ) G[2] (θ) = ∑
n=1

∞

∑
m=1

∞

-6 n2 mn 
2-θ

2 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

+ 4 π n4 mn 
4-θ

2 · 1
2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -3 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

+ 2 (πm n) · 1
2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx .

The integrals can be written using the modified Bessel functions of the second kind. 

( 5 - 32 ) G[2] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -3 K 2-θ
2

(2 πm n) +2 (πm n) K 4-θ
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied twice.

( 5 - 33 ) G[2] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -3 K 2-θ
2

(2 πm n)

+ 2 2 -θ
2

K 2-θ
2

(2 πm n) +(πm n) K -θ
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 -(θ +1) (πm n)K 2-θ
2

(2 πm n) +2 (πm n)2 K θ
2
(2 πm n)
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= 2
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 -(θ +1) -θ
2

K -θ
2

(2 πm n) +(πm n) K -θ-2
2

(2 πm n)

+ 2 (πm n)2 K θ
2
(2 πm n)

= 1
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 θ (θ +1)K θ
2
(2 πm n) - (θ +1) (2 πm n) K θ+2

2
(2 πm n)

+ (2 πm n)2 K θ
2
(2 πm n) .

The following origin symmetry holds:

( 5 - 34 ) F[2] (±θ) = G[2] (∓θ) ( the double sign is in same order ) .

Now, I define the set of lattice points on the hyperbola x y = p in the first quadrant as follows:

( 5 - 35 ) Λp := { (m, n) : m, n ∈ ℕ, m n = p } .

From the definition,

( 5 - 36 ) ∑
n=1

∞

∑
m=1

∞

 n
m 

θ

2 = ∑
P=1

∞

∑
(m,n)∈Λp

n2
p 

θ

2
= ∑

P=1

∞

∑
(m,n)∈Λp

nθ p
-
θ

2

= ∑
P=1

∞

σθ (p) p
-
θ

2 ( θ ∈ ℂ ) .

Here, σθ (p) is the divisor sigma function. Conversely,

( 5 - 37 ) ∑
n=1

∞

∑
m=1

∞

mn 
θ

2 = ∑
P=1

∞

∑
(m,n)∈Λp


p
n2


θ

2
= ∑

P=1

∞

∑
(m,n)∈Λp

n-θ p
θ

2

= ∑
P=1

∞

σ-θ (p) p
θ

2 ( θ ∈ ℂ ) .

( 5 - 38 ) ∑
n=1

∞

∑
m=1

∞

mn 
-
θ

2 = ∑
P=1

∞

∑
(m,n)∈Λp

m2
p 

-
θ

2 = ∑
P=1

∞

∑
(m,n)∈Λp

m-θ p
θ

2

= ∑
P=1

∞

σ-θ (p) p
θ

2 ( θ ∈ ℂ ) .

The left sides of equations (5-36) and (5-37) are equivalent due to axial symmetry between the points (m, n) 

and (n, m).

And I obtain the following formula with the origin symmetry for the complex variable θ:

( 5 - 39 ) σ-θ (p) p
θ

2 = σθ (p) p
-
θ

2 ( p ∈ ℕ, θ ∈ ℂ ) .

From the equations (5-28) and (5-37),

( 5 - 40 ) F[2] (θ) =

1
π ∑P=1

∞

σ-θ (p) p
θ

2 -θ (1 -θ) +(2 π p)2K θ
2
(2 π p) -(1 -θ) (2 π p) K 2-θ

2
(2 π p) .

From the equations (5-33) and (5-38),

( 5 - 41 ) G[2] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (1 +θ) +(2 π p)2K θ
2
(2 π p) -(1 +θ) (2 π p) K 2+θ

2
(2 π p) .

The same term appears on both the right sides of equations (5-40) and (5-41). I define the following equations 

to reduce it:
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( 5 - 42 ) F

[2] (θ) := F[2] (θ) -

1
π ∑P=1

∞

σ-θ (p) p
θ

2 (2 π p)2 K θ
2
(2 π p) .

( 5 - 43 ) G

[2] (θ) := G[2] (θ) -

1
π ∑P=1

∞

σ-θ (p) p
θ

2 (2 π p)2 K θ
2
(2 π p) .

Therefore,

( 5 - 44 ) F

[2] (θ) =

θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p) K 2-θ

2
(2 π p) .

( 5 - 45 ) G

[2] (θ) =

-θ-1
π ∑

P=1

∞

σ-θ (p) p
θ

2 -θK θ
2
(2 π p) +(2 π p) K 2+θ

2
(2 π p) .

For the right side of equation (5-44), the recurrence formula for the modified Bessel function of the second 

kind is applied.

( 5 - 46 ) F

[2] (θ) =

θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +2 -θ

2
K -θ

2
(2 π p) +(π p) K -θ-2

2
(2 π p)

= θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 (2 π p) K 2+θ
2

(2 π p) .

By changing to the integral representation,

( 5 - 47 ) F

[2] (θ) =

θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 (2 π p) · 1
2 ∫0

∞
x
θ+2

2
-1
ⅇ
-

2 π p
2

x +
1
x

ⅆx .

For the integral of F[2] -hat (θ), I perform the variable transformation

x =
y2

π p.

( 5 - 48 ) F

[2] (θ) =

θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 (2 π p) · 1
2 ∫0

∞


y2

π p 
θ

2 ⅇ
- y2 +

(π p)2

y2 2 y
π p ⅆy

= θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 (2 π p)  1
π p 

θ+2
2 ∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy .

Therefore,

( 5 - 49 ) F

[2] (θ) =

2 (θ -1)π
-
θ

2
π ∑

P=1

∞

σ-θ (p)∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy .

For the right side of equation (5-45), I change to the integral representations.

( 5 - 50 ) G

[2] (θ) =

θ +1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θ · 1
2 ∫0

∞
x
θ-2

2 ⅇ
-π p x +

1
x

ⅆx

- (2π p) · 1
2 ∫0

∞
x
θ

2 ⅇ
-π p x +

1
x

ⅆx .

For the integrals of G[2] -hat (θ), I perform the variable transformation

x =
y2

π p.
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( 5 - 51 ) G

[2] (θ) =

θ +1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θ · 1
2 ∫0

∞


y2

π p 
θ-2

2 ⅇ
- y2 +

(π p)2

y2 2 y
π p ⅆy

- (2 π p) · 1
2 ∫0

∞


y2

π p 
θ

2 ⅇ
- y2 +

(π p)2

y2 2 y
π p ⅆy

Therefore,

( 5 - 52 ) G

[2] (θ) =

(θ +1)π
-
θ

2
π ∑

P=1

∞

σ-θ (p) θ ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy -2 ∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy .

The following equations are defined to evaluate the absolute convergence of the functions F[2] -hat (θ) and 

G[2] -hat (θ):

( 5 - 53 ) S± (θ) :=

∑
P=1

∞

σ-θ (p) ∫0

∞
y±1+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( the double sign is in same order ) .

For both sides of equation (5-49), the absolute value is taken.

( 5 - 54 ) F

[2] (θ) ≤

2 θ -1π
-

Re (θ)
2

π
S+ (θ) .

Similarly, for both sides of equation (5-52), the absolute value is taken.

( 5 - 55 ) G

[2] (θ) ≤

θ +1π
-

Re (θ)
2

π
θ · S- (θ) +2 S+ (θ) .

Furthermore, for both sides of equations (5-53), the absolute values are taken.

( 5 - 56 ) S± (θ) ≤

∑
P=1

∞

σ-Re (θ) (p) ∫0

∞
y±1+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( the double sign is in same order ) .

Now, the following obvious fact is introduced into the inequalities (5-56):

( 5 - 57 ) σ-Re (θ) (p) < p2 ζ (2 +Re (θ)) ( Re (θ) > -1, p ∈ ℕ ) .

The following proposition decides that the condition should be Re (θ) > -1: 

( 5 -58 ) 2 +Re (θ) > 1 ⟹ ζ (2 +Re (θ)) > 1 ( θ ∈ ℂ ) .

Under the condition of Re (θ) > -1, the absolute value of S+ (θ) is written using the absolutely convergent 

integrals.  

( 5 - 59 ) S+ (θ) < ζ (2 +Re (θ)) ∑
P=1

∞

p2 ∫0

∞
y1+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( Re (θ) > -1 ) .

Because the variable of the zeta function is irrelevant to variable p, the zeta function of the infinite sum is 

shifted outside.

Under the condition of Re (θ) > 0, the absolute value of S- (θ) is also written using the absolutely convergent 

integrals.
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( 5 - 60 ) S- (θ) < ζ (2 +Re (θ)) ∑
P=1

∞

p2 ∫0

∞
y-1+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( Re (θ) > 0 ) .

Here, the condition Re (θ) > 0 is applied to the gamma function described later.

Because each integral converges absolutely, I can change the order of relation between the infinite sum and 

the integrals for the function S+ (θ). And the infinite sum is written as the limit of the L-th partial sum.

( 5 - 61) S+ (θ) < ζ (2 +Re (θ)) ∫0

∞
y1+Re (θ) ⅇ-y2 

L→∞
∑
P=1

L

p2 ⅇ
-
(π p)2

y2
ⅆy ( Re (θ) > -1 ) .

The end point of the partial sum is expanded to L2 from L after correcting the function in the finite sum.

( 5 - 62 ) S+ (θ) < ζ (2 +Re (θ)) ∫0

∞
y1+Re (θ) ⅇ-y2 

L→∞
∑
P=1

L2

p ⅇ
-
π2 p
y2

ⅆy ( Re (θ) > -1 ) .

From the result of equation (19-92), the limit value of the sum of L2 terms is described using the hyperbolic 

sine.

( 5 - 63 ) S+ (θ) < ζ (2 +Re (θ))
4 ∫0

∞
y1+Re (θ) ⅇ-y2

sinh2 π2

2 y2

ⅆy ( Re (θ) > -1 ) .

By the same way,

( 5 - 64 ) S- (θ) < ζ (2 +Re (θ))
4 ∫0

∞
y-1+Re (θ) ⅇ-y2

sinh2 π2

2 y2

ⅆy ( Re (θ) > 0 ) .

To evaluate the integrals of inequalities (5-63) and (5-64), I prepare the function f (x).

The equation of definition is shown as follows:

( 5 - 65 ) f (x) := 1
π3
ⅇ
-
x2

π -
ⅇ-x

2

sinh2  π
2

2 x2


( x > 0 ) .

Function values at both sides of the open interval are given by taking the limits.

( 5 - 66 ) 
x→+0

f (x) = 1
π3

.

( 5 - 67 ) 
x→∞

f (x) = 0 .

The function f (x) is differentiated so as to understand its behavior.

( 5 - 68 ) f ′ (x) = -
2 x
π4
ⅇ
-
x2

π +
2 x ⅇ-x

2

sinh2  π
2

2 x2


-
2 π2 ⅇ-x

2
cosh  π

2

2 x2


x3 sinh3  π
2

2 x2


= -x4 ⅇ
-
x2

π sinh3  π
2

2 x2
 + π4 x4 ⅇ-x

2
sinh  π

2

2 x2
 - π6 ⅇ-x

2
cosh  π

2

2 x2
  π

4

2
x3 sinh3  π

2

2 x2


( x > 0 ) .

α1 and β1 are presumably the solutions to the equation f ′ (x) = 0. The numerical solutions are shown as 

follows:

( 5 - 69 ) f ′ (α1) = f
′ (β1) = 0 (α1 ≃ 2.12138 , β1 ≃ 2.59993 ) .

( 5 - 70 ) f (α1) ≃ 0.00141964 > 0 .
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Table shows the increase and decrease in the function

x +0 ······· α1 ······· β1 ······· ∞

f′(x) - 0 + 0 -

f (x) 1
π3

↘ minimum
0.0014196 · · ·

↗ maximum
0.0019232 · · ·

↘ 0

Fig. 5-1

From the table of the increase and decrease,

( 5 - 71 ) f (x) > 0 ( x > 0 ) .

Therefore

( 5 - 72 )
ⅇ-x

2

sinh2  π
2

2 x2


< 1
π3
ⅇ
-
x2

π ( x > 0 ) .

This result is introduced into the right side of inequality (5-63).

And for the integral, I perform the variable transformation

y = (π x)
1
2 .

( 5 - 73 ) S+ (θ) < ζ (2 +Re (θ))

4 π3 ∫0

∞
y1+Re (θ) ⅇ

-
y2

π ⅆy =

ζ (2 +Re (θ))

4 π3 ∫0

∞
(π x)

1+Re (θ)
2 ⅇ-x 1

2
π

1
2 x

-
1
2 ⅆx =

ζ (2 +Re (θ))

8 π3
π

2+Re (θ)
2 ∫0

∞
x

2+Re (θ)
2

-1
ⅇ-x ⅆx ( Re (θ) > -1 ) .

Therefore

( 5 - 74 ) S+ (θ) < 1
8 π3

π
2+Re (θ)

2 Γ 2 +Re (θ)
2

 ζ (2 +Re (θ)) ( Re (θ) > -1 ) .

By the same way,

( 5 - 75 ) S- (θ) < ζ (2 +Re (θ))

4 π3 ∫0

∞
y-1+Re (θ) ⅇ

-
y2

π ⅆy =

ζ (2 +Re (θ))

4 π3 ∫0

∞
(π x)

-1+Re (θ)
2 ⅇ-x 1

2
π

1
2 x

-
1
2 ⅆx =

ζ (2 +Re (θ))

8 π3
π

Re (θ)
2 ∫0

∞
x

Re (θ)
2

-1
ⅇ-x ⅆx ( Re (θ) > 0 ) .

Therefore

( 5 - 76 ) S- (θ) < 1
8 π3

π
Re (θ)

2 Γ Re (θ)
2

 ζ (2 +Re (θ)) ( Re (θ) > 0 ) .

From the inequalities (5-54) and (5-74),

( 5 - 77 ) F

[2] (θ) ≤

2 θ -1π
-

Re (θ)
2

π
· 1

8 π3
π

2+Re (θ)
2 Γ 2 +Re (θ)

2
 ζ (2 +Re (θ)) =

θ -1
4 π3

Γ 2 +Re (θ)
2

 ζ (2 +Re (θ)) ( Re (θ) > -1, the equality sign holds at θ = 1 ) .

From the inequalities (5-55), (5-74), and (5-76),
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( 5 - 78 ) G

[2] (θ) <

θ +1π
-

Re (θ)
2

π
θ · 1

8 π3
π

Re (θ)
2 Γ Re (θ)

2
 ζ (2 +Re (θ))

+ 2 · 1
8 π3

π
2+Re (θ)

2 Γ 2 +Re (θ)
2

 ζ (2 +Re (θ))

= θ +1 (θ +π Re (θ))
8 π4

Γ Re (θ)
2

 ζ (2 +Re (θ)) ( Re (θ) > 0 ) .

From the origin symmetry between the functions F[2] -hat (θ) and G[2] -hat (θ), 

( 5 - 79 ) F

[2] (θ) = G


[2] (-θ) <

-θ+1 (θ -π Re (θ))
8 π4

Γ -Re (θ)
2

 ζ (2 -Re (θ)) ( Re (θ) < 0 ) .

( 5 - 80 ) G

[2] (θ) =

F

[2] (-θ) ≤

θ +1
4 π3

Γ 2 -Re (θ)
2

 ζ (2 -Re (θ)) ( Re (θ) < 1, the equality sign holds at θ = -1 ) .

The function F[2] -hat (θ) is an absolutely convergent function in the whole complex plane, based on the 

inequalities (5-77) and (5-79).

The function G[2] -hat (θ) is also an absolutely convergent function in the whole complex plane, based on the 

inequalities (5-78) and (5-80).

Combining the above results yields the following functional equation:

( 5 - 81 ) A[2] (θ) +F

[2] (θ) = B[2] (θ) +G


[2] (θ) ( θ ∈ ℂ ) .

Where

( 5 - 82 ) A[2] (θ) =
-θ (1 -θ)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) .

( 5 - 83 ) B[2] (θ) =
θ (1 +θ)

4 π
π
θ

2 Γ -θ
2
 ζ (-θ) .

( 5 - 84 ) F

[2] (θ) =

θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p) K 2-θ

2
(2 π p) .

( 5 - 85 ) G

[2] (θ) =

-θ-1
π ∑

P=1

∞

σθ (p) p
-
θ

2 -θK -θ
2

(2 π p) +(2 π p) K 2+θ
2

(2 π p) .

In the whole complex plane, all functions on both sides of the functional equation (5-81) are convergent.

It is the origin symmetric functional equation with correction terms, and in this case the functions F[2] -hat (θ) 

and G[2] -hat (θ) are applicable to the correction terms “[8].” I decide that it is called the second-order IIc type 

functional equation.

6. The first proof of the Riemann hypothesis

6-1. Derivation of a representation containing the leading term of the zeta function for any complex 
number

The second-order IIc type functional equation is shown again, but with a bit of difference.

( 6 - 1 ) A[2] (θ) = B[2] (θ) +H[2] (θ) ( θ ∈ ℂ ) .

Where

( 6 - 2 ) A[2] (θ) =
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) .
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( 6 - 3 ) B[2] (θ) =
θ (θ +1)

4 π
π
θ

2 Γ - θ
2
 ζ (-θ) = θ (θ +1)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) .

( 6 - 4 ) H[2] (θ) := G

[2] (θ) -F


[2] (θ) .

The equations (5-84) and (5-85) are introduced into the equation (6-4).

( 6 - 5 ) H[2] (θ) =
-θ-1
π ∑

P=1

∞

σθ (p) p
-
θ

2 -θK -θ
2

(2 π p) +(2 π p) K 2+θ
2

(2 π p)

-
θ -1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

The relations of the equations (3-30) and (5-39) are applied to the equation (6-5).

( 6 - 6 ) H[2] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 -2 θK θ
2
(2 π p)

+ (θ -1) (2 π p) K 2-θ
2

(2 π p) + (θ +1) (2 π p) K 2+θ
2

(2 π p) ( θ ∈ ℂ ) .

The recurrence formula for the modified Bessel function of the second kind is applied to the equation (6-6).

( 6 - 7 ) H[2] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 -2 θK θ
2
(2 π p)

+ (θ -1) (2 π p) K 2-θ
2

(2 π p) +2 (θ +1)  θ
2

K θ
2
(2 π p) +(π p) K θ-2

2
(2 π p)

= -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1)K θ
2
(2 π p) +2 θ (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

Therefore,

( 6 - 8 ) H[2] (θ) = -
θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

By combining the equations (6-2), (6-3), and (6-8),

( 6 - 9 )
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ +1)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ)

-
θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

Both sides of the equation (6-9) are multiplied by

4 π

θ (θ -1) Γ θ
2

π
θ

2

to obtain the zeta-hat function.

( 6 - 10 ) ζ

(θ) = θ +1

(θ -1)Γ θ
2
 π

Γ 1 +θ
2
 ζ (1 +θ)

-
4 π

θ

2

(θ -1)Γ θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ \ {1} ) .

This is the representation containing the leading term of the zeta function for any complex number.

The above equation also gives the analytic continuation of the zeta function explicitly. 
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6-2. The first proof of the Riemann hypothesis

The Riemann hypothesis is demonstrated using the following equation:

( 6 - 11 ) (θ -1) Γ θ
2
 π

-
θ

2 ζ

(θ) = (θ +1)π

-
1+θ

2 Γ 1 +θ
2
 ζ (1 +θ)

+4 ∑
P=1

∞

σ-θ (p) p
θ

2 (1 -θ)K θ
2
(2 π p) -2 (2π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

Here, the above equation is obtained from

(θ -1) Γ θ
2
 π

-
θ

2 × (equation ( 6 - 10 )).

Pioneers’ previous research established the existence of non-trivial zeros on the critical strip.

It is complicated to describe and insignificant to examine by focusing on this region.

The proof of the reduction to absurdity will be performed by assuming the whole complex plane as the target 

region, excluding the critical line, and assuming the existence of at least one non-trivial zero (x + ⅈ y).

Under the assumption,

( 6 - 12 ) ζ

(x +ⅈ y) = 0 ( x ∈  \ {1 / 2}, y ∈  ) .

Under the assumption, the point (1 - x - ⅈ y) is also the non-trivial zero of the zeta function due to the point 

symmetry of the Riemann Xi function.

( 6 - 13 ) ζ

(1 -x -ⅈ y) = 0 ( x ∈  \ {1 / 2}, y ∈  ) .

For equation (6-11), (x + ⅈ y) is substituted for θ.

( 6 - 14 ) (x +ⅈ y -1) π
-

x +ⅈ y
2 Γ x +ⅈ y

2
 ζ

(x +ⅈ y) =

(1 +x +ⅈ y) π
-

1 +x +ⅈ y
2 Γ  1 +x +ⅈ y

2
 ζ (1 +x +ⅈ y) + 4 ∑

P=1

∞

σ-x-ⅈ y (p) p
x +ⅈ y

2

(1 -x -ⅈ y)K x +ⅈ y
2

(2 π p) -2 (2 π p) K 2 -x -ⅈ y
2

(2 π p) ( x ∈  \ {1 / 2}, y ∈  ) .

For equation (6-11), (1 - x - ⅈ y) is substituted for θ.

( 6 - 15 ) (-x -ⅈ y) π
-

1 -x -ⅈ y
2 Γ  1 -x -ⅈ y

2
 ζ

(1 -x -ⅈ y) =

(2 -x -ⅈ y) π
-

2 -x -ⅈ y
2 Γ  2 -x -ⅈ y

2
 ζ (2 -x -ⅈ y) + 4 ∑

P=1

∞

σ-1 +x +ⅈ y (p) p
1 -x -ⅈ y

2

(x +ⅈ y)K 1 -x -ⅈ y
2

(2 π p) -2 (2 π p) K 1 +x +ⅈ y
2

(2 π p) ( x ∈  \ {1 / 2}, y ∈  ) .

According to the assumption, the left side of equation (6-14) equals zero.

( 6 - 16 ) 0 = (1 +x +ⅈ y) π
-

1 +x +ⅈ y
2 Γ  1 +x +ⅈ y

2
 ζ (1 +x +ⅈ y) + 4 ∑

P=1

∞

σ-x-ⅈ y (p) p
x +ⅈ y

2

(1 -x -ⅈ y)K x +ⅈ y
2

(2 π p) -2 (2 π p) K 2 -x -ⅈ y
2

(2 π p) ( x ∈  \ {1 / 2}, y ∈  ) .

Based on this assumption, the left side of equation (6-15) is also zero.

( 6 - 17 ) 0 = (2 -x -ⅈ y) π
-

2 -x -ⅈ y
2 Γ  2 -x -ⅈ y

2
 ζ (2 -x -ⅈ y) + 4 ∑

P=1

∞

σ-1 +x +ⅈ y (p) p
1 -x -ⅈ y

2

(x +ⅈ y)K 1 -x -ⅈ y
2

(2 π p) -2 (2 π p) K 1 +x +ⅈ y
2

(2 π p) ( x ∈  \ {1 / 2}, y ∈  ) .

The non-trivial zeros of the zeta function off the critical line are given by the solutions of the simultaneous 

equations with the qualification consisting of the equations (6-16) and (6-17). To solve the simultaneous 
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equations  qualification consisting  equations (6-16)  (6-17).

equations with the qualification, I consider the simultaneous equations excluding the qualification.

The following are the simultaneous equations without qualification:

( 6 - 18 ) (1 +x +ⅈ y) π
-

1 +x +ⅈ y
2 Γ  1 +x +ⅈ y

2
 ζ (1 +x +ⅈ y) + 4 ∑

P=1

∞

σ-x-ⅈ y (p) p
x +ⅈ y

2

(1 -x -ⅈ y)K x +ⅈ y
2

(2 π p) -2 (2 π p) K 2 -x -ⅈ y
2

(2 π p) = 0 ( x , y ∈  ) .

( 6 - 19 ) (2 -x -ⅈ y) π
-

2 -x -ⅈ y
2 Γ  2 -x -ⅈ y

2
 ζ (2 -x -ⅈ y) + 4 ∑

P=1

∞

σ-1 +x +ⅈ y (p) p
1 -x -ⅈ y

2

(x +ⅈ y)K 1 -x -ⅈ y
2

(2 π p) -2 (2 π p) K 1 +x +ⅈ y
2

(2 π p) = 0 ( x , y ∈  ) .

The non-trivial zeros are determined by solving the simultaneous equations (6-18) and (6-19).

Because the equations are symmetrical,

( 6 - 20 ) x = 1 / 2 .

is immediately determined.

For equation (6-18), 1 /2 is substituted for x.

( 6 - 21 ) 3
2
+ⅈ y π

-
3 +ⅈ 2 y

4 Γ 3 +ⅈ 2 y
4

 ζ 3 +ⅈ 2 y
2

 + 4 ∑
P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4

1
2
-ⅈ yK 1 +ⅈ 2 y

4
(2 π p) -2 (2 π p) K 3 -ⅈ 2 y

4
(2 π p) = 0 ( y ∈  ) .

For equation (6-19), 1 /2 is substituted for x.

( 6 - 22 ) 3
2
-ⅈ y π

-
3 -ⅈ 2 y

4 Γ 3 -ⅈ 2 y
4

 ζ 3 -ⅈ 2 y
2

 + 4 ∑
P=1

∞

σ
-

1
2
+ⅈ y

(p) p
1 -ⅈ 2 y

4

1
2
+ⅈ yK 1 -ⅈ 2 y

4
(2 π p) -2 (2 π p) K 3 +ⅈ 2 y

4
(2 π p) = 0 ( y ∈  ) .

The equations (6-21) and (6-22) are complex conjugates of one another. And I can freely choose either of the 

equations (6-21) or (6-22) as the determining equation of the real variable y. The existence proof of the real 

solutions for the determining function is not given. As a result, for the simultaneous equations (6-16) and 

(6-17), there are no solutions off the critical line. This fact contradicts the assumption of reduction to absur-

dity. Therefore, the assumption “At least one non-trivial zero lies in the whole complex plane excluding the 

critical line” is denied, and “There is no non-trivial zero in the whole complex plane excluding the critical line 

at all” is confirmed. Incidentally, in collaboration with J.E. Littlewood, G.H. Hardy proved in 1914 that an 

infinite number of non-trivial zeros lie on the critical line.

By combining the time result and Hardy’s result, I concluded that all non-trivial zeros of the zeta function lie 

on the critical line. Therefore, the Riemann hypothesis for the zeta function is proved correct.

6-3. Visualization of the zeta-hat function

Currently, it is known that all real parts of the non-trivial zeros of the zeta function are 1 /2.

I define that ρm is the positive imaginary part of the zeta function’s m-th non-trivial zero, to which the number 

is allocated in order that is closer to the real axis.

( 6 - 23 ) ζ

1
2
±ⅈ ρm := 0 ( 0 < ρ1 ≤ ρ2 ≤ ρ3 ≤ · · · ) .

( 6 - 24 ) {ρ1, ρ2, ρ3, ρ4, ρ5} ≃

{14.134725142, 21.022039639, 25.010857580, 30.424876126, 32.935061588} .

The infinite sum that is terminated at a finite term λ is used for the approximate calculation for the zeta 

function.
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Now, I decide that the positive integer λ will be referred to as the degree of approximation and this rule is 

applied hereafter.

The approximate formula for the zeta-hat function is written as (zeta -hat)λ (θ).

( 6 - 25 ) ζ

λ (θ) := θ +1

(θ -1)Γ θ
2
 π

Γ 1 +θ
2
 ζ (1 +θ)

-
4 π

θ

2

(θ -1)Γ θ
2

∑
P=1

λ

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

Graph of Re ζ


5 
1
2
+ⅈ y and Im ζ


5 

1
2
+ⅈ y, y ∈ [0, 35]

5 10 15 20 25 30 35

-1

1

2

3

Re ζ


5 
1
2
+ⅈ y

Im ζ


5 
1
2
+ⅈ y

Fig. 6-1

The dots on the horizontal axis indicate the positive imaginary parts of the non-trivial zeros of the zeta func-

tion.

Five non-trivial zeros of the zeta function can be found on this interval.

Here are the details.

( 6 - 26 ) Re ζ


7 
1
2
+ⅈ 14 134 725 142

1 000 000 000
-10-9, Re ζ


7 

1
2
+ⅈ 14 134 725 142

1 000 000 000
+10-9 ≃

9.16162 × 10-11, -1.57783 × 10-10,

Im ζ


7 
1
2
+ⅈ 14 134 725 142

1 000 000 000
-10-9, Im ζ


7 

1
2
+ⅈ 14 134 725 142

1 000 000 000
+10-9 ≃

-5.75483 × 10-10, 9.91110 × 10-10 .

( 6 - 27 ) Re ζ


8 
1
2
+ⅈ 21 022 039 639

1 000 000 000
-10-9, Re ζ


8 

1
2
+ⅈ 21 022 039 639

1 000 000 000
+10-9 ≃

-1.91909 × 10-10, 3.05551 × 10-10,

Im ζ


8 
1
2
+ⅈ 21 022 039 639

1 000 000 000
-10-9, Im ζ


8 

1
2
+ⅈ 21 022 039 639

1 000 000 000
+10-9 ≃

-8.55883 × 10-10, 1.36271 × 10-9 .

( 6 - 28 ) Re ζ


8 
1
2
+ⅈ 25 010 857 580

1 000 000 000
-10-9, Re ζ


8 

1
2
+ⅈ 25 010 857 580

1 000 000 000
+10-9 ≃

5.15602 × 10-10, -3.84471 × 10-10,

Im ζ


8 
1
2
+ⅈ 25 010 857 580

1 000 000 000
-10-9, Im ζ


8 

1
2
+ⅈ 25 010 857 580

1 000 000 000
+10-9 ≃

-1.48458 × 10-9, 1.10701 × 10-9 .

( 6 - 29 ) Re ζ


9 
1
2
+ⅈ 30 424 876 126

1 000 000 000
-10-9, Re ζ


9 

1
2
+ⅈ 30 424 876 126

1 000 000 000
+10-9 ≃

-5.73733 × 10-10, 7.61286 × 10-10,
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Im ζ


9 
1
2
+ⅈ 30 424 876 126

1 000 000 000
-10-9, Im ζ


9 

1
2
+ⅈ 30 424 876 126

1 000 000 000
+10-9 ≃

-9.62767 × 10-10, 1.27749 × 10-9 .

( 6 - 30 ) Re ζ


9 
1
2
+ⅈ 32 935 061 588

1 000 000 000
-10-9, Re ζ


9 

1
2
+ⅈ 32 935 061 588

1 000 000 000
+10-9 ≃

5.54802 × 10-10, -9.46306 × 10-10,

Im ζ


9 
1
2
+ⅈ 32 935 061 588

1 000 000 000
-10-9, Im ζ


9 

1
2
+ⅈ 32 935 061 588

1 000 000 000
+10-9 ≃

-8.57881 × 10-10, 1.46326 × 10-9 .

7.  The general representation containing the leading term of the zeta function for any 
odd number of 3 or more

In this section, the exact values of the zeta function for any even number of 4 or more will be treated as the 

known values for convenience.

7-1. Derivation of a general representation containing the leading term of the zeta function 
for any odd number of 3 or more  

Equations (5-49) and (5-52) are introduced on the right side of equation (6-4).

( 7 - 1 ) H[2] (θ) =
(θ +1)π

-
θ

2
π ∑

P=1

∞

σ-θ (p) θ ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy

- 2 ∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy -

2 (θ -1)π
-
θ

2
π ∑

P=1

∞

σ-θ (p)∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy

= -
θ π

-
θ

2
π ∑

P=1

∞

σ-θ (p) 4∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy

- (θ +1) ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( θ ∈ ℂ ) .

Therefore

( 7 - 2 ) ζ

(θ) = θ +1

(θ -1)Γ θ
2
 π

Γ 1 +θ
2
 ζ (1 +θ) - 4

(θ -1)Γ θ
2

∑
P=1

∞

σ-θ (p)

4∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy -(θ +1) ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( θ ∈ ℂ \ {1} ) .

For equation (7-2), any odd number of 3 or more is substituted for θ. 
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( 7 - 3 ) ζ

(2 k +1) = (k +1)Γ (k +1)

k Γ 2 k +1
2

 π
ζ (2 k +2) - 4

k Γ 2 k +1
2


∑
P=1

∞

σ-(2 k+1) (p)

2∫0

∞
y2 (k+1) ⅇ

- y2 +
(π p)2

y2
ⅆy -(k +1) ∫0

∞
y2 k ⅇ

- y2 +
(π p)2

y2
ⅆy ( k ∈ ℕ ) .

The description in subsection 19-4 gives the general representation for the two integrals in equation (7-3).

( 7 - 4 ) ∫0

∞
x2 k ⅇ

- x2 +
(π p)2

x2
ⅆx = 1

2k+1 ∑
μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp ( p, k ∈ ℕ ) .

Where

( 7 - 5 ) ak,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) !
( k ∈ ℕ, μ = 0, 1, · · ·, k ) .

And the following coefficients deserve special mention:

( 7 - 6 ) ak,k = 1 ( k ∈ ℕ ) .

( 7 - 7 ) ak,1 = ak,0 = (2 k -1) !! ( k ∈ ℕ ) .

The above relations are introduced on the right side of equation (7-3).

( 7 - 8 ) ζ

(2 k +1) = (k +1)Γ (k +1)

k Γ 2 k +1
2

 π
ζ (2 k +2) - 4

k Γ 2 k +1
2


∑
P=1

∞

σ-(2 k+1) (p)

2 · 1
2k+2 ∑

μ=0

k+1

ak+1,μ (2 π p)μ π ⅇ-2 πp - (k +1) · 1
2k+1 ∑

μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp

= (k +1)Γ (k +1)

k (2 k -1) !!
2k

π · π
ζ (2 k +2) - 2

k (2 k -1) !!
2k

π 2k
∑
P=1

∞

σ-(2 k+1) (p)

ak+1,k+1 (2 π p)k+1 + ∑
μ=0

k

ak+1,μ -(k +1) ak,μ (2 π p)μ π ⅇ-2 πp

= (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2) - 2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p)

ak+1,k+1 (2 π p)k+1 + ∑
μ=0

k

ak+1,μ -(k +1) ak,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

The following equation is the obvious from the definition of ak,μ:

( 7 - 9 ) ak+1,k+1 = 1 ( k ∈ ℕ ) .

Therefore

( 7 - 10 ) ζ

(2 k +1) = (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2) - 2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p)

(2 π p)k+1 + ∑
μ=0

k

ak+1,μ -(k +1) ak,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

For the general representation containing the leading term of the zeta function for any odd number of 3 or 

more, new coefficients are employed.

The coefficients are determined by defining the following equation:
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( 7 - 11 ) bk,μ := ak+1,μ - (k +1) ak,μ ( k ∈ ℕ, μ = 0, 1, 2, · · ·, k ) .

The coefficients are calculated as follows: 

( 7 - 12 ) bk,μ =
(2 k +2 -μ) !

2k +1 -μ μ ! (k +1 -μ) !
-(k +1) (2 k -μ) !

2k -μ μ ! (k -μ) !

=
μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) ! ( k ∈ ℕ, μ = 0, 1, 2, · · ·, k ) .

For equation (7-12), 0 and 1 are substituted directly for μ.

( 7 - 13 ) bk,0 =
μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) !

μ=0
= 2 k (k +1)

2k+1 (k +1) !
(2 k) !

= k
2k k !

(2 k) != k (2 k -1) !! ( k ∈ ℕ ) .

( 7 - 14 ) bk,1 =
μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) !

μ=1
= 2 k2

2k k !
(2 k -1) !

= k
2k-1 (k -1) !

(2 k -1) != k (2 k -1) !! ( k ∈ ℕ ) .

And for equation (7-12), k + 1 is substituted directly for μ.

( 7 - 15 ) bk,k+1 =
μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) !

μ=k+1
= (k +1) k

20 (k +1) ! 0 !
(k -1) != 1 ( k ∈ ℕ ) .

As a result, the general representation containing the leading term of the zeta function for any odd number of 3 

or more is obtained. This is also the first general representation for the zeta function for any odd number of 3 

or more.

( 7 - 16 ) ζ

(2 k +1) = (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !!
∑
P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k+1

bk,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

The following expression is equivalent to the above equation.

( 7 - 17 ) ζ

(2 k +1) = (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2 (2 π)2 k+1

k (2 k -1) !!
∑
P=1

∞

σ2 k+1 (p) ∑
μ=0

k+1 bk,μ

(2 π p)2 k +1 -μ
ⅇ-2 πp ( k ∈ ℕ ) .

Where

( 7 - 18 ) bk,μ =
μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) ! ( k ∈ ℕ, μ = 0, 1, 2, · · ·, k +1 ) .

And the coefficients deserving special mention are as follows:

( 7 - 19 ) bk,k+1 = 1 ( k ∈ ℕ ) .

( 7 - 20 ) bk,1 = bk,0 = k (2 k -1) !! ( k ∈ ℕ ) .
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Table of the leading terms and the coefficients of the infinite series 

Fig. 7-1

Table of the coefficients bk,μ

Fig. 7-2

7-2. Another viewpoint

The equation (7-16) by changing the start point of the finite sum from 0 to 1 is written.

( 7 - 21 ) ζ

(2 k +1) = (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p) ∑
μ=1

k+1

bk,μ (2 π p)μ + k (2 k -1) !! ⅇ-2 πp ( k ∈ ℕ ) .

And the function E (2 k + 1) that is the separated term by changing the finite sum’s starting is defined as 

follows:

( 7 - 22 ) E (2 k +1) := -
2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p) k (2 k -1) !! ⅇ-2 πp ( k ∈ ℕ ) .

By simplifying,

( 7 - 23 ) E (2 k +1) = -2 ∑
P=1

∞

σ-(2 k+1) (p) ⅇ-2 πp ( k ∈ ℕ ) .

There are two other viewpoints on the function E (2 k +1).

The second viewpoint is that the function E (2 k + 1) includes the zeta function in itself for any odd number of 

3 or more, as follows:
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( 7 - 24 ) E (2 k +1) = -2 ∑
n=1

∞

∑
m=1

∞
1

n2 k+1
ⅇ-2πm n = - ∑

n=1

∞
coth (π n)-1

n2 k+1

= - ∑
n=1

∞
coth (π n)

n2 k+1
+ ζ (2 k +1) ( k ∈ ℕ ) .

When this relation is introduced into equation (7-16), the cancellation of the zeta functions is observed on both 

sides of the equation.

( 7 - 25 ) ζ

(2 k +1) = (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k

bk,μ +1 (2 π p)μ (2 π p) ⅇ-2 πp

- ∑
n=1

∞
coth (π n)

n2 k+1
+ ζ (2 k +1) ( k ∈ ℕ ) .

Therefore, the essence of equation (7-16) does not represent the zeta function for any odd number of 3 or 

more, but the following representation does:

( 7 - 26 ) ∑
n=1

∞
coth (π n)

n2 k+1
= (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k

bk,μ +1 (2 π p)μ (2 π p) ⅇ-2 πp ( k ∈ ℕ ) .

The third viewpoint is that the function E (2 k + 1) can be written using the infinite series as follows:

( 7 - 27 ) E (2 k +1) = - ∑
n=1

∞
coth (π n)-1

n2 k+1
= - ∑

n=1

∞
1

n2 k+1
· cosh (π n)-sinh (π n)

sinh (π n)

= - ∑
n=1

∞
1

n2 k+1
· 2 ⅇ-π n

ⅇπ n
-ⅇ-π n = -2 ∑

n=1

∞
1

n2 k+1 ⅇ2 π n
-1

( k ∈ ℕ ) .

From the result of equation (7-24),

( 7 - 28 ) ζ (2 k +1) = ∑
n=1

∞
coth (π n)

n2 k+1
+ E (2 k +1) ( k ∈ ℕ ) .

Ramanujan discovered the explicit formula for the first term on the right side of equation (7-28), where 2 k +1 

is equivalent to 3 modulo 4, as follows “[14]”:

( 7 - 29 ) ∑
n=1

∞
coth (π n)

n2 k+1
= 22 k π2 k+1 ∑

μ=0

k+1

(-1)μ +1 B2 μ

(2 μ) !
·

B2 k +2 -2 μ

(2 k +2 -2 μ) !

( k ∈ ℕ, 2 k +1 ≡ 3 (mod 4) ) .

By combining the results of equations (7-27), (7-28), and (7-29), 

( 7 - 30 ) ζ (2 k +1) = 22 k π2 k+1 ∑
μ=0

k+1

(-1)μ +1 B2 μ

(2 μ) !
·

B2 k +2 -2 μ

(2 k +2 -2 μ) !
- 2 ∑

n=1

∞
1

n2 k+1 ⅇ2 π n
-1

( k ∈ ℕ, 2 k +1 ≡ 3 (mod 4) ) .

I also arrived at the same representation for the zeta function as Ramanujan for 3, 7, and 11, and so on.

7-3. Some Examples of calculation

When θ = 3,
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The representations for the zeta-hat(3) are

( 7 - 31 ) ζ

(3) = 2 π3

45
- 2 ∑

P=1

∞

σ-3 (p) ((2 π p)2 +(2 π p) +1 ⅇ-2 πp .

( 7 - 32 ) ζ

(3) = 2π3

45
- 2 (2 π)3 ∑

P=1

∞

σ3 (p) 1
2 π p +

1
(2 π p)2

+
1

(2 π p)3
ⅇ-2 π p .

In contrast, the essence of equation (7-31) is

( 7 - 33 ) ∑
n=1

∞
coth (π n)

n3
= 2 π3

45
- 2 ∑

P=1

∞

σ-3 (p) ((2 π p) +1) (2 π p) ⅇ-2 πp .

The description in subsection 8-6 shows the representation of equation (7-31) using hyperbolic functions.

( 7 - 34 ) ζ

(3) = 2 π3

45
- 2 ∑

n=1

∞

∑
m=1

∞
1

n3
((2πm n)2 +(2πm n) +1 ⅇ-2 πm n

= 2 π3

45
- 2 ∑

n=1

∞
(2π n)2

n3
· coth (π n)

4 sinh2 (π n)
+
(2π n)

n3
· 1

4 sinh2 (π n)
+

1
n3

· coth (π n)-1
2

.

Therefore,

( 7 - 35 ) ζ

(3) = 2 π3

45
- ∑

n=1

∞
2 π2 coth (π n)

n sinh2 (π n)
+

π
n2 sinh2 (π n)

+
coth (π n)-1

n3
.

For equation (7-29), 1 is substituted for k.

( 7 - 36 ) ∑
n=1

∞
coth (π n)

n3
= 22 π3 ∑

μ=0

2

(-1)μ +1 B2 μ

(2 μ) !
·

B4 -2 μ

(4 -2 μ) !

= 22 π3 - 2
4!

-
1

30
 +

1
2!
· 1

6

2

= 7 π3

180
.

Also for equation (7-30), 1 is substituted for k.

( 7 - 37 ) ζ (3) = 7 π3

180
- 2 ∑

n=1

∞
1

n3 ⅇ2 π n
-1

.

By combining the results of equations (7-33) and (7-36), I obtained the infinite series that gives the transcen-

dental number “[13].”

( 7 - 38 ) ∑
P=1

∞

σ-3 (p) ((2 π p) +1) (2 π p) ⅇ-2 πp = π3

360
.

The equations (7-31), (7-32), (7-33), (7-35), (7-36), and (7-37) are equivalent each other. 

When θ = 5,

The representations for the zeta-hat(5) are

( 7 - 39 ) ζ

(5) = 4 π5

945
-

1
3 ∑P=1

∞

σ-5 (p) ((2 π p)3 +3 (2 π p)2 +6 (2 π p) +6 ⅇ-2 πp .

( 7 - 40 ) ζ

(5) = 4 π5

945
-
(2 π)5

3 ∑
P=1

∞

σ5 (p) 1
(2 π p)2

+
3

(2 π p)3
+

6
(2 π p)4

+
6

(2 π p)5
ⅇ-2 πp .

The essence of equation (7-39) is

( 7 - 41 ) ∑
n=1

∞
coth (π n)

n5
= 4 π5

945
-

1
3 ∑P=1

∞

σ-5 (p) (2 π p)2 +3 (2 π p) +6 (2 π p) ⅇ-2 πp .

The representation of equation (7-39) using hyperbolic functions is as follows:
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( 7 - 42 ) ζ

(5) = 4 π5

945
-

1
3 ∑n=1

∞

∑
m=1

∞
1

n5
((2πm n)3 +3 (2πm n)2 +6 (2πm n) +6 ⅇ-2 πm n

= 4 π5

945
-

1
3 ∑n=1

∞
(2π n)3

n5
· 3

8
2
3
+

1
sinh2 (π n)

1
sinh2 (π n)

+
3 (2π n)2

n5
· coth (π n)

4 sinh2 (π n)

+
6 (2π n)

n5
· 1

4 sinh2 (π n)
+

6
n5

· coth (π n)-1
2

.

Therefore,

( 7 - 43 ) ζ

(5) = 4 π5

945
- ∑

n=1

∞
2
3
+

1
sinh2 (π n)

π3

n2 sinh2 (π n)
+
π2 coth (π n)
n3 sinh2 (π n)

+
π

n4 sinh2 (π n)
+

coth (π n)-1
n5

.

The equations (7-39), (7-40), (7-41), and (7-43) are equivalent each other.

Hereafter, the principal results are displayed in order without explanation. When θ = 7,

( 7 - 44 ) ζ

(7) = 32 π7

70 875
-

2
45 ∑P=1

∞

σ-7 (p) ((2 π p)4 +6 (2 π p)3 +21 (2 π p)2 +45 (2 π p) +45 ⅇ-2 πp .

( 7 - 45 ) ζ

(7) = 32 π7

70 875

-
2 (2 π)7

45 ∑
P=1

∞

σ7 (p) 1
(2 π p)3

+
6

(2 π p)4
+

21
(2 π p)5

+
45

(2 π p)6
+

45
(2 π p)7

ⅇ-2 πp .

( 7 - 46 ) ∑
n=1

∞
coth (π n)

n7
= 32 π7

70 875

-
2

45 ∑P=1

∞

σ-7 (p) (2 π p)3 +6 (2 π p)2 +21 (2 π p) +45 (2 π p) ⅇ-2 πp .

( 7 - 47 ) ζ

(7) = 32 π7

70 875
- ∑

n=1

∞
1
3
+

1
sinh2 (π n)

8 π4 coth (π n)
15 n3 sinh2 (π n)

+
2
3
+

1
sinh2 (π n)

4 π3

5 n4 sinh2 (π n)
+

14 π2 coth (π n)
15 n5 sinh2 (π n)

+
π

n6 sinh2 (π n)
+

coth (π n)-1
n7

.

( 7 - 48 ) ∑
n=1

∞
coth (π n)

n7
= 26 π7 ∑

μ=0

4

(-1)μ +1 B2 μ

(2 μ) !
·

B8 -2 μ

(8 -2 μ) !

= 26 π7 - 2
8!

-
1

30
 +2  1

2!
· 1

6
 

1
6!
· 1

42
 - 1

4!
-

1
30


2
 = 19 π7

56 700
.

( 7 - 49 ) ζ (7) = 19 π7

56 700
- 2 ∑

n=1

∞
1

n7 ⅇ2 π n
-1

.

( 7 - 50 ) ∑
P=1

∞

σ-7 (p) (2 π p)3 +6 (2 π p)2 +21 (2 π p) +45 (2 π p) ⅇ-2 πp = 11 π7

4200
.

When θ = 9,

( 7 - 51 ) ζ

(9) = 32 π9

654 885

-
1

210 ∑P=1

∞

σ-9 (p) ((2 π p)5 +10 (2 π p)4 +55 (2 π p)3 +195 (2 π p)2 +420 (2 π p) +420 ⅇ-2 πp .
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( 7 - 52 ) ζ

(9) = 32 π9

654 885

-
(2 π)9
210 ∑

P=1

∞

σ9 (p) 1
(2 π p)4

+
10

(2 π p)5
+

55
(2 π p)6

+
195

(2 π p)7
+

420
(2 π p)8

+
420

(2 π p)9
ⅇ-2 πp .

( 7 - 53 ) ∑
n=1

∞
coth (π n)

n9
= 32 π9

654 885

-
1

210 ∑P=1

∞

σ-9 (p) (2 π p)4 +10 (2 π p)3 +55 (2 π p)2 +195 (2 π p) +420 (2 π p) ⅇ-2 πp .

( 7 - 54 ) ζ

(9) = 32 π9

654 885
- ∑

n=1

∞
2

15
+

1
sinh2 (π n)

+
1

sinh4 (π n)
2 π5

7 n4 sinh2 (π n)

+
1
3
+

1
sinh2 (π n)

4 π4 coth (π n)
7 n5 sinh2 (π n)

+
2
3
+

1
sinh2 (π n)

11 π3

14 n6 sinh2 (π n)

+
13 π2 coth (π n)
14 n7 sinh2 (π n)

+
π

n8 sinh2 (π n)
+

coth (π n)-1
n9

.

When θ = 11,

( 7 - 55 ) ζ

(11) = 353 792 π11

67 043 851 875
-

2
4725 ∑P=1

∞

σ-11 (p) ((2 π p)6 +15 (2 π p)5

+ 120 (2 π p)4 + 630 (2 π p)3 + 2205 (2 π p)2 + 4725 (2 π p) + 4725 ⅇ-2 πp .

( 7 - 56 ) ∑
n=1

∞
coth (π n)

n11
= 353 792 π11

67 043 851 875
-

2
4725 ∑P=1

∞

σ-11 (p) ((2 π p)5 +15 (2 π p)4

+ 120 (2 π p)3 + 630 (2 π p)2 + 2205 (2 π p) + 4725 (2 π p) ⅇ-2 πp .

( 7 - 57 ) ∑
n=1

∞
coth (π n)

n11
= 210 π11 ∑

μ=0

6

(-1)μ +1 B2 μ

(2 μ) !
·

B12 -2 μ

(12 -2 μ) !

= 210 π11 - 2
12!

-
691

2730
 +2  1

2!
· 1

6
 

1
10!

· 5
66

 -2 1
4!

-
1

30
 · 1

8!
-

1
30

 +
1
6!
· 1

42

2
 = 1453 π11

425 675 250
.

( 7 - 58 ) ζ (11) = 1453 π11

425 675 250
- 2 ∑

n=1

∞
1

n11 ⅇ2 π n
-1

.

( 7 - 59 ) ∑
P=1

∞

σ-11 (p) ((2 π p)5 +15 (2 π p)4

+ 120 (2 π p)3 + 630 (2 π p)2 + 2205 (2 π p) + 4725 (2 π p) ⅇ-2 πp = 249 889 π11

56 756 700
.

When θ = 13,

( 7 - 60 ) ζ

(13) = 1024 π13

1 806 079 275
-

1
31 185 ∑P=1

∞

σ-13 (p) ((2 π p)7 + 21 (2 π p)6

+ 231 (2 π p)5 + 1680 (2 π p)4 + 8505 (2 π p)3 + 29 295 (2 π p)2 + 62 370 (2 π p) + 62 370 ⅇ-2 πp .

( 7 - 61 ) ∑
n=1

∞
coth (π n)

n13
= 1024 π13

1 806 079 275
-

1
31 185 ∑P=1

∞

σ-13 (p) ((2 π p)6 +21 (2 π p)5

+ 231 (2 π p)4 + 1680 (2 π p)3 + 8505 (2 π p)2 + 29 295 (2 π p) + 62 370 (2 π p) ⅇ-2 πp .

When θ = 15,
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( 7 - 62 ) ζ

(15) = 29 630 464 π15

488 950 811 724 375
-

2
945 945 ∑P=1

∞

σ-15 (p) ((2 π p)8 + 28 (2 π p)7

+ 406 (2 π p)6 + 3906 (2 π p)5 + 26 775 (2 π p)4 + 131 670 (2 π p)3

+ 446 985 (2 π p)2 + 945 945 (2 π p) + 945 945 ⅇ-2 πp .

( 7 - 63 ) ∑
n=1

∞
coth (π n)

n15
= 29 630 464 π15

488 950 811 724 375
-

2
945 945 ∑P=1

∞

σ-15 (p) ((2 π p)7 + 28 (2 π p)6

+ 406 (2 π p)5 + 3906 (2 π p)4 + 26 775 (2 π p)3 + 131 670 (2 π p)2

+ 446 985 (2 π p) + 945 945 (2 π p) ⅇ-2 πp .

( 7 - 64 ) ∑
n=1

∞
coth (π n)

n15
= 214 π15 ∑

μ=0

8

(-1)μ +1 B2 μ

(2 μ) !
·

B16 -2 μ

(16 -2 μ) !

= 214 π15 - 2
16!

-
3617
510

 + 2  1
2!
· 1

6
 

1
14!

· 7
6


- 2 1
4!

-
1

30
 · 1

12!
-

691
2730

 + 2  1
6!
· 1

42
 

1
10!

· 5
66

 - 1
8!

-
1

30


2
 = 13 687 π15

390 769 879 500
.

( 7 - 65 ) ζ (15) = 13 687 π15

390 769 879 500
- 2 ∑

n=1

∞
1

n15 ⅇ2 π n
-1

.

( 7 - 66 ) ∑
P=1

∞

σ-15 (p) (2 π p)7 +28 (2 π p)6 + 406 (2 π p)5 + 3906 (2 π p)4 + 26 775 (2 π p)3

+ 131 670 (2 π p)2 + 446 985 (2 π p) + 945 945 (2 π p) ⅇ-2 πp = 16 672 807 π15

1 378 377 000
.

When θ = 17,

( 7 - 67 ) ζ

(17) = 179 679 232 π17

27 870 196 268 289 375
-

1
8 108 100 ∑P=1

∞

σ-17 (p) ((2 π p)9 +36 (2 π p)8

+ 666 (2 π p)7 + 8190 (2 π p)6 + 72 765 (2 π p)5 + 478 170 (2 π p)4

+ 2 297 295 (2 π p)3 + 7 702 695 (2 π p)2 + 16 216 200 (2 π p) + 16 216 200 ⅇ-2 πp .

( 7 - 68 ) ∑
n=1

∞
coth (π n)

n17
= 179 679 232 π17

27 870 196 268 289 375
-

1
8 108 100 ∑P=1

∞

σ-17 (p) ((2 π p)8 +36 (2 π p)7

+ 666 (2 π p)6 + 8190 (2 π p)5 + 72 765 (2 π p)4 + 478 170 (2 π p)3

+ 2 297 295 (2 π p)2 + 7 702 695 (2 π p) + 16 216 200 (2 π p) ⅇ-2 πp .

The infinite sum that is terminated at a finite term λ is used for the approximate calculation for the zeta 

function.

Now, I decide that the positive integer λ will be referred to as the degree of approximation.

The approximate formula for the zeta function is written as (zeta -hat)λ (2 k + 1).

( 7 - 69 ) ζ

λ (2 k +1) := (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !!
∑
P=1

λ

σ-(2 k+1) (p) ∑
μ=0

k+1

bk,μ (2 π p)μ ⅇ-2 πp ( k, λ ∈ ℕ ) .

I use the built-in Mathematica functions to perform numerical calculations, for example, DivisorSigma[θ, n] 

and Zeta[S].

Furthermore, when calculating the values of the function (zeta -hat)λ (2 k + 1), the Mathematica inputs are 

shown as follows “[17]”:

b[{k_, μ_}] := μ (μ -1)+2 k (k +1 -μ)

2k +1 -μ μ ! (k +1 -μ) !
(2 k -μ) !;
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zh[{k_, λ_}] := (k +1) (k -1) ! 2k

(2 k -1) !! π
Zeta[2 k +2] - 2

k (2 k -1) !!

SumDivisorSigma[-(2 k +1), p] Sumb[{k, μ}] (2 π p)μ, {μ, 0, k +1}] ⅇ-2 πp, {p, 1, λ};

N[{zh[{1, 1}], zh[{1, 2}], zh[{1, 3}], zh[{1, 4}], Zeta[3]}, 9]

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd 

number of 3 or more.

( 7 - 70 ) ζ


1 (3), ζ


2 (3), ζ


3 (3), ζ


4 (3), ζ (3)

≃ {1.20340751, 1.20206199, 1.20205692, 1.20205690, 1.20205690} .

( 7 - 71 ) ζ


1 (5), ζ


2 (5), ζ


3 (5), ζ


4 (5), ζ (5)

≃ {1.03998935, 1.03694501, 1.03692783, 1.03692776, 1.03692776} .

( 7 - 72 ) ζ


1 (7), ζ


2 (7), ζ


3 (7), ζ


4 (7), ζ (7)

≃ {1.01476857, 1.00840017, 1.00834956, 1.00834928, 1.00834928} .

( 7 - 73 ) ζ


1 (9), ζ


2 (9), ζ


3 (9), ζ


4 (9), ζ


5 (9), ζ (9)

≃ {1.01392241, 1.00213605, 1.00200927, 1.00200840, 1.00200839, 1.00200839} .

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of 

precision.

( 7 - 74 ) ζ


12 (3), ζ (3)

≃ {1.202056903159594285399738161511, 1.202056903159594285399738161511} .

( 7 - 75 ) ζ


13 (5), ζ (5)

≃ {1.036927755143369926331365486457, 1.036927755143369926331365486457} .

( 7 - 76 ) ζ


13 (7), ζ (7)

≃ {1.008349277381922826839797549850, 1.008349277381922826839797549850} .

( 7 - 77 ) ζ


14 (9), ζ (9)

≃ {1.002008392826082214417852769232, 1.002008392826082214417852769232} .

8. Study of the zeta function for any even number of 0 or more, and for any odd 
number of -1 or less

The right side of the second-order Ic type functional equation is replaced with the result of equation (4-8).

The equation (4-8) is shown again.

( 8 - 1 ) R[2] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 y2-θ +2 π n4 y4-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

According to the knowledge in Section 4, the integral and the sum can be interchanged. Therefore,

( 8 - 2 ) R[2] (θ) = 
α→+0

∑
n=1

∞

∫0

∞
-3 n2 y2-θ +2 π n4 y4-θ ⅇ

-π n2 y2 +
α2

y2
ⅆy .

For the integrals of R[2] (θ), I perform the variable transformation
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y = x

π n
.

( 8 - 3 ) R[2] (θ) =


α→+0

∑
n=1

∞

∫0

∞
-3 n2 x

π n

2-θ
+2 π n4 x

π n

4-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
θ-1

2
π


α→+0

∑
n=1

∞
1

n1-θ
-3 ∫0

∞
x2-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx +2 ∫0

∞
x4-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx .

Equation (4-7) is shown again.

( 8 - 4 ) L[2] (θ) =
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

Therefore

( 8 - 5 )
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) = π

θ-1
2
π


α→+0

∑
n=1

∞
1

n1-θ
-3 ∫0

∞
x2-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx

+ 2 ∫0

∞
x4-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx ( θ ∈ ℂ ) .

Both sides of the equation (8-5) are multiplied by

2 π

(θ -1)Γ 1 +
θ
2

π
θ

2

to obtain the zeta function ζ (θ).

( 8 - 6 ) ζ (θ) = 2 πθ

(θ -1)Γ 1 +
θ
2
 π


α→+0

∑
n=1

∞
1

n1-θ
-3 ∫0

∞
x2-θ ⅇ

- x2 +(π nα)2
x2


ⅆx

+ 2 ∫0

∞
x4-θ ⅇ

- x2 +(π nα)2
x2


ⅆx ( θ ∈ ℂ \ {1} ) .

When the complex variable θ is set to any even number of 4 or less, the representation type1 for the zeta 

function with the quadrable integrals is obtained.

( 8 - 7 ) ζ (2 k) = 2 π2 k

(2 k -1)Γ (k +1) π

α→+0

∑
n=1

∞
1

n1-2 k
-3 ∫0

∞
x2 (1-k) ⅇ

- x2 +(π nα)2
x2


ⅆx

+ 2 ∫0

∞
x2 (2-k) ⅇ

- x2 +(π nα)2
x2


ⅆx ( k = 2, 1, 0, -1, -2, · · · ) .

When the complex variable θ is set to any even number of -2 or less, the zeta function has the value zero at 

these points (the trivial zeros). Furthermore, knowing that no even number of 6 or more can be calculated 

using equation (8-7), the equation of definition (4-2) is presented again.

( 8 - 8 ) R[2] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ-4
+2 π n4 xθ-6 ⅇ

-π n2

x2
+α2 x2

ⅆx .

Similarly, the integral and the sum can be interchanged. Therefore,

( 8 - 9 ) R[2] (θ) = 
α→+0

∑
n=1

∞

∫0

∞
-3 n2 xθ-4

+2 π n4 xθ-6 ⅇ
-π n2

x2
+α2 x2

ⅆx .
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For the integrals of R[2] (θ), I perform the variable transformation

x =
y

π α
.

( 8 - 10 ) R[2] (θ) = 
α→+0

∑
n=1

∞

∫0

∞
-3 n2 y

π α

θ-4

+ 2 π n4 y

π α

θ-6
ⅇ
- y2 +

(π nα)2
y2 1

π α
ⅆy

= π
θ-1

2
π


α→+0

 1
πα

θ-3
∑
n=1

∞

n2
-3 ∫0

∞
yθ-4 ⅇ

- y2 +
(π nα)2

y2
ⅆy

+ 2 (π nα)2 ∫0

∞
yθ-6 ⅇ

- y2 +
(π nα)2

y2
ⅆy .

From the equation L[2] (θ) = R[2] (θ),

( 8 - 11 )
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) = π

θ-1
2
π


α→+0

 1
πα

θ-3
∑
n=1

∞

n2

-3 ∫0

∞
yθ-4 ⅇ

- y2 +
(π nα)2

y2
ⅆy +2 (π nα)2 ∫0

∞
yθ-6 ⅇ

- y2 +
(π nα)2

y2
ⅆy ( θ ∈ ℂ ) .

Both sides of the equation (8-11) are multiplied by

2 π

(θ -1)Γ 1 +
θ
2

π
θ

2

to obtain the zeta function ζ (θ).

( 8 - 12 ) ζ (θ) = 2 πθ

(θ -1)Γ 1 +
θ
2
 π


α→+0

 1
πα

θ-3
∑
n=1

∞

n2 -3 ∫0

∞
yθ-4 ⅇ

- y2 +(π nα)2
y2


ⅆy

+ 2 (π nα)2 ∫0

∞
yθ-6 ⅇ

- y2 +(π nα)2
y2


ⅆy ( θ ∈ ℂ \ {1} ) .

When the complex variable θ is set to any even number of 6 or more, I obtained the representation type2 for 

the zeta function with the quadrable integrals.

( 8 - 13 ) ζ (2 k) = 2 π2 k

(2 k -1)Γ (k +1) π

α→+0

 1
πα

2 k-3
∑
n=1

∞

n2

-3 ∫0

∞
y2 (k-2) ⅇ

- y2 +(π nα)2
y2


ⅆy +2 (π nα)2 ∫0

∞
y2 (k-3) ⅇ

- y2 +(π nα)2
y2


ⅆy

( k = 3, 4, 5, · · · ) .

Both sides of the complete symmetric functional equation are multiplied by

π

Γ 1 -θ
2

π
-
θ

2
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to obtain the function ζ (1 - θ).

( 8 - 14 ) ζ (1 -θ) = π

Γ 1 -θ
2

π-θ Γ  θ

2
 ζ (θ) ( θ ∈ ℂ \ {0} ) .

For equation (8-7), 0 is substituted for k.

( 8 - 15 ) ζ (0) =

2 π0

(-1)Γ (1) π

α→+0

∑
n=1

∞
1
n -3∫0

∞
x2 ⅇ

- x2 +(π nα)2
x2


ⅆx +2 ∫0

∞
x4 ⅇ

- x2 +(π nα)2
x2


ⅆx

= -
2

π

α→+0

∑
n=1

∞
1
n -3 · (2 π nα)+1

4
π ⅇ-2 πnα +2 · (2 π nα)2 + 3 (2 π nα)+3

8
π ⅇ-2 πnα

= -2 
α→+0

(π α)2 ∑
n=1

∞

n ⅇ-2 πnα = -2 
α→+0

(π α)2 · 1
4
 1
πα

2
-

1
3
+O (π α)2 .

Therefore

( 8 - 16 ) ζ (0) = -
1
2

α→+0

1 -O (π α)2 = -
1
2

.

For equation (8-7), 1 is substituted for k.

( 8 - 17 ) ζ (2) =

2 π2

Γ (2) π

α→+0

∑
n=1

∞
1

n-1
-3∫0

∞
x0 ⅇ

- x2 +(π nα)2
x2


ⅆx +2 ∫0

∞
x2 ⅇ

- x2 +(π nα)2
x2


ⅆx

= 2 π2

π

α→+0

∑
n=1

∞

n -3 · π
2

ⅇ-2 πnα +2 · (2 π nα)+1
4

π ⅇ-2 πnα

= 2 π2 
α→+0

(π α) · 1
4
 1
πα

3
-
(πα)

15
+O (π α)3 - 1

4
 1
πα

2
-

1
3

+
(π α)2

15
-O (π α)4

= 2 π2 
α→+0

1
4
-

1
4
  1
πα

2
-

1
4
-1

3
 -O (π α)2 .

Therefore

( 8 - 18 ) ζ (2) = 2 π2 
α→+0

0 ·  1
πα

2
+

1
12

-O (π α)2 = π2

6
.

For equation (8-14), 2 is substituted for θ.

( 8 - 19 ) ζ (-1) = π

Γ -1
2

π-2 Γ (1) ζ (2) = -

1
12

.

For equation (8-7), 2 is substituted for k.

( 8 - 20 ) ζ (4) =

2 π4

3 Γ (3) π

α→+0

∑
n=1

∞
1

n-3
-3∫0

∞
x-2 ⅇ

- x2 +(π nα)2
x2


ⅆx +2 ∫0

∞
x0 ⅇ

- x2 +(π nα)2
x2


ⅆx

= π4

3 π

α→+0

∑
n=1

∞

n3 -3 · π
2 πnα

ⅇ-2 πnα +2 · π
2

ⅇ-2 πnα

= π4

6

α→+0

-
3
π α ∑

n=1

∞

n2 ⅇ-2 πnα + 2 ∑
n=1

∞

n3 ⅇ-2 πnα
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= π4

6

α→+0

- 3
π α · 1

4
 1
πα

3
-
(πα)

15
+

4 (πα)3
189

-O (π α)5 +

2 · 3
8
 1
πα

4
+

1
45

-
4 (πα)2

189
+O (π α)4

= π4

6

α→+0

-3 · 1
4

+2 · 3
8
  1
πα

4
-3 · 1

4
- 1

15
 +2 · 3

8
· 1

45
-O (π α)2 .

Therefore

( 8 - 21 ) ζ (4) = π4

6

α→+0

0 ·  1
πα

4
+

1
15

-O (π α)2 = π4

90
.

For equation (8-14), 4 is substituted for θ.

( 8 - 22 ) ζ (-3) = π

Γ -3
2

π-4 Γ (2) ζ (4) = 1

120
.

For equation (8-13), 3 is substituted for k.

( 8 - 23 ) ζ (6) = 2 π6

5 Γ (4) π

α→+0

 1
πα

3
∑
n=1

∞

n2 -3 ∫0

∞
y2 ⅇ

- y2 +(π nα)2
y2


ⅆy

+ 2 (π nα)2 ∫0

∞
y0 ⅇ

- y2 +(π nα)2
y2


ⅆy

= π6

15 π

α→+0

 1
πα

3
∑
n=1

∞

n2 -3 · (2 π nα)+1
4

π ⅇ-2 πnα +
(2 π nα)2

2
· π

2
ⅇ-2 πnα

= π6

60

α→+0

 1
πα

3
4 (π α)2 ∑

n=1

∞

n4 ⅇ-2 πnα - 6 (π α) ∑
n=1

∞

n3 ⅇ-2 πnα - 3 ∑
n=1

∞

n2 ⅇ-2 πnα

= π6

60

α→+0

 1
πα

3
4 (π α)2 · 3

4
 1
πα

5
+

2 (πα)
189

-
(πα)3

135
+O (π α)5

- 6 (π α) · 3
8
 1
πα

4
+

1
45

-
4 (πα)2

189
+
(πα)4

135
-O (π α)6

- 3 · 1
4
 1
πα

3
-
(πα)

15
+

4 (πα)3
189

-
(πα)5

225
+O (π α)7

= π6

60

α→+0

4 · 3
4

-6 · 3
8

-3 · 1
4
  1
πα

6
+-6 · 3

8
· 1

45
-3 · 1

4
- 1

15
  1
πα

2

+ 4 · 3
4
· 2

189
- 6 · 3

8
- 4

189
 - 3 · 1

4
· 4

189
- O (π α)2 .

Therefore

(8 - 24 ) ζ (6) = π6

60

α→+0

0 ·  1
πα

6
+ 1
πα

2
 + 4

63
-O (π α)2 = π6

945
.

For equation (8-14), 6 is substituted for θ.

( 8 - 25 ) ζ (-5) = π

Γ -5
2

π-6 Γ (3) ζ (6) = -

1
252

.

For equation (8-13), 4 is substituted for k.
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( 8 - 26 ) ζ (8) = 2 π8

7 Γ (5) π

α→+0

 1
πα

5
∑
n=1

∞

n2 -3 ∫0

∞
y4 ⅇ

- y2 +(π nα)2
y2


ⅆy

+ 2 (π nα)2 ∫0

∞
y2 ⅇ

- y2 +(π nα)2
y2


ⅆy

= π8

84 π

α→+0

 1
πα

5
∑
n=1

∞

n2 -3 · (2 π nα)2 +3 (2 π nα)+3
8

π ⅇ-2 πnα

+
(2 π nα)2

2
· (2 π nα)+1

4
π ⅇ-2 πnα

= π8

672

α→+0

 1
πα

5
8 (π α)3 ∑

n=1

∞

n5 ⅇ-2 πnα - 8 (π α)2 ∑
n=1

∞

n4 ⅇ-2 πnα

- 18 (π α) ∑
n=1

∞

n3 ⅇ-2 πnα - 9 ∑
n=1

∞

n2 ⅇ-2 πnα

 

= π8

672

α→+0

 1
πα

5
8 (π α)3 · 15

8
 1
πα

6
-

2
945

+
(πα)2

225
-

4 (πα)4
1485

+O (π α)6

- 8 (π α)2 · 3
4
 1
πα

5
+

2 (πα)
189

-
(πα)3

135
+

4 (πα)5
1485

-O (π α)7

- 18 (π α) · 3
8
 1
πα

4
+

1
45

-
4 (πα)2

189
+
(πα)4

135
-

8 (πα)6
4455

+O (π α)8

- 9 · 1
4
 1
πα

3
-
(πα)

15
+

4 (πα)3
189

-
(πα)5

225
+

8 (πα)7
10 395

-O (π α)9

= π8

672

α→+0

8 · 15
8

-8 · 3
4

-18 · 3
8

-9 · 1
4
  1
πα

8
+ -18 · 3

8
· 1

45
-9 · 1

4
- 1

15
  1
πα

4

+ 8 · 15
8
- 2

945
 -8 · 3

4
· 2

189
-18 · 3

8
- 4

189
 -9 · 1

4
· 4

189
  1
πα

2

+ 8 · 15
8
· 1

225
- 8 · 3

4
- 1

135
 - 18 · 3

8
· 1

135
- 9 · 1

4
- 1

225
 - O (π α)2 .

Therefore

( 8 - 27 ) ζ (8) = π8

672

α→+0

0 ·  1
πα

8
+ 1
πα

4
+ 1
πα

2
 + 16

225
-O (π α)2 = π8

9450
.

For equation (8-14), 8 is substituted for θ.

( 8 - 28 ) ζ (-7) = π

Γ -7
2

π-8 Γ (4) ζ (8) = 1

240
.

For even numbers of 2, 4, 6, and 8, the zeta function has the shape of

(Coefficient) × {(0 × (Divergent terms) + (Constant) - (Vanishing terms)} in the stage just before taking the 

limit.

Let remember equation (7-26), which is shown again.

( 8 - 29 ) ∑
n=1

∞
coth (π n)

n2 k+1
= (k +1) (k -1) !2k

(2 k -1) !! π
ζ (2 k +2)

-
2

k (2 k -1) !! ∑P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k

bk,μ +1 (2 π p)μ (2 π p) ⅇ-2 πp ( k ∈ ℕ ) .

The series representation of the zeta function is demonstrated for every even number of 4 or more.

The following are some calculation examples:
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( 8 - 30 ) ζ (4) = π
4 ∑n=1

∞
coth (π n)

n3
+
π
2 ∑P=1

∞

σ-3 (p) ((2 π p) +1) (2 π p) ⅇ-2 πp

= 7 π4

720
+
π
2 ∑P=1

∞

σ-3 (p) ((2 π p) +1) (2 π p) ⅇ-2 πp .

( 8 - 31 ) ζ (6) = π
4 ∑n=1

∞
coth (π n)

n5
+
π
12 ∑P=1

∞

σ-5 (p) (2 π p)2 +3 (2 π p) +6 (2 π p) ⅇ-2 πp .

( 8 - 32 ) ζ (8) =

15 π
64 ∑

n=1

∞
coth (π n)

n7
+
π
96 ∑P=1

∞

σ-7 (p) (2 π p)3 +6 (2 π p)2 +21 (2 π p) +45 (2 π p) ⅇ-2 πp

= 19 π8

241 920
+
π
96 ∑P=1

∞

σ-7 (p) (2 π p)3 +6 (2 π p)2 +21 (2 π p) +45 (2 π p) ⅇ-2 πp .

( 8 - 33 ) ζ (10) = 7 π
32 ∑

n=1

∞
coth (π n)

n9

+
π

960 ∑P=1

∞

σ-9 (p) (2 π p)4 +10 (2 π p)3 +55 (2 π p)2 +195 (2 π p) +420 (2 π p) ⅇ-2 πp .

The zeta function has the shape {(Constant or infinite series to be considered as constant) + (Coefficient) × 

(Infinite series)} for any even number of 4 or more.

To understand the kind of series representation ζ (2) have, recall equation (7-6), which is shown again.

( 8 - 34 )
θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ +1)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ)

-
θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

After exchanging both sides of the equation by moving the second term from the left to the right side,

( 8 - 35 )
θ (θ +1)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) = θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ)

+
θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +2 (2 π p) K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

For the second term on the right side of equation (8-35), the recurrence formula for the modified Bessel 

function of the second kind is applied.

( 8 - 36 )
θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +4 (π p) K 2-θ

2
(2 π p)

= θ
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ -1)K θ
2
(2 π p) +4 (π p)K -θ-2

2
(2 π p) +-θ

2
K -θ

2
(2 π p)

= θ
π ∑P=1

∞

σ-θ (p) p
θ

2 4 (π p)K θ+2
2

(2 π p) -(θ +1)K θ
2
(2 π p)

= θ π
-
θ

2
π ∑

P=1

∞

σ-θ (p) 4 (π p)
θ+2

2 K θ+2
2

(2 π p) -(θ +1) (π p)
θ

2 K θ
2
(2 π p)
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= θ π
-
θ

2
π ∑

P=1

∞

σ-θ (p) 4∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy

- (θ +1) ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( θ ∈ ℂ ) .

Here, the relation of equation (19-74) is used.

Therefore 

( 8 - 37 )
θ (θ +1)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) = θ (θ -1)

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) + θ π

-
θ

2
π ∑

P=1

∞

σ-θ (p)

4∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy -(θ +1) ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( θ ∈ ℂ ) .

Both sides of the equation (8-37) are multiplied by

2 π

θ Γ 1 +
1 +θ

2

π

1+θ
2

to obtain the function ζ (1 + θ).

( 8 - 38 ) ζ (1 +θ) =
(θ -1)Γ θ

2
ζ (θ) π

2 Γ 1 +
1 +θ

2


+
2 π

Γ 1 +
1 +θ

2

∑
P=1

∞

σ-θ (p)

4∫0

∞
yθ+1 ⅇ

- y2 +
(π p)2

y2
ⅆy -(θ +1) ∫0

∞
yθ-1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( θ ∈ ℂ \ {0} ) .

For equation (8-38), -1 is substituted for θ.

( 8 - 39 ) ζ (0) =
-2Γ -1

2
ζ (-1) π

2 Γ (1)

+
2 π
Γ (1)

∑
P=1

∞

σ1 (p) 4∫0

∞
y0 ⅇ

- y2 +
(π p)2

y2
ⅆy -0 ·∫0

∞
y-2 ⅇ

- y2 +
(π p)2

y2
ⅆy

= 2 π ζ (-1) + 2 π ∑
P=1

∞

σ1 (p) · 4 · π
2

ⅇ-2 πp

= 2 π ζ (-1) + 4 π ∑
n=1

∞

∑
m=1

∞

m ⅇ-2 πm n = 2 πζ (-1) + π ∑
n=1

∞
1

Sinh2 (π n)
.

Therefore

( 8 - 40 ) ∑
n=1

∞
1

sinh2 (π n)
= 1
π
ζ (0) -2 πζ (-1) = 1

π
-1

2
-2 π - 1

12
 = 1

6
-

1
2 π

.

This result is known as “[1].”

For equation (8-38), 1 is substituted for θ.
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( 8 - 41 ) ζ (2) =

Γ 1
2
 π

2 Γ (2)
+

2 π
Γ (2)

∑
P=1

∞

σ-1 (p) 4∫0

∞
y2 ⅇ

- y2 +
(π p)2

y2
ⅆy -2 ∫0

∞
y0 ⅇ

- y2 +
(π p)2

y2
ⅆy

= π
2

+ 2 π ∑
P=1

∞

σ-1 (p) 4 · (2 π p)+1
4

π ⅇ-2 πp -2 · π
2

ⅇ-2 πp

= π
2

+ 2 π ∑
P=1

∞

σ-1 (p) (2 π p) ⅇ-2 πp = π
2

+ 4 π2 ∑
n=1

∞

∑
m=1

∞
1
n (m n) ⅇ-2 πm n .

Thus, the double series representation is obtained.

( 8 - 42 ) ζ (2) = π
2

+ 4 π2 ∑
n=1

∞

∑
m=1

∞

m ⅇ-2 πm n .

The hyperbolic sine is used to obtain the series representation.

( 8 - 43 ) ζ (2) = π
2

+π2 ∑
n=1

∞
1

sinh2 (π n)
.

The exact value of ζ (2) is finally reached:

( 8 - 44 ) ζ (2) = π
2

+π2 1
6
-

1
2 π

 = π2

6
.

9. Hadamard product representation for the zeta function and derivation of a new Chi 

function

The Riemann Xi function’s Hadamard product is shown as follows:

( 9 - 1 ) ξ (θ) = ξ (0) ∏
m=1

∞

1 -
θ

1
2
+ⅈρm

1 -
θ

1
2
-ⅈρm

= 1
2 ∏m=1

∞
(2 ρm)2 +(2 θ -1)2

(2 ρm)2 +1
( θ ∈ ℂ ) .

The definition of the Riemann Xi function is again presented.

( 9 - 2 ) ξ (θ) = θ (θ -1)
2

π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

Therefore, the zeta function’s Hadamard product representation is as follows:

( 9 - 3 ) ζ (θ) = π
θ

2

θ (θ -1)Γ θ
2

∏
m=1

∞
(2 ρm)2 +(2 θ -1)2

(2 ρm)2 +1
( θ ∈ ℂ \ {1} ) .

For equation (9-3), 0 is substituted for θ.

( 9 - 4 ) ζ (0) = π
θ

2

2 (θ -1)Γ 1 +
θ
2

∏
m=1

∞
(2 ρm)2 +(2 θ -1)2

(2 ρm)2 +1 θ=0 = -
1
2 ∏m=1

∞
(2 ρm)2 +1
(2 ρm)2 +1

= -
1
2

.

Any odd number of -1 or less is substituted for θ in equation (9-3).

( 9 - 5 ) ζ (1 -2 k) = π
1-2 k

2

(1 -2 k) (1 -2 k -1)Γ 1 -2 k
2


∏
m=1

∞
(2 ρm)2 +(2 (1 -2 k)-1)2

(2 ρm)2 +1
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= π

2 k (2 k -1) (-1)k 2k π
(2 k -1) !!

πk
∏
m=1

∞
(2 ρm)2 +(4 k -1)2

(2 ρm)2 +1

= -
1

2 k
· (-1)k+1 (2 k -3) !!

2kπk ∏
m=1

∞
(2 ρm)2 +(4 k -1)2

(2 ρm)2 +1
( k ∈ ℕ ) .

Here, (-1) !! = 1 is agreed.

Conversely, the exact value of the zeta function for any odd number of -1 or less is well known as the formula.

( 9 - 6 ) ζ (1 -2 k) = -
B2 k
2 k

( k ∈ ℕ ) .

By combining the equations (9-5) and (9-6),     

( 9 - 7 ) ∏
m=1

∞
(2 ρm)2 +(4 k -1)2

(2 ρm)2 +1
= (-1)k+1 2kπk

(2 k -3) !!
B2 k ( k ∈ ℕ ) .

Some examples of calculations are shown.

( 9 - 8 ) ∏
m=1

∞
(2 ρm)2 +32

(2 ρm)2 +1
= (-1)2 2 π

(-1) !!
B2 = 2 π · 1

6
= π

3
.

( 9 - 9 ) ∏
m=1

∞
(2 ρm)2 +72

(2 ρm)2 +1
= (-1)3 22 π2

1 !!
B4 = -4 π2 · - 1

30
 = 2 π2

15
.

( 9 - 10 ) ∏
m=1

∞
(2 ρm)2 +112

(2 ρm)2 +1
= (-1)4 23 π3

3 !!
B6 = 8 π3

3
· 1

42
= 4 π3

63
.

( 9 - 11 ) ∏
m=1

∞
(2 ρm)2 +152

(2 ρm)2 +1
= (-1)5 24 π4

5 !!
B8 = -

16 π4

15
· - 1

30
 = 8 π4

225
.

For equation (9-3), any even number of 2 or more is substituted for θ.

( 9 - 12 ) ζ (2 k) = πk

2 k (2 k -1)Γ (k)
∏
m=1

∞
(2 ρm)2 +(4 k -1)2

(2 ρm)2 +1

= πk

2 (2 k -1)k !
∏
m=1

∞
(2 ρm)2 +(4 k -1)2

(2 ρm)2 +1
( k ∈ ℕ ) .

Any odd number of 3 or more is substituted for θ in equation (9-3).

( 9 - 13 ) ζ (2 k +1) = π
2 k+1

2

(2 k +1) (2 k) Γ 2 k +1
2


∏
m=1

∞
(2 ρm)2 +(4 k +1)2

(2 ρm)2 +1

= 2k-1 πk

k (2 k +1) !!
∏
m=1

∞
(2 ρm)2 +(4 k +1)2

(2 ρm)2 +1
( k ∈ ℕ ) .

The following are some calculation examples:

( 9 - 14 ) ζ (2) = π
2 ∏m=1

∞
(2 ρm)2 +32

(2 ρm)2 +1
= π

2
· π

3
= π2

6
.

( 9 - 15 ) ζ (3) = π
3 ∏m=1

∞
(2 ρm)2 +52

(2 ρm)2 +1
.

( 9 - 16 ) ζ (4) = π2
12 ∏m=1

∞
(2 ρm)2 +72

(2 ρm)2 +1
= π2

12
· 2 π2

15
= π4

90
.

( 9 - 17 ) ζ (5) = π2

15 ∏m=1

∞
(2 ρm)2 +92

(2 ρm)2 +1
.
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( 9 - 18 ) ζ (6) = π3
60 ∏m=1

∞
(2 ρm)2 +112

(2 ρm)2 +1
= π3

60
· 4 π3

63
= π6

945
.

( 9 - 19 ) ζ (7) = 4 π3

315 ∏
m=1

∞
(2 ρm)2 +132

(2 ρm)2 +1
.

( 9 - 20 ) ζ (8) = π4
336 ∏m=1

∞
(2 ρm)2 +152

(2 ρm)2 +1
= π4

336
· 8 π4

225
= π8

9450
.

( 9 - 21 ) ζ (9) = 2 π4

945 ∏
m=1

∞
(2 ρm)2 +172

(2 ρm)2 +1
.

9-2. Derivation of a new Chi function

By the way, the origin symmetric functional equation with correction terms is similar to the functional equa-

tion that the Riemann Xi function follows.

The new function, called the Chi function, is defined as follows:

( 9 - 22 ) χ (θ) := 2 π A[2] (θ) +F

[2] (θ) ( θ ∈ ℂ ) .

To generate the representation for the Chi function, equations (5-82) and (5-84) are substituted on the right 

side of equation (9-22).

( 9 - 23 ) χ (θ) = θ (θ -1)
2

π
-
θ

2 Γ θ
2
 ζ (θ)

+2 (θ -1) ∑
P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p)K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

The Chi function has clear origin symmetry based on functional equation (5-81).

( 9 - 24) χ (θ) = χ (-θ) ( θ ∈ ℂ ) .

For equation (9-23), 1 is substituted for θ.

( 9 - 25 ) χ (1) = θ (θ -1)
2

π
-
θ

2 Γ θ
2
 ζ (θ)

θ=1 + 2 · 0 · ∑
P=1

∞

σ-0 (p) 0 ·K0 (2 π p) +(2 π p)K1 (2 π p)

= -θ π
-

1-θ
2 Γ 1 +

1 -θ
2
 ζ (1 -θ)

θ=1 = 1 / 2 .

Therefore

( 9 - 26 ) χ (±1) = 1 / 2 .

For equation (9-23), 0 is substituted for θ.

( 9 - 27 ) χ (0) = 1
2
- 2 ∑

P=1

∞

σ0 (p) (2 π p)K1 (2 π p) ≃ 0.4875331150002445 .

On the real axis, the Chi function has a minimum value at the point θ = 0.

( 9 - 28 ) χ (x) ≥ χ (0) ( x ∈  ) .

An attempt is made to find 10 non-trivial zeros of the Chi function close to the real axis in order by interpola-

tion.

The result indicates that the real parts of 10 non-trivial zeros are all zero.

Thus, the assumption that all non-trivial zeros of the Chi function lie on the imaginary axis is proved in the 

narrow domain.

Extending the domain of consideration to the whole complex plane, I propose the generalized Riemann 

hypothesis for the Chi function that states that all non-trivial zeros lie on the imaginary axis. it will be proved 
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hypothesis  imaginary  proved

in Section 14.

Furthermore, I assume that there are infinitely many non-trivial zeros on the imaginary axis in the Chi function.

I define that the positive imaginary part of the m-th non-trivial zero of the Chi function to which the number is 

allocated in order to be closer to the real axis is τm. Under the assumptions,

( 9 - 29 ) χ (±ⅈ τm) := 0 ( 0 < τ1 ≤ τ2 ≤ τ3 ≤ · · · ) .

The positive imaginary parts of 10 non-trivial zeros of the Chi function close to the real axis are shown in 

order in a table. For comparison, the positive imaginary parts of 10 non-trivial zeros of the zeta function close 

to the real axis are also demonstrated in order in the same table.

Table shows the positive imaginary parts of 10 non-trivial zeros of the Chi function and their 

comparisons

m τm < , or > ρm

1 12.041 · · ·


< 14.134 · · ·


2 20.487 · · ·


< 21.022 · · ·


3 25.976 · · ·


> 25.010 · · ·


4 28.269 · · ·


< 30.424 · · ·


5 32.685 · · ·


< 32.935 · · ·


6 36.583 · · ·


< 37.586 · · ·


7 42.044 · · ·


> 40.918 · · ·


8 42.901 · · ·


< 43.327 · · ·


9 46.556 · · ·


< 48.005 · · ·


10 50.021 · · ·


> 49.773 · · ·


Fig. 9-1

Under the generalized Riemann hypothesis for the Chi function, assuming that there are infinitely many non-

trivial zeros on the imaginary axis, The Hadamard product representation of the Chi function can alternatively 

be written down.

( 9 - 30 ) χ (θ) = χ (0) ∏
m=1

∞

1 -
θ
ⅈτm

1 -
θ

-ⅈτm
= χ (0) ∏

m=1

∞

1 +
θ2

(τm)2
( θ ∈ ℂ ) .

To obtain the value of the infinite product in equation (9-30), 1 /2 is substituted for θ.

( 9 - 31 ) χ 1
2
 = χ (0) ∏

m=1

∞

1 +
(1/2)2

(τm)2
.

Therefore,

( 9 - 32 ) ∏
m=1

∞

1 +
1

(2 τm)2
=
χ 1

2


χ (0)
≃ 1.0063381050061486 .

1 /2 is substituted for θ in equation (9-3).

( 9 - 33 ) ζ 1
2
 = -

4 π
1
4

Γ 1
4

∏
m=1

∞
(2 ρm)2

(2 ρm)2 +1
= -

4 π
1
4

Γ 1
4

∏
m=1

∞
1

1 +
1

(2 ρm)2

.

Therefore,

( 9 - 34 ) ∏
m=1

∞

1 +
1

(2 ρm)2
= -

4 π
1
4

Γ 1
4
ζ 1

2


≃ 1.0057917953503750 .
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From the equations (9-32) and (9-34), the following inequality is obtained:

( 9 - 35 ) ∏
m=1

∞

1 +
1

(2 ρm)2
< ∏

m=1

∞

1 +
1

(2 τm)2
.

According to the inequality (9-35), the distribution of the positive imaginary parts of the non-trivial zeros of 

the Chi function is closer to the real axis than the distribution of those of the zeta function on the whole.

10. Functional Equation Transformations, Part3

Compared to the previous sections of 4 and 5, this section will be conducted in a more straightforward manner.

10-1. Functional Equation Transformation for the third-order Ir type functional equation

The following are the FET operations for the third-order Ir type functional equation:

( 10 - 1 ) L[3] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+12 π n4 xθ+3

-4 π2 n6 xθ+5 ⅇ-π (n2 +α2)x2
ⅆx .

( 10 - 2 ) R[3] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 xθ-4
-18 π n4 xθ-6

+4 π2 n6 xθ-8 ⅇ
-π n2

x2
+α2 x2

ⅆx .

For the integral of L[3] (θ), I perform the variable transformation

 x = 
y

π (n2 +α2)


1
2 .

( 10 - 3 ) L[3] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 
y

π (n2 +α2)


θ+1
2

+ 12 π n4 
y

π (n2 +α2)


θ+3
2

- 4 π2 n6 
y

π (n2 +α2)


θ+5
2 ⅇ-y 1

2
 1
π (n2 +α2)



1
2 y

-
1
2 ⅆy .

Using the left-sided limit of the positive real variable α,

( 10 - 4 ) L[3] (θ) =
π
-
θ

2
2 π ∫0

∞

∑
n=1

∞
1

nθ
-3 y

θ

2 +12 y
θ

2
+1

-4 y
θ

2
+2

ⅇ-y ⅆy

= π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 ∫0

∞
y
θ

2 ⅇ-y ⅆy +12 ∫0

∞
y
θ

2
+1
ⅇ-y ⅆy -4 ∫0

∞
y
θ

2
+2
ⅇ-y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) > 1 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 5 ) L[3] (θ) =
π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 Γ 1 +

θ
2
 +12 Γ 2 +

θ
2
 -4 Γ 3 +

θ
2
 ( Re (θ) > 1 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 6 ) L[3] (θ) =
π
-
θ

2
2 π

ζ (θ) -3 Γ 1 +
θ
2
 +12 Γ 2 +

θ
2
 -4 Γ 3 +

θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.
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( 10 - 7 ) L[3] (θ) =
π
-
θ

2
2 π

ζ (θ) -3  θ
2
 +12 1 +

θ
2
  θ

2
 -4 2 +

θ
2
 1 +

θ
2
  θ

2
 Γ  θ

2


= π
-
θ

2
2 π

ζ (θ) - θ
2
 θ2 -1 Γ  θ

2
 ( θ ∈ ℂ ) .

Therefore

( 10 - 8 ) L[3] (θ) = -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

The function L[3] (θ) is a convergent function in the whole complex plane.

For the integral of R[3] (θ), I perform the variable transformation x = y-1.

( 10 - 9 ) R[3] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

12 n2 1
y 
θ-4

- 18 π n4 1
y 
θ-6

+ 4 π2 n6 1
y 
θ-8

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 y2-θ -18 π n4 y4-θ +4 π2 n6 y6-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of R[3] (θ), I perform the variable transformation

y = x
π n

,

one more time.

( 10 - 10 ) R[3] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 x
π n

2-θ
- 18 π n4 x

π n

4-θ

+ 4 π2 n6 x
π n

6-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
-

1-θ
2
π


α→+0 ∫0

∞

∑
n=1

∞
1

n1-θ
12 x2-θ -18 x4-θ +4 x6-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 11 ) R[3] (θ) =
π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
12 x2-θ -18 x4-θ +4 x6-θ ⅇ- x2

ⅆx .

For the integral of R[3] (θ), I perform the variable transformation x = y1/2.

( 10 - 12 ) R[3] (θ) =
π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
12 y

2-θ
2 -18 y

4-θ
2 +4 y

6-θ
2 ⅇ- y 1

2
y
-

1
2 ⅆy

= π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
6 ∫0

∞
y

1-θ
2 ⅇ-y ⅆy -9 ∫0

∞
y

3-θ
2 ⅇ-y ⅆy +2 ∫0

∞
y

5-θ
2 ⅇ-y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < 0 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 13 ) R[3] (θ) =
π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
6 Γ 1 +

1 -θ
2
 -9 Γ 2 +

1 -θ
2
 +2 Γ 3 +

1 -θ
2
 ( Re (θ) < 0 ) .
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Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 14 ) R[3] (θ) =
π
-

1-θ
2
π

ζ (1 -θ) 6 Γ 1 +
1 -θ

2
 -9 Γ 2 +

1 -θ
2
 +2 Γ 3 +

1 -θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 15 ) R[3] (θ) =
π
-

1-θ
2
π

ζ (1 -θ) 6 1 -θ
2
 - 9 1 +

1 -θ
2
 1 -θ

2


+ 2 2 +
1 -θ

2
 1 +

1 -θ
2
 1 -θ

2
 Γ 1 -θ

2


= π
-

1-θ
2
π

ζ (1 -θ) - θ
4
 (θ2 -1) Γ 1 -θ

2
 ( θ ∈ ℂ ) .

Therefore

( 10 - 16 ) R[3] (θ) = -
θ (θ -1) (θ +1)

4π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

The function R[3] (θ) is also a convergent function in the whole complex plane.

Because of the convergent equations (10-8) and (10-16), the following functional equation holds true:

( 10 - 17 ) L[3] (θ) = R[3] (θ) ( θ ∈ ℂ ) .

Therefore

( 10 - 18 ) -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = -

θ (θ -1) (θ +1)
4π

π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

I decide that the functional equation (10-18) is called the third-order Ic type functional equation.

Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-2. Functional Equation Transformation for the third-order IIr type functional equation

As you will see later, another way to prove the absolute convergence of the correction term is chosen due to a 

symmetry collapse in the third-order IIc type functional equation.

The operations of the FET for the third-order IIr type functional equation are shown as follows:

( 10 - 19 ) A[3] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+12 π n4 xθ+3

-4 π2 n6 xθ+5 ⅇ-π (n2 +α2) x2
ⅆx .

( 10 - 20 ) F[3] (θ) :=


α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+24 π n4 xθ+3

-8 π2 n6 xθ+5 ⅇ
-π (n2 +α2) x2

+m2

x2
ⅆx .

( 10 - 21 ) B[3] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 xθ-3
-18 π n4 xθ-5

+4 π2 n6 xθ-7 ⅇ
-π n2

x2
+α2 x2

ⅆx .

( 10 - 22 ) G[3] (θ) :=


α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

24 n2 xθ-3
-36 π n4 xθ-5

+8 π2 n6 xθ-7 ⅇ
-π (m2 +α2) x2

+
n2

x2
ⅆx .

Immediately, the following obvious result is obtained:

( 10 - 23 ) A[3] (θ) = L[3] (θ) = -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .
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For the integral of B[3] (θ), I perform the variable transformation x = y-1.

( 10 - 24 ) B[3] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

12 n2 1
y 
θ-3

- 18 π n4 1
y 
θ-5

+ 4 π2 n6 1
y 
θ-7

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 y1-θ -18 π n4 y3-θ +4 π2 n6 y5-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of B[3] (θ), I perform the variable transformation

y = x
π n

,

one more time.

( 10 - 25 ) B[3] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

12 n2 x
π n

1-θ
- 18 π n4 x

π n

3-θ

+ 4 π2 n6 x
π n

5-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
θ

2
π

α→+0 ∫0

∞

∑
n=1

∞
1

n-θ
12 x1-θ -18 x3-θ +4 x5-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 26 ) B[3] (θ) =
π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
12 x1-θ -18 x3-θ +4 x5-θ ⅇ- x2

ⅆx .

For the integral of B[3] (θ), I perform the variable transformation x = y1/2.

( 10 - 27 ) B[3] (θ) =
π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
12 y

1-θ
2 -18 y

3-θ
2 +4 y

5-θ
2 ⅇ- y 1

2
y
-

1
2 ⅆy

= π
θ

2
π ∑

n=1

∞
1

n-θ
6 ∫0

∞
y
-θ

2 ⅇ- y ⅆy -9 ∫0

∞
y

2-θ
2 ⅇ- y ⅆy +2 ∫0

∞
y

4-θ
2 ⅇ- y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < -1 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 28 ) B[3] (θ) =
π
θ

2
π ∑

n=1

∞
1

n-θ
6 Γ 1 +

-θ
2
 -9 Γ 2 +

-θ
2
 +2 Γ 3 +

-θ
2
 ( Re (θ) < -1 ) .

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta 

and gamma functions.

( 10 - 29 ) B[3] (θ) =
π
θ

2
π
ζ (-θ) 6 Γ 1 +

-θ
2
 -9 Γ 2 +

-θ
2
 +2 Γ 3 +

-θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 30 ) B[3] (θ) =
π
θ

2
π
ζ (-θ) 6 -θ

2
 -9 1 +

-θ
2
 -θ

2
 +2 2 +

-θ
2
 1 +

-θ
2
 -θ

2
 Γ -θ

2

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= π
θ

2
π
ζ (-θ) -θ

4
 (θ +1) (θ +2) Γ -θ

2
 ( θ ∈ ℂ ) .

Combining the relation of the complete symmetric functional equation to the result,

( 10 - 31 ) B[3] (θ) = -
θ (θ +1) (θ +2)

4 π
π
θ

2 Γ - θ
2
 ζ (-θ)

= -
θ (θ +1) (θ +2)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) ( θ ∈ ℂ ) .

The function B[3] (θ) is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable α, is used for defining the equation (10-20),

( 10 - 32 ) F[3] (θ) = ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+24 π n4 xθ+3

-8 π2 n6 xθ+5 ⅇ
-π n2 x2

+m2

x2
ⅆx .

Assuming that the integral and the double sum can be interchanged, for the integrals of F[3] (θ), I perform the 

variable transformation

x = 
m y
n 

1
2.

( 10 - 33 ) F[3] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
-6 n2 

m y
n 

θ+1
2 + 24 π n4 

m y
n 

θ+3
2

- 8 π2 n6 
m y
n 

θ+5
2 ⅇ

-πm n y +
1
y
 1

2
m

n 
1
2 y

-
1
2 ⅆy

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 · 1
2 ∫0

∞
y
θ+2

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

+ 12 (πm n) · 1
2 ∫0

∞
y
θ+4

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

- 4 (πm n)2 · 1
2 ∫0

∞
y
θ+6

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy .

The integrals can be written using the modified Bessel functions of the second kind.

( 10 - 34 ) F[3] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n)

+ 12 (πm n) K θ+4
2

(2 πm n) - 4 (πm n)2 K θ+6
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied three times.

( 10 - 35 ) F[3] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n)

+ 12 (πm n) K θ+4
2

(2 πm n) - 4 (πm n)  θ +4
2

K θ+4
2

(2 πm n) +(πm n)K θ+2
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 - 3 +4 (πm n)2K θ+2
2

(2 πm n) -2 (θ -2) (πm n)K θ+4
2

(2 πm n)
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= -
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 3 +4 (πm n)2K θ+2
2

(2 πm n)

+ 2 (θ -2)  θ +2
2

K θ+2
2

(2 πm n) +(πm n) K θ

2
(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 2 (θ -2) (πm n)2 K θ
2
(2 πm n) +θ2 -1 +4 (πm n)2 (πm n) K θ+2

2
(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 2 (θ -2) (πm n)2 K θ
2
(2 πm n)

+ θ2 -1 +4 (πm n)2  θ
2

K θ
2
(2 πm n) +(πm n) K θ-2

2
(2 πm n)

= -
1
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 θ θ2 -1 +8 (θ -1) (πm n)2K θ
2
(2 πm n)

+ 2 θ2 -1 +4 (πm n)2 (πm n) K θ-2
2

(2 πm n) .

From the equation (5-37) and the result of equation (10-35),

( 10 - 36 ) F[3] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +2 (θ -1) (2 π p)2K θ
2
(2 π p)

+ ((θ -1) (θ +1) +(2 π p)2) (2 π p) K θ-2
2

(2 π p) .

For the equation of definition (10-22), using the left-sided limit of the positive real variable α,

( 10 - 37 ) G[3] (θ) = ∫0

∞

∑
n=1

∞

∑
m=1

∞

24 n2 xθ-3
-36 π n4 xθ-5

+8 π2 n6 xθ-7 ⅇ
-π m2 x2

+
n2

x2
ⅆx .

For the integral of G[3] (θ), I perform the variable transformation x = y-1.

( 10 - 38 ) G[3] (θ) =

∫∞
0
∑
n=1

∞

∑
m=1

∞

24 n2 1
y 
θ-3

-36 π n4 1
y 
θ-5

+8 π2 n6 1
y 
θ-7

 ⅇ
-π m2

y2
+n2 y2

-y-2 ⅆy

= ∫0

∞

∑
n=1

∞

∑
m=1

∞

24 n2 y1 -θ -36 π n4 y3 -θ +8 π2 n6 y5 -θ ⅇ
-π n2 y2 +

m2

y2
ⅆy .

Assuming that the integral and the double sum can be interchanged, for the integrals of G[3] (θ), I perform the 

variable transformation

y = m x
n 

1
2 .

( 10 - 39 ) G[3] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
24 n2 m x

n 
1 -θ

2

- 36 π n4 m x
n 

3 -θ

2 + 8 π2 n6 m x
n 

5 -θ

2 ⅇ
-πm n x +

1
x
 1

2
m

n 
1
2 x

-
1
2 ⅆx

= 4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 6 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

- 9 (πm n) · 1
2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

+ 2 (πm n)2 · 1
2 ∫0

∞
x

6-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx .
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The integrals can be written using the modified Bessel functions of the second kind.

( 10 - 40 ) G[3] (θ) =
4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 6 K 2-θ
2

(2 πm n) - 9 (πm n) K 4-θ
2

(2 πm n)

+ 2 (πm n)2 K 6-θ
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied twice.

( 10 - 41 ) G[3] (θ) =
4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 6 K 2-θ
2

(2 πm n) - 9 (πm n) K 4-θ
2

(2 πm n)

+ 2 (πm n) 4 -θ
2

K 4-θ
2

(2 πm n) +(πm n) K 2-θ
2

(2 πm n)

= -
4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -(6 +2 (πm n)2) K 2-θ
2

(2 πm n) +(θ +5) (πm n) K 4-θ
2

(2 πm n)

= -
4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -(6 +2 (πm n)2K 2-θ
2

(2 πm n)

+ (θ +5) 2 -θ
2

K 2-θ
2

(2 πm n) +(πm n) K -θ
2

(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 2 (θ +5) (πm n) K θ
2
(2 πm n)

- (θ +1) (θ +2) +4 (πm n)2K 2-θ
2

(2 πm n)

= -
1
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 (θ +5) (2 πm n)2 K θ
2
(2 πm n)

- (θ +1) (θ +2) +(2 πm n)2 (2 πm n) K 2-θ
2

(2 πm n) .

From the equation (5-38) and the result of equation (10-41),

( 10 - 42 ) G[3] (θ) =

-
1
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ +5) (2 π p)2 K θ
2
(2 π p) - (θ +1) (θ +2) +(2 π p)2 (2 π p)K θ-2

2
(2 π p) .

I define the function H[3] (θ) as follows:

( 10 - 43 ) H[3] (θ) := G[3] (θ) -F[3] (θ) .

From (the right side of equation (10-42)) - (the right side of equation (10-36)),

( 10 - 44 ) H[3] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2K θ
2
(2 π p)

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p)K θ-2
2

(2 π p) .

The modified Bessel functions of the second kind are written using the integral respectively.

( 10 - 45 ) H[3] (θ) =

1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2 · 1
2 ∫0

∞
x
θ

2
-1
ⅇ
-

2 π p
2

x +
1
x

ⅆx

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p) · 1
2 ∫0

∞
x
θ-2

2
-1
ⅇ
-

2 π p
2

x +
1
x

ⅆx .
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For the integrals of H[3] (θ), I perform the variable transformation

x =
y2

π p.

( 10 - 46 ) H[3] (θ) =

1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2 · 1
2 ∫0

∞


y2

π p 

θ -2
2 ⅇ

- y2 +
(π p)2

y2 2 y
π p ⅆy

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p) · 1
2 ∫0

∞


y2

π p 

θ -4
2 ⅇ

- y2 +
(π p)2

y2 2 y
π p ⅆy

= π
-
θ

2
2 π ∑

P=1

∞

σ-θ (p) 2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2 ∫0

∞
yθ -1 ⅇ

- y2 +
(π p)2

y2
ⅆy

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p)2 ∫0

∞
yθ -3 ⅇ

- y2 +
(π p)2

y2
ⅆy .

For convenience, the above result’s absolutely convergent integrals in the whole complex plane are defined as 

follows:

( 10 - 47 ) Ip (θ) := ∫0

∞
y-1+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( p ∈ ℕ, θ ∈ ℂ ) . 

( 10 - 48 ) Jp (θ) := ∫0

∞
y-3+Re (θ) ⅇ

- y2 +
(π p)2

y2
ⅆy ( p ∈ ℕ, θ ∈ ℂ ) .

Using the expressions Ip (θ) and Jp (θ),

( 10 - 49 ) H[3] (θ) ≤
π
-

Re (θ)
2

2 π ∑
P=1

∞

σ-Re (θ) (p)

2 θ (θ -1) (θ +1) Ip (θ) +2 θ -7 (2 π p)2 Ip (θ) + (2 θ +1) (θ +1) (2 π p)2 Jp (θ) +2 (2 π p)4 Jp (θ) .

Now, the following obvious fact is introduced into the inequality (10-49):

( 10 - 50 ) σ-Re (θ) (p) < p2 k ζ (2 k +Re (θ)) ( k, p ∈ ℕ, Re (θ) > 1 -2 k ) .

Under the condition of Re (θ) > 1 - 2 k,

( 10 - 51 ) H[3] (θ) <

π
-

Re (θ)
2

2 π ∑
P=1

∞

p2 k ζ (2 k +Re (θ)) 2 θ (θ -1) (θ +1) Ip (θ) + 2 θ -7 (2 π p)2 Ip (θ)

+ (2 θ +1) (θ +1) (2 π p)2 Jp (θ) + 2 (2 π p)4 Jp (θ) ( k ∈ ℕ, Re (θ) > 1 -2 k ) .

Because the variable of the zeta function is irrelevant to the variable p, the zeta function of the sum can move 

outside.

( 10 - 52 ) H[3] (θ) <

π
-

Re (θ)
2
π

ζ (2 k +Re (θ)) ∑
P=1

∞

θ (θ -1) (θ +1) p2 k Ip (θ) + (2 π)2 θ -7 p2 (k+1) Ip (θ)

+ 2 π2 (2 θ +1) (θ +1) p2 (k+1) Jp (θ) + (2 π)4 p2 (k+2) Jp (θ) ( k ∈ ℕ, Re (θ) > 1 -2 k ) .
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To estimate the absolute convergence of the function H[3] (θ), the following equations with the condition are 

defined:

( 10 - 53 ) Sk (x) := ∑
P=1

∞

p2 k ∫0

∞
yx -1 ⅇ

- y2 +
(π p)2

y2
ⅆy ( k ∈ ℕ, x > -2 k ) .

( 10 - 54 ) Tk (x) := ∑
P=1

∞

p2 k ∫0

∞
yx -3 ⅇ

- y2 +
(π p)2

y2
ⅆy ( k ∈ ℕ, x > 2 -2 k ) . 

For the function Sk (x), because the integral is an absolutely convergent integral, I can change the order of 

relation between the sum and the integral.

( 10 - 55 ) Sk (x) = ∫0

∞
yx -1 ⅇ-y2 

L→+∞
∑
P=1

L

p2 k ⅇ
-
(π p)2

y2
ⅆy

< ∫0

∞
yx -1 ⅇ-y2 

L→+∞
∑
P=1

L2

pk ⅇ
-
π2 p
y2

ⅆy =

∫0

∞
yx -1 ⅇ-y2 ∑

P=1

∞

pk ⅇ
-
π2 p
y2

ⅆy ( k ∈ ℕ, x > -2 k ) .

 

To evaluate the inside sum of the integral, I define the function fk (t, y) of double positive variables with the 

parameter k as follows:

( 10 - 56 ) fk (t, y) := tk ⅇ
-
π2 t
y2 ( t, y > 0, k ∈ ℕ ) .

Taking the limits yields function values on both sides of the open interval of the positive variable t.

( 10 - 57 ) 
t→+0

fk (t, y) = 0 ( y > 0, k ∈ ℕ ) .

( 10 - 58 ) 
t→∞

fk (t, y) = 0 ( y > 0, k ∈ ℕ ) .

In order to look into the behavior of the function, it is partially differentiated.

( 10 - 59 )
∂
∂t
fk (t, y) = k -

π2

y2
t tk-1 ⅇ

-
π2 t
y2 ( t, y > 0, k ∈ ℕ ) .

I assume that the solution of the above equation is α.

( 10 - 60 )
∂
∂t
fk (t, y)t=α = 0 ( t, y > 0, k ∈ ℕ ) .

The solution is easily obtained since it has a positive value depending on both the positive variable y and 

parameter k.

( 10 - 61 ) α =
ky2

π2
> 0 ( y > 0, k ∈ ℕ ) .

Table of the increase and decrease for fk (t, y) of the positive variable t

t


+0 ······· α ······· ∞

∂
∂t
fk (t, y)


+ 0 -

fk (t, y)


0 ↗ maximum ↘ 0

Fig. 10-1
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By considering mainly the rectangle consisting of a base (α + 1) and a height fk (α, y) in area, I obtain the 

upper limit of the infinite sum.

( 10 - 62 ) ∑
P=1

∞

pk ⅇ
-
π2 p
y2

< (α +1)· fk (α, y) +∫0

∞
tk ⅇ

-
π2 t
y2 ⅆ t =


ky2

π2
+1 · ky2

π2

k
ⅇ-k +

y2 (k+1)

π2 (k+1)
Γ (k +1) =

kk+1 ⅇ-k +k !
π2 (k+1)

y2 (k+1) +kk ⅇ-k

π2 k
y2 k ( y > 0, k ∈ ℕ ) .

This result is introduced into the right side of inequality (10-55).

( 10 - 63 ) Sk (x) < ∫0

∞
yx -1 ⅇ-y

2
 kk+1 ⅇ-k +k !

π2 (k+1)
y2 (k+1) +kk ⅇ-k

π2 k
y2 k ⅆy =

kk+1 ⅇ-k +k !
π2 (k+1) ∫0

∞
yx +2 k +1 ⅇ-y

2
ⅆy + kk ⅇ-k

π2 k ∫0

∞
yx +2 k -1 ⅇ-y

2
ⅆy ( k ∈ ℕ, x > -2 k ) .

For the above integrals, I perform the variable transformation y = u1/2.

( 10 - 64 ) Sk (x) <

kk+1 ⅇ-k +k !
π2 (k+1) ∫0

∞
u
x +2 k +1

2 ⅇ-u 1
2
u
-

1
2 ⅆu +

kk ⅇ-k

π2 k ∫0

∞
u
x +2 k -1

2 ⅇ-u 1
2
u
-

1
2 ⅆu =

kk+1 ⅇ-k +k !
2 π2 (k+1)

Γ x +2 k +2
2

 + kk ⅇ-k

2 π2 k
Γ x +2 k

2
 ( k ∈ ℕ, x > -2 k ) .

Therefore,

( 10 - 65 ) Sk (x) < kk+1 ⅇ-k +k !
4 π2 (k+1)

(x +2 k) +kk ⅇ-k

2 π2 k
 Γ x +2 k

2
 ( k ∈ ℕ, x > -2 k ) .

By the same method,

( 10 - 66 ) Tk (x) < kk+1 ⅇ-k +k !
4 π2 (k+1)

(x +2 k -2) + kk ⅇ-k

2 π2 k
 Γ x +2 k -2

2
 ( k ∈ ℕ, x > 2 -2 k ) .

The upper limit function of the function Sk (x) is defined by the following equation:

( 10 - 67 ) S


k (x) := kk+1 ⅇ-k +k !
4 π2 (k+1)

(x +2 k) + kk ⅇ-k

2 π2 k
 Γ x +2 k

2
 ( k ∈ ℕ, x > -2 k ) .

The upper limit function of the function Tk (x) is defined by the following equation:

( 10 - 68 ) T


k (x) := kk+1 ⅇ-k +k !
4 π2 (k+1)

(x +2 k -2) + kk ⅇ-k

2 π2 k
 Γ x +2 k -2

2
 ( k ∈ ℕ, x > 2 -2 k ) .

Using the upper limit functions,

( 10 - 69 ) H[3] (θ) <

π
-

Re (θ)
2
π

ζ (2 k +Re (θ)) θ (θ -1) (θ +1) S


k (Re (θ)) +(2 π)2 θ -7 S


k+1 (Re (θ))

+ 2 π2 (2 θ +1) (θ +1)T


k+1 (Re (θ)) + (2 π)4 T


k+2 (Re (θ)) ( k ∈ ℕ, Re (θ) > 1 -2 k ) .

When any positive integer k is given, absolute value of the function H[3] (θ) is a convergent function in the 

right half-plane of Re (θ) > 1 - 2 k.

Because any positive integer for the variable k can be taken, the domain of definition can be expanded to the 

whole complex plane.

Thus, the function H[3] (θ) is an absolutely convergent function in the whole complex plane.

Combining the above results yield the following functional equation, which holds true:

( 10 - 70 ) A[3] (θ) = B[3] (θ) +H[3] (θ) ( θ ∈ ℂ ) .

Therefore
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( 10 - 71 ) -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = -

θ (θ +1) (θ +2)
4 π

π
θ

2 Γ - θ
2
 ζ (-θ) +H[3] (θ)

= -
θ (θ +1) (θ +2)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[3] (θ) ( θ ∈ ℂ ) .

Where

( 10 - 72 ) H[3] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2

θ (θ -1) (θ +1) +(θ -7) (2 π p)2K θ
2
(2 π p) +(2 θ +1) (θ +1) +2 (2 π p)2 (2 π p) K θ-2

2
(2 π p) .

I decide that the functional equation (10-71) is called the third-order IIc type functional equation.

10-3. Functional Equation Transformation for the fourth-order Ir type functional 
equation

The following are the FET operations for the fourth-order Ir type functional equation:

( 10 - 73 ) L[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+ 42 π n4 xθ+3

- 44 π2 n6 xθ+5
+ 8 π3 n8 xθ+7 ⅇ-π (n2 +α2)x2

ⅆx .

( 10 - 74 ) R[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 xθ-4
+ 132 π n4 xθ-6

- 68 π2 n6 xθ-8
+ 8 π3 n8 xθ-10 ⅇ

-π n2

x2
+α2 x2

ⅆx .

For the integral of L[4] (θ), I perform the variable transformation

x = 
y

π (n2 +α2)


1
2 .

( 10 - 75 ) L[4] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 
y

π (n2 +α2)


θ+1
2

+42 π n4 
y

π (n2 +α2)


θ+3
2

- 44 π2 n6 
y

π (n2 +α2)


θ+5
2

+ 8 π3 n8 
y

π (n2 +α2)


θ+7
2 ⅇ-y 1

2
 1
π (n2 +α2)



1
2 y

-
1
2 ⅆy .

Using the left-sided limit of the positive variable α,

( 10 - 76 ) L[4] (θ) =
π
-
θ

2
2 π ∫0

∞

∑
n=1

∞
1

nθ
-3 y

θ

2 +42 y
θ

2
+1

-44 y
θ

2
+2

+8 y
θ

2
+3

ⅇ-y ⅆy .

= π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 ∫0

∞
y
θ

2 ⅇ-y ⅆy + 42 ∫0

∞
y
θ

2
+1
ⅇ-y ⅆy

- 44 ∫0

∞
y
θ

2
+2
ⅇ-y ⅆy + 8 ∫0

∞
y
θ

2
+3
ⅇ-y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) > 1 can be added to the above result because it is a convergent function under the 

condition.
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( 10 - 77 ) L[4] (θ) =

π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 Γ 1 +

θ
2
 +42 Γ 2 +

θ
2
 -44 Γ 3 +

θ
2
 +8 Γ 4 +

θ
2
 ( Re (θ) > 1 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 78 ) L[4] (θ) =
π
-
θ

2
2 π

ζ (θ) -3 Γ 1 +
θ
2
 +42 Γ 2 +

θ
2
 -44 Γ 3 +

θ
2
 +8 Γ 4 +

θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 79 ) L[4] (θ) =

π
-
θ

2
2 π

ζ (θ) -3  θ
2
 +42 1 +

θ
2
  θ

2
 -44 2 +

θ
2
 1 +

θ
2
  θ

2
 +8 3 +

θ
2
 2 +

θ
2
 1 +

θ
2
  θ

2
 Γ  θ

2


= π
-
θ

2
2 π

ζ (θ)  θ
2
 (θ -1) (θ +1)2 Γ θ

2
 ( θ ∈ ℂ ) .

Therefore

( 10 - 80 ) L[4] (θ) =
θ (θ -1) (θ +1)2

4 π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

The function L[4] (θ) is a convergent function in the whole complex plane.

For the integral of R[4] (θ), I perform the variable transformation x = y-1.

( 10 - 81 ) R[4] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

-48 n2 1
y 
θ-4

+ 132 π n4 1
y 
θ-6

- 68 π2 n6 1
y 
θ-8

+ 8 π3 n8 1
y 
θ-10

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 y2-θ +132 π n4 y4-θ -68 π2 n6 y6-θ +8 π3 n8 y8-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of R[4] (θ), I perform the variable transformation

y = x
π n

,

one more time.

( 10 - 82 ) R[4] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 x
π n

2-θ
+ 132 π n4 x

π n

4-θ

- 68 π2 n6 x
π n

6-θ
+ 8 π3 n8 x

π n

8-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
-

1-θ
2
π


α→+0 ∫0

∞

∑
n=1

∞
1

n1-θ
-48 x2-θ +132 x4-θ -68 x6-θ +8 x8-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 83 ) R[4] (θ) =
π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
-48 x2-θ +132 x4-θ -68 x6-θ +8 x8-θ ⅇ- x2

ⅆx .

For the integral of R[4] (θ), I perform the variable transformation x = y1/2.
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( 10 - 84 ) R[4] (θ) =
π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
-48 y

2-θ
2 +132 y

4-θ
2 -68 y

6-θ
2 +8 y

8-θ
2 ⅇ- y 1

2
y
-

1
2 ⅆy

= π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
-24 ∫0

∞
y

1-θ
2 ⅇ- y ⅆy + 66 ∫0

∞
y

3-θ
2 ⅇ- y ⅆy

- 34 ∫0

∞
y

5-θ
2 ⅇ- y ⅆy + 4 ∫0

∞
y

7-θ
2 ⅇ- y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < 0 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 85 ) R[4] (θ) =
π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
-24 Γ 1 +

1 -θ
2
 + 66 Γ 2 +

1 -θ
2


- 34 Γ 3 +
1 -θ

2
 + 4 Γ 4 +

1 -θ
2
 ( Re (θ) < 0 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 86 ) R[4] (θ) =

π
-

1-θ
2
π

ζ (1 -θ) -24 Γ 1 +
1 -θ

2
 +66 Γ 2 +

1 -θ
2
 -34 Γ 3 +

1 -θ
2
 +4 Γ 4 +

1 -θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 87 ) R[4] (θ) =
π
-

1-θ
2
π

ζ (1 -θ) -24 1 -θ
2
 + 66 1 +

1 -θ
2
 1 -θ

2


- 34 2 +
1 -θ

2
 1 +

1 -θ
2
 1 -θ

2
 + 4 3 +

1 -θ
2
 2 +

1 -θ
2
 1 +

1 -θ
2
 1 -θ

2
 Γ 1 -θ

2


= π
-

1-θ
2
π

ζ (1 -θ) (θ -1)  θ
4
 (θ +1)2 Γ 1 -θ

2
 ( θ ∈ ℂ ) .

Therefore

( 10 - 88 ) R[4] (θ) =
θ (θ -1) (θ +1)2

4π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

The function R[4] (θ) is also a convergent function in the whole complex plane.

Because of the convergent equations (10-80) and (10-88), the following functional equation holds true:

( 10 - 89 ) L[4] (θ) = R[4] (θ) ( θ ∈ ℂ ) .

Therefore

( 10 - 90 )
θ (θ -1) (θ +1)2

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ -1) (θ +1)2

4π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

I decide that the functional equation (10-90) is called the fourth-order Ic type functional equation.

Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-4. Functional Equation Transformation for the fourth-order IIr type functional equation

The operations of the FET for the fourth-order IIr type functional equation are shown as follows:
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( 10 - 91 ) A[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+ 42 π n4 xθ+3

- 44 π2 n6 xθ+5
+ 8 π3 n8 xθ+7 ⅇ-π (n2 +α2) x2

ⅆx .

( 10 - 92 ) F[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+ 84 π n4 xθ+3

- 88 π2 n6 xθ+5
+ 16 π3 n8 xθ+7 ⅇ

-π (n2 +α2) x2
+

m2

x2
ⅆx .

( 10 - 93 ) B[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 xθ-3
+ 132 π n4 xθ-5

- 68 π2 n6 xθ-7
+ 8 π3 n8 xθ-9 ⅇ

-π n2

x2
+α2 x2

ⅆx .

( 10 - 94 ) G[4] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-96 n2 xθ-3
+ 264 π n4 xθ-5

- 136 π2 n6 xθ-7
+ 16 π3 n8 xθ-9 ⅇ

-π (m2 +α2) x2
+

n2

x2
ⅆx .

I immediately obtain the following obvious result:

( 10 - 95 ) A[4] (θ) = L[4] (θ) =
θ (θ -1) (θ +1)2

4π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

For the integral of B[4] (θ), I perform the variable transformation x = y-1.

( 10 - 96 ) B[4] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

-48 n2 1
y 
θ-3

+ 132 π n4 1
y 
θ-5

- 68 π2 n6 1
y 
θ-7

+ 8 π3 n8 1
y 
θ-9

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 y1-θ +132 π n4 y3-θ -68 π2 n6 y5-θ +8 π3 n8 y7-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of B[4] (θ), I perform the variable transformation

y = x
π n

,

one more time.

( 10 - 97 ) B[4] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

-48 n2 x
π n

1-θ
+ 132 π n4 x

π n

3-θ

- 68 π2 n6 x
π n

5-θ
+ 8 π3 n8 x

π n

7-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
θ

2
π

α→+0 ∫0

∞

∑
n=1

∞
1

n-θ
-48 x1-θ +132 x3-θ -68 x5-θ +8 x7-θ ⅇ

- x2 +
(π nα)2

x2

ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 98 ) B[4] (θ) =
π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
-48 x1-θ +132 x3-θ -68 x5-θ +8 x7-θ ⅇ- x2

ⅆx .

For the integral of B[4] (θ), I perform the variable transformation x = y1/2.
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( 10 - 99 ) B[4] (θ) =
π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
-48 y

1-θ
2 +132 y

3-θ
2 -68 y

5-θ
2 +8 y

7-θ
2 ⅇ- y 1

2
y
-

1
2 ⅆy

= π
θ

2
π ∑

n=1

∞
1

n-θ
-24 ∫0

∞
y
-θ

2 ⅇ- y ⅆy + 66 ∫0

∞
y

2-θ
2 ⅇ- y ⅆy

- 34 ∫0

∞
y

4-θ
2 ⅇ- y ⅆy + 4 ∫0

∞
y

6-θ
2 ⅇ- y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < -1 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 100 ) B[4] (θ) =
π
θ

2
π ∑

n=1

∞
1

n-θ
-24 Γ 1 +

-θ
2
 + 66 Γ 2 +

-θ
2


- 34 Γ 3 +
-θ
2
 + 4 Γ 4 +

-θ
2
 ( Re (θ) < -1 ) .

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta 

and gamma functions.

( 10 - 101 ) B[4] (θ) =

π
θ

2
π
ζ (-θ) -24 Γ 1 +

-θ
2
 +66 Γ 2 +

-θ
2
 -34 Γ 3 +

-θ
2
 +4 Γ 4 +

-θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 102 ) B[4] (θ) =
π
θ

2
π
ζ (-θ) -24 -θ

2
 + 66 1 +

-θ
2
 -θ

2


- 34 2 +
-θ
2
 1 +

-θ
2
 -θ

2
 + 4 3 +

-θ
2
 2 +

-θ
2
 1 +

-θ
2
 -θ

2
 Γ -θ

2


= π
θ

2
π
ζ (-θ)  θ

4
 (θ +1) (θ +2)2 Γ -θ

2
 ( θ ∈ ℂ ) .

Combining the relation of the complete symmetric functional equation to the result,

( 10 - 103 ) B[4] (θ) =
θ (θ +1) (θ +2)2

4 π
π
θ

2 Γ - θ
2
 ζ (-θ)

= θ (θ +1) (θ +2)2
4 π

π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) ( θ ∈ ℂ ) .

The function B[4] (θ) is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable α, is used for defining the equation (10-92),

( 10 - 104 ) F[4] (θ) =

∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+84 π n4 xθ+3

-88 π2 n6 xθ+5
+16 π3 n8 xθ+7 ⅇ

-π n2 x2
+m2

x2
ⅆx .

Assuming that the integral and the double sum can be interchanged, for the integrals of F[4] (θ), I perform the 

variable transformation

x = 
m y
n 

1
2.
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( 10 - 105 ) F[4] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
-6 n2 

m y
n 

θ+1
2 + 84 π n4 

m y
n 

θ+3
2

- 88 π2 n6 
m y
n 

θ+5
2 + 16 π3 n8 

m y
n 

θ+7
2 ⅇ

-πm n y +
1
y
 1

2
m

n 
1
2 y

-
1
2 ⅆy

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2

-3 · 1
2 ∫0

∞
y
θ+2

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy +42 (πm n) · 1

2 ∫0

∞
y
θ+4

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

-44 (πm n)2 · 1
2 ∫0

∞
y
θ+6

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy +8 (πm n)3 · 1

2 ∫0

∞
y
θ+8

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy .

The integrals can be written using the modified Bessel functions of the second kind.

( 10 - 106 ) F[4] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 42 (πm n)K θ+4
2

(2 πm n)

- 44 (πm n)2 K θ+6
2

(2 πm n) + 8 (πm n)3 K θ+8
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied four times.

( 10 - 107 ) F[4] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 42 (πm n)K θ+4
2

(2 πm n)

- 44 (πm n)2 K θ+6
2

(2 πm n) + 8 (πm n)2  θ +6
2

K θ+6
2

(2 πm n) +(πm n)K θ+4
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 2 21 +4 (πm n)2 (πm n)K θ+4
2

(2 πm n)

+ 4 (θ -5) (πm n)2 K θ+6
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 2 21 +4 (πm n)2 (πm n)K θ+4
2

(2 πm n)

+ 4 (θ -5) (πm n)  θ +4
2

K θ+4
2

(2 πm n) +(πm n)K θ+2
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 +4 (θ -5) (πm n)2K θ+2
2

(2 πm n)

+ 2 θ2 -θ +1 +4 (πm n)2 (πm n)K θ+4
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 +4 (θ -5) (πm n)2K θ+2
2

(2 πm n)

+ 2 θ2 -θ +1 +4 (πm n)2  θ +2
2

K θ+2
2

(2 πm n) +(πm n)K θ
2
(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 2 θ2 -θ +1 +4 (πm n)2 (πm n)K θ
2
(2 πm n)

+ (θ -1) (θ +1)2 +4 (2 θ -3) (πm n)2K θ+2
2

(2 πm n)
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= 2
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 2 θ2 -θ +1 +4 (πm n)2 (πm n)2 K θ
2
(2 πm n)

+ (θ -1) (θ +1)2 +4 (2 θ -3) (πm n)2  θ
2

K θ
2
(2 πm n) +(πm n)K θ-2

2
(2 πm n)

= 1
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 4 θ (θ -1) (θ +1)2 +(θ -1) (3 θ -1) +4 (πm n)2 (πm n)2K θ
2
(2 πm n)

+ 2 (θ -1) (θ +1)2 +4 (2 θ -3) (πm n)2 (πm n)K θ-2
2

(2 πm n) .

From the equation (5-37) and the result of the equation (10-107),

( 10 - 108 ) F[4] (θ) =

1
π ∑P=1

∞

σ-θ (p) p
θ

2 (θ (θ -1) (θ +1)2 +((θ -1) (3 θ -1) +(2 π p)2 (2 π p)2)K θ
2
(2 π p)

+ ((θ -1) (θ +1)2 +(2 θ -3) (2 π p)2) (2 π p) K θ-2
2

(2 π p) .

The left-sided limit of the positive real variable α, is used for defining the equation (10-94),

( 10 - 109 ) G[4] (θ) = ∫0

∞

∑
n=1

∞

∑
m=1

∞

-96 n2 xθ-3
+ 264 π n4 xθ-5

- 136 π2 n6 xθ-7
+ 16 π3 n8 xθ-9 ⅇ

-π m2 x2
+

n2

x2
ⅆx .

For the integrals of G[4] (θ), I perform the variable transformation x = y-1.

( 10 - 110 ) G[4] (θ) = ∫∞
0
∑
n=1

∞

∑
m=1

∞

-96 n2 1
y 
θ-3

+ 264 π n4 1
y 
θ-5

- 136 π2 n6 1
y 
θ-7

+ 16 π3 n8 1
y 
θ-9

 ⅇ
-π m2

y2
+n2 y2

-y-2 ⅆy

= ∫0

∞

∑
n=1

∞

∑
m=1

∞

-96 n2 y1 -θ + 264 π n4 y3 -θ

- 136 π2 n6 y5 -θ + 16 π3 n8 y7 -θ ⅇ
-π n2 y2 +

m2

y2
ⅆy .

Assuming that the integral and the double sum can be interchanged, for the integrals of G[4] (θ), I perform the 

variable transformation

y = m x
n 

1
2.

( 10 - 111 ) G[4] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
-96 n2 m x

n 
1 -θ

2 + 264 π n4 m x
n 

3 -θ

2

- 136 π2 n6 m x
n 

5 -θ

2 + 16 π3 n8 m x
n 

7 -θ

2 ⅇ
-πm n x +

1
x
 1

2
mn 

1
2 x

-
1
2 ⅆx

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2

-12 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx +33 (πm n) · 1

2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

-17 (πm n)2 · 1
2 ∫0

∞
x

6-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx +2 (πm n)3 · 1

2 ∫0

∞
x

8-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx .
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The integrals can be written using the modified Bessel functions of the second kind.

( 10 - 112 ) G[4] (θ) =
8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -12 K 2-θ
2

(2 πm n) + 33 (πm n)K 4-θ
2

(2 πm n)

- 17 (πm n)2 K 6-θ
2

(2 πm n) + 2 (πm n)3 K 8-θ
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied three times.

( 10 - 113 ) G[4] (θ) =
8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -12 K 2-θ
2

(2 πm n) + 33 (πm n)K 4-θ
2

(2 πm n)

- 17 (πm n)2 K 6-θ
2

(2 πm n) + 2 (πm n)2 6 -θ
2

K 6-θ
2

(2 πm n) +(πm n)K 4-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -12 K 2-θ
2

(2 πm n) +33 +2 (πm n)2 (πm n)K 4-θ
2

(2 πm n)

- (θ +11) (πm n)2 K 6-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -12 K 2-θ
2

(2 πm n) +33 +2 (πm n)2 (πm n)K 4-θ
2

(2 πm n)

- (θ +11) (πm n) 4 -θ
2

K 4-θ
2

(2 πm n) +(πm n)K 2-θ
2

(2 πm n)

= 4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -2 12 +(θ +11) (πm n)2K 2-θ
2

(2 πm n)

+ θ2 +7 θ +22 +4 (πm n)2 (πm n)K 4-θ
2

(2 πm n)

= 4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -2 12 +(θ +11) (πm n)2K 2-θ
2

(2 πm n)

+ θ2 +7 θ +22 +4 (πm n)2 2 -θ
2

K 2-θ
2

(2 πm n) +(πm n)K -θ
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 2 θ2 +7 θ +22 +4 (πm n)2 (πm n)K θ
2
(2 πm n)

- (θ +1) (θ +2)2 +4 (2 θ +9) (πm n)2K 2-θ
2

(2 πm n)

= 1
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 θ2 +7 θ +22 +(2 πm n)2 (2 πm n)2 K θ
2
(2 πm n)

- (θ +1) (θ +2)2 +(2 θ +9) (2 πm n)2 (2 πm n) K 2-θ
2

(2 πm n) .

From the equation (5-38) and the result of equation (10-113),

( 10 - 114 ) G[4] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ2 +7 θ +22 +(2 π p)2 (2 π p)2 K θ
2
(2 π p)

- ((θ +1) (θ +2)2 +(2 θ +9) (2 π p)2) (2 π p) K 2-θ
2

(2 π p) .

I define the function H[4] (θ) as follows:

( 10 - 115 ) H[4] (θ) := G[4] (θ) -F[4] (θ) .

From (the right side of equation (10-114)) - (the right side of equation (10-108)), I obtain the above result, 

which will be shown soon. Additionally, since the procedure is the same as the one used in the previous 

subsection, I may confirm the absolute convergence of the function H[4] (θ) without a proof. Combining the 

above results, the following functional equation holds true:
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( 10 - 116 ) A[4] (θ) = B[4] (θ) +H[4] (θ) ( θ ∈ ℂ ) .

Therefore

( 10 - 117 )
θ (θ -1) (θ +1)2

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ +1) (θ +2)2

4 π
π
θ

2 Γ - θ
2
 ζ (-θ) +H[4] (θ)

= θ (θ +1) (θ +2)2
4π

π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[4] (θ) ( θ ∈ ℂ ) .

Where

( 10 - 118 ) H[4] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1)2 +(2 θ +3) (θ -7) (2 π p)2K θ
2
(2 π p)

+ (θ +1) 2 θ2 +4 θ +3 +2 (2 θ +3) (2 π p)2 (2 π p) K 2-θ
2

(2 π p) .

The functional equation (10-117) is called the fourth-order IIc type functional equation.

10-5. Functional Equation Transformation for the fifth-order Ir type functional equation

The following are the FET operations for the fifth-order Ir type functional equation:

( 10 - 119 ) L[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+ 72 π n4 xθ+3

- 224 π2 n6 xθ+5

+ 128 π3 n8 xθ+7
- 16 π4 n10 xθ+9 ⅇ-π (n2 +α2) x2

ⅆx .

( 10 - 120 ) R[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

312 n2 xθ-4
- 1188 π n4 xθ-6

+ 952 π2 n6 xθ-8

- 232 π3 n8 xθ-10
+ 16 π4 n10 xθ-12 ⅇ

-π n2

x2
+α2 x2

ⅆx .

For the integral of L[5] (θ), I perform the variable transformation

x = 
y

π (n2 +α2)


1
2 .

( 10 - 121 ) L[5] (θ) =


α→+0 ∫0

∞

∑
n=1

∞

-3 n2 
y

π (n2 +α2)


θ+1
2

+72 π n4 
y

π (n2 +α2)


θ+3
2

- 224 π2 n6 
y

π (n2 +α2)


θ+5
2

+ 128 π3 n8 
y

π (n2 +α2)


θ+7
2

- 16 π4 n10 
y

π (n2 +α2)


θ+9
2 ⅇ-y 1

2
 1
π (n2 +α2)



1
2 y

-
1
2 ⅆy .

Using the left-sided limit of the positive variable α,

( 10 - 122 ) L[5] (θ) =
π
-
θ

2
2 π ∫0

∞

∑
n=1

∞
1

nθ
-3 y

θ

2 +72 y
θ

2
+1

-224 y
θ

2
+2

+128 y
θ

2
+3

-16 y
θ

2
+4

ⅇ-y ⅆy .

= π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 ∫0

∞
y
θ

2 ⅇ-y ⅆy + 72 ∫0

∞
y
θ

2
+1
ⅇ-y ⅆy - 224 ∫0

∞
y
θ

2
+2
ⅇ-y ⅆy

+ 128 ∫0

∞
y
θ

2
+3
ⅇ-y ⅆy - 16 ∫0

∞
y
θ

2
+4
ⅇ-y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) > 1 can be added to the above result because it is a convergent function under the 
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 convergent

condition.

( 10 - 123 ) L[5] (θ) =
π
-
θ

2
2 π ∑

n=1

∞
1

nθ
-3 Γ 1 +

θ
2
 + 72 Γ 2 +

θ
2
 - 224 Γ 3 +

θ
2


+ 128 Γ 4 +
θ
2
 - 16 Γ 5 +

θ
2
 ( Re (θ) > 1 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 124 ) L[5] (θ) =
π
-
θ

2
2 π

ζ (θ) -3 Γ 1 +
θ
2
 + 72 Γ 2 +

θ
2
 - 224 Γ 3 +

θ
2


+ 128 Γ 4 +
θ
2
 - 16 Γ 5 +

θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 125 ) L[5] (θ) =
π
-
θ

2
2 π

ζ (θ) -3  θ
2
 + 72 1 +

θ
2
  θ

2
 - 224 2 +

θ
2
 1 +

θ
2
  θ

2


+ 128 3 +
θ
2
 2 +

θ
2
 1 +

θ
2
  θ

2
 - 16 4 +

θ
2
 3 +

θ
2
 2 +

θ
2
 1 +

θ
2
  θ

2
 Γ  θ

2


= π
-
θ

2
2 π

ζ (θ) - θ
2
 (θ -1) (θ +1) θ2 +4 θ +5 Γ  θ

2
 ( θ ∈ ℂ ) .

Therefore

( 10 - 126 ) L[5] (θ) = -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

The function L[5] (θ) is a convergent function in the whole complex plane.

For the integral of R[5] (θ), I perform the variable transformation x = y-1.

( 10 - 127 ) R[5] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

312 n2 1
y 
θ-4

-1188 π n4 1
y 
θ-6

+ 952 π2 n6 1
y 
θ-8

- 232 π3 n8 1
y 
θ-10

+ 16 π4 n10 1
y 
θ-12

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

312 n2 y2-θ -1188 π n4 y4-θ + 952 π2 n6 y6-θ

- 232 π3 n8 y8-θ + 16 π4 n10 y10-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of R[5] (θ), I perform the variable transformation

y = x
π n

,

one more time.

( 10 - 128 ) R[5] (θ) = 
α→+0 ∫0

∞

∑
n=1

∞

312 n2 x
π n

2-θ
- 1188 π n4 x

π n

4-θ

+ 952 π2 n6 x
π n

6-θ
- 232 π3 n8 x

π n

8-θ

+ 16 π4 n10 x
π n

10-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx
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= π
-

1-θ
2
π


α→+0 ∫0

∞

∑
n=1

∞
1

n1-θ
312 x2-θ -1188 x4-θ

+ 952 x6-θ - 232 x8-θ + 16 x10-θ ⅇ
- x2 +

(π nα)2
x2


ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 129 ) R[5] (θ) =

π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
312 x2-θ -1188 x4-θ +952 x6-θ -232 x8-θ +16 x10-θ ⅇ- x2

ⅆx .

For the integral of R[5] (θ), I perform the variable transformation x = y1/2.

( 10 - 130 ) R[5] (θ) =

π
-

1-θ
2
π ∫0

∞

∑
n=1

∞
1

n1-θ
312 y

2-θ
2 -1188 y

4-θ
2 +952 y

6-θ
2 -232 y

8-θ
2 +16 y

10-θ
2 ⅇ- y 1

2
y
-

1
2 ⅆy

= π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
156 ∫0

∞
y

1-θ
2 ⅇ- y ⅆy - 594 ∫0

∞
y

3-θ
2 ⅇ- y ⅆy + 476 ∫0

∞
y

5-θ
2 ⅇ- y ⅆy

- 116 ∫0

∞
y

7-θ
2 ⅇ- y ⅆy + 8 ∫0

∞
y

9-θ
2 ⅇ- y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < 0 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 131 ) R[5] (θ) =
π
-

1-θ
2
π ∑

n=1

∞
1

n1-θ
156 Γ 1 +

1 -θ
2
 - 594 Γ 2 +

1 -θ
2
 + 476 Γ 3 +

1 -θ
2


- 116 Γ 4 +
1 -θ

2
 + 8 Γ 5 +

1 -θ
2
 ( Re (θ) < 0 ) .

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and 

gamma functions.

( 10 - 132 ) R[5] (θ) =
π
-

1-θ
2
π

ζ (1 -θ) 156 Γ 1 +
1 -θ

2
 - 594 Γ 2 +

1 -θ
2
 + 476 Γ 3 +

1 -θ
2


- 116 Γ 4 +
1 -θ

2
 + 8 Γ 5 +

1 -θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.

( 10 - 133 ) R[5] (θ) =
π
-

1-θ
2
π

ζ (1 -θ) 156 1 -θ
2
 - 594 1 +

1 -θ
2
 1 -θ

2


+ 476 2 +
1 -θ

2
 1 +

1 -θ
2
 1 -θ

2
 - 116 3 +

1 -θ
2
 2 +

1 -θ
2
 1 +

1 -θ
2
 1 -θ

2


+ 8 4 +
1 -θ

2
 3 +

1 -θ
2
 2 +

1 -θ
2
 1 +

1 -θ
2
 1 -θ

2
 Γ 1 -θ

2


= π
-

1-θ
2
π

ζ (1 -θ) - θ
4
 (θ -1) (θ +1) θ2 +4 θ +5 Γ 1 -θ

2
 , ( θ ∈ ℂ ) .

Therefore

( 10 - 134 ) R[5] (θ) = -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

The function R[5] (θ) is also a convergent function in the whole complex plane.
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Because of the convergent equations (10-126) and (10-134), the following functional equation holds true:

( 10 - 135 ) L[5] (θ) = R[5] (θ) ( θ ∈ ℂ ) .

Therefore

( 10 - 136 ) -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-
θ

2 Γ θ
2
 ζ (θ) =

-
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-

1-θ
2 Γ 1 -θ

2
 ζ (1 -θ) ( θ ∈ ℂ ) .

The functional equation (10-136) is called the fifth-order Ic type functional equation.

Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10-6. Functional Equation Transformation for the fifth-order IIr type functional equation

The operations of the FET for the fifth-order IIr type functional equation are shown as follows:

( 10 - 137 ) A[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

-3 n2 xθ+1
+ 72 π n4 xθ+3

- 224 π2 n6 xθ+5

+ 128 π3 n8 xθ+7
- 16 π4 n10 xθ+9 ⅇ-π (n2 +α2) x2

ⅆx .

( 10 - 138 ) F[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+ 144 π n4 xθ+3

- 448 π2 n6 xθ+5

+ 256 π3 n8 xθ+7
- 32 π4 n10 xθ+9 ⅇ

-π (n2 +α2) x2
+

m2

x2
ⅆx .

( 10 - 139 ) B[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

312 n2 xθ-3
- 1188 π n4 xθ-5

+ 952 π2 n6 xθ-7

- 232 π3 n8 xθ-9
+ 16 π4 n10 xθ-11 ⅇ

-π n2

x2
+α2 x2

ⅆx .

( 10 - 140 ) G[5] (θ) := 
α→+0 ∫0

∞

∑
n=1

∞

∑
m=1

∞

624 n2 xθ-3
- 2376 π n4 xθ-5

+ 1904 π2 n6 xθ-7

- 464 π3 n8 xθ-9
+ 32 π4 n10 xθ-11 ⅇ

-π (m2 +α2)x2
+

n2

x2
ⅆx .

I immediately obtain the following obvious result:

( 10 - 141 ) A[5] (θ) = L[5] (θ) = -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-
θ

2 Γ θ
2
 ζ (θ) ( θ ∈ ℂ ) .

For the integral of B[5] (θ), I perform the variable transformation x = y-1.

( 10 - 142 ) B[5] (θ) = 
α→+0 ∫∞

0
∑
n=1

∞

312 n2 1
y 
θ-3

-1188 π n4 1
y 
θ-5

+ 952 π2 n6 1
y 
θ-7

- 232 π3 n8 1
y 
θ-9

+ 16 π4 n10 1
y 
θ-11

 ⅇ
-π n2 y2 +

α2

y2
-y-2 ⅆy

= 
α→+0 ∫0

∞

∑
n=1

∞

312 n2 y1-θ -1188 π n4 y3-θ + 952 π2 n6 y5-θ

- 232 π3 n8 y7-θ + 16 π4 n10 y9-θ ⅇ
-π n2 y2 +

α2

y2
ⅆy .

For the integral of B[5] (θ), I perform the variable transformation
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y = x
π n

,

one more time.

( 10 - 143 ) B[5] (θ) =


α→+0 ∫0

∞

∑
n=1

∞

312 n2 x
π n

1-θ
- 1188 π n4 x

π n

3-θ
+ 952 π2 n6 x

π n

5-θ

- 232 π3 n8 x
π n

7-θ
+ 16 π4 n10 x

π n

9-θ
ⅇ
- x2 +

(π nα)2
x2

 1

π n
ⅆx

= π
θ

2
π

α→+0 ∫0

∞

∑
n=1

∞
1

n-θ
312 x1-θ - 1188 x3-θ + 952 x5-θ

- 232 x7-θ + 16 x9-θ ⅇ
- x2 +

(π nα)2
x2


ⅆx .

Using the left-sided limit of the positive real variable α,

( 10 - 144 ) B[5] (θ) =

π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
312 x1-θ -1188 x3-θ +952 x5-θ -232 x7-θ +16 x9-θ ⅇ- x2

ⅆx .

For the integral of B[5] (θ), I perform the variable transformation x = y1/2.

( 10 - 145 ) B[5] (θ) =
π
θ

2
π ∫0

∞

∑
n=1

∞
1

n-θ
312 y

1-θ
2 - 1188 y

3-θ
2 + 952 y

5-θ
2

- 232 y
7-θ

2 + 16 y
9-θ

2 ⅇ- y 1
2

y
-

1
2 ⅆy

= π
θ

2
π ∑

n=1

∞
1

n-θ
156 ∫0

∞
y
-θ

2 ⅇ- y ⅆy - 594 ∫0

∞
y

2-θ
2 ⅇ- y ⅆy + 476 ∫0

∞
y

4-θ
2 ⅇ- y ⅆy

- 116 ∫0

∞
y

6-θ
2 ⅇ- y ⅆy + 8 ∫0

∞
y

8-θ
2 ⅇ- y ⅆy .

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (θ) < -1 can be added to the above result because it is a convergent function under the 

condition.

( 10 - 146 ) B[5] (θ) =
π
θ

2
π ∑

n=1

∞
1

n-θ
156 Γ 1 +

-θ
2
 - 594 Γ 2 +

-θ
2
 + 476 Γ 3 +

-θ
2


- 116 Γ 4 +
-θ
2
 + 8 Γ 5 +

-θ
2
 ( Re (θ) < -1 ) .

Analytic continuation is used to extend the domain of definition to the whole complex plane for both the zeta 

and gamma functions.

( 10 - 147 ) B[5] (θ) =
π
θ

2
π
ζ (-θ) 156 Γ 1 +

-θ
2
 - 594 Γ 2 +

-θ
2
 + 476 Γ 3 +

-θ
2


- 116 Γ 4 +
-θ
2
 + 8 Γ 5 +

-θ
2
 ( θ ∈ ℂ ) .

The difference formula for the gamma function is applied to the above result.
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( 10 - 148 ) B[5] (θ) =
π
θ

2
π
ζ (-θ) 156 -θ

2
 - 594 1 +

-θ
2
 -θ

2
 + 476 2 +

-θ
2
 1 +

-θ
2
 -θ

2


- 116 3 +
-θ
2
 2 +

-θ
2
 1 +

-θ
2
 -θ

2
 + 8 4 +

-θ
2
 3 +

-θ
2
 2 +

-θ
2
 1 +

-θ
2
 -θ

2
 Γ -θ

2


= π
θ

2
π
ζ (-θ) -θ

4
 (θ +1) (θ +2) θ2 +6 θ +10 Γ -θ

2
 ( θ ∈ ℂ ) .

Combining the relation of the complete symmetric functional equation to the result,

( 10 - 149 ) B[5] (θ) = -
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
θ

2 Γ - θ
2
 ζ (-θ)

= -
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) ( θ ∈ ℂ ) .

The function B[5] (θ) is also a convergent function in the whole complex plane.

The left-sided limit of the positive real variable α, is used for defining the equation (10-138),

( 10 - 150 ) F[5] (θ) = ∫0

∞

∑
n=1

∞

∑
m=1

∞

-6 n2 xθ+1
+ 144 π n4 xθ+3

- 448 π2 n6 xθ+5

+ 256 π3 n8 xθ+7
- 32 π4 n10 xθ+9 ⅇ

-π n2 x2
+m2

x2
ⅆx .

Assuming that the integral and the double sum can be interchanged, for the integrals of F[5] (θ), I perform the 

variable transformation

x = 
m y
n 

1
2 .

( 10 - 151 ) F[5] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
-6 n2 

m y
n 

θ+1
2 +144 π n4 

m y
n 

θ+3
2 - 448 π2 n6 

m y
n 

θ+5
2

+ 256 π3 n8 
m y
n 

θ+7
2 - 32 π4 n10 

m y
n 

θ+9
2 ⅇ

-πm n y +
1
y
 1

2
mn 

1
2 y

-
1
2 ⅆy

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 · 1
2 ∫0

∞
y
θ+2

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

+ 72 (πm n) · 1
2 ∫0

∞
y
θ+4

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

- 224 (πm n)2 · 1
2 ∫0

∞
y
θ+6

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

+ 128 (πm n)3 · 1
2 ∫0

∞
y
θ+8

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy

- 16 (πm n)4 · 1
2 ∫0

∞
y
θ+10

2
-1
ⅇ
-

2 πm n
2

y +
1
y

ⅆy .

The integrals can be written using the modified Bessel functions of the second kind.

( 10 - 152 ) F[5] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 72 (πm n)K θ+4
2

(2 πm n)

- 224 (πm n)2 K θ+6
2

(2 πm n) + 128 (πm n)3 K θ+8
2

(2 πm n) - 16 (πm n)4 K θ+10
2

(2 πm n) .
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Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied five times.

( 10 - 153 ) F[5] (θ) =
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 72 (πm n)K θ+4
2

(2 πm n)

- 224 (πm n)2 K θ+6
2

(2 πm n) + 128 (πm n)3 K θ+8
2

(2 πm n)

- 16 (πm n)3  θ +8
2

K θ+8
2

(2 πm n) +(πm n)K θ+6
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 72 (πm n)K θ+4
2

(2 πm n)

- 16 14 +(πm n)2 (πm n)2 K θ+6
2

(2 πm n) - 8 (θ -8) (πm n)3 K θ+8
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) + 72 (πm n)K θ+4
2

(2 πm n)

- 16 14 +(πm n)2 (πm n)2 K θ+6
2

(2 πm n)

- 8 (θ -8) (πm n)2  θ +6
2

K θ+6
2

(2 πm n) +(πm n)K θ+4
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) -8 -9 +(θ -8) (πm n)2 (πm n)K θ+4
2

(2 πm n)

- 4 θ2 -2 θ +8 +4 (πm n)2 (πm n)2 K θ+6
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 -3 K θ+2
2

(2 πm n) -8 -9 +(θ -8) (πm n)2 (πm n)K θ+4
2

(2 πm n)

- 4 θ2 -2 θ +8 +4 (πm n)2 (πm n)  θ +4
2

K θ+4
2

(2 πm n) +(πm n)K θ+2
2

(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 3 +4 θ2 -2 θ +8 +4 (πm n)2 (πm n)2K θ+2
2

(2 πm n)

+ 2 θ3 +2 θ2 -4 +8 (θ -2) (πm n)2 (πm n)K θ+4
2

(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 3 +4 θ2 -2 θ +8 +4 (πm n)2 (πm n)2K θ+2
2

(2 πm n)

+ 2 θ3 +2 θ2 -4 +8 (θ -2) (πm n)2  θ +2
2

K θ+2
2

(2 πm n) +(πm n)K θ
2
(2 πm n)

= -
2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
θ

2 2 θ3 +2 θ2 -4 +8 (θ -2) (πm n)2 (πm n)K θ
2
(2 πm n)

+ θ4 +4 θ3
+4 θ2 -4 θ -5 +4 3 θ2 -2 θ +4 (πm n)2 (πm n)2 K θ+2

2
(2 πm n)

= -
1
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2 4 θ3 +2 θ2 -4 +8 (θ -2) (πm n)2 (πm n)2 K θ
2
(2 πm n)

+ 2 θ4 +4 θ3 +4 θ2 -4 θ -5 +4 3 θ2 -2 θ +4 (πm n)2 (πm n)2

 θ
2

K θ
2
(2 πm n) +(πm n)K θ-2

2
(2 πm n)

= -
1
π ∑n=1

∞

∑
m=1

∞

mn 
θ

2

θ5 +4 θ4 +4 θ3 -4 θ2 -5 θ +4 4 θ3 -4 +4 (3 θ -4) (πm n)2 (πm n)2K θ
2
(2 πm n)

+ 2 θ4 +4 θ3 +4 θ2 -4 θ -5 +4 3 θ2 -2 θ +4 (πm n)2 (πm n)2 (πm n)K θ-2
2

(2 πm n) .
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From the equation (5-37) and the result of equation (10-153),

( 10 - 154 ) F[5] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2

θ5 +4 θ4 +4 θ3 -4 θ2 -5 θ +4 θ3 -4 +(3 θ -4) (2 π p)2) (2 π p)2) K θ
2
(2 π p)

+ θ4 +4 θ3 +4 θ2 -4 θ -5 +3 θ2 -2 θ +(2 π p)2) (2 π p)2 (2 π p)K 2-θ
2

(2 π p) .

The left-sided limit of the positive real variable α, is used for defining the equation (10-140),

( 10 - 155 ) G[5] (θ) = ∫0

∞

∑
n=1

∞

∑
m=1

∞

624 n2 xθ-3
- 2376 π n4 xθ-5

+ 1904 π2 n6 xθ-7

- 464 π3 n8 xθ-9
+ 32 π4 n10 xθ-11 ⅇ

-π m2 x2
+

n2

x2
ⅆx .

For the integral of G[5] (θ), I perform the variable transformation x = y-1.

( 10 - 156 ) G[5] (θ) = ∫∞
0
∑
n=1

∞

∑
m=1

∞

624 n2 1
y 
θ-3

- 2376 π n4 1
y 
θ-5

+ 1904 π2 n6 1
y 
θ-7

- 464 π3 n8 1
y 
θ-9

+ 32 π4 n10 1
y 
θ-11

 ⅇ
-π m2

y2
+n2 y2

-y-2 ⅆy

= ∫0

∞

∑
n=1

∞

∑
m=1

∞

624 n2 y1 -θ - 2376 π n4 y3 -θ + 1904 π2 n6 y5 -θ

- 464 π3 n8 y7 -θ + 32 π4 n10 y9 -θ ⅇ
-π n2 y2 +

m2

y2
ⅆy .

Assuming that the integral and the double sum can be interchanged, for the integrals of G[5] (θ), I perform the 

variable transformation

y = m x
n 

1
2 .

( 10 - 157 ) G[5] (θ) = ∑
n=1

∞

∑
m=1

∞

∫0

∞
624 n2 m x

n 
1 -θ

2 - 2376 π n4 m x
n 

3 -θ

2 + 1904 π2 n6 m x
n 

5 -θ

2

- 464 π3 n8 m x
n 

7 -θ

2 + 32 π4 n10 m x
n 

9 -θ

2 ⅇ
-πm n x +

1
x
 1

2
mn 

1
2 x

-
1
2 ⅆx

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 · 1
2 ∫0

∞
x

2-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

- 297 (πm n) · 1
2 ∫0

∞
x

4-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

+ 238 (πm n)2 · 1
2 ∫0

∞
x

6-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

- 58 (πm n)3 · 1
2 ∫0

∞
x

8-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx

+ 4 (πm n)4 · 1
2 ∫0

∞
x

10-θ
2

-1
ⅇ
-

2 πm n
2

x +
1
x

ⅆx .

The integrals can be written using the modified Bessel functions of the second kind.
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( 10 - 158 ) G[5] (θ) =
8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n) - 297 (πm n)K 4-θ
2

(2 πm n)

+ 238 (πm n)2 K 6-θ
2

(2 πm n) - 58 (πm n)3 K 8-θ
2

(2 πm n) + 4 (πm n)4 K 10-θ
2

(2 πm n) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the 

assumed exchange is justified. The recurrence formula for the modified Bessel function of the second kind is 

applied four times.

( 10 - 159 ) G[5] (θ) =
8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n) - 297 (πm n)K 4-θ
2

(2 πm n)

+ 238 (πm n)2 K 6-θ
2

(2 πm n) - 58 (πm n)3 K 8-θ
2

(2 πm n)

+ 4 (πm n)3 8 -θ
2

K 8-θ
2

(2 πm n) +(πm n)K 6-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n) - 297 (πm n)K 4-θ
2

(2 πm n)

+ 238 +4 (πm n)2 (πm n)2 K 6-θ
2

(2 πm n) -2 (θ +21) (πm n)3 K 8-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n) - 297 (πm n)K 4-θ
2

(2 πm n)

+ 238 +4 (πm n)2 (πm n)2 K 6-θ
2

(2 πm n)

- 2 (θ +21) (πm n)2 6 -θ
2

K 6-θ
2

(2 πm n) +(πm n)K 4-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n)

- 297 +2 (θ +21) (πm n)2 (πm n)K 4-θ
2

(2 πm n)

+ θ2 +15 θ +112 +4 (πm n)2 (πm n)2 K 6-θ
2

(2 πm n)

= 8
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 78 K 2-θ
2

(2 πm n)

- 297 +2 (θ +21) (πm n)2 (πm n)K 4-θ
2

(2 πm n)

+ θ2 +15 θ +112 +4 (πm n)2 (πm n) 4 -θ
2

K 4-θ
2

(2 πm n) +(πm n)K 2-θ
2

(2 πm n)

= 4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 156 +2 θ2 +15 θ +112 +4 (πm n)2 (πm n)2K 2-θ
2

(2 πm n)

- θ3 +11 θ2 +52 θ +146 +4 (2 θ +17) (πm n)2 (πm n)K 4-θ
2

(2 πm n)

= 4
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 156 +2 θ2 +15 θ +112 +4 (πm n)2 (πm n)2K 2-θ
2

(2 πm n)

- θ3 +11 θ2 +52 θ +146 +4 (2 θ +17) (πm n)2 2 -θ
2

K 2-θ
2

(2 πm n) +(πm n)K -θ
2

(2 πm n)

= 2
π ∑n=1

∞

∑
m=1

∞

(πm n) mn 
-
θ

2 -2 θ3 +11 θ2 +52 θ +146 +4 (2 θ +17) (πm n)2 (πm n)K θ
2
(2 πm n)

+ θ4 +9 θ3 +30 θ2 +42 θ +20 +4 3 θ2 +28 θ +78 +4 (πm n)2 (πm n)2K 2-θ
2

(2 πm n)

= -
1
π ∑n=1

∞

∑
m=1

∞

mn 
-
θ

2 4 θ3 +11 θ2 +52 θ +146 +4 (2 θ +17) (πm n)2 (πm n)2 K θ
2
(2 πm n)

-2 θ4 +9 θ3 +30 θ2 ++ 42 θ +20 +4 3 θ2 +28 θ +78 +4 (πm n)2 (πm n)2 (πm n)K 2-θ
2

(2 πm n) .
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From the equation (5-38) and the result of equation (10-159),

( 10 - 160 ) G[5] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2

θ3 +11 θ2 +52 θ +146 +(2 θ +17) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

- θ4 +9 θ3 +30 θ2 +42 θ +20 +3 θ2 +28 θ +78 +(2 π p)2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) .

The function H[5] (θ) is defined as follows:

( 10 - 161 ) H[5] (θ) := G[5] (θ) -F[5] (θ) .

From (the right side of equation (10-160)) - (the right side of equation (10-154)), I obtain the above result, 

which will be shown soon. And I may also omit a proof for the absolute convergence of the function H[5] (θ). 

Combining the above results, the following functional equation holds true:

( 10 - 162) A[5] (θ) = B[5] (θ) +H[5] (θ) ( θ ∈ ℂ ) .

Therefore

( 10 - 163 ) -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-
θ

2 Γ θ
2
 ζ (θ) =

-
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
θ

2 Γ - θ
2
 ζ (-θ) +H[5] (θ)

= -
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[5] (θ) ( θ ∈ ℂ ) .

Where

( 10 - 164 ) H[5] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2

θ5 +4 θ4 +4 θ3 -4 θ2 -5 θ +3 θ3 -11 θ2 -52 θ -150 +(θ -21) (2 π p)2 (2 π p)2K θ
2
(2 π p)

+ 2 θ4 +13 θ3 +34 θ2 +38 θ +15 +2 3 θ2 +13 θ +39 +(2 π p)2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) .

The functional equation (10-163) is called the fifth-order IIc type functional equation.

11. Derivation of a new explicit formula for the zeta function and the second proof of 
the Riemann hypothesis

11-1. Derivation of a new explicit formula for the zeta function

The fourth-order IIc type functional equation is shown again.

( 11 - 1 )
θ (θ -1) (θ +1)2

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = θ (θ +1) (θ +2)2

4 π
π
θ

2 Γ - θ
2
 ζ (-θ) +H[4] (θ)

= θ (θ +1) (θ +2)2
4π

π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[4] (θ) , ( θ ∈ ℂ ) .

The third-order IIc type functional equation is also presented.

( 11 - 2 ) -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = -

θ (θ +1) (θ +2)
4 π

π
θ

2 Γ - θ
2
 ζ (-θ) +H[3] (θ)

= -
θ (θ +1) (θ +2)

4 π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[3] (θ) ( θ ∈ ℂ ) .

From (fourth-order IIc type functional equation)+(third-order IIc type functional equation)×(θ + 2),
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( 11 - 3 ) -
θ (θ -1) (θ +1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = (θ +2) H[3] (θ) +H[4] (θ) ( θ ∈ ℂ ) .

Where

( 11 - 4 ) H[3] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2K θ
2
(2 π p)

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p) K 2-θ
2

(2 π p) .

( 11 - 5 ) H[4] (θ) = -
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1)2 +(2 θ +3) (θ -7) (2 π p)2K θ
2
(2 π p)

+ (θ +1) 2 θ2 +4 θ +3 +2 (2 θ +3) (2 π p)2 (2 π p) K 2-θ
2

(2 π p) .

The right side of equation (11-3) is calculated to obtain the following equation:

( 11 - 6 ) (θ +2) H[3] (θ) +H[4] (θ) =
θ +1
π ∑

P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+(θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ ) .

The common factor (θ +1) is simplified to obtain the following equation: 

( 11 - 7 ) -
θ (θ -1)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = 1

π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ ) .

Both sides of the above equation are multiplied by

2 π
θ

2
+1

(1 -θ)Γ 1 +
θ
2


( θ ∈ ℂ \ {1} )

to obtain the new explicit formula for the zeta function.

( 11 - 8 ) ζ (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

11-2. The second proof of the Riemann hypothesis

Both x and y are assumed to be real numbers, and (x + ⅈ y) is assumed to be a non-trivial zeta function zero.

From the point symmetry of the Riemann Xi function, (1 - x - ⅈ y) is also non-trivial zero of the zeta function.

The real axis must be excluded from the target region because there are trivial zeros of the zeta function on it.

I consider that the non-trivial zeros are determined as the solutions of the simultaneous equations comprising 

the following equations:

( 11 - 9 )
ζ (x +ⅈ y) = 0 ( x ∈ , y ∈  \ {0} ) ,

ζ (1 -x -ⅈ y) = 0 ( x ∈ , y ∈  \ {0} ) .

For the explicit formula for the zeta function, (x + ⅈ y) is substituted for θ.
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( 11 - 10 ) ζ (x +ⅈ y) = 2 π
x +ⅈ y

2

(1 -x -ⅈ y)Γ 1 +
x +ⅈ y

2

∑
P=1

∞

σ-x-ⅈ y (p) p
x +ⅈ y

2

(x +ⅈ y) (x +ⅈ y -1) +(7 -x -ⅈ y) (2 π p)2K x +ⅈ y
2

(2 π p)

+ (x +ⅈ y -1) -2 (2 π p)2 (2 π p)K 2 -x -ⅈy
2

(2 π p) = 0 ( x ∈ , y ∈  \ {0} ) .

Similarly, for the explicit formula for the zeta function, (1 - x - ⅈ y) is substituted for θ.

( 11 - 11 ) ζ (1 -x -ⅈ y) = 2 π
1 -x -ⅈ y

2

(x +ⅈy)Γ 1 +
1 -x -ⅈ y

2

∑
P=1

∞

σx +ⅈ y-1 (p) p
1 -x -ⅈ y

2

(1 -x -ⅈ y) (-x -ⅈ y) +(6 +x +ⅈ y) (2 π p)2K 1 -x -ⅈy
2

(2 π p)

+ -x -ⅈ y -2 (2 π p)2 (2 π p)K 1 +x +ⅈy
2

(2 π p) = 0 ( x ∈ , y ∈  \ {0} ) .

The non-trivial zeros are determined as the solutions of the simultaneous equations comprising the equations 

(11-10) and (11-11).

Because of the symmetric pair of the equations,

( 11 - 12 ) x = 1 / 2 .

is immediately determined.

For equation (11-10), 1 /2 is substituted for x.

( 11 - 13 ) ζ (1 / 2 +ⅈ y) = 2 π
1 +ⅈ 2 y

4

1
2
-ⅈ y Γ 1 +

1 +ⅈ 2 y
4


∑
P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4

-1
2
+ⅈ y 1

2
-ⅈ y +13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ -1
2
-ⅈ y -2 (2 π p)2 (2 π p)K 3 -ⅈ2 y

4
(2 π p) = 0 ( y ∈  \ {0} ) .

For equation (11-11), 1 /2 is substituted for x.

( 11 - 14 ) ζ (1 / 2 -ⅈ y) = 2 π
1 -ⅈ 2 y

4

1
2
+ⅈ y Γ 1 +

1 -ⅈ 2 y
4


∑
P=1

∞

σ
-

1
2
+ⅈ y

(p) p
1 -ⅈ 2 y

4

-1
2
-ⅈ y 1

2
+ⅈ y +13

2
+ⅈ y (2 π p)2K 1 -ⅈ2 y

4
(2 π p)

+ -1
2
+ⅈ y -2 (2 π p)2 (2 π p)K 3 +ⅈ2 y

4
(2 π p) = 0 ( y ∈  \ {0} ) .

The equations (11-13) and (11-14) are complex conjugates of one another. And I can choose either equation 

(11-13) or (11-14) as the determining equation of the real variable y. On the critical line, the gamma factor of 

the zeta function does not take the value zero. Furthermore, the condition of y = 0 can be excepted because 

there is no non-trivial zero of the zeta function on the real axis.

Therefore, the following equation gives the determining equation of the real variable y: 

( 11 - 15 ) ∑
P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 -y2 -
1
4
+13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ -1
2
+ⅈ y -2 (2 π p)2 (2 π p)K 3 -ⅈ2 y

4
(2 π p) = 0 ( y ∈  ) .

The explicit formula for the Riemann Xi function is also calculated.

( 11 - 16 ) ξ (θ) = θ (θ -1)
2

π
-
θ

2 Γ θ
2
 ζ (θ)

θ
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= -2 ∑
P=1

∞

σ-θ (p) p
θ

2

θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p) +(θ -1) -2 (2 π p)2 (2 π p)K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

The function value of the Riemann Xi function on the critical line is

( 11 - 17 ) ξ 1
2
+ⅈ y = -2 ∑

P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 -y2 -
1
4
+13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ -1
2
+ⅈ y -2 (2 π p)2 (2 π p)K 3 -ⅈ2 y

4
(2 π p) ( y ∈  ) .

This result shows that the Riemann Xi function on the critical line is equivalent to the left side of the determin-

ing equation with difference constant multiplication. 

Applying the recurrence formula and the origin symmetry with respect to the index of the modified Bessel 

function of the second kind,

( 11 - 18 ) ξ 1
2
+ⅈ y = -2 ∑

P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 -y2 -
1
4
+13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ -1
2
+ⅈ y -2 (2 π p)2 (2 π p) K -3 +ⅈ2 y

4
(2 π p)

= -2 ∑
P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 -y2 -
1
4
+13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ 1
2
-ⅈ y +2 (2 π p)2 1 +ⅈ2 y

2
K 1 +ⅈ2 y

4
(2 π p) - (2 π p)K 5 +ⅈ2 y

4
(2 π p)

= -2 ∑
P=1

∞

(2 π p)σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 15
2

+ⅈ y (2 π p)K 1 +ⅈ2 y
4

(2 π p)

- 1
2
-ⅈ y +2 (2 π p)2K 5 +ⅈ2 y

4
(2 π p) ( y ∈  ) .

Using the complex conjugate on both sides of the above equation,

( 11 - 19 ) ξ* 1
2
+ⅈ y = -2 ∑

P=1

∞

(2 π p)σ
-

1
2
+ⅈ y

(p) p
1 -ⅈ 2 y

4 15
2

-ⅈ y (2 π p)K 1 -ⅈ2 y
4

(2 π p)

- 1
2
+ⅈ y +2 (2 π p)2K 5 -ⅈ2 y

4
(2 π p) ( y ∈  ) .

Therefore, it is shown that the Riemann Xi function takes real value on the critical line as follows:

( 11 - 20 ) Im ξ 1
2
+ⅈ y = 1

2 ⅈ
ξ 1

2
+ⅈ y -ξ* 1

2
+ⅈ y = 0 ( y ∈  ) .

The Hadamard product representation for the Riemann Xi function on the critical line is

( 11 - 21 ) ξ 1
2
+ⅈ y = 1

2 ∏m=1

∞

1 -
4 y2 +1

(2 ρm)2 +1
( y ∈  ) .

From the equations (11-17) and (11-21),

( 11 - 22 ) ∑
P=1

∞

σ
-

1
2
-ⅈ y

(p) p
1 +ⅈ 2 y

4 -y2 -
1
4
+13

2
-ⅈ y (2 π p)2K 1 +ⅈ2 y

4
(2 π p)

+ -1
2
+ⅈ y -2 (2 π p)2 (2 π p)K 3 -ⅈ2 y

4
(2 π p) = -

1
4 ∏m=1

∞

1 -
4 y2 +1

(2 ρm)2 +1
∈  ( y ∈  ) .

The equation (11-22) insists on two points. One is that the left side of the determining equation has a real 

value on the critical line, and the other is that there are an unlimited number of non-trivial zeros. It is possible 

to assert that there is no non-trivial zero off the critical line.

The second proof of the Riemann hypothesis for the zeta function is thus completed.
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 proof  hypothesis  completed.

It may appear strange because the left side of the determining equation takes a real value on the critical line, 

although the imaginary unit ⅈ is described as explicit in equation (11-15).

Then see the following analogy as a reference:

Consider the cubic equations with three different real solutions. Additionally, the imaginary unit ⅈ appeared 

when the formula for solving cubic equations was applied. When you actually proceed with the calculation 

according to the formula, the imaginary unit has disappeared and the real solutions have been obtained.

It is possible to design a zeta function variant that takes real value on the critical line.

The method is to take the absolute value for the gamma factor in the explicit formula for the zeta function.

I decide to write the zeta function variation as zeta-tilde by adding the symbol ~ (tilde) just above the Greek 

letter ζ.

( 11 -23 ) ζ
~

(θ) := 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

From now, I consider the behavior of the number-theoretic function σ-θ (n) nθ/2 on the critical line by present-

ing specific examples.

As its preparation, I begin with the classification of the whole positive integers into four subsets.

Assuming k as a positive integer, I consider the first subset: {1}, the second subset of the (2 k - 1) power of 

prime numbers: P2 k-1, the third subset of the 2k power of prime numbers: P2 k, and the fourth subset of 

the composite numbers not belonging to any one of the aforementioned three subsets.

In the following discussions, a, b, and c are assumed to be three different arbitrary prime numbers.

The magnitude correlation of a, b, and c does not matter.

When n = 1,

( 11 - 24 ) n
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

(n)
n=1

= 1 .

This is a direct current component when y is considered as the time variable and applied in the analogy of an 

electric circuit’s current waveform.

When n is the prime number a,

( 11 - 25 ) a
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

(a) = 1 +a
-

1 +ⅈ 2 y
2 a

1 +ⅈ 2 y
4 = 2 cosh  1 +ⅈ 2 y

4
log (a)

= 2 cosh  log (a)
4

 cos y log (a)
2

 +ⅈ 2 sinh  log (a)
4

 sin y log (a)
2

 .

This corresponds to an alternate current waveform with a single spectrum.

When n is the cubic of the prime number a,

( 11 - 26 ) a3
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a3 = 1 +a
-

1 +ⅈ 2 y
2 +a2

-
1 +ⅈ 2 y

2 +a3
-

1 +ⅈ 2 y
2 a3

1 +ⅈ 2 y
4

= 2 cosh  1 +ⅈ 2 y
4

log (a) +2 cosh 3 +ⅈ 6 y
4

log (a) .

When n is the (2 k - 1) power of the prime number a,

( 11 - 27 ) a2 k-1
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a2 k-1 = ∑
m=1

k

2 cosh 2 m -1 +ⅈ 2 (2 m-1) y
4

log (a) ( k ∈ ℕ ) .

This corresponds to an alternate current waveform with multiple spectra.
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When n is the square of the prime number a,

( 11 - 28 ) a2
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a2 = 1 +a
-

1 +ⅈ 2 y
2 +(a2)

-
1 +ⅈ 2 y

2 (a2)
1 +ⅈ 2 y

4

= 1 +2 cosh 1 +ⅈ 2 y
2

log (a) .

When n is the fourth power of the prime number a,

( 11 - 29 ) a4
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a4 =

1 +a
-

1 +ⅈ 2 y
2 +(a2)

-
1 +ⅈ 2 y

2 +(a3)
-

1 +ⅈ 2 y
2 +(a4)

-
1 +ⅈ 2 y

2 (a4)
1 +ⅈ 2 y

4

= 1 +2 cosh 1 +ⅈ 2 y
2

log (a) +2 Cosh ((1 +ⅈ 2 y) log (a)) .

When n is the 2 k power of the prime number a,

( 11 - 30 ) a2 k
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a2 k = 1 + ∑
m=1

k

2 cosh  m +ⅈ 2 m y
2

log (a) ( k ∈ ℕ ) .

This corresponds to an alternate current waveform with multiple spectra and superimposed direct current 

components. When n is the power of each prime number, the functional type can be determined additively.

When n is the composite number ab,

( 11 - 31 ) (a · b)
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

(a · b) = 1 +a
-

1 +ⅈ 2 y
2 +b

-
1 +ⅈ 2 y

2 +(a · b)
-

1 +ⅈ 2 y
2 (a · b)

1 +ⅈ 2 y
4

= 4 cosh  1 +ⅈ 2 y
4

log (a) cosh  1 +ⅈ 2 y
4

log (b) .

When n is the composite number abc,

( 11 - 32 ) (a · b · c)
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

(a · b · c) = 1 +a
-

1 +ⅈ 2 y
2 +b

-
1 +ⅈ 2 y

2 +c
-

1 +ⅈ 2 y
2

+ (a · b)
-

1 +ⅈ 2 y
2 + (b · c)

-
1 +ⅈ 2 y

2 + (c · a)
-

1 +ⅈ 2 y
2 + (a · b · c)

-
1 +ⅈ 2 y

2 (a · b · c)
1 +ⅈ 2 y

4

= 8 cosh  1 +ⅈ 2 y
4

log (a) cosh  1 +ⅈ 2 y
4

log (b) cosh  1 +ⅈ 2 y
4

log (c) .

When n is the composite number ab2,

( 11 - 33 ) a · b2
1 +ⅈ 2 y

4 σ
-

1 +ⅈ 2 y
2

a · b2 =

1 +a
-

1 +ⅈ 2 y
2 +b

-
1 +ⅈ 2 y

2 +b2
-

1 +ⅈ 2 y
2 +(a · b)

-
1 +ⅈ 2 y

2 +a · b2
-

1 +ⅈ 2 y
2 a · b2

1 +ⅈ 2 y
4

= 2 cosh  1 +ⅈ 2 y
4

log (a) 1 +2 cosh 1 +ⅈ 2 y
2

log (b) .

When n is a composite number other than the powers of each prime number, the functional type can be mainly 

determined using multiplicative analysis.

The number-theoretic function σ-θ (n) nθ/2 is described by the complex hyperbolic cosine in the explicit 

formula for the zeta function on the critical line.
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12. Some representations for the zeta function for any odd number except 1

I presented some representations for the zeta function for any odd number except 1 and relational mentions in 

the first half of this section. In the second half, I will show another two types of general representations for the 

zeta function for any odd number of either 3 or 7, or more.

12-1. Some representations for the zeta function for any odd number except 1 and relational 
mentions.

The explicit formula for the zeta function is shown again.

( 12 - 1 ) ζ (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

For rewriting the modified Bessel function of the second kind into the quadrable integral representation, the 

following equation is prepared in subsection 19-5:

( 12 - 2 ) ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx = α

θ

2 K θ
2
(2 α) ( α > 0, θ ∈ ℂ ) .

Here, putting as

α = π p ( p ∈ ℕ )

the following two relations are obtained:

( 12 - 3 ) (π p)
θ

2 K θ

2
(2π p) = ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ, p ∈ ℕ ) .

( 12 - 4 ) (π p)
θ-2

2 K θ-2
2

(2π p) = (π p)
θ-2

2 K 2-θ
2

(2π p)

= ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ, p ∈ ℕ ) .

To apply those transformation formulae, the right side of equation (12-1) is modified as follows:

( 12 - 5 ) ζ (θ) = 1

(θ -1)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) 2 θ (1 -θ) +(θ -7) (2 π p)2 (π p)
θ

2 K θ
2
(2 π p)

+ (1 -θ) +2 (2 π p)2 (2 π p)2 (π p)
θ-2

2 K θ-2
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

Therefore,

( 12 - 6 ) ζ (θ) =

1

(θ -1)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) 2 θ (1 -θ) +(θ -7) (2 π p)2 ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ (1 -θ) +2 (2 π p)2 (2 π p)2 ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ \ {1} ) .

The equation (12-6) can be used to calculate each zeta function representation for any odd number of 3 or 

more. Conversely, for calculating each zeta function representation for any odd number of -1 or less, for 
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 Conversely,  calculating  representation  any

equation (12-1), -θ is substituted for θ to obtain the following equation:

( 12 - 7 ) ζ (-θ) = π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σθ (p) p
-
θ

2 2 θ (θ +1) +(7 +θ) (2 π p)2K -
θ
2
(2 π p)

- 4 (θ +1) +2 (2 π p)2 (π p)K 2+θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The relations of equations (3-30) and (5-39) are applied to the equation (12-7).

( 12 - 8 ) ζ (-θ) = π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 2 θ (θ +1) +(7 +θ) (2 π p)2K θ
2
(2 π p)

- 4 (θ +1) +2 (2 π p)2 (π p)K 2+θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The recurrence formula for the modified Bessel function of the second kind is applied.

( 12 - 9 ) ζ (-θ) = π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 2 θ (θ +1) +(7 +θ) (2 π p)2K θ
2
(2 π p)

- 4 (θ +1) +2 (2 π p)2  θ
2

K θ
2
(2 π p) +(π p)K θ-2

2
(2 π p)

= π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (θ +1) +2 (2 π p)2 (2 π p)K θ-2
2

(2 π p)

= π-θ

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) 2 (7 -θ) (2 π p)2 (π p)
θ

2 K θ
2
(2 π p)

- (θ +1) +2 (2 π p)2 (2 π p)2 (π p)
θ-2

2 K θ-2
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

Therefore

( 12 - 10 ) ζ (-θ) = π-θ

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) 2 (7 -θ) (2 π p)2 ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (θ +1) +2 (2 π p)2 (2 π p)2 ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ \ {-1} ) .

Thus, the equation (12-10) can be used to calculate each zeta function representation for any odd number of -

1 or less.

Some calculation examples and the results will be shown soon.

Moreover, because the values are well known, I will post exact value for each of the zeta function for any odd 

number of -1 or less together.

For equation (12-10), 1 is substituted for θ,
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( 12 - 11 ) ζ (-1) = π-1

2Γ 1 -
1
2

∑
P=1

∞

σ-1 (p) 12 (2 π p)2 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

- 2 +2 (2 π p)2 (2 π p)2 ∫0

∞
x-2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

2 π π
∑
P=1

∞

σ-1 (p) 12 (2 π p)2 π
2

ⅇ-2 πp - 2 +2 (2 π p)2 (2 π p)2 π
2 π p ⅇ

-2 πp .

Therefore,

( 12 - 12 ) ζ (-1) = -
1
π ∑P=1

∞

σ-1 (p) (2 π p)2 -3 (2 π p) +1 (2 π p)ⅇ-2 πp = -
1

12
.

For equation (12-10), 3 is substituted for θ,

( 12 - 13 ) ζ (-3) = π-3

4Γ 1 -
3
2

∑
P=1

∞

σ-3 (p) 8 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

- 4 +2 (2 π p)2 (2 π p)2 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

= -
1

8 π3 π
∑
P=1

∞

σ-3 (p) 8 (2 π p)2 (2 π p)+1
4

π ⅇ-2 πp - 4 +2 (2 π p)2 (2 π p)2 π
2

ⅇ-2 π p .

Therefore,

( 12 - 14 ) ζ (-3) = 1
8 π3 ∑

P=1

∞

σ-3 (p) ((2 π p) -2) (2 π p)3 ⅇ-2 π p = 1
120

.

For equation (12-10), 5 is substituted for θ,

( 12 - 15 ) ζ (-5) = π-5

6Γ 1 -
5
2

∑
P=1

∞

σ-5 (p) 4 (2 π p)2 ∫0

∞
x4 ⅇ

-x2 +
(π p)2

x2

ⅆx

- 6 +2 (2 π p)2 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

8 π5 π
∑
P=1

∞

σ-5 (p) 4 (2 π p)2 (2 π p)2 +3 (2 π p)+3
8

π ⅇ-2 πp

- 6 +2 (2 π p)2 (2 π p)2 (2 π p)+1
4

π ⅇ-2 πp .

Therefore,

( 12 - 16 ) ζ (-5) = -
1

16 π5 ∑
P=1

∞

σ-5 (p) (2 π p)5 ⅇ-2 πp = -
1

252
.

For equation (12-10), 7 and 9 are substituted for θ, only the results are shown.

( 12 - 17 ) ζ (-7) =

15
256 π7 ∑

P=1

∞

σ-7 (p) (2 π p)4 +3 (2 π p)3 +7 (2 π p)2 +12 (2 π p) +12 (2 π p)2 ⅇ-2 πp = 1
240

.
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( 12 - 18 ) ζ (-9) = -
21

256 π9 ∑
P=1

∞

σ-9 (p) (2 π p)5 +7 (2 π p)4 + 30 (2 π p)3 + 90 (2 π p)2

+ 180 (2 π p) + 180 (2 π p)2 ⅇ-2 πp = -
1

132
.

For equation (12-6), 3 is substituted for θ,

( 12 - 19 ) ζ (3) = 1

2Γ 1 +
3
2

∑
P=1

∞

σ-3 (p) 2 -6 -4 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ -2 + 2 (2 π p)2 (2 π p)2 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 2

3 π
∑
P=1

∞

σ-3 (p) 2 -6 -4 (2 π p)2 (2 π p)+1
4

π ⅇ-2 πp

+ -2 + 2 (2 π p)2 (2 π p)2 π
2

ⅇ-2 πp .

Therefore,

( 12 - 20 ) ζ (3) = 2
3 ∑P=1

∞

σ-3 (p) (2 π p)4 -2 (2 π p)3 -3 (2 π p)2 -3 (2 π p) -3 ⅇ-2 πp .

The right side of equation (12-20) can be expanded as follows:

( 12 - 21 ) ζ (3) = 2
3 ∑P=1

∞

σ-3 (p) (2 π p)3 -2 (2 π p)2 -3 (2 π p) -3 (2 π p) ⅇ-2 πp

- ∑
n=1

∞
coth (π n)

n3
+ ζ (3) .

Thus, I can obtain the representation for the series

∑
n=1

∞
coth (π n)

n3
,

and also its exact value is known.

( 12 - 22 ) ∑
n=1

∞
coth (π n)

n3
= 2

3 ∑P=1

∞

σ-3 (p) (2 π p)3 -2 (2 π p)2 -3 (2 π p) -3 (2 π p) ⅇ-2 πp = 7 π3

180
.

Further, the right side of equation (12-20) can be also expanded as follows:

( 12 - 23 ) ζ (3) = 2
3 ∑P=1

∞

σ-3 (p) ((2 π p) -2) (2 π p)3 ⅇ-2 πp

-2 ∑
P=1

∞

σ-3 (p) (2 π p)2 +(2 π p) +1 ⅇ-2 πp .

Because the first term on the right side of equation (12-23) has already been determined, I obtain the representa-

tion that gives the transcendental number a fixed value.

( 12 - 24 ) ∑
P=1

∞

σ-3 (p) ((2 π p) -2) (2 π p)3 ⅇ-2 πp = π3

15
.

For equation (12-6), 5 is substituted for θ,
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( 12 - 25 ) ζ (5) = 1

4Γ 1 +
5
2

∑
P=1

∞

σ-5 (p) 2 -20 -2 (2 π p)2 ∫0

∞
x4 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ -4 + 2 (2 π p)2 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 2

15 π
∑
P=1

∞

σ-5 (p) 2 -20 -2 (2 π p)2 (2 π p)2 +3 (2 π p)+3
8

π ⅇ-2 πp

+ -4 + 2 (2 π p)2 (2 π p)2 (2 π p)+1
4

π ⅇ-2 πp .

Therefore,

( 12 - 26 ) ζ (5) = 1
15 ∑P=1

∞

σ-5 (p) (2 π p)5 -5 (2 π p)3 -15 (2 π p)2 -30 (2 π p) -30 ⅇ-2 πp .

The right side of equation (12-26) can be expanded as follows:

( 12 - 27 ) ζ (5) = 1
15 ∑P=1

∞

σ-5 (p) (2 π p)4 -5 (2 π p)2 -15 (2 π p) -30 (2 π p) ⅇ-2 πp

- ∑
n=1

∞
coth (π n)

n5
+ ζ (5) .

Thus, I can obtain the representation for the series

∑
n=1

∞
coth (π n)

n5
,

but its exact value is unknown.

( 12 - 28 ) ∑
n=1

∞
coth (π n)

n5
= 1

15 ∑P=1

∞

σ-5 (p) (2 π p)4 -5 (2 π p)2 -15 (2 π p) -30 (2 π p) ⅇ-2 πp .

Furthermore, the right side of equation (12-26) can also be expanded as follows:

( 12 - 29 ) ζ (5) =

1
15 ∑P=1

∞

σ-5 (p) (2 π p)5 ⅇ-2 πp -
1
3 ∑P=1

∞

σ-5 (p) (2 π p)3 +3 (2 π p)2 +6 (2 π p) +6 ⅇ-2 πp .

Because the first term on the right side of equation (12-29) has already been determined, I obtain the representa-

tion that gives the transcendental number a fixed value.

( 12 - 30 ) ∑
P=1

∞

σ-5 (p) (2 π p)5 ⅇ-2 πp = 4 π5

63
.

For equation (12-6), 7 is substituted for θ, and the principal results are shown.

( 12 - 31 ) ζ (7) =

2
315 ∑P=1

∞

σ-7 (p) (2 π p)6 +3 (2 π p)5 -30 (2 π p)3 -135 (2 π p)2 -315 (2 π p) -315 ⅇ-2 πp .

( 12 - 32 ) ∑
n=1

∞
coth (π n)

n7
= 2

315 ∑P=1

∞

σ-7 (p) (2 π p)5 +3 (2 π p)4

- 30 (2 π p)2 - 135 (2 π p) - 315 (2 π p) ⅇ-2 πp = 19 π7

56 700
.

( 12 - 33 ) ∑
P=1

∞

σ-7 (p) (2 π p)4 +3 (2 π p)3 +7 (2 π p)2 +12 (2 π p) +12 (2 π p)2 ⅇ-2 πp = 16 π7

225
.
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For equation (12-6), 9 is substituted for θ, and the principal results are shown.

( 12 - 34 ) ζ (9) = 1
1890 ∑P=1

∞

σ-9 (p) (2 π p)7 +7 (2 π p)6 + 21 (2 π p)5

- 315 (2 π p)3 - 1575 (2 π p)2 - 3780 (2 π p) - 3780 ⅇ-2 πp .

( 12 - 35 ) ∑
n=1

∞
coth (π n)

n9
= 1

1890 ∑P=1

∞

σ-9 (p) (2 π p)6 +7 (2 π p)5 + 21 (2 π p)4

- 315 (2 π p)2 - 1575 (2 π p) - 3780 (2 π p) ⅇ-2 πp .

( 12 - 36 ) ∑
P=1

∞

σ-9 (p) (2 π p)5 +7 (2 π p)4 + 30 (2 π p)3

+ 90 (2 π p)2 + 180 (2 π p) + 180 (2 π p)2 ⅇ-2 πp = 64 π9

693
.

For equation (12-6), 11 is substituted for θ, and the principal results are shown.

( 12 - 37 ) ζ (11) = 2
51 975 ∑P=1

∞

σ-11 (p) (2 π p)8 + 12 (2 π p)7 + 70 (2 π p)6 + 210 (2 π p)5

- 105 (2 π p)4 - 4410 (2 π p)3 - 21 735 (2 π p)2 - 51 975 (2 π p) - 51 975 ⅇ-2 πp .

( 12 - 38 ) ∑
n=1

∞
coth (π n)

n11
= 2

51 975 ∑P=1

∞

σ-11 (p) (2 π p)7 +12 (2 π p)6 + 70 (2 π p)5 + 210 (2 π p)4

- 105 (2 π p)3 - 4410 (2 π p)2 - 21 735 (2 π p) - 51 975 (2 π p) ⅇ-2 πp = 1453 π11

425 675 250
.

( 12 - 39 ) ∑
P=1

∞

σ-11 (p) (2 π p)6 +12 (2 π p)5 + 81 (2 π p)4 + 375 (2 π p)3

+ 1215 (2 π p)2 + 2520 (2 π p) + 2520 (2 π p)2 ⅇ-2 πp = 176 896 π11

1 289 925
.

For equation (12-6), 13 is substituted for θ, and the principal results are shown.

( 12 - 40 ) ζ (13) = 1
405 405 ∑P=1

∞

σ-13 (p) (2 π p)9 +18 (2 π p)8 + 162 (2 π p)7 + 882 (2 π p)6

+ 2457 (2 π p)5 - 3780 (2 π p)4 - 72 765 (2 π p)3 - 343 035 (2 π p)2 - 810 810 (2 π p) - 810 810 ⅇ-2 πp .

( 12 - 41 ) ∑
n=1

∞
coth (π n)

n13
= 1

405 405 ∑P=1

∞

σ-13 (p) (2 π p)8 +18 (2 π p)7 + 162 (2 π p)6 + 882 (2 π p)5

+ 2457 (2 π p)4 - 3780 (2 π p)3 - 72 765 (2 π p)2 - 343 035 (2 π p) - 810 810 (2 π p) ⅇ-2 πp .

( 12 - 42 ) ∑
P=1

∞

σ-13 (p) (2 π p)7 +18 (2 π p)6 + 175 (2 π p)5 + 1155 (2 π p)4

+ 5460 (2 π p)3 + 18 060 (2 π p)2 + 37 800 (2 π p) + 37 800 (2 π p)2 ⅇ-2 πp = 1024 π13

4455
.

For equation (12-6), 15 is substituted for θ, and the principal results are shown.

( 12 - 43 ) ζ (15) = 2
14 189 175 ∑P=1

∞

σ-15 (p) (2 π p)10 + 25 (2 π p)9 + 315 (2 π p)8

+ 2520 (2 π p)7 + 12 915 (2 π p)6 + 31 185 (2 π p)5 - 103 950 (2 π p)4 - 1 351 350 (2 π p)3

- 6 081 075 (2 π p)2 - 14 189 175 (2 π p) - 14 189 175 ⅇ-2 πp .
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( 12 - 44 ) ∑
n=1

∞
coth (π n)

n15
= 2

14 189 175 ∑P=1

∞

σ-15 (p) (2 π p)9 +25 (2 π p)8 + 315 (2 π p)7

+ 2520 (2 π p)6 + 12 915 (2 π p)5 + 31 185 (2 π p)4 - 103 950 (2 π p)3 - 1 351 350 (2 π p)2

- 6 081 075 (2 π p) - 14 189 175 (2 π p) ⅇ-2 πp = 13 687 π15

390 769 879 500
.

( 12 - 45 ) ∑
P=1

∞

σ-15 (p) (2 π p)8 +25 (2 π p)7 + 330 (2 π p)6 + 2940 (2 π p)5 + 19 005 (2 π p)4

+ 89 775 (2 π p)3 + 297 675 (2 π p)2 + 623 700 (2 π p) + 623 700 (2 π p)2 ⅇ-2 πp = 14 815 232 π15

34 459 425
.

For equation (12-6), 17 is substituted for θ, and the principal results are shown.

( 12 - 46 ) ζ (17) = 1
137 837 700 ∑P=1

∞

σ-17 (p) (2 π p)11 + 33 (2 π p)10 + 550 (2 π p)9

+ 5940 (2 π p)8 + 44 055 (2 π p)7 + 211 365 (2 π p)6 + 405 405 (2 π p)5 - 2 702 700 (2 π p)4

- 27 702 675 (2 π p)3 - 119 594 475 (2 π p)2 - 275 675 400 (2 π p) - 275 675 400 ⅇ-2 πp .

( 12 - 47 ) ∑
n=1

∞
coth (π n)

n17
= 1

137 837 700 ∑P=1

∞

σ-17 (p) (2 π p)10 + 33 (2 π p)9 + 550 (2 π p)8

+ 5940 (2 π p)7 + 44 055 (2 π p)6 + 211 365 (2 π p)5 + 405 405 (2 π p)4 - 2 702 700 (2 π p)3

- 27 702 675 (2 π p)2 - 119 594 475 (2 π p) - 275 675 400 (2 π p) ⅇ-2 πp .

( 12 - 48 ) ∑
P=1

∞

σ-17 (p) (2 π p)9 +33 (2 π p)8 + 567 (2 π p)7 + 6552 (2 π p)6 + 55 377 (2 π p)5

+ 350 595 (2 π p)4 + 1 642 410 (2 π p)3 + 5 426 190 (2 π p)2

+ 11 351 340 (2 π p) + 11 351 340 (2 π p)2 ⅇ-2 πp = 718 716 928 π17

808 782 975
.

12-2. Another two types of general representations for the zeta function for any odd number 
of either 3 or 7, or more

For equation (12-6), any odd number of 3 or more is substituted for θ.

( 12 - 49 ) ζ (2 k +1) = 1

2 k Γ 1 +
2 k +1

2

∑
P=1

∞

σ-(2 k+1) (p)

2 (2 k +1) (-2 k) +(2 k -6) (2 π p)2 ∫0

∞
x2 k ⅇ

-x2 +
(π p)2

x2

ⅆx

+ -2 k +2 (2 π p)2 (2 π p)2 ∫0

∞
x2 (k-1) ⅇ

-x2 +
(π p)2

x2

ⅆx

= 2k+1

k (2 k +1) !! π
∑
P=1

∞

σ-(2 k+1) (p) -2 k (2 k +1) +2 (k -3) (2 π p)2 ∫0

∞
x2 k ⅇ

-x2 +
(π p)2

x2

ⅆx

+ -k +(2 π p)2 (2 π p)2 ∫0

∞
x2 (k-1) ⅇ

-x2 +
(π p)2

x2

ⅆx ( k ∈ ℕ ) .

The general representation for the two integrals of the result of equation (12-49) is given by the description in 
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 general representation  integrals  equation (12-49)  given by  description

the subsection 19-4 i.e.,

( 12 - 50 ) ∫0

∞
x2 k ⅇ

- x2 +
(π p)2

x2
ⅆx = 1

2k+1 ∑
μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp ( p, k ∈ ℕ ) .

Where

( 12 - 51 ) ak,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) !
( k ∈ ℕ, μ = 0, 1, · · ·, k ) .

And the coefficients deserving special mention are as follows:

( 12 - 52 ) ak,k = 1 ( k ∈ ℕ ) .

( 12 - 53 ) ak,1 = ak,0 = (2 k -1) !! ( k ∈ ℕ ) .

For equation (12-51), 0 is substituted directly for k and μ.

( 12 - 54 ) a0,0 =
(2 k -μ) !

2k -μ μ ! (k -μ) ! k=μ=0
= 1 .

This result indicates that equation (12-50) holds even if k = 0. The above general representation for the two 

integrals is introduced into the result of equation (12-49).

( 12 - 55 ) ζ (2 k +1) = 2k+1

k (2 k +1) !! π
∑
P=1

∞

σ-(2 k+1) (p)

-2 k (2 k +1) +2 (k -3) (2 π p)2 1
2k+1 ∑

μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp

+ -k +(2 π p)2 (2 π p)2 1
2k ∑

μ=0

k-1

ak-1,μ (2 π p)μ π ⅇ-2 πp

= 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) -k (2 k +1) +(k -3) (2 π p)2 ∑
μ=0

k

ak,μ (2 π p)μ

+ -k +(2 π p)2 (2 π p)2 ∑
μ=0

k-1

ak-1,μ (2 π p)μ ⅇ-2 πp

= 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) ak-1,k-1 (2 π p)k+3 + ak-1,k-2 +(k -3) ak,k (2 π p)k+2

+ ∑
μ=4

k+1

ak-1,μ -4 (2 π p)μ + (k -3) ∑
μ=2

k+1

ak,μ -2 (2 π p)μ - k ∑
μ=2

k+1

ak-1,μ -2 (2 π p)μ

- k (2 k +1) ∑
μ=0

k

ak,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

From the equations (12-52) and (12-54), the coefficient of (2 π p)k+3 is immediately determined as follows:

( 12 - 56 ) ak-1,k-1 = 1 ( k ∈ ℕ ) .  

The coefficient of (2 π p)k+2 is determined under the condition of k > 1 as follows:

( 12 - 57 ) ak-1,k-2 +(k -3) ak,k =
(2 k -μ) !

2k -μ μ ! (k -μ) ! k=k-1,μ=k-2
+ (k -3) · 1

= k !
21 (k -2) !1 !

+(k -3) = (k -2) (k +3)
2

( k ∈ ℕ \ {1} ) .

For the result of equation (12-57), 1 is substituted directly for k.
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( 12 - 58 )
(k -2) (k +3)

2


k=1
= -2 .

This result is the same as the coefficient of (2 π p)3 of the representation for ζ (3). Thus, the right side of 

equation (12-57) holds even for the case when k = 1.

The above results are introduced into the result of equation (12-55).

( 12 - 59 ) ζ (2 k +1) = 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) (2 π p)k+3 +
(k -2) (k +3)

2
(2 π p)k+2

+ ∑
μ=4

k+1

ak-1,μ -4 (2 π p)μ + (k -3) ∑
μ=2

k+1

ak,μ -2 (2 π p)μ

- k ∑
μ=2

k+1

ak-1,μ -2 (2 π p)μ - k (2 k +1) ∑
μ=0

k

ak,μ (2 π p)μ ( k ∈ ℕ ) .

Here, new coefficients ck,μ are used for the general representation for the zeta function for any odd number of 

3 or more.

The coefficients ck,μ are determined by the following equation of definition:

( 12 - 60 ) ζ (2 k +1) := 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) (2 π p)k+3 +
(k -2) (k +3)

2
(2 π p)k+2

+ ∑
μ=0

k+1

ck,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

The coefficients ck,k+3 and ck,k+2 are immediately determined as follows:

( 12 - 61 ) ck,k+3 = 1 ( k ∈ ℕ ) .

( 12 - 62 ) ck,k+2 = (k -2) (k +3)
2

( k ∈ ℕ ) .

And the coefficients ck,μ are determined with the condition as follows:

( 12 - 63 ) ck,μ =

ak-1,μ -4 +(k -3) ak,μ -2 -k ak-1,μ -2 -k (2 k +1) ak,μ ( k ∈ ℕ \ {1, 2}, μ = 4, 5, · · ·, k +1 ) .

The relation of equation (12-51) is introduced into the above equation.

( 12 - 64 ) ck,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) ! k=k-1,μ=μ -4
+ (k -3) · (2 k -μ) !

2k -μ μ ! (k -μ) ! k=k,μ=μ -2

-k · (2 k -μ) !

2k -μ μ ! (k -μ) ! k=k-1,μ=μ -2

- k (2 k +1) · (2 k -μ) !

2k -μ μ ! (k -μ) !

( k ∈ ℕ \ {1, 2}, μ = 4, 5, · · ·, k +1 ) .

I demonstrate the calculation steps..

( 12 - 65 ) ck,μ =
(2 k +2 -μ) !

2k +3 -μ (μ -4) ! (k +3 -μ) !
+(k -3) (2 k +2 -μ) !

2k +2 -μ (μ -2) ! (k +2 -μ) !

-k (2 k -μ) !

2k +1 -μ (μ -2) ! (k +1 -μ) !
- k (2 k +1) (2 k -μ) !

2k -μ μ ! (k -μ) !

=
(2 k +2 -μ) (2 k +1 -μ)

2k +3 -μ (μ -4) ! (k +3 -μ) !
+
(k -3) (2 k +2 -μ) (2 k +1 -μ)

2k +2 -μ (μ -2) ! (k +2 -μ) !

-
k

2k +1 -μ (μ -2) ! (k +1 -μ) !
-

k (2 k +1)
2k -μ μ ! (k -μ) !

(2 k -μ) !
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=
μ (μ -1) (μ -2) (μ -3) (2 k +2 -μ) (2 k +1 -μ)

2k +3 -μ μ ! (k +3 -μ) !
+

2 μ (μ -1) (k -3) (k +3 -μ) (2 k +2 -μ) (2 k +1 -μ)

2k +3 -μ μ ! (k +3 -μ) !

-
4 μ (μ -1)k (k +3 -μ) (k +2 -μ)

2k +3 -μ μ ! (k +3 -μ) !
-

8 k (2 k +1) (k +3 -μ) (k +2 -μ) (k +1 -μ)

2k +3 -μ μ ! (k +3 -μ) !
(2 k -μ) !

The result of the above calculation is shown.

=
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24 ( k ∈ ℕ \ {1, 2}, μ = 4, 5, · · ·, k +1 ) .

For equation (12-65), 0 is substituted for μ.

( 12 - 66 ) ck,0 = -
2 k 8 k4 +52 k3 +112 k2 +92 k +24

2k+3 (k +3) !
(2 k) !

= -
8 k (2 k +1) (k +1) (k +2) (k +3)

2k+3 (k +3) !
(2 k) != -

k
2k k !

(2 k +1) != -k (2 k +1) !! ( k ∈ ℕ \ {1, 2} ) .

For equation (12-65), 1 is substituted for μ.

( 12 - 67 ) ck,1 = -
2 k 8 k4 +28 k3 +28 k2 +8 k

2k+2 (k +2) !
(2 k -1) !

= -
8 k2 (2 k +1) (k +1) (k +2)

2k+2 (k +2) !
(2 k -1) != -

k
2k k !

(2 k +1) != -k (2 k +1) !! ( k ∈ ℕ \ {1, 2} ) .

For equation (12-65), 2 is substituted for μ.

( 12 - 68 ) ck,2 = -
2 k 8 k4 -4 k3 +16 k2 +16 k -12

2k+1·2 ! (k +1) !
(2 k -2) != -

8 k (2 k -1) (k +1) k2 -k +3

2k+1·2 ! (k +1) !
(2 k -2) !

= -
k2 -k +3

2k-1 (k -1) !
(2 k -1) != - k2 -k +3 (2 k -1) !! ( k ∈ ℕ \ {1, 2} ) .

For equation (12-65), 3 is substituted for μ.

( 12 - 69 ) ck,3 = -
2 k 8 k4 -44 k3 +124 k2 -124 k +36

2k·3 ! k !
(2 k -3) !

= -
8 k (2 k -1) (k -1) k2 -4 k +9

2k·3 ! k !
(2 k -3) != -

k2 -4 k +9
3·2k-1 (k -1) !

(2 k -1) !

= -
k2 -4 k +9

3
(2 k -1) !! ( k ∈ ℕ \ {1, 2} ) .

For equation (12-65), 1 is substituted for k, and 0,1, and 2 are substituted for μ.

( 12 - 70 ) c1,μ =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24
k=1

( μ = 0, 1, 2 ) .

The results of the above calculation are shown.

( 12 - 71 ) c1,2, c1,1, c1,0 = {-3, -3, -3} .

Because the coefficients c1,4 and c1,3 have already determined,

( 12 - 72 ) c1,4, c1,3, c1,2, c1,1, c1,0 = {1, -2, -3, -3, -3} .

This result is the same to the coefficient elements of the representation for ζ (3).
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For equation (12-65), 2 is substituted for k, and 0,1,2,3, and 4 are substituted for μ.

( 12 - 73 ) c2,μ =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24
k=2

( μ = 0, 1, 2, 3, 4 ) .

The results of the above calculation are shown.

( 12 - 74 ) c2,4, c2,3, c2,2, c2,1, c2,0 = {0, -5, -15, -30, -30} .

Because the coefficient c2,5 has already determined,

( 12 - 75 ) c2,5, c2,4, c2,3, c2,2, c2,1, c2,0 = {1, 0, -5, -15, -30, -30} .

This result is the same to the coefficient elements of the representation for ζ (5).

The above results are combined with the results of equations (12-66), (12-67), (12-68), and (12-69). Therefore,

( 12 - 76 ) ck,1 = ck,0 = -k (2 k +1) !! ( k ∈ ℕ ) .

( 12 - 77 ) ck,2 = - k2 -k +3 (2 k -1) !! ( k ∈ ℕ ) .

( 12 - 78 ) ck,3 = -
k2 -4 k +9

3
(2 k -1) !! ( k ∈ ℕ ) .

Combining the above results, I arrive at one of the conclusions in this subsection.

The following is the second general representation for the zeta function for any odd number of 3 or more:

( 12 - 79 ) ζ (2 k +1) = 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) (2 π p)k+3 +
(k -2) (k +3)

2
(2 π p)k+2

+ ∑
μ=0

k+1

ck,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ ) .

Where

( 12 - 80 ) ck,μ =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24 ( k ∈ ℕ, μ = 0, 1, · · ·, k +1 ) .

Hereafter, I consider the third general representation differently.

For equation (12-80), k +3 is substituted directly for μ under the condition of k > 2.

( 12 - 81 ) ck,k+3 =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24
k=k+3

( k ∈ ℕ \ {1, 2} ) .

I show the final step of the calculation.

( 12 - 82 ) ck,k+3 = (k +3) (k +2) (k +1)k (k -1) (k -2)
(k +3) !

(k -3) != 1 ( k ∈ ℕ \ {1, 2} ) .

For equation (12-80), k +2 is substituted directly for μ under the condition of k > 1.
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( 12 - 83 ) ck,k+2 =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24
k=k+2

( k ∈ ℕ \ {1} ) .

I show the final step of the calculation.

( 12 - 84 ) ck,k+2 = (k +3) (k +2) (k +1)k (k -1) (k -2)
2 (k +2) !

(k -2) != (k -2) (k +3)
2

( k ∈ ℕ \ {1} ) .

The above results are the same as the coefficients of both (2 π p)k+3 and (2 π p)k+2 of equation (12-79) under 

the condition of k > 2. And I arrive at another conclusion in this subsection.

The following is the third general representation for the zeta function for any odd number of 7 or more:

( 12 - 85 ) ζ (2 k +1) = 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k+3

ck,μ (2 π p)μ ⅇ-2 πp ( k ∈ ℕ \ {1, 2} ) .

Where

( 12 - 86 ) ck,μ =
(2 k -μ) !

2k+3-μμ ! (k +3 -μ) !
μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24 ( k ∈ ℕ \ {1, 2}, μ = 0, 1, · · ·, k +3 ) .

And the coefficients deserving special mention are as follows:

( 12 - 87 ) ck,k+3 = 1 ( k ∈ ℕ ) .

( 12 - 88 ) ck,k+2 = (k -2) (k +3)
2

( k ∈ ℕ ) .

( 12 - 89 ) ck,3 = -
k2 -4 k +9

3
(2 k -1) !! ( k ∈ ℕ ) .

( 12 - 90 ) ck,2 = - k2 -k +3 (2 k -1) !! ( k ∈ ℕ ) .

( 12 - 91 ) ck,1 = ck,0 = -k (2 k +1) !! ( k ∈ ℕ ) .

Table of the coefficients of the infinite series

Fig. 12-1

Table of the coefficients ck,μ

Fig. 12-2
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When calculating the values of the function (zeta)λ (2 k + 1), the Mathematica inputs are shown as follows.

c[{k_, μ_}] := (2 k -μ) !
2k+3-μμ ! (k +3 -μ) !

μ (μ -1)2 (μ -2) (μ -3) (μ +4) - 2 k 8 k4 - 4 k3 μ2 +5 μ -13

+ 4 k2 2 μ3 +3 μ2 -26 μ +28 - k 7 μ4 -2 μ3 -89 μ2 +168 μ -92

+ (μ -1) 3 μ4 -2 μ3 -39 μ2 +68 μ -24;

zeta[{k_, λ_}] :=
2

k (2 k +1) !!
SumDivisorSigma[-(2 k +1), p] (2 π p)k+3 +

(k -2) (k +3)
2

(2 π p)k+2 +Sum[

c[{k, μ}] (2 π p)μ, {μ, 0, k +1}] ⅇ-2 πp, {p, 1, λ};

N[{zeta[{1, 1}], zeta[{1, 2}], zeta[{1, 3}], zeta[{1, 4}], zeta[{1, 5}], Zeta[3]}, 10]

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd 

number of 3 or more.

( 12 - 92 ) ζ1 (3), ζ2 (3), ζ3 (3), ζ4 (3), ζ5 (3), ζ (3)

≃ {1.148054268, 1.201550493, 1.202053511, 1.202056889, 1.202056903, 1.202056903} .

( 12 - 93 ) ζ1 (5), ζ2 (5), ζ3 (5), ζ4 (5), ζ5 (5), ζ (5)

≃ {0.9638129674, 1.035899189, 1.036919392, 1.036927709, 1.036927755, 1.036927755} .

( 12 - 94 ) ζ1 (7), ζ2 (7), ζ3 (7), ζ4 (7), ζ5 (7), ζ (7)

≃ {0.8992359468, 1.006186929, 1.008327215, 1.008349125, 1.008349277, 1.008349277} .

( 12 - 95 ) ζ1 (9), ζ2 (9), ζ3 (9), ζ4 (9), ζ5 (9), ζ6 (9), ζ (9) ≃ {0.8448946784,

0.9977962524, 1.001954409, 1.002007939, 1.002008390, 1.002008393, 1.002008393} .

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of 

precision.

( 12 - 96 ) ζ13 (3), ζ (3)

≃ {1.202056903159594285399738161511, 1.202056903159594285399738161511} .

( 12 - 97 ) ζ14 (5), ζ (5)

≃ {1.036927755143369926331365486457, 1.036927755143369926331365486457} .

( 12 - 98 ) ζ14 (7), ζ (7)

≃ {1.008349277381922826839797549850, 1.008349277381922826839797549850} .

( 12 - 99 ) ζ14 (9), ζ (9)

≃ {1.002008392826082214417852769232, 1.002008392826082214417852769232} .

12-3. Two special series with fixed values

The left side of equation (12-30) can be written as follows:

( 12 - 100 ) ∑
P=1

∞

σ-5 (p) (2 π p)5 ⅇ-2 πp = ∑
n=1

∞

∑
m=1

∞
1

n5
(2πm n)5 ⅇ-2 πm n

= (2π)5 ∑
n=1

∞
15
8

2
15

+
1

sinh2 (π n)
+

1
sinh4 (π n)

1
sinh2 (π n)

= 60 π5 ∑
n=1

∞
2

15
+

1
sinh2 (π n)

+
1

sinh4 (π n)
1

sinh2 (π n)
 .
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Therefore,

( 12 - 101 ) ∑
n=1

∞
2

15
+

1
sinh2 (π n)

+
1

sinh4 (π n)
1

sinh2 (π n)
= 1

945
.

The following formulae are known “[1]”:

( 12 - 102 ) ∑
n=1

∞
1

sinh2 (π n)
= 1

6
-

1
2 π

.

( 12 - 103 ) ∑
n=1

∞
1

sinh4 (π n)
= -

11
90

+
1

3 π
+

1
1920 π6

Γ8 1
4
 .

The above formulae are introduced into the equation (12-101) to obtain the following series with fixed value:

( 12 - 104 ) ∑
n=1

∞
1

sinh6 (π n)
= 191

1890
-

4
15 π

-
1

1920 π6
Γ8 1

4
 .

13. Function that takes the constant 0 anywhere in the whole complex plane, and 
some series that give the algebraic number 0

The fifth-order IIc type functional equation is shown again.

( 13 - 1 ) -
θ (θ -1) (θ +1) θ2 +4 θ +5

4π
π
-
θ

2 Γ θ
2
 ζ (θ) =

-
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +H[5] (θ) ( θ ∈ ℂ ) .

Where

( 13 - 2 ) H[5] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2

θ5 +4 θ4 +4 θ3 -4 θ2 -5 θ +3 θ3 -11 θ2 -52 θ -150 +(θ -21) (2 π p)2 (2 π p)2K θ
2
(2 π p)

+ 2 θ4 +13 θ3 +34 θ2 +38 θ +15 +2 3 θ2 +13 θ +39 +(2 π p)2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) .

From (the third-order IIc type functional equation)× θ2 + 6 θ + 10,

( 13 - 3 ) -
θ (θ -1) (θ +1) θ2 +6 θ +10

4π
π
-
θ

2 Γ θ
2
 ζ (θ) =

-
θ (θ +1) (θ +2) θ2 +6 θ +10

4π
π
-

1+θ
2 Γ 1 +θ

2
 ζ (1 +θ) +θ2 +6 θ +10H[3] (θ) ( θ ∈ ℂ ) .

Where

( 13 - 4 ) H[3] (θ) =
1
π ∑P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) (θ +1) +(θ -7) (2 π p)2K θ
2
(2 π p)

+ (2 θ +1) (θ +1) +2 (2 π p)2 (2 π p) K 2-θ
2

(2 π p) .

From (equation (13-1))－(equation(13-3)),

( 13 - 5 )
θ (θ -1) (θ +1) (2 θ +5)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = H[5] (θ) - θ

2 +6 θ +10H[3] (θ) ( θ ∈ ℂ ) .

In addition, from (equation (11-5))×(θ + 1) (2 θ + 5),
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( 13 - 6 ) -
θ (θ -1) (θ +1) (2 θ +5)

4π
π
-
θ

2 Γ θ
2
 ζ (θ) = (θ +1) (2 θ +5)

π ∑
P=1

∞

σ-θ (p) p
θ

2

θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p) +(θ -1) -2 (2 π p)2 (2 π p)K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

And also, from (equation (13-5)) + (equation (13-6)),

( 13 - 7 ) H[5] (θ) - θ
2 +6 θ +10H[3] (θ) +

(θ +1) (2 θ +5)
π ∑

P=1

∞

σ-θ (p) p
θ

2

θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p) +(θ -1) -2 (2 π p)2 (2 π p)K 2-θ

2
(2 π p) = 0 ( θ ∈ ℂ ) .

Substituting the results of H[3] (θ) and H[5] (θ) for the calculation, the following equation is obtained: 

( 13 - 8 ) ∑
P=1

∞

σ-θ (p) p
θ

2 -3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K 2-θ
2

(2 π p) = 0 ( θ ∈ ℂ ) .

Let define the left side of equation (13-8) as the function ω (θ).  

( 13 - 9 ) ω (θ) := ∑
P=1

∞

σ-θ (p) p
θ

2 -3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ ) .

For above equation, -θ is substituted for θ to obtain the following equation:

( 13 - 10 ) ω (-θ) = ∑
P=1

∞

σθ (p) p
-
θ

2 -3 (-θ -3) (-θ -5) +(-θ -21) (2 π p)2 (2 π p)2 K -θ
2

(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K 2+θ
2

(2 π p)

= ∑
P=1

∞

σ-θ (p) p
θ

2 -3 (θ +3) (θ +5) -(θ +21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 4 24 +(2 π p)2 (2 π p)2  θ
2

K θ
2
(2 π p) +(π p)K θ-2

2
(2 π p)

= ∑
P=1

∞

σ-θ (p) p
θ

2 -3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ ) .

As a result, I obtained the function that takes the constant 0 anywhere in the whole complex plane.

( 13 - 11 ) ω (θ) = ω (-θ) = ∑
P=1

∞

σ-θ (p) p
θ

2 -3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K θ-2
2

(2 π p) = 0 ( θ ∈ ℂ ) .

In order to obtain a representation that has quadrable integrals, I modify the right side of equation (13-11) as 

follows:

( 13 - 12 ) ω (θ) = π
-
θ

2 ∑
P=1

∞

σ-θ (p) -3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 (π p)
θ

2 K θ
2
(2 π p)

+ 24 +(2 π p)2 (2 π p)4 (π p)
θ-2

2 K θ-2
2

(2 π p) ( θ ∈ ℂ ) .

From the equations (12-3) and (12-4),
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( 13 - 13 ) ω (θ) = π
-
θ

2 ∑
P=1

∞

σ-θ (p)

-3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ 24 +(2 π p)2 (2 π p)4 ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ ) .

Two integrals of the right side of equation (13-13) are quadrable when θ is any odd number of 1 or more.

Some calculating examples will be shown. When θ = 1,

( 13 - 14 ) ω (1) = π
-

1
2 ∑

P=1

∞

σ-1 (p) -24 - 20 (2 π p)2 (2 π p)2 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ 24 + (2 π p)2 (2 π p)4 ∫0

∞
x-2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

π
∑
P=1

∞

σ-1 (p) -24 - 20 (2 π p)2 (2 π p)2 π
2

ⅇ-2 πp +24 + (2 π p)2 (2 π p)4 π
2 π p ⅇ

-2 πp

= ∑
P=1

∞

σ-1 (p) (2 π p)3 -10 (2 π p)2 +24 (2 π p) -12 (2 π p)2 ⅇ-2 πp .

Therefore

( 13 - 15 ) ∑
P=1

∞

σ-1 (p) (2 π p)3 -10 (2 π p)2 +24 (2 π p) -12 (2 π p)2 ⅇ-2 πp = ω (±1) = 0 .

When θ = 3,

( 13 - 16 ) ω (3) = π
-

3
2 ∑

P=1

∞

σ-3 (p) -18 (2 π p)2 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ 24 + (2 π p)2 (2 π p)4 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

π π
∑
P=1

∞

σ-3 (p) -18 (2 π p)4 (2 π p)+1
4

π ⅇ-2 πp +24 + (2 π p)2 (2 π p)4 π
2

ⅇ-2 πp

= 1
2 π ∑P=1

∞

σ-3 (p) (2 π p)2 -9 (2 π p) +15 (2 π p)4 ⅇ-2 πp .

Therefore

( 13 - 17 ) ∑
P=1

∞

σ-3 (p) (2 π p)2 -9 (2 π p) +15 (2 π p)4 ⅇ-2 πp = 2 πω (±3) = 0 .

When θ = 5,
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( 13 - 18 ) ω (5) = π
-

5
2 ∑

P=1

∞

σ-5 (p) -16 (2 π p)2 (2 π p)2 ∫0

∞
x4 ⅇ

-x2 +
(π p)2

x2

ⅆx

+ 24 + (2 π p)2 (2 π p)4 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

π2 π
∑
P=1

∞

σ-5 (p) -16 (2 π p)4 (2 π p)2 +3 (2 π p)+3
8

π ⅇ-2 πp

+ 24 + (2 π p)2 (2 π p)4 (2 π p)+1
4

π ⅇ-2 πp

= 1
4 π2 ∑

P=1

∞

σ-5 (p) ((2 π p) -7) (2 π p)6 ⅇ-2 πp .

Therefore

( 13 - 19 ) ∑
P=1

∞

σ-5 (p) ((2 π p) -7) (2 π p)6 ⅇ-2 πp = 4 π2ω (±5) = 0 .

When θ = 7, 9, 11, 13, 15, and 17, only the results will be shown.

( 13 - 20 ) ∑
P=1

∞

σ-7 (p) (2 π p)6 -4 (2 π p)5 - 15 (2 π p)4 - 45 (2 π p)3 - 105 (2 π p)2

- 180 (2 π p) - 180 (2 π p)2 ⅇ-2 πp = 8 π3ω (±7) = 0 .

( 13 - 21 ) ∑
P=1

∞

σ-9 (p) (2 π p)7 -21 (2 π p)5 - 147 (2 π p)4 - 630 (2 π p)3 - 1890 (2 π p)2

- 3780 (2 π p) - 3780 (2 π p)2 ⅇ-2 πp = 16 π4ω (±9) = 0 .

( 13 - 22 ) ∑
P=1

∞

σ-11 (p) (2 π p)8 +5 (2 π p)7 - 6 (2 π p)6 - 252 (2 π p)5 - 1995 (2 π p)4 - 9765 (2 π p)3

- 32 445 (2 π p)2 - 68 040 (2 π p) - 68 040 (2 π p)2 ⅇ-2 πp = 32 π5ω (±11) = 0 .

( 13 - 23 ) ∑
P=1

∞

σ-13 (p) (2 π p)9 +11 (2 π p)8 + 45 (2 π p)7 - 180 (2 π p)6 - 4095 (2 π p)5 - 33 075 (2 π p)4

- 170 100 (2 π p)3 - 585 900 (2 π p)2 - 1 247 400 (2 π p)

- 1 247 400 (2 π p)2 ⅇ-2 πp = 64 π6ω (±13) = 0 .

( 13 - 24 ) ∑
P=1

∞

σ-15 (p) (2 π p)10 +18 (2 π p)9 + 150 (2 π p)8 + 450 (2 π p)7 - 4725 (2 π p)6

- 79 380 (2 π p)5 - 630 315 (2 π p)4 - 3 274 425 (2 π p)3 - 11 382 525 (2 π p)2

- 24 324 300 (2 π p) - 24 324 300 (2 π p)2 ⅇ-2 πp = 128 π7ω (±15) = 0 .

( 13 - 25 ) ∑
P=1

∞

σ-17 (p) (2 π p)11 +26 (2 π p)10 + 330 (2 π p)9 + 2310 (2 π p)8 + 3465 (2 π p)7

- 124 740 (2 π p)6 - 1 735 965 (2 π p)5 - 13 357 575 (2 π p)4 - 68 918 850 (2 π p)3 - 239 188 950 (2 π p)2

- 510 810 300 (2 π p) - 510 810 300 (2 π p)2 ⅇ-2 πp = 256 π8ω (±17) = 0 .

It is recognized that some series that seem to give transcendental numbers, however, give the algebraic 

number 0 at times. And the function ω (θ) is the null function in the whole complex plane. Unfortunately, no 

one knows whether the zeta value for any odd number of 3 or more is a transcendental number at the moment.
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14. Derivation of an explicit formula for a new eta function and the proof of the 
generalized Riemann hypothesis for the eta function

14-1. Derivation of an explicit formula for a new eta function

The following equation defines the eta function η (θ):

( 14 - 1 ) η (θ) := π
θ

2

(1 -θ) Γ 1 +
θ
2

χ (θ) ( θ ∈ ℂ \ {1} ) .

According to the definition, the non-trivial zeros of the eta function are the same as those of the Chi function.

Thus, I also propose the generalized Riemann hypothesis for the eta function that states that all non-trivial 

zeros lie on the imaginary axis. it will be proved soon. 

The equation (9-24) is introduced into the equation of definition.

( 14 - 2 ) η (θ) = π
θ

2

(θ -1)Γ 1 +
θ
2


θ (θ -1)
2

π
-
θ

2 Γ θ
2
 ζ (θ)

+ 2 (θ -1) ∑
P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p)K 2-θ

2
(2 π p)

= ζ (θ) + 2 π
θ

2

Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θK θ
2
(2 π p) +(2 π p)K 2-θ

2
(2 π p) ( θ ∈ ℂ \ {1} ) .

The explicit formula for the zeta function is introduced into the equation (14-2).

( 14 - 3 ) η (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) - 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2

θ (θ -1)K θ
2
(2 π p) +(θ -1) (2 π p)K 2-θ

2
(2 π p) ( θ ∈ ℂ \ {1} ) .

By simplifying, I obtain the explicit formula for the eta function. 

( 14 - 4 ) η (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

For the explicit formula, -θ is substituted for θ.

( 14 - 5 ) η (-θ) = 2 π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σθ (p) p
-
θ

2 (7 +θ) (2 π p)2 K -θ
2

(2 π p)

- 2 (2 π p)3 K 2+θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The relation between the equations (3-30) and (5-39) is applied to the equation (14-5).
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( 14 - 6 ) η (-θ) = 2 π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 +θ) (2 π p)2 K θ
2
(2 π p)

- 4 (2 π p)2 (π p)K 2+θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The recurrence formula for the modified Bessel function of the second kind is applied.

( 14 - 7 ) η (-θ) = 2 π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 +θ) (2 π p)2 K θ
2
(2 π p)

- 4 (2 π p)2  θ
2

K θ
2
(2 π p) +(π p)K θ-2

2
(2 π p)

= 2 π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The difference between η (θ) and η (-θ) is essentially reflected in each gamma factor. And the result of 

equation (14-7) will be used in Section 16.

14-2. The proof of the generalized Riemann hypothesis for the eta function

Assuming that there are infinitely many non-trivial zeros on the imaginary axis in the eta function, and both x 

and y are assumed to be real numbers, and (x + ⅈ y) is assumed to be a non-trivial zero of the eta function.

Based on the origin symmetry of the Chi function, (-x-ⅈ y) is also a non-trivial zero of the eta function. 

Because it contains trivial zeros of the eta function, the real axis must be excluded from the target region.

I consider that non-trivial zeros are determined as solutions of simultaneous equations consisting of the 

following equations:

( 14 - 8 ) 
η (x +ⅈ y) = 0 ( x ∈ , y ∈  \ {0} ) ,
η (-x -ⅈ y) = 0 ( x ∈ , y ∈  \ {0} ) .

For the explicit formula for the eta function, (x + ⅈ y) is substituted for θ.

( 14 - 9 ) η (x +ⅈ y) = 2 π
x +ⅈ y

2

(1 -x -ⅈ y) Γ 1 +
x +ⅈ y

2

∑
P=1

∞

σ-x-ⅈ y (p) p
x +ⅈ y

2

(7 -x -ⅈ y) (2 π p)2 K x +ⅈ y
2

(2 π p) -2 (2 π p)3 K 2 -x -ⅈ y
2

(2 π p) = 0 ( x ∈ , y ∈  \ {0} ) .

Similarly, in the explicit formula for the eta function, (-x - ⅈ y) is substituted for θ.

( 14 - 10 ) η (-x -ⅈ y) = 2 π
-x-ⅈ y

2

(1 +x +ⅈ y)Γ 1 +
-x-ⅈ y

2

∑
P=1

∞

σx +ⅈ y (p) p
-x-ⅈ y

2

(7 +x +ⅈ y (2 π p)2 K -x-ⅈ y
2

(2 π p) -2 (2 π p)3 K 2 +x +ⅈ y
2

(2 π p) = 0 ( x ∈ , y ∈  \ {0} ) .

The nont-rivial zeros are determined as the solutions of the simultaneous equations comprising the equations 

(14-9) and (14-10). Owing to the symmetric pair of these equations,

( 14 - 11 ) x = 0 .

is immediately determined.

For equation (14-9), 0 is substituted for x.
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( 14 - 12 ) η (ⅈ y) = 2 π
ⅈ y
2

(1 -ⅈ y)Γ 1 +
ⅈ y
2

∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2

(7 -ⅈ y) (2 π p)2 K ⅈ y
2

(2 π p) -2 (2 π p)3 K 2 -ⅈ y
2

(2 π p) = 0 ( y ∈  \ {0} ) .

For equation (14-10), 0 is substituted for x.

( 14 - 13 ) η (-ⅈ y) = 2 π
-
ⅈ y
2

(1 +ⅈ y)Γ 1 -
ⅈ y
2

∑
P=1

∞

σⅈ y (p) p
-ⅈ y

2

(7 +ⅈ y) (2 π p)2 K -ⅈ y
2

(2 π p) -2 (2 π p)3 K 2 +ⅈ y
2

(2 π p) = 0 ( y ∈  \ {0} ) .

The equations (14-12) and (14-13) are complex conjugate of each other in relation.

Hence, I can choose either of these equations as the determining equation of the real variable y.

Furthermore, the gamma factor of the eta function does not have a value of zero on the imaginary axis.

Additionally, the condition of y = 0 can be excepted, because the eta function has no non-trivial zero on the 

real axis.

Therefore, the following equation gives the determining equation of the real variable y.

( 14 - 14 ) ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p) -2 (2 π p)3 K 2 -ⅈ y

2
(2 π p) = 0 ( y ∈  ) .

The explicit formula for the Chi function is also found.

( 14 - 15 ) χ (θ) = (θ -1) π
-
θ

2 Γ 1 +
θ
2
 η (θ) =

-2 ∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p) -2 (2 π p)3 K 2-θ

2
(2 π p) ( θ ∈ ℂ ) .

The function value of the Chi function on the imaginary axis is

( 14 - 16 ) χ (ⅈ y) = -2 ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p)

- 2 (2 π p)3 K 2 -ⅈ y
2

(2 π p) ( y ∈  ) .

Applying the origin symmetry with respect to the index of the modified Bessel function of the second kind and 

the recurrence formula,

( 14 - 17 ) χ (ⅈ y) = -2 ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p) -2 (2 π p)3 K ⅈ y -2

2
(2 π p)

= -2 ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p)

+ 2 (2 π p)2 ⅈ y K ⅈ y
2

(2 π p) -(2 π p)K ⅈ y +2
2

(2 π p)

= -2 ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 +ⅈ y) (2 π p)2 K -ⅈ y

2
(2 π p) -2 (2 π p)3 K 2 +ⅈ y

2
(2 π p) ( y ∈  ) .

Using the complex conjugate on both sides of the above equation,

( 14 - 18 ) χ* (ⅈ y) = -2 ∑
P=1

∞

σⅈ y (p) p
-ⅈ y

2 (7 -ⅈ y) (2 π p)2 K ⅈ y
2

(2 π p) -2 (2 π p)3 K 2 -ⅈ y
2

(2 π p)

= -2 ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p) -2 (2 π p)3 K 2 -ⅈ y

2
(2 π p) ( y ∈  ) .
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Here, the equation (5-39) is applied.

Therefore, it is shown that the Chi function takes real value on the imaginary axis as follows:

( 14 - 19 ) Im (χ (ⅈ y)) = 1
2 ⅈ

χ (ⅈ y) -χ* (ⅈ y) = 0 ( y ∈  ) .

The Hadamard product representation for the Chi function on the imaginary axis is

( 14 - 20 ) χ (ⅈ y) = 1
2
- 2 ∑

P=1

∞

σ0 (p) (2 π p)K1 (2 π p) ∏
m=1

∞

1 -
y2

(τm)2
( y ∈  ) .

From the equations (14-16) and (14-20),

( 14 - 21 ) ∑
P=1

∞

σ-ⅈ y (p) p
ⅈ y
2 (7 -ⅈ y) (2 π p)2 K ⅈ y

2
(2 π p) -2 (2 π p)3 K 2 -ⅈ y

2
(2 π p)

= -
1
2

1
2
- 2 ∑

P=1

∞

σ0 (p) (2 π p)K1 (2 π p) ∏
m=1

∞

1 -
y2

(τm)2
∈  ( y ∈  ) .

On the imaginary axis, the left side of the determining equation takes a real value. In this case, the imaginary 

axis corresponds to the critical line of the eta function.

It is possible to assert that there is no non-trivial zero off the imaginary axis.

At this stage, the proof of the generalized Riemann hypothesis for the eta function is complete.

It should be noted that the existence of an infinite number of non-trivial zeros of the eta function remains 

unproven.

Furthermore, it is possible to design an eta function variant that takes real values on the imaginary axis. The 

method is to obtain the absolute value for the gamma factor of the eta function’s explicit formula. I decide to 

write the eta function variant as eta-tilde (θ) by adding the symbol ~ (tilde) just above the Greek letter η.

( 14 - 22 ) η
~

(θ) := 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

From now on, I consider the behavior of the number-theoretic function σ-θ (n) nθ/2 on the imaginary axis by 

presenting specific examples. When n = 1,

( 14 - 23 ) n
ⅈ y
2 σ-ⅈ y (n)

n=1
= 1 .

When n is the prime number a,

( 14 - 24 ) a
ⅈ y
2 σ-ⅈ y (a) = 1 +a-ⅈ y a

ⅈ y
2 = 2 cos y

2
log (a) .

When n is (2 k - 1) power of the prime number a,

( 14 - 25 ) a2 k-1
ⅈ y
2 σ-ⅈ y a

2 k-1 = ∑
m=1

k

2 cos  (2 m-1) y
2

log (a) ( k ∈ ℕ ) .

When n is 2k power of the prime number a,

( 14 - 26 ) a2 k
ⅈ y
2 σ-ⅈ y a

2 k = 1 + ∑
m=1

k

2 cos (m y log (a)) ( k ∈ ℕ ) .

The number-theoretic function σ-θ (n) nθ/2 is described by a real cosine in the explicit formula for the eta 

function on the imaginary axis.
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15. Visualization of the zeta functions and the eta functions

Let start by preparing some formulae for visualization.

The rule in subsection 6-3 is applied to the explicit formula for the zeta function.

In this case, the approximate formula for the zeta function is written as ζλ (θ).

( 15 - 1 ) ζλ (θ) := 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

λ

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The rule is also applied for defining equation (11-23).

( 15 - 2 ) ζ
~
λ (θ) := 2 π

θ

2

(1 -θ) Γ 1 +
θ
2

∑
P=1

λ

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The relation between ζλ (θ) and (zeta -hat)λ (θ) is

( 15 - 3 ) 
λ→+∞

ζλ (θ) = 
λ→+∞

ζ

λ (θ) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The relation between ζλ (θ) and (zeta - tilde)λ (θ) is

( 15 - 4 ) ζλ (θ) = ζ
~
λ (θ) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The rule is also applied to the explicit formula for the eta function.

( 15 - 5 ) ηλ (θ) := 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

λ

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The rule is also applied for defining equation (14-22).

( 15 - 6 ) η
~
λ (θ) := 2 π

θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

λ

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The relation between ηλ (θ) and (eta - tilde)λ (θ) is

( 15 - 7 ) ηλ (θ) = η
~
λ (θ) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

The right side of the null function ω(θ) is multiplied by the absolute value of the gamma factor of the zeta 

function to obtain the estimating function (omega - tilde)λ (θ); moreover, the function (omega - tilde)∞ (θ) is 

also the null function.

( 15 - 8 ) ω
~
λ (θ) := 2 π

θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

λ

σ-θ (p) p
θ

2

-3 (θ -3) (θ -5) +(θ -21) (2 π p)2 (2 π p)2 K θ
2
(2 π p)

+ 2 24 +(2 π p)2 (2 π p)3 K θ-2
2

(2 π p) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .
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Three -dimensional graph of z = Re ω
~

8 (x +ⅈ y) and z = Im ω
~

8 (x +ⅈ y),

x ∈ [-35, 35], y ∈ [0, 70]

Re ω
~

8 x +ⅈ y

Im ω
~

8 x +ⅈ y

Fig. 15-1

The above three-dimensional graph shows the computational error because the null function 

(omega - tilde)∞ (θ) takes the value zero anywhere in the whole complex plane.

Three -dimensional graph of z = Re ω
~

11 (x +ⅈ y) and z = Im ω
~

11 (x +ⅈ y),

x ∈ [-35, 35], y ∈ [0, 70]

Re ω
~

11 x +ⅈ y

Im ω
~

11 x +ⅈ y

Fig. 15-2

When the following two graphs are compared, it is observed that the computational error decreases with a 

larger degree of approximation at each point in the observational domain. In comparison to the same domain, 

the above results emphasize that the degree of approximation is needed to draw another kind of graph.
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Graph of z = Re ζ
~

8 
1
2
+ⅈ y , z = Im ζ

~
8 

1
2
+ⅈ y , and z = -

1
3
η8 (ⅈ y), y ∈ [0, 52]

10 20 30 40 50

-4

-3

-2

-1

1

2

3

Re ζ
~

8 
1
2
+ⅈ y

Im ζ
~

8 
1
2
+ⅈ y

-
1
3
η8 (ⅈ y)

Fig. 15-3

Both the functions

ζ
~

8 
1
2
+ⅈ y and -

1
3
η8 (ⅈ y)

are projected onto the same surface. I can see a relation between the imaginary parts of the non-trivial zeros of 

the zeta function and those of the eta function that is neither too close nor too far away. The imaginary part of 

the function (zeta - tilde) (θ) is zero anywhere along the critical line because the absolute value is taken for the 

gamma factor of the zeta function. On the critical line, the function (zeta - tilde) (θ) takes a real value, and 10 

non-trivial zeros of the zeta function lie on the interval [1 /2 + ⅈ 0, 1 /2 + ⅈ 52]. 

Here are the details. (The positive imaginary parts of the 11 non-trivial zeros of the eta function will be shown 

later.)

( 15 - 9 ) Re ζ
~

8 
1
2
+ⅈ 14 134 725 142

1 000 000 000
-10-9 , Re ζ

~
8 

1
2
+ⅈ 14 134 725 142

1 000 000 000
+10-9  ≃

-5.82730 × 10-10, 1.00359 × 10-9 .

( 15 - 10 ) Re ζ
~

8 
1
2
+ⅈ 21 022 039 639

1 000 000 000
-10-9 , Re ζ

~
8 

1
2
+ⅈ 21 022 039 639

1 000 000 000
+10-9  ≃

8.77134 × 10-10, -1.39654 × 10-9 .

( 15 - 11 ) Re ζ
~

9 
1
2
+ⅈ 25 010 857 580

1 000 000 000
-10-9 , Re ζ

~
9 

1
2
+ⅈ 25 010 857 580

1 000 000 000
+10-9  ≃

-1.57157 × 10-9, 1.17188 × 10-9 .

( 15 - 12 ) Re ζ
~

9 
1
2
+ⅈ 30 424 876 126

1 000 000 000
-10-9 , Re ζ

~
9 

1
2
+ⅈ 30 424 876 126

1 000 000 000
+10-9  ≃

1.12075 × 10-9, -1.48713 × 10-9 .

( 15 - 13 ) Re ζ
~

9 
1
2
+ⅈ 32 935 061 588

1 000 000 000
-10-9 , Re ζ

~
9 

1
2
+ⅈ 32 935 061 588

1 000 000 000
+10-9  ≃

-1.02165 × 10-9, 1.74259 × 10-9 .

( 15 - 14 ) Re ζ
~

10 
1
2
+ⅈ 37 586 178 159

1 000 000 000
-10-9 , Re ζ

~
10 

1
2
+ⅈ 37 586 178 159

1 000 000 000
+10-9  ≃

1.59892 × 10-9, -2.27410 × 10-9 .
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( 15 - 15 ) Re ζ
~

10 
1
2
+ⅈ 40 918 719 012

1 000 000 000
-10-9 , Re ζ

~
10 

1
2
+ⅈ 40 918 719 012

1 000 000 000
+10-9  ≃

-1.71047 × 10-9, 1.27075 × 10-9 .

( 15 - 16 ) Re ζ
~

10 
1
2
+ⅈ 43 327 073 281

1 000 000 000
-10-9 , Re ζ

~
10 

1
2
+ⅈ 43 327 073 281

1 000 000 000
+10-9  ≃

1.67766 × 10-9, -1.98936 × 10-9 .

( 15 - 17 ) Re ζ
~

11 
1
2
+ⅈ 48 005 150 881

1 000 000 000
-10-9 , Re ζ

~
11 

1
2
+ⅈ 48 005 150 881

1 000 000 000
+10-9  ≃

-1.83014 × 10-9, 1.30592 × 10-9 .

( 15 - 18 ) Re ζ
~

12 
1
2
+ⅈ 49 773 832 478

1 000 000 000
-10-9 , Re ζ

~
12 

1
2
+ⅈ 49 773 832 478

1 000 000 000
+10-9  ≃

9.53951 × 10-10, -1.88391 × 10-9 .

Three -dimensional graph of z = Re ζ
~

5 (x +ⅈ y) and z = 0, x ∈ -1
2

, 3
2
, y ∈ [0, 35]

Fig. 15-4

Three-dimensional graphs will be hereafter drawn using the plane z = 0 as the auxiliary plane.

Using topography as an analogy, the plane z = 0 (colored blue) is suited for the surface of the sea, and the 

candidate sites for the non-trivial zeros of the zeta function are along the coast lines.
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Three -dimensional graph of z = Im ζ
~

5 (x +ⅈ y) and z = 0, x ∈ -1
2

, 3
2
, y ∈ [0, 35]

Fig. 15-5

On the sea’s complicated surface, the critical line is clearly visible.

The intersections of the coast line and the critical line in the two graphs above are the non-trivial zeros.

As reference, the same graphs above (Fig. 15-4 and Fig. 15-5) can also be drawn using only the well-known 

built-in Mathematica functions.

The Mathematica inputs are shown as follows: 

zetaxx[θ_] := Abs 2 π
θ

2

(1 -θ) Gamma1 +
θ
2

 Zeta[θ] 2 π

θ

2

(1 -θ) Gamma1 +
θ
2

;

Plot3D{Re[zetaxx[x +ⅈ y]], 0}, x, -1
2

, 3
2 , {y, 0, 35}, BoxRatios → {1, 3, 1}

Plot3D{Im[zetaxx[x +ⅈ y]], 0}, x, -1
2

, 3
2 , {y, 0, 35}, BoxRatios → {1, 3, 1}
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Graph of z = Re ζ5 
1
2
+ⅈ y and z = Im ζ5 

1
2
+ⅈ y, y ∈ [0, 35]

5 10 15 20 25 30 35

-1

1

2

3

Re ζ5 
1
2
+ⅈ y

Im ζ5 
1
2
+ⅈ y

Re Zeta1
2
+ⅈ y

Im Zeta1
2
+ⅈ y

Fig. 15-6

To evaluate the error, real and imaginary values of Zeta[1 /2 + ⅈ y], i.e., Mathematica’s built-in zeta function, 

are superposed on the graph. A five degree of approximation is appropriate for the interval [1/2+ⅈ 0,1/2+ⅈ 35]. 

The built-in zeta function should be superposed if necessary for all graphs.

Graph of z = Re ζ8 
1
2
+ⅈ y and z = Im ζ8 

1
2
+ⅈ y, y ∈ [35, 70]

40 45 50 55 60 65 70

-2

-1

1

2

3

4

Re ζ8 
1
2
+ⅈ y

Im ζ8 
1
2
+ⅈ y

Re Zeta1
2
+ⅈ y

Im Zeta1
2
+ⅈ y

Fig. 15-7

An eight degree of approximation is appropriate for the interval [1/2+ⅈ 35,1/2+ⅈ 70].

I change to the function (zeta -hat)12 (θ) for drawing in the interval [1/2+ⅈ 70,1/2+ⅈ 105] for accuracy. 
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Graph of z = Re ζ


12 
1
2
+ⅈ y and z = Im ζ


12 

1
2
+ⅈ y, y ∈ [70, 105]

75 80 85 90 95 100 105

-2

2

4

Re ζ


12 
1
2
+ⅈ y

Im ζ


12 
1
2
+ⅈ y

Fig. 15-8

It would be short on accuracy in the interval [1/2+ⅈ 95,1/2+ⅈ 105]. The next graph is prepared to confirm this 

error.

Graph of z = Re ζ


12 
1
2
+ⅈ y, z = Im ζ


12 

1
2
+ⅈ y,

z = Re Zeta1
2
+ⅈ y, and z = Im Zeta1

2
+ⅈ y, y ∈ [95, 105]

96 98 100 102 104

-1

1

2

3

Re ζ


12 
1
2
+ⅈ y

Im ζ


12 
1
2
+ⅈ y

Re Zeta1
2
+ⅈ y

Im Zeta1
2
+ⅈ y

Fig. 15-9

From the above four graphs, I can recognize that in total, 29 non-trivial zeros of the zeta function lie on the 

interval [1 /2 + ⅈ 0, 1 /2 + ⅈ 100].

Graph of z = ζ5 (x) and z = Zeta[x], x ∈ [-13, 10]

-12 -10 -8 -6 -4 -2

-0.08

-0.06

-0.04

-0.02

0.02

,

-2 2 4 6 8 10

-2

-1

1

2

3

ζ5 (x)

Zeta[x]

Fig. 15-10

I can see that the pole and the trivial zeros of the zeta function on the real axis are accurate.
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Graph of z = Re η
~

8 (ⅈ y), z = Im η
~

8 (ⅈ y), and z = -3 ζ8 
1
2
+ⅈ y, y ∈ [0, 52]

10 20 30 40 50

-10

-5

5

Re η
~

8 (ⅈ y)

Im η
~

8 (ⅈ y)

-3 ζ8 
1
2
+ⅈ y

Fig. 15-11

Both the functions

η
~

8 (ⅈ y) and -3 ζ8 
1
2
+ⅈ y

are projected onto the same surface. I can also see the relation neither too close nor too far away between the 

imaginary parts of the zeta function’s non-trivial zeros and those of the eta function. Since the gamma factor 

of the eta function is taken as an absolute value, the imaginary part of the function (eta - tilde) (θ) is zero 

anywhere on the imaginary axis. Function (eta - tilde) (θ) is observed to take real values on the imaginary axis; 

moreover, 11 non-trivial zeros of the eta function lie on the interval [ⅈ 0, ⅈ 52].

Here are the details.

( 15 - 19 ) Re η
~

8 ⅈ 
12 041 897 809
1 000 000 000

-10-9, Re η
~

8 ⅈ 
12 041 897 809
1 000 000 000

+10-9 ≃

-1.151464 × 10-9, 4.99152 × 10-10 .

( 15 - 20 ) Re η
~

8 ⅈ 
20 487 540 608
1 000 000 000

-10-9, Re η
~

8 ⅈ 
20 487 540 608
1 000 000 000

+10-9 ≃

3.39148 × 10-9, -1.69660 × 10-9 .

( 15 - 21 ) Re η
~

9 ⅈ 
25 976 196 025
1 000 000 000

-10-9, Re η
~

9 ⅈ 
25 976 196 025
1 000 000 000

+10-9 ≃

-1.074615 × 10-9, 2.36501 × 10-9 .

( 15 - 22 ) Re η
~

9 ⅈ 
28 269 450 283
1 000 000 000

-10-9, Re η
~

9 ⅈ 
28 269 450 283
1 000 000 000

+10-9 ≃

2.75628 × 10-9, -9.95323 × 10-10 .

( 15 - 23 ) Re η
~

9 ⅈ 
32 685 214 209
1 000 000 000

-10-9, Re η
~

9 ⅈ 
32 685 214 209
1 000 000 000

+10-9 ≃

-5.02927 × 10-9, 3.53524 × 10-9 .

( 15 - 24 ) Re η
~

10 ⅈ 
36 583 986 392
1 000 000 000

-10-9, Re η
~

10 ⅈ 
36 583 986 392
1 000 000 000

+10-9 ≃

7.85814 × 10-9, -4.74443 × 10-9 .

( 15 - 25 ) Re η
~

11 ⅈ 
42 044 079 278
1 000 000 000

-10-9, Re η
~

11 ⅈ 
42 044 079 278
1 000 000 000

+10-9 ≃

-8.94336 × 10-10, 2.39905 × 10-9 .

( 15 - 26 ) Re η
~

11 ⅈ 
42 901 222 688
1 000 000 000

-10-9, Re η
~

11 ⅈ 
42 901 222 688
1 000 000 000

+10-9 ≃

1.46300 × 10-9, -1.56310 × 10-9 .

Beyond the Riemann hypothesis Version 1.nb     115



( 15 - 27 ) Re η
~

11 ⅈ 
46 556 753 041
1 000 000 000

-10-9, Re η
~

11 ⅈ 
46 556 753 041
1 000 000 000

+10-9 ≃

-4.30492 × 10-9, 5.06314 × 10-9 .

( 15 - 28 ) Re η
~

11 ⅈ 
50 021 715 160
1 000 000 000

-10-9, Re η
~

11 ⅈ 
50 021 715 160
1 000 000 000

+10-9 ≃

4.64200 × 10-9, -2.54722 × 10-9 .

( 15 - 29 ) Re η
~

11 ⅈ 
51 457 512 850
1 000 000 000

-10-9, Re η
~

11 ⅈ 
51 457 512 850
1 000 000 000

+10-9 ≃

-5.47820 × 10-9, 3.82695 × 10-9 .

Three -dimensional graph of z = Re η
~

5 (x +ⅈ y) and z = 0, x ∈ [-1, 1], y ∈ [0, 35]

Fig. 15-12

The coast lines are candidate sites for the non-trivial zeros of the eta function.  
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Three -dimensional graph of z = Im η
~

5 (x +ⅈ y) and z = 0, x ∈ [-1, 1], y ∈ [0, 35]

Fig. 15-13

On the intricate surface of the sea, the imaginary axis is clearly visible.

The intersections of the coast lines and the imaginary axis in the following two graphs are the non-trivial 

zeros. Here, the imaginary axis corresponds to the critical line of the eta function.

Graph of z = Re (η5 (ⅈ y)) and z = Im (η5 (ⅈ y)), y ∈ [0, 35]

5 10 15 20 25 30 35

-2

2

4

6

Re (η5 (ⅈ y))

Im (η5 (ⅈ y))

Fig. 15-14

The eta function on the imaginary axis has a similar shape as that of the zeta function on the critical line.
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Graph of z = η5 (x) and z = Zeta[x], x ∈ [-13, 10]
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Fig. 15-15

On the real axis, I can also see the pole and the trivial zeros of the eta function.

On the real axis, there is a little difference between the eta and the zeta functions.

16. Similarities and differences between the zeta and the eta functions, and other 
knowledge

16-1. Similarities and differences between the zeta and the eta functions

The explicit formulae for the zeta and the eta functions are shown again.

( 16 - 1 ) ζ (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +(7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -2 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

( 16 - 2 ) η (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

- 2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

An easily recognized common point here is that they have the same gamma factor.

Thus, having only a simple pole at θ = 1 is one of the common points.

The residue of the eta function at θ = 1 is as follows:

( 16 - 3 ) Res (1 ; η (θ)) = (θ -1) η (θ) θ=1 = (θ -1) ζ (θ) θ=1 = Res 1 ; ζ (θ) = 1 .

The calculation is performed for the second term of equation (16-3).

( 16 - 4 ) (θ -1) η (θ) θ=1 = 4 π
1
2

Γ 3
2

∑
P=1

∞

σ-1 (p) p
1
2 ((2 π p) -3) (2 π p)2 K 1

2
(2 π p)

= 8 π
1
2

π
∑
P=1

∞

σ-1 (p) p
1
2 ((2 π p) -3) (2 π p)2 π

2 (2 π p)
ⅇ-2 πp

= 4 ∑
P=1

∞

σ-1 (p) ((2 π p) -3) (2 π p)2 ⅇ-2 πp .

Thus, the following infinite series that gives the algebraic number 1/4 is obtained: 

( 16 - 5 ) ∑
P=1

∞

σ-1 (p) ((2 π p) -3) (2 π p)2 ⅇ-2 πp = 1
4

.

In addition, another common point is that they have trivial zeros for any even number of -2 or less.
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That is

( 16 - 6 ) ζ (-2 k) = η (-2 k) = 0 ( k ∈ ℕ ) .

When k is assumed to be any positive integer again, the value of ζ (1 - 2 k) corresponds to the value of ζ (2 k) 

for the zeta function due to the point symmetry of the Riemann Xi function. In contrast, in the case of the eta 

function, the value of η (-2 k - 1) corresponds to the value of η (2 k + 1) due to the origin symmetry of the 

Chi function.

Furthermore, the mathematical phrase can define any relation between of η (-2 k - 1) and η (2 k + 1). The 

modified equation is performed to calculate the function value on the real axis of the eta function (16-2), 

which is obtained earlier (14-4).

( 16 - 7 ) η (θ) = 2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) (7 -θ) (2 π p)2 (π p)
θ

2 K θ
2
(2 π p)

- (2 π p)4 (π p)
θ-2

2 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

When θ is any odd number of 3 or more, the following integral representation is used:

( 16 - 8 ) η (θ) = 2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) (7 -θ) (2 π p)2 ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ \ {1} ) .

For equation (16-2), -θ is substituted for θ, which is obtained earlier as equation (14-7).

( 16 - 9 ) η (-θ) = 2 π
-
θ

2

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 (7 -θ) (2 π p)2 K θ
2
(2 π p)

-2 (2 π p)3 K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

The modification is performed for equation (16-9).

( 16 - 10 ) η (-θ) = 2 π-θ

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) (7 -θ) (2 π p)2 (π p)
θ

2 K θ
2
(2 π p)

- (2 π p)4 (π p)
θ-2

2 K θ-2
2

(2 π p) ( θ ∈ ℂ \ {-1} ) .

When θ is any odd number of 1 or more, the following integral representation is used:

( 16 - 11 ) η (-θ) = 2 π-θ

(1 +θ)Γ 1 -
θ
2

∑
P=1

∞

σ-θ (p) (7 -θ) (2 π p)2 ∫0

∞
xθ-1 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
xθ-3 ⅇ

-x2 +
(π p)2

x2

ⅆx ( θ ∈ ℂ \ {-1} ) .

For equation (16-11), 1 is substituted for θ. 
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( 16 - 12 ) η (-1) = 2 π-1

2Γ 1 -
1
2

∑
P=1

∞

σ-1 (p) 6 (2 π p)2 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
x-2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

π π
∑
P=1

∞

σ-1 (p) 6 (2 π p)2 · π
2 ⅇ-2 πp -(2 π p)4 · π

2 π p ⅇ
-2 πp .

The representation for η (-1) and its exact value are shown.

( 16 - 13 ) η (-1) = -
1
π ∑P=1

∞

σ-1 (p) ((2 π p) -3) (2 π p)2 ⅇ-2 πp = -
1

4 π
.

For equation (16-11), 3 is substituted for θ.

( 16 - 14 ) η (-3) = 2 π-3

4Γ 1 -
3
2

∑
P=1

∞

σ-3 (p) 4 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

= -
1

4 π3 π
∑
P=1

∞

σ-3 (p) 4 (2 π p)2 · (2 π p)+1
4

π ⅇ-2 πp -(2 π p)4 · π
2

ⅇ-2 π p .

The representation for η (-3) and its approximate value are shown.

( 16 - 15 ) η (-3) = 1
8 π3 ∑

P=1

∞

σ-3 (p) (2 π p)2 -2 (2 π p) -2 (2 π p)2 ⅇ-2 πp ≃ 0.0077338931815 .

In addition, in the equation (16-8), 3 is substituted for θ.

( 16 - 16 ) η (3) = 2

-2 Γ 1 +
3
2

∑
P=1

∞

σ-3 (p) 4 (2 π p)2 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
x0 ⅇ

-x2 +
(π p)2

x2

ⅆx

= -
4

3 π
∑
P=1

∞

σ-3 (p) 4 (2 π p)2 · (2 π p)+1
4

π ⅇ-2 πp -(2 π p)4 · π
2

ⅇ-2 πp

= 2
3 ∑P=1

∞

σ-3 (p) (2 π p)2 -2 (2 π p) -2 (2 π p)2 ⅇ-2 πp ≃ 1.2789292363 .

Equations (16-15) and (16-16) are integrated to obtain the relation between η (3) and η (-3).

( 16 - 17 ) η (3) = 16 π3

3
η (-3) .

For equation (16-11), 5 is substituted for θ.

120     Beyond the Riemann hypothesis Version 1.nb



( 16 - 18 ) η (-5) = 2 π-5

6Γ 1 -
5
2

∑
P=1

∞

σ-5 (p) 2 (2 π p)2 ∫0

∞
x4 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= 1

4 π5 π
∑
P=1

∞

σ-5 (p) 2 (2 π p)2 · (2 π p)2 +3 (2 π p)+3
8

π ⅇ-2 πp

- (2 π p)4 · (2 π p)+1
4

π ⅇ-2 πp

= -
1

16 π5 ∑
P=1

∞

σ-5 (p) (2 π p)3 -3 (2 π p) -3 (2 π p)2 ⅇ-2 πp ≃ -0.0036345168378 .

For equation (16-8), 5 is substituted for θ.

( 16 - 19 ) η (5) = 2

-4Γ 1 +
5
2

∑
P=1

∞

σ-5 (p) 2 (2 π p)2 ∫0

∞
x4 ⅇ

-x2 +
(π p)2

x2

ⅆx

- (2 π p)4 ∫0

∞
x2 ⅇ

-x2 +
(π p)2

x2

ⅆx

= -
4

15 π
∑
P=1

∞

σ-5 (p) 2 (2 π p)2 · (2 π p)2 +3 (2 π p)+3
8

π ⅇ-2 πp

- (2 π p)4 · (2 π p)+1
4

π ⅇ-2 πp

= 1
15 ∑P=1

∞

σ-5 (p) (2 π p)3 -3 (2 π p) -3 (2 π p)2 ⅇ-2 πp ≃ 1.1863826102 .

Equations (16-18) and (16-19) are integrated to obtain the relation between η (5) and η (-5).

( 16 - 20 ) η (5) = -
16 π5

15
η (-5) .

Hereafter, the calculations can be performed similarly.

In cases where θ = 7, 9, 11, 13,15, and 17, each representation by the elementary functions and the approxi-

mate value are shown all together.

( 16 - 21 ) η (7) = 512 π7

4725
η (-7)

= 2
315 ∑P=1

∞

σ-7 (p) (2 π p)2 +3 (2 π p) +3 (2 π p)4 ⅇ-2 πp ≃ 1.2460084172 .

( 16 - 22 ) η (9) = -
128 π9

19 845
η (-9)

= 1
1890 ∑P=1

∞

σ-9 (p) (2 π p)5 +7 (2 π p)4 + 25 (2 π p)3 + 60 (2 π p)2

+ 105 (2 π p) + 105 (2 π p)2 ⅇ-2 πp ≃ 1.3360607156 .

( 16 - 23 ) η (11) = 4096 π11

16 372 125
η (-11)
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= 2
51 975 ∑P=1

∞

σ-11 (p) (2 π p)6 +12 (2 π p)5 +75 (2 π p)4 + 315 (2 π p)3 + 945 (2 π p)2

+ 1890 (2 π p) + 1890 (2 π p)2 ⅇ-2 πp ≃ 1.4336203440 .

( 16 - 24 ) η (13) = -
4096 π13

602 026 425
η (-13)

= 1
405 405 ∑P=1

∞

σ-13 (p) (2 π p)7 +18 (2 π p)6 + 168 (2 π p)5 + 1050 (2 π p)4 + 4725 (2 π p)3

+ 15 120 (2 π p)2 + 31 185 (2 π p) + 31 185 (2 π p)2 ⅇ-2 πp ≃ 1.5315820258 .

( 16 - 25 ) η (15) = 262 144 π15

1 917 454 163 625
η (-15)

= 2
14 189 175 ∑P=1

∞

σ-15 (p) (2 π p)8 +25 (2 π p)7 + 322 (2 π p)6 + 2772 (2 π p)5 + 17 325 (2 π p)4

+ 79 695 (2 π p)3 + 259 875 (2 π p)2 + 540 540 (2 π p) + 540 540 (2 π p)2 ⅇ-2 πp ≃ 1.6272471919 .

( 16 - 26 ) η (17) = -
16 384 π17

7 761 123 995 625
η (-17)

= 1
137 837 700 ∑P=1

∞

σ-17 (p) (2 π p)9 +33 (2 π p)8 + 558 (2 π p)7 + 6300 (2 π p)6 + 51 975 (2 π p)5

+ 322 245 (2 π p)4 + 1 486 485 (2 π p)3 + 4 864 860 (2 π p)2

+ 10 135 125 (2 π p) + 10 135 125 (2 π p)2 ⅇ-2 πp ≃ 1.7195887751 .

In the domain of θ > 1 on the real axis, the zeta function is strictly monotonically decreasing. Conversely, the 

eta function has a minimal value at θ > 1 in the same domain. Although the eta function is strictly monotoni-

cally decreasing in 1 < θ < κ, it turns to be strictly monotonically increasing in θ > κ.

The range of the minimal value and κ value (that gives the minimal value) are shown.

( 16 - 27 ) 1.183937412932 < η (κ) < 1.183937412933 ( 4.62270 < κ < 4.62271 ) .

The next graph shows the non-trivial zeros of both the eta and zeta functions.

Graph of the non-trivial zeros of the eta function and those of the zeta function
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Fig. 16-1

The dots on the imaginary axis indicate the eta function’s non-trivial zeros, while those on the critical line 

indicate the zeta function’s non-trivial zeros.
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16-2. The general representation for the eta function for any odd number of 3 or more

For equation (16-8), any odd number of 3 or more is substituted for θ.

( 16 - 28 ) η (2 k +1) =

1

2 k Γ 1 +
2 k +1

2

∑
P=1

∞

σ-(2 k+1) (p) (2 k -6) (2 π p)2 ∫0

∞
x2 k ⅇ

-x2 +
(π p)2

x2

ⅆx

+ (2 π p)4 ∫0

∞
x2 (k-1) ⅇ

-x2 +
(π p)2

x2

ⅆx

= 2k+1

k (2 k +1) !! π
∑
P=1

∞

σ-(2 k+1) (p) 2 (k -3) (2 π p)2 ∫0

∞
x2 k ⅇ

-x2 +
(π p)2

x2

ⅆx

+ (2 π p)4 ∫0

∞
x2 (k-1) ⅇ

-x2 +
(π p)2

x2

ⅆx ( k ∈ ℕ ) .

The general representation for the two integrals of equation (16-28) is given by the description in the subsec-

tion 19-4 i.e.,

( 16 - 29 ) ∫0

∞
x2 k ⅇ

- x2 +
(π p)2

x2
ⅆx = 1

2k+1 ∑
μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp ( p, k ∈ ℕ ) .

Where

( 16 - 30 ) ak,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) !
( k ∈ ℕ, μ = 0, 1, · · ·, k ) .

And the coefficients deserving special mention are as follows:

( 16 - 31 ) ak,k = 1 ( k ∈ ℕ ) .

( 16 - 32 ) ak,1 = ak,0 = (2 k -1) !! ( k ∈ ℕ ) .

The above general representation for the two integrals is introduced into equation (16-28).

( 16 - 33 ) η (2 k +1) =

2k+1

k (2 k +1) !! π
∑
P=1

∞

σ-(2 k+1) (p) 2 (k -3) (2 π p)2 · 1
2k+1 ∑

μ=0

k

ak,μ (2 π p)μ π ⅇ-2 πp

+ (2 π p)4 · 1
2k ∑

μ=0

k-1

ak-1,μ (2 π p)μ π ⅇ-2 πp

= 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p)

(k -3) ∑
μ=0

k

ak,μ (2 π p)μ + ∑
μ=2

k+1

ak-1,μ -2 (2 π p)μ (2 π p)2 ⅇ-2 πp ( k ∈ ℕ ) .

Therefor,
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( 16 - 34 ) η (2 k +1) =

2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) ak-1,k-1 (2 π p)k+1 + ∑
μ=2

k

ak-1,μ -2 +(k -3) ak,μ (2 π p)μ

+ (k -3) ak,1 (2 π p) + (k -3) ak,0 (2 π p)2 ⅇ-2 πp ( k ∈ ℕ ) .

From the definition of ak,μ, 

( 16 - 35 ) ak-1,k-1 =
(2 k -μ) !

2k -μ μ ! (k -μ) ! k=k-1,μ=k-1
= 1 ( k ∈ ℕ ). 

( 16 - 36 ) (k -3) ak,1 = (k -3) ak,0 = (k -3) (2 k -1) !! ( k ∈ ℕ ) .

The above results are introduced into equation (16-34).

( 16 - 37 ) η (2 k +1) =

2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) (2 π p)k+1 + ∑
μ=2

k

ak-1,μ -2 +(k -3) ak,μ (2 π p)μ

+ (k -3) (2 k -1) !! (2 π p) + (k -3) (2 k -1) !! (2 π p)2 ⅇ-2 πp ( k ∈ ℕ ) .

Here, new coefficients dk,μ are used for the general representation for the eta function for any odd number of 

3 or more.

The coefficients dk,μ are determined by the following equation of definition:

( 16 - 38 ) η (2 k +1) := 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) (2 π p)k+1 + ∑
μ=2

k

dk,μ (2 π p)μ

+ (k -3) (2 k -1) !! (2 π p) + (k -3) (2 k -1) !! (2 π p)2 ⅇ-2 πp ( k ∈ ℕ \ {1} ) .

The coefficients dk,k+1, dk,1, and dk,0 are immediately determined as follows:

( 16 - 39 ) dk,k+1 = 1 ( k ∈ ℕ ) .

( 16 - 40 ) dk,1 = dk,0 = (k -3) (2 k -1) !! ( k ∈ ℕ ) .

The coefficients dk,μ are calculated as follows: 

( 16 - 41 ) dk,μ = ak-1,μ -2 +(k -3) ak,μ

=
(2 k -μ) !

2k -μ μ ! (k -μ) ! k=k-1,μ=μ -2
+ (k -3) · (2 k -μ) !

2k -μ μ ! (k -μ) !

=
μ2 +5 μ -6 -2 k (μ +2)+2 k2

2k -μ +1 μ ! (k -μ +1) !
(2 k -μ) ! ( k ∈ ℕ \ {1}, μ = 2, 3, · · ·, k ) .

For equation (16-41), 1 is substituted for k, and 2 is substituted for μ.

( 16 - 42 ) d1,2 = 1 .

This result is equivalent to the result of substituting 1 for k in equation (16-39).

For equation (16-40), 1 is substituted for k, and 0 and 1 are substituted for μ.

( 16 - 43 ) d1,1, d1,0 = {-2, -2} .

This results are equivalent to the results of substituting 1 for k in equations (16-40).

Thus, the right side of equation (16-41) holds even for the case when k = 1.
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( 16 - 44 ) dk,μ =
μ2 +5 μ -6 -2 k (μ +2)+2 k2

2k -μ +1 μ ! (k -μ +1) !
(2 k -μ) ! ( k ∈ ℕ, μ = 2, 3, · · ·, k ) .

Combining the above results, I arrive at the conclusions in this subsection.

As a result, the general representation for the eta function for any odd number of 3 or more is obtained.

( 16 - 45 ) η (2 k +1) = 2
k (2 k +1) !!

∑
P=1

∞

σ-(2 k+1) (p) ∑
μ=0

k+1

dk,μ (2 π p)μ (2 π p)2 ⅇ-2 πp ( k ∈ ℕ ) .

Where

( 16 - 46 ) dk,μ =
μ2 +5 μ -6 -2 k (μ +2)+2 k2

2k -μ +1 μ ! (k -μ +1) !
(2 k -μ) ! ( k ∈ ℕ, μ = 0, 1, · · ·, k +1 ) .

And the coefficients deserving special mention are shown as follows:

( 16 - 47 ) dk,k+1 = 1 ( k ∈ ℕ ) .

( 16 - 48 ) dk,k = (k -2) (k +3)
2

( k ∈ ℕ ) .

( 16 - 49 ) dk,1 = dk,0 = (k -3) (2 k -1) !! ( k ∈ ℕ ) .

The coefficients of the infinite sum of the function η (2 k + 1) are the same to those of the function ζ (2 k + 1) 

without a leading term.

Table of the coefficients dk,μ

Fig. 16-2

16-3. Observational results about relationships between prime numbers and the zeta function

This subsection describes the known relationships between the prime numbers and the zeta function that are 

necessary “[16].” The purpose is to compare the relationships between the prime numbers and the eta function.

Let consider the second Chebyshev function “[19].”

( 16 - 50 ) Ψ (x) := ∑
pk≤x

p: prime, k∈ℕ

log (p) ( x > 0 ) .

The i-th prime number is assumed to be pi. This function is a step function where the function value steps up 

by log(pi) as the positive real variable x continuously increases and reaches the k-th power of the prime 

number pi. Until it reaches the first prime number 2, the function value on the interval of 0 < x < 2 is zero. 

This function can be written using the Mangoldt function Λ(n).

( 16 - 51 ) Ψ (x) =∑
n≤x

Λ (n) ( x > 0 ) .
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Where

( 16 - 52 ) Λ (n) :=
log (p) n = pk ,
0 otherwise.

   

Let Ψ* (x) be the modified function so that its value at the step-up point corresponds to the midpoint.

( 16 - 53 ) Ψ* (x) := 1
2

h→0

Ψ (x +h) +Ψ (x -h) ( x > 0 ) .

The modified second Chebyshev function is described by the second Chebyshev function and the Mangoldt 

function as follows:   

( 16 - 54 ) Ψ* (x) =
Ψ (x) - 1

2
Λ (x) x = 2, 3, 22, 5, 7, 23, 32, 11, 13, 24, 17, · · · ,

Ψ (x) otherwise.

The Riemann-von Mangold explicit formula states that the modified second Chebyshev function is described 

by the information on the zeta function as follows:

( 16 - 55 ) Ψ* (x) = s (x) - ∑
ζ (ρ)=0

ρ: non-trivial zero

xρ
ρ

( x > 0 ) .

Here, s(x) is called the approximate term and is given by the following equations:

( 16 - 56 ) s (x) = x -
log (1 -x-2)

2
-
ζ′ (0)
ζ (0)

( x > 0 ) .

( 16 - 57 )
ζ′ (0)
ζ (0)

= log (2π) ≃ 1.8378770664 .

The periodic terms are the second term on the right side of equation (16-55), and the sum of the periodic terms 

crosses all non-trivial zeros of the zeta function.

The function ΨN (x) is defined such that the infinite sum of periodic terms is restricted to the sum of N match-

ing pairs. Here, the matching pair consists of a non-trivial zero and its complex conjugate. 

( 16 - 58 ) ΨN (x) := s (x) - ∑
m=1

N

x
1/2 +ⅈ ρm

1/2 +ⅈρm
+
x1/2 -ⅈ ρm
1/2 -ⅈρm

 ( x > 0, N ∈ ℕ ) .

Here, ρm is the positive imaginary part of the m-th non-trivial zero of the zeta function to which the number is 

allocated in an order that is closer to the real axis.

The values of the 201 non-trivial zeros of the zeta function were calculated with 25-decimal accuracy for the 

following drawing “[15].” The numerical data will be presented at the end of this section. 

Graph of the approximate term s(x) and Ψ200 (x) on the interval [3  2, 30]
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Fig. 16-3
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Graph of the approximate term s(x) and Ψ200 (x) on the interval [3  2, 120]
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Fig. 16-4

It is shown that the step function is generated from the information on the non-trivial zeros of the zeta function.

As a main spectrum, the imaginary parts of the non-trivial zeros of the zeta function generate prime numbers.

In principle, the points that the step function steps up (i.e., the positive integer power of the prime numbers) 

can be extracted by differentiating the periodic term of ΨN (x) by x.

According to the known result, the positive integer powers of the prime numbers are given as the maximal 

values of the following function ΦN (x), which is generated using the information on finite numbers of the 

imaginary parts of the non-trivial zeros of the zeta function:

( 16 - 59 ) ΦN (x) := -
d
dx ∑m=1

N

x
1/2 +ⅈ ρm

1/2 +ⅈρm
+
x1/2 -ⅈ ρm
1/2 -ⅈρm



= -
2

x
∑
m=1

N

cos (ρm log (x)) ( x > 0, N ∈ ℕ ) .

Since the maximal values at the square or more of a sufficiently large prime number tend to be sufficiently 

small in comparison with the maximal value at the first power of the prime number, I use the expression “main 

spectrum.”

Graph of Φ50 (x), Φ100 (x), and Φ200 (x) on the interval [3  2, 15] 
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Fig. 16-5
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The peaks are observed at the points where x is one of the prime numbers 2, 3, 5, 7, 11, and 13; 4 and 9 are the 

squares of prime numbers 2 and 3, respectively; and 8 is the cube of prime number 2.

Graph of Φ50 (x), Φ100 (x), and Φ200 (x) on the interval [15, 50] 
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Fig. 16-6

The peaks are found at the points where x is one of the following prime numbers: 17, 19, 23, 29, 31, 37, 41, 

43, and 47; 25 and 49 are the squares of prime numbers 5 and 7, respectively; 27 is the cube of prime number 

3; and 16 and 32 are the fourth and fifth powers of prime number 2, respectively.

Graph of Φ50 (x), Φ100 (x), and Φ200 (x) on the interval [50, 100] 
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Fig. 16-7

Peaks are recognized where x is one of the following prime numbers: 53, 59, 61, 67, 71, 73, 79, 83, 89, and 

97. However, at the points where x is 64 (the sixth power of prime number 2) and 81 (the fourth power of 

prime number 3), the peak values are so small that their detection is difficult. The imaginary parts of the non-

trivial zeros of the zeta function are proven to generate prime numbers as a main spectrum.

When I consider another relation between the prime numbers and the zeta function’s non-trivial zeros, the 

following equation, whose peaks correspond to the imaginary parts of the non-trivial zeros, is also known as 

“[16]”:
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( 16 - 60 ) Ωc (y) := - ∑
pn≤ c

p: prime, n∈ℕ

log (p)
pn cos (y log (pn)) ( y ∈ , c ∈ ℕ ) .

Here, the sum crosses all the integers for which the positive integer powers of the conditional prime number p 

are less than or equal to the sufficiently large arbitrary positive integer C.

Assuming the k-th prime number as pk, the conditional partial sum is given as follows:

( 16 - 61 ) ωc (y, m, n) := - ∑
k=1

m
log (pk)

pk
n cos (y log ((pk)n)) ( c, m, n ∈ ℕ, y ∈ , (pm)n ≤ c ) .

For the positive integer C, 3 numbers (1260, 110 880, and 10 810 800) are selected to display graphs.

Some prime numbers pk for the calculations are shown as follows:

( 16 - 62 ) {p1, p2, p3, p4, p5, p205, p10 522, p714 823} = {2, 3, 5, 7, 11, 1259, 110 879, 10 810 763} .

When C = 1260,

( 16 - 63 ) Ω1260 (y) = ω1260 (y, 205, 1) +ω1260 (y, 11, 2) +ω1260 (y, 4, 3) +ω1260 (y, 3, 4)

+ ∑
n=5

6

ω1260 (y, 2, n) + ∑
n=7

10

ω1260 (y, 1, n) (y ∈  ) .

When C = 110 880,

( 16 - 64 ) Ω110 880 (y) = ω110 880 (y, 10 522, 1) +ω110 880 (y, 67, 2) +ω110 880 (y, 15, 3)

+ω110 880 (y, 7, 4) +ω110 880 (y, 4, 5) + ∑
n=6

7

ω110 880 (y, 3, n) + ∑
n=8

10

ω110 880 (y, 2, n)

+ ∑
n=11

16

ω110 880 (y, 1, n) (y ∈  ) .

When C = 10 810 800,

( 16 - 65 ) Ω10 810 800 (y) = ω10 810 800 (y, 714 823, 1) +ω10 810 800 (y, 462, 2) +ω10 810 800 (y, 47, 3)

+ω10 810 800 (y, 16, 4) +ω10 810 800 (y, 9, 5) +ω10 810 800 (y, 6, 6) + ∑
n=7

8

ω10 810 800 (y, 4, n)

+ ∑
n=9

10

ω10 810 800 (y, 3, n) + ∑
n=11

14

ω10 810 800 (y, 2, n) + ∑
n=15

23

ω10 810 800 (y, 1, n) (y ∈  ) .

Graph ofΩc (y) (c = 1260, 110 880, 10 810 800) and -
1
4
ζ5

1
2
+ⅈ y on the interval [2, 35] 
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Fig. 16-8
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To clearly show the imaginary parts of the non-trivial zeros of the zeta function, the function

-
1
4
ζ5 

1
2
+ⅈ y

is superposed on the above graph. Hereafter, functions showing the imaginary parts of the non-trivial zeros of 

the zeta functions or those of the eta functions are superposed on all graphs as needed.

The imaginary parts of the non-trivial zeros of the zeta function are proven to exist under each peak, i.e., the 

maximal values of the CapitalOmega functions.

Graph ofΩc (y) (c = 1260, 110 880, 10 810 800) and -
1
4
ζ5

1
2
+ⅈ y on the interval [35, 70]
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Fig. 16-9

I demonstrated that the imaginary parts of the zeta function’s non-trivial zeros are generated as a spectrum 

using only prime number information.

16-4. Observational results about relationships between prime numbers and the eta function 
without a proof

I define the following equation as an analogy to the equation (16-55):

( 16 - 66 ) Ψ*
~

(x) := s
~

(x) - ∑
η (τ)=0

τ: non-trivial zero

x τ

τ ( x > 0 ) .

In comparison to equations (16-56) and (16-57), the positive real variable x is replaced with x1/2 and the non-

trivial zeros of the zeta function are replaced with those of the eta function.

( 16 - 67 ) s
~

(x) := x -
log 1 -x-1

2
-
η′ (0)
η (0)

( x > 0 ) .

( 16 - 68 )
η′ (0)
η (0)

≃ 1.8609727754 .

The sum of the periodic terms crosses all non-trivial zeros of the eta function.

As an analogy to the equation (16-58), I define the following equation: 

( 16 - 69 ) Ψ
~

N (x) := s
~

(x) - ∑
m=1

N  x 
ⅈ τm

ⅈτm
+
 x 

-ⅈ τm

-ⅈτm
( x > 0, N ∈ ℕ ) .

Here, τm is the positive imaginary part of the eta function’s m-th non-trivial zero, to which the number is 

allocated in order that is closer to the real axis.
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The values of 201 non-trivial zeros of the eta function were obtained with 25-decimal accuracy following the 

drawing. Specifically, as part of the search for the non-trivial zeros of the eta function, the sign changing was 

investigated at a step width of 0.1 (finely adjusted if necessary) using (eta - tilde)λ (θ), which takes the real 

value on the imaginary axis. At the end of this section, the numerical data will be presented.

Graph of the approximate term s
~

(x) and Ψ
~

200 (x) on the interval [3  2, 30] 
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s
~
(x)

Ψ
~

200 (x)

Fig. 16-10

The step-up is not recognized at the non-Pythagorean prime points of 3, 7, 11, 19, and 23 at all.

Graph of the approximate term s
~

(x) and Ψ
~

200 (x) on the interval [3  2, 120] 
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Fig. 16-11

The information on the non-trivial zeros of the eta function is used to produce the different step function.

In principle, the points that the step function steps up can be extracted by differentiating the periodic terms of 

(CapitalPsi - tilde)N (x) by x.

As a counterpart to the equation (16-59), I define the following equation:

( 16 - 70 ) Φ
~

N (x) := -
d
dx ∑m=1

N  x 
ⅈ τm

ⅈτm
+
 x 

-ⅈ τm

-ⅈτm
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= -
1
x ∑m=1

N

cos 1
2
τm log (x) ( x > 0, N ∈ ℕ ) .

In contrast to the equation (16-59), the essential correction is that ρm is replaced by τm /2.

Graph of Φ
~

50 (x), Φ
~

100 (x), and Φ
~

200 (x) on the interval [3  2, 15]
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Fig. 16-12

The peaks are recognized at the points where x is the Pythagorean primes 5 and 13; 2, 4, and 8 are the first, 

second, and third powers of prime number 2; and 9 is the square of prime number 3.

Graph of Φ
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Fig. 16-13

The peaks are recognized at the points where x is one of the following Pythagorean primes: 17, 29, 37, and 41; 

16 is the fourth power of prime number 2; and 25 and 49 are the squares of prime numbers 5 and 7, respec-

tively. However, the peaks are not recognized at the points where x is 27(the cube of prime number 3) and 

32(fifth power of prime number 2).
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Graph of Φ
~

50 (x), Φ
~

100 (x), and Φ
~

200 (x) on the interval [50, 100]
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Fig. 16-14

The peaks are recognized at the points where x is one of the Pythagorean primes 53, 61, 73, 89, and 97; 81 is 

the fourth power of prime number 3. However, the recognition of the peak is difficult when x is 64(sixth 

power of prime number 2). It is obvious that the imaginary parts of the eta function’s non-trivial zeros gener-

ate Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 as a main spectrum.

Based on the research results so far, let define the following function:

( 16 - 71 ) Ω
~

c (y) :=

-
1
2 ∑

2n≤ c
n∈ℕ

log (2)
2n cos y

2
log (2n) - ∑

qn≤ c
q: Pythagorean prime

n∈ℕ

log (q)
qn cos y

2
log (qn)

- ∑
r2 n≤ c

r: non -Pythagorean prime \ {2}
n∈ℕ

log (r)
r2 n

cos y
2

log r2 n ( y ∈ , c ∈ ℕ ) .

Assuming the k-th Pythagorean prime as qk, the conditional partial sum of the second term on the right side of 

equation (16-71) is defined as follows:

( 16 - 72 ) ω
~

c (y, m, n) := - ∑
k=1

m
log qk

qk
n cos y

2
log ((qk)

n) ( c, m, n ∈ ℕ, y ∈ , (qm)n ≤ c ) .

Here, the sum crosses all integers whose positive integer powers corresponding to the conditional Pythagorean 

prime q are less than or equal to the sufficiently large arbitrary positive integer C.

For the positive integer C, 3 numbers (5040, 554400, and 61261200) are selected to display graphs.

Some Pythagorean primes qk for the calculations are shown as follows:

( 16 - 73 ) {q1, q2, q3, q4, q5, q331, q22 799, q1 815 875} = {5, 13, 17, 29, 37, 5021, 554 377, 61 261 169} .

Assuming the k-th non-Pythagorean prime except even prime 2 as rk, the conditional partial sum of the third 

term on the right side of equation (16-71) is as follows:

( 16 - 74 ) ω


c (y, m, n) := - ∑
k=1

m
log rk

rk
2 n

cos y
2

log (rk)
2 n ( c, m, n ∈ ℕ, y ∈ , (rm)n ≤ c ) .

Here, the sum crosses all integers whose positive even powers of the conditional non-Pythagorean prime r are 

less than or equal to the sufficiently large arbitrary positive integer C.
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 equal  sufficiently large arbitrary positive integer

Some non-Pythagorean primes rk for the calculations are shown as follows:

( 16 - 75 ) {r1, r2, r3, r4, r5, r10, r69, r499} = {3, 7, 11, 19, 23, 67, 743, 7823} .

When C = 5040,

( 16 - 76 ) Ω
~

5040 (y) = -
1
2 ∑

n=1

12
log (2)

2n cos y
2

log (2n) +ω
~

5040 (y, 331, 1) +ω
~

5040 (y, 8, 2)

+ω
~

5040 (y, 3, 3) +ω
~

5040 (y, 2, 4) + ∑
n=5

7

ω
~

5040 (y, 1, n)

+ω


5040 (y, 10, 1) +ω


5040 (y, 2, 2) +ω


5040 (y, 1, 3) ( y ∈  ) .

When C = 554 400,

( 16 - 77 ) Ω
~

554 400 (y) = -
1
2 ∑

n=1

19
log (2)

2n cos y
2

log (2n) +ω
~

554 400 (y, 22 799, 1)

+ω
~

554 400 (y, 62, 2) +ω
~

554 400 (y, 9, 3) +ω
~

554 400 (y, 3, 4) +ω
~

554 400 (y, 2, 5)

+ ∑
n=6

8

ω
~

554 400 (y, 1, n) +ω


554 400 (y, 69, 1) +ω


554 400 (y, 5, 2) +ω


554 400 (y, 2, 3)

+ ∑
n=4

6

ω


554 400 (y, 1, n) ( y ∈  ) .

When C = 61 261 200,

( 16 - 78 ) Ω
~

61 261 200 (y) = -
1
2 ∑

n=1

25
log (2)

2n cos y
2

log (2n) +ω
~

61 261 200 (y, 1 815 875, 1)

+ω
~

61 261 200 (y, 489, 2) +ω
~

61 261 200 (y, 36, 3) +ω
~

61 261 200 (y, 9, 4) +ω
~

61 261 200 (y, 4, 5)

+ω
~

61 261 200 (y, 3, 6) + ∑
n=7

11

ω
~

61 261 200 (y, 1, n) +ω


61 261 200 (y, 499, 1) +ω


61 261 200 (y, 13, 2)

+ω


61 261 200 (y, 4, 3) +ω


61 261 200 (y, 2, 4) + ∑
n=5

8

ω


61 261 200 (y, 1, n) ( y ∈  ) .

Graph ofΩ
~

c (y) (c = 5040, 554 400, 61 261 200) and -
1

16
η5 (ⅈ y) on the interval [2, 35]
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Fig. 16-15

134     Beyond the Riemann hypothesis Version 1.nb



Graph ofΩ
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Fig. 16-16

Below each peak, there are one or two imaginary parts of the eta function’s non-trivial zeros. It is shown that 

the imaginary parts of the non-trivial zeros of the eta function are generated as a quasi-spectrum using the 

information on Pythagorean primes, the squares of non-Pythagorean primes, and even prime 2.

For further exploration, I newly define the following function:

( 16 - 79 ) Ω
–

c (y) := -
1
2 ∑

2n≤ c
n∈ℕ

log (2)
2n cos y

2
log (2n)

- ∑
r2 n-1≤ c

r: non -Pythagorean prime \ {2}
n∈ℕ

log (r)
r2 n-1

cos y
2

log r2 n-1 ( y ∈ , c ∈ ℕ ) .

By using this, I obtain the following obvious relation:

( 16 - 80 ) Ωc (y) =Ω
~

c (2 y) +Ω
–

c (2 y) ( y ∈ , c ∈ ℕ ) .

The conditional partial sum of the second term on the right side of equation (16-80) is defined as follows:

( 16 - 81 ) ω
–

c (y, m, n) :=

- ∑
k=1

m
log rk

rk
2 n-1

cos y
2

log (rk)
2 n-1  c, m, n ∈ ℕ, y ∈ , (rm)2 n-1 ≤ c  .

When C = 5040,

( 16 - 82 ) Ω
–

5040 (y) = -
1
2 ∑

n=1

12
log (2)

2n cos y
2

log (2n) +ω
–

5040 (y, 343, 1) +ω
–

5040 (y, 3, 2)

+ ∑
n=3

4

ω
–

5040 (y, 1, n) ( y ∈  ) .

When C = 554 400,

( 16 - 83 ) Ω
–

554 400 (y) = -
1
2 ∑

n=1

19
log (2)

2n cos y
2

log (2n) +ω
–

554 400 (y, 22 855, 1)

+ω
–

554 400 (y, 12, 2) +ω
–

554 400 (y, 3, 3) + ∑
n=4

6

ω
–

554 400 (y, 1, n) ( y ∈  ) .
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When C = 61 261 200,

( 16 - 84 ) Ω
–

61 261 200 (y) = -
1
2 ∑

n=1

25
log (2)

2n cos y
2

log (2n) +ω
–

61 261 200 (y, 1 816 644, 1)

+ω
–

61 261 200 (y, 40, 2) +ω
–

61 261 200 (y, 6, 3) +ω
–

61 261 200 (y, 3, 4) +ω
–

61 261 200 (y, 2, 5)

+ ∑
n=6

8

ω
–

61 261 200 (y, 1, n) ( y ∈  ) .

Graph ofΩ
–

c (y) (c = 5040, 554 400, 61 261 200) and -
1
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η5 (ⅈ y) on the interval [2, 35]

5 10 15 20 25 30 35

-0.5

0.5

1.0

Ω
–

5040 (y)

Ω
–

554 400 (y)

Ω
–

61 261 200 (y)

-
1

16
η5 (ⅈ y)

Fig. 16-17

Graph ofΩ
–

c (y) (c = 5040, 554 400, 61 261 200) and -
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Fig. 16-18

It is shown shortly after that the CapitalOmega-tilde and the CapitalOmega-dash functions are important when 

considering their difference and sum.
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Fig. 16-19
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Fig. 16-20

The dots on the horizontal axis indicate the imaginary parts of the eta function’s non-trivial zeros.

Below each peak, there is always one imaginary part of the eta function’s non-trivial zero.

In the observation range, the imaginary parts of the non-trivial zeros of the modified zeta function 

ζ (θ /2 + 1 /4) belong to the subset of those of the eta function.

In other words, twice the imaginary part of each zeta function’s non-trivial zero belongs to the subset of 

imaginary parts of the eta function’s non-trivial zeros.

Twice the imaginary parts of the zeta function’s non-trivial zeros are far from the y-coordinates of the peaks, 

respectively.
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Fig. 16-21

Graph ofΩ
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Fig. 16-22

The dots on the horizontal axis indicate the imaginary parts of the non-trivial zeros of the modified eta func-

tion η (2 θ).

Below each peak, there is always one imaginary part of the non-trivial zero of the modified eta function. 

Furthermore, it is also the imaginary part of the non-trivial zero of the zeta function.
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List of 201 non-trivial zeros of the zeta function (Positive imaginary part, 25-decimal accuracy), Part1

Fig. 16-23
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List of 201 non-trivial zeros of the zeta function (Positive imaginary part, 25-decimal accuracy), Part2

Fig. 16-24
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List of 201 non-trivial zeros of the eta function (Positive imaginary part, 25-decimal accuracy), Part1

Fig. 16-25

Beyond the Riemann hypothesis Version 1.nb     141



List of 201 non-trivial zeros of the eta function (Positive imaginary part, 25-decimal accuracy), Part2

Fig. 16-26
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17.  The equivalent function to the Riemann-Siegel Ζ (t)

The function ζ
~
1 /2 + ⅈ t, which takes real values on the critical line, is equivalent to the Riemann-Siegel 

Ζ (t) function “[6].”

( 17 -1 ) ζ
~
 1

2
+ⅈ t = Ζ (t) ( t ∈  ) .

Therefore, the new explicit formula for the Riemann-Siegel Ζ (t) function is given as follows:

( 17 -2 ) Ζ (t) =

2 π
1
4

1 -ⅈ 2 t
2

Γ  5 +ⅈ 2 t
4


∑
P=1

∞

σ
-

1 +ⅈ 2 t
2

(p) p
1 +ⅈ 2 t

4 - 1 +4 t2

4
+

13 -ⅈ 2 t
2

(2 π p)2K 1 +ⅈ 2 t
4

(2 π p)

-  1 -ⅈ 2 t
2

+2 (2 π p)2 (2 π p)K 3 -ⅈ 2 t
4

(2 π p) ( t ∈  ) .

The rule in subsection 6-3 is applied to the above equation.

( 17 -3 ) Ζλ (t) =

2 π
1
4

1 -ⅈ 2 t
2

Γ  5 +ⅈ 2 t
4


∑
P=1

λ

σ
-

1 +ⅈ 2 t
2

(p) p
1 +ⅈ 2 t

4 - 1 +4 t2

4
+

13 -ⅈ 2 t
2

(2 π p)2K 1 +ⅈ 2 t
4

(2 π p)

-  1 -ⅈ 2 t
2

+2 (2 π p)2 (2 π p)K 3 -ⅈ 2 t
4

(2 π p) ( t ∈ , λ ∈ ℕ ) .

Graph of Re (Ζ11 (t)), Im (Ζ11 (t)), and RiemannSiegelZ[t], t ∈ [0, 70]
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Fig. 17-1

To confirm the equivalence, the graph is superposed with Mathematica’s built-in Riemann-Siegel Ζ (t) 

function.

The following equation defines the Riemann-Siegel theta function:

( 17 -4 ) Ζ (t) := ⅇⅈ ϑ (t) ζ  1
2
+ⅈ t ∈  ( t ∈  ) .

On the critical line, the Riemann-Siegel theta function takes a real value. From the defining equation,

( 17 -5 ) ⅇⅈ ϑ (t) =

1 -ⅈ 2 t
2

Γ  5 +ⅈ 2 t
4



2 π
1 +ⅈ 2 t

4

2 π
1 +ⅈ 2 t

4
1 -ⅈ 2 t

2
Γ  5 +ⅈ 2 t

4


= π
-
ⅈ t
2

Γ  1
4
+
ⅈ t
2


Γ  1
4
-
ⅈ t
2


( t ∈  ) .

Taking a logarithm and dividing by i in both sides of the above equation,
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( 17 -6 ) ϑ (t) +2 k π = -
log (π)

2
t - ⅈ

2
log

Γ  1
4
+
ⅈ t
2


Γ  1
4
-
ⅈ t
2


( k ∈ ℤ, t ∈  ) .

Here, the integer k is chosen such that the Riemann-Siegel theta function is continuous.

Using the following proposition formula, the discontinued points of the second term on the right side of the 

above equation are obtained:

( 17 -7 ) Re
Γ  1

4
+
ⅈ fm

2


Γ  1
4
-
ⅈ fm

2


+1 = 0 ⟹ log
Γ  1

4
+
ⅈ fm

2


Γ  1
4
-
ⅈ fm

2


= log (-1) = ⅈ π (m ∈ ℤ \ {0} ) .

Specifically, fm can be determined as the zeros in the premise formula of the proposition. The following are 

some fm examples:

( 17 -8 ) {f1, f2, f3, f4, f35, f36} ≃ {8.58494, 12.3904, 15.6226, 18.5534, 80.6619, 82.3566} .

( 17 -9 ) f-m = - fm (m ∈ ℕ ) .

For describing the partial Riemann-Siegel theta function, the following unit step function is proposed:

( 17 -10 ) U (x) := 
0 x < 0 ,
1 x ≥ 0 .

Hence, the partial Riemann-Siegel theta function is obtained as follows: 

( 17 -11 ) Θn
Ζ (t) =

-
log (π)

2
t - ⅈ

2
log

Γ  1
4
+
ⅈ t
2


Γ  1
4
-
ⅈ t
2


+π ∑
m=-n-1

n
(m +1 -U (m)) (U (t - fm) -U (t - fm+1))

( n ∈ ℕ, t ∈ , t < fn +1 ) .

Here, f0 is specially defined for simple expression.

( 17 -12 ) f0 := 0 .

The partial Riemann-Siegel theta function is an odd function. 

( 17 -13 ) Θn
Ζ (t) = -Θn

Ζ (- t) ( n ∈ ℕ, t ∈ , t < fn +1 ) .

The Riemann-Siegel theta function is determined as the infinite limit of an integer n.

( 17 -14 ) ϑ (t) = 
n→∞

Θn
Ζ (t) ( t ∈  ) .

Graph of RiemannSiegelTheta[t] and Θ5
Ζ (t), t ∈ [0, 30]

5 10 15 20 25 30

-15

-10

-5

5

RiemannSiegelTheta[t]

Θ5
Ζ (t)

Fig. 17-2

The graph is superposed with Mathematica’s built-in Riemann-Siegel theta function.
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 graph  superposed  Riemann-Siegel

The built-in Riemann-Siegel theta function is continuous on the whole interval, although the partial Riemann-

Siegel theta function is discontinuous. 

Graph of Re ⅇⅈΘ35
Ζ (t) Zeta1

2
+ⅈ t, Im ⅇⅈΘ35

Ζ (t) Zeta1
2
+ⅈ t, Re ζ

~
11 

1
2
+ⅈ t ,

and Im ζ
~

11 
1
2
+ⅈ t , t ∈ [0, 70]
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Re ⅇⅈΘ35
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+ⅈ t

Re ζ
~

11 
1
2
+ⅈ t

Im ζ
~

11 
1
2
+ⅈ t

Fig. 17-3

For the eta function, the theta-hat function is defined by the following equation: 

( 17 -15 ) E (t) := ⅇⅈ ϑ

(t) η (ⅈ t) = η

~
(ⅈ t) ∈  ( t ∈  ) .

According to the defining equation,

( 17 -16 ) ⅇⅈ ϑ

(t) =

(1 -ⅈ t)Γ 1+ ⅈ t
2


2 π
ⅈ t
2

2 π
ⅈ t
2

(1 -ⅈ t)Γ 1+ ⅈ t
2


= π
-
ⅈ t
2 1 -ⅈ t

1 +t2

Γ 1+ ⅈ t
2


Γ 1- ⅈ t
2


( t ∈  ) .

Taking a logarithm and dividing by i on both sides of the above equation, 

( 17 -17 ) ϑ

(t) +2 k π = -

log (π)
2

t - ⅈ log 1 -ⅈ t

1 +t2
-
ⅈ
2

log
Γ 1+ ⅈ t

2


Γ 1- ⅈ t
2


( k ∈ ℤ, t ∈  ) .

Here, the integer k is chosen such that the theta-hat function is continuous.

Using the following proposition, the discontinued points of the third term on the right side of the above 

equation are obtained: 

( 17 -18 ) Re
Γ 1 +

ⅈ gm
2



Γ 1 -
ⅈ gm

2


+1 = 0 ⟹ log
Γ 1 +

ⅈ gm
2



Γ 1 -
ⅈ gm

2


= log (-1) = ⅈ π (m ∈ ℤ \ {0} ) .

Specifically, gm can be determined as the zeros in the premise formula of the proposition. The following are 

such examples of gm:

( 17 -19 ) {g1, g2, g3, g4, g35, g36} ≃ {6.87947, 11.0772, 14.4675, 17.4912, 80.0252, 81.7234} .

( 17 -20 ) g-m = -gm (m ∈ ℕ ) .

The partial Theta function for the eta function is obtained as follows: 
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( 17 -21 ) Θn
Ε (t) = -

log (π)
2

t - ⅈ log 1 -ⅈ t

1 +t2
-
ⅈ
2

log
Γ 1+ ⅈ t

2


Γ 1- ⅈ t
2


+π ∑
m=-n-1

n
(m +1 -U (m)) (U (t -gm) -U (t -gm+1)) ( n ∈ ℕ, t ∈ , t < gn +1 ) .

Here, g0 is specially defined for simple expression.

( 17 -22 ) g0 := 0 .

The partial Theta function for the eta function is an odd function. 

( 17 -23 ) Θn
Ε (t) = -Θn

Ε (- t) ( n ∈ ℕ, t ∈ , t < gn +1 ) .

The theta-hat function is also determined as the infinite limit of an integer n.

( 17 -24 ) ϑ

(t) = 

n→∞
Θn
Ε (t) ( t ∈  ) .

Graph of Θ35
Ε (t) and Θ5

Ε (t), t ∈ [0, 30]
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Ε (t)

Fig. 17-4

The function (CapitalTheta -E)35 (t) is continuous in the observational range,

although the function (CapitalTheta -E)5 (t) is discontinuous.  

Graph of Re ⅇⅈΘ35
Ε (t) η11 (ⅈ t), Im ⅇⅈΘ35

Ε (t) η11 (ⅈ t),

Re η
~

11 (ⅈ t), and Im η
~

11 (ⅈ t), t ∈ [0, 70]
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Fig. 17-5
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18. Conjectures

This section will go through five kinds of conjectures.

First Conjecture

Pythagorean primes, the squares of non-Pythagorean primes, and even prime 2 would be generated as a main 

spectrum using information on the imaginary parts of the eta function’s non-trivial zeros.

The following functions are developed to describe the next topic of the first conjecture:

( 18 - 1 ) Ω


c (y) :=Ω
~

c (y) -Ω
–

c (y) = - ∑
pn≤ c

p: prime, p≡ 1 (mod 4)
n∈ℕ

log (p)
pn cos y

2
log (pn)

- ∑
pn≤ c

p: prime, p≡ 3 (mod 4)
n∈ℕ

(-1)n log (p)
pn cos y

2
log (pn) ( y ∈ , c ∈ ℕ ) .

The peaks of the functions (CapitalOmega - tilde)c (y) would be separated into two types.

Peaks of the first type are provided by the functions 

(CapitalOmega - tilde)c (2 y) +(CapitalOmega -dash)c (2 y), and they would correspond to twice the imagi-

nary parts of the zeta function’s non-trivial zeros.

Specifically, almost half of the imaginary parts of the non-trivial zeros of the modified eta function η (2θ) 

would be generated as a spectrum using the information on all prime numbers.

Conversely, peaks of the second type are given by the functions (CapitalOmega -hat)c (y), and they do not 

correspond to twice the imaginary parts of the zeta function’s non-trivial zeros. As a spectrum, almost half the 

imaginary parts of the non-trivial zeros of the eta function η (θ) would be generated using the information on 

all odd prime numbers. 

It can be seen that the squares of non-Pythagorean primes except prime 2 play the same role as Pythagorean 

primes.

I believe the following facts are reasons for it: Over the field of complex integers, both Pythagorean primes 

and the squares of non-Pythagorean primes are not prime numbers, while non-Pythagorean primes are prime 

numbers.

Pythagorean primes are uniquely represented by the sum of two squares over the standard field of real inte-

gers, but the squares of non-Pythagorean primes are represented in at least one way by the sum of three 

squares. In contrast, non-Pythagorean primes are represented by the sum of three or four squares. Here, even 

prime 2 have been omitted for simplicity.

( 18 - 2 ) qi = k
2 + l2  k, l, i ∈ ℕ, ∃k < ∃l  .

( 18 - 3 ) ri
2 = k2 + l2 +m2  k, l, m, i ∈ ℕ, ∃k ≤ ∃l ≤ ∃m  .

The following are examples of squares of non-Pythagorean primes except prime 2:

( 18 - 4 ) r1
2
= 32 = 12 +22 +22,

r2
2
= 72 = 22 +32 +62,

r3
2
= 112 = 22 +62 +92 = 62 +62 +72,

r4
2
= 192 = 12 +62 +182 = 62 +62 +172 = 62 +102 +152,

r5
2
= 232 = 32 +62 +222 = 32 +142 +182 = 62 +132 +182,

r6
2
= 312 = 52 +62 +302 = 62 +142 +272 = 62 +212 +222 = 142 +182 +212 .
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Second Conjecture

Twice the imaginary part of any non-trivial zero of the zeta function would belong to the subset of imaginary 

parts of the non-trivial zeros of the eta function.

Specifically, the following proposition would hold:

( 18 - 5 ) ζ 1
2
+ⅈ ρm = 0 ⟹ η (ⅈ 2 ρm) = 0 ( m ∈ ℕ ) .

This conjecture supports the existence of an infinite number of non-trivial zeros of the eta function.

The converse proposition would not be necessarily true.

( 18 - 6 ) η (ⅈ τm) = 0 ( m ∈ ℕ )

⟹ ζ 1
2
+ⅈ

τ1
2
 ≠ 0 , ζ 1

2
+ⅈ

τ2
2
 ≠ 0 , ζ 1

2
+ⅈ

τ3
2
 ≠ 0 , ζ 1

2
+ⅈ

τ4
2
 = 0 , etc.

The second conjecture can be confirmed graphically in the narrow domain. 

Graph of Re η
~

11 (ⅈ 2 y), Re ζ
~

8 
1
2
+ⅈ y , Im η

~
11 (ⅈ 2 y), and Im ζ

~
8 

1
2
+ⅈ y , y ∈ [0, 45]
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11 (ⅈ 2 y)
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11 (ⅈ 2 y)

Im ζ
~
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1
2
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Fig. 18-1

A variable interval is constructed to describe the next topic of the second conjecture.

On the imaginary axis, the variable interval is defined as follows:

( 18 - 7 ) U (m) := { ⅈ y : τm > 0, η (ⅈ τm) = 0, 0 ≤ y ≤ τm } ( m ∈ ℕ ) .

From the observational results, the following equation would hold:

( 18 - 8 ) 
m→∞

M1 (m)

M (m)
= 1

2
.

Where

( 18 - 9 ) M (m) :=  { τm : τm > 0, η (ⅈ τm) = 0, ⅈ τm ∈ U (m) } = m ( m ∈ ℕ ) .

( 18 - 10 ) M1 (m) :=   ρn : n ∈ ℕ, ρn > 0, ζ (1 / 2 +ⅈ ρn) = 0, ⅈ 2 ρn ∈ U (m)  ( m ∈ ℕ ) .

Here the symbol  express the number of elements of set.

Assuming the second conjecture is correct, the eta function’s non-trivial zeros can be classified into two 

groups:

( 18 - 11 )

η ⅈ τ

k = 0 , ζ 1

2
+ⅈ τ

k ≠ 0 ( k ∈ ℕ ) ,

η (ⅈ 2ρl) = 0 , ζ 1
2
+ⅈ ρl = 0 ( l ∈ ℕ ) .

The Hadamard product representation of the Chi function is modified as follows:
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( 18 - 12 ) χ (θ) = χ (0) ∏
k=1

∞

1 +
θ2

(τ

k)

2 ∏
l=1

∞

1 +
θ2

2 ρl
2

( θ ∈ ℂ ) .

Conversely, the Hadamard product representation of the Riemann Xi function is transformed as follows:

( 18 - 13 ) ξ (θ) = ξ (0) ∏
m=1

∞
(2 ρm)2 +(2 θ -1)2

(2 ρm)2 +1
= 1

2 ∏m=1

∞ 1 +
(2 θ -1)2

(2 ρm)2

1 +
1

(2 ρm)2

( θ ∈ ℂ ) .

Therefore

( 18 - 14 ) ∏
m=1

∞

1 +
(2 θ -1)2

(2 ρm)2
= 2 ξ (θ) ∏

m=1

∞

1 +
1

(2 ρm)2
( θ ∈ ℂ ) .

Replace the complex variable θ with (1 + θ) /2.

( 18 - 15 ) ∏
m=1

∞

1 +
θ2

(2 ρm)2
= 2 ξ 1 +θ

2
 ∏

m=1

∞

1 +
1

(2 ρm)2
( θ ∈ ℂ ) .

Using this result,

( 18 - 16 ) χ (θ) = 2 χ (0) ∏
l=1

∞

1 +
1

2 ρl
2 ∏

k=1

∞

1 +
θ2

(τ

k)

2
ξ 1 +θ

2
 ( θ ∈ ℂ ) .

Replace the complex variable θ with -θ.

( 18 - 17 ) χ (-θ) = 2 χ (0) ∏
l=1

∞

1 +
1

2 ρl
2 ∏

k=1

∞

1 +
θ2

(τ

k)

2
ξ 1 -θ

2
 ( θ ∈ ℂ ) .

I define the Chi-hat function as follows:

( 18 - 18 ) χ

(θ) := 2 χ (θ) ξ 1 -θ

2
 ( θ ∈ ℂ ) .

Then the Chi-hat function satisfies the following functional equation:

( 18 - 19 ) χ

(θ) = χ


(-θ) ( θ ∈ ℂ ) .

Proceed with the calculation according to the definition.

( 18 - 20 ) χ

(θ) = 2 · θ (θ -1)

2
π
-
θ

2 Γ θ
2
 η (θ) · 1

2
1 -θ

2
 1 -θ

2
-1 π

-
1-θ

4 Γ 1 -θ
4
 ζ 1 -θ

2


= (1 -θ) (1 +θ) π
-

1+θ
4 Γ 1 +

θ
2
 Γ 5 -θ

4
 ζ 1 -θ

2
 η (θ) ( θ ∈ ℂ ) .

I define the eta-hat function as follows:

( 18 - 21 ) η

(θ) := -

π
θ

2

(1 -θ)Γ 1 +
θ
2


χ

(θ) ( θ ∈ ℂ \ {1} ) .

Therefore

( 18 - 22 ) η

(θ) = -(1 +θ) π

-
1-θ

4 Γ 5 -θ
4
 ζ 1 -θ

2
 η (θ) ( θ ∈ ℂ \ {1} ) .

In order to draw graphs, I modify the eta-hat function by two functions I have already obtained.

( 18 - 23 ) η

λ (θ) := -(1 +θ) π

-
1-θ

4 Γ 5 -θ
4
 ζ 1 -θ

2
 ηλ (θ) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .

( 18 - 24 ) η
–
λ (θ) := -(1 +θ) π

-
1-θ

4 Γ 5 -θ
4
 ζ 1 -θ

2
 η
~
λ (θ) ( θ ∈ ℂ \ {1}, λ ∈ ℕ ) .
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Graph of cosh (2 y / 7) Re η8 (ⅈ y) and cosh (2 y / 7) Im η


8 (ⅈ y) on the interval y ∈ [0, 41.5]
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-40
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cosh 2 y
7
Re η8 (ⅈ y)

cosh 2 y
7
 Im η


8 (ⅈ y)

Fig. 18-2

The dots on the horizontal axis indicate the imaginary parts of the eta-hat function’s non-trivial zeros.

Since the eta-hat function is a rapidly decreasing function on the imaginary axis, the displayed curves are the 

eta-hat function multiplied by the rapidly increasing function cosh(2y/7).

The real part of the eta-hat function is positive without changing sign in its vicinity except for the fourth non-

trivial zero of the eta-hat function.

Graph of cosh (2 y / 7) Re  η
–

8 (ⅈ y) and cosh (2 y / 7) Im  η
–

8 (ⅈ y) on the interval y ∈ [0, 41.5]
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7
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–
8 (ⅈ y)

cosh 2 y
7
 Im  η

–
8 (ⅈ y)

Fig. 18-3

The dots on the horizontal axis indicate the imaginary parts of the eta-dash function’s non-trivial zeros. Since 

the eta-dash function is also a rapidly decreasing function, the displayed curve is the eta-dash function multi-

plied by the rapidly increasing function cosh(2 y/7).

The function value is positive without changing sign in its vicinity except for the fourth non-trivial zero of the 

eta-dash function. Here are the details.

( 18 - 25 ) Re η
–

8 ⅈ 
12 041 897 809
1 000 000 000

-10-9, Re η
–

8 ⅈ 
12 041 897 809
1 000 000 000

+10-9 ≃

-4.82204 × 10-10, 2.09032 × 10-10 .

( 18 - 26 ) Re η
–

8 ⅈ 
20 487 540 608
1 000 000 000

-10-9, Re η
–

8 ⅈ 
20 487 540 608
1 000 000 000

+10-9 ≃

2.22244 × 10-10, -1.11178 × 10-10 .

( 18 - 27 ) Re η
–

9 ⅈ 
25 976 196 025
1 000 000 000

-10-9, Re η
–

9 ⅈ 
25 976 196 025
1 000 000 000

+10-9 ≃

-6.34781 × 10-12, 1.39702 × 10-11 .
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( 18 - 28 ) Re η
–

9 ⅈ 2 ×
141 347 251 417
10 000 000 000

-10-9, Re η
–

9 ⅈ 2 ×
141 347 251 417
10 000 000 000

+10-9 ≃

2.96614 × 10-21, 2.24625 × 10-21 .

( 18 - 29 ) Re η
–

10 ⅈ 
32 685 214 209
1 000 000 000

-10-9, Re η
–

10 ⅈ 
32 685 214 209
1 000 000 000

+10-9 ≃

7.09716 × 10-12, -4.98882 × 10-12 .

( 18 - 30 ) Re η
–

10 ⅈ 
36 583 986 392
1 000 000 000

-10-9, Re η
–

10 ⅈ 
36 583 986 392
1 000 000 000

+10-9 ≃

-3.76781 × 10-12, 2.27485 × 10-12 .

Graph of cosh (2 y / 7) Re  η
–

8 (ⅈ y) and cosh (2 y / 7) Im  η
–

8 (ⅈ y) on the interval y ∈ [41.5, 43.5]
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Fig. 18-4

The function value is also positive without changing sign in its vicinity except for the seventh non-trivial zero 

of the eta-dash function. Here are the details.

( 18 - 31 ) Re η
–

11 ⅈ 2 ×
210 220 396 388
10 000 000 000

-10-9, Re η
–

11 ⅈ 2 ×
210 220 396 388
10 000 000 000

+10-9 ≃

2.59974 × 10-23, 3.26487 × 10-23 .

( 18 - 32 ) Re η
–

11 ⅈ 
42 901 222 688
1 000 000 000

-10-9, Re η
–

11 ⅈ 
42 901 222 688
1 000 000 000

+10-9 ≃

1.58941 × 10-14, -1.69816 × 10-14 .

Graph of cosh (2 y / 7) Re  η
–

8 (ⅈ y) and cosh (2 y / 7) Im  η
–

8 (ⅈ y) on the interval y ∈ [43.5, 52]
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Fig. 18-5
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The function value is also positive without changing sign in its vicinity except for the tenth non-trivial zero of 

the eta-dash function. Here are the details.

( 18 - 33 ) Re η
–

11 ⅈ 
46 556 753 041
1 000 000 000

-10-9, Re η
–

11 ⅈ 
46 556 753 041
1 000 000 000

+10-9 ≃

-3.94975 × 10-14, 4.64542 × 10-14 .

( 18 - 34 ) Re η
–

12 ⅈ 2 ×
250 108 575 801
10 000 000 000

-10-9, Re η
–

12 ⅈ 2 ×
250 108 575 801
10 000 000 000

+10-9 ≃

5.41705 × 10-24, 3.75474 × 10-24 .

( 18 - 35 ) Re η
–

12 ⅈ 
51 457 512 850
1 000 000 000

-10-9, Re η
–

12 ⅈ 
51 457 512 850
1 000 000 000

+10-9 ≃

6.26619 × 10-15, -4.37742 × 10-15 .

Graph of cosh (2 y / 7) Re  η
–

8 (ⅈ y) and cosh (2 y / 7) Im  η
–

8 (ⅈ y) on the interval y ∈ [52, 63]

54 56 58 60 62

-60

-50

-40

-30

-20

-10

10

cosh 2 y
7

Re  η
–

8 (ⅈ y)

cosh 2 y
7

Im  η
–

8 (ⅈ y)

Fig. 18-6

The function value is negative without changing sign in its vicinity except for the fourteenth non-trivial zero 

of the eta-dash function. Here are the details. 

( 18 - 36 ) Re η
–

12 ⅈ 
56 719 268 686
1 000 000 000

-10-9, Re η
–

12 ⅈ 
56 719 268 686
1 000 000 000

+10-9 ≃

-3.98984 × 10-15, 3.60511 × 10-15 .

( 18 - 37 ) Re η
–

12 ⅈ 
59 312 768 029
1 000 000 000

-10-9, Re η
–

12 ⅈ 
59 312 768 029
1 000 000 000

+10-9 ≃

3.41677 × 10-16, -2.34359 × 10-16 .

( 18 - 38 ) Re η
–

13 ⅈ 2 ×
304 248 761 259
10 000 000 000

-10-9, Re η
–

13 ⅈ 2 ×
304 248 761 259
10 000 000 000

+10-9 ≃

-9.04002 × 10-26, -1.25067 × 10-25 .

The imaginary part of the eta-dash function’s m-th contact zero with the imaginary axis would be twice the 

imaginary part of the zeta function’s m-th non-trivial zero. This is a paraphrase of the second conjecture.

Third Conjecture

Variable intervals are constructed to describe the first topic of the third conjecture. On the imaginary axis, the 

variable intervals are defined as follows:

( 18 - 39 ) V (m) :=  ⅈ y : ρm > 0, ζ (1 / 2 +ⅈ ρm) = 0, 0 ≤ y ≤ ρm  ( m ∈ ℕ ) .

From the observational results, the following relations of inclusion would hold:
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( 18 - 40 ) N (m) ∈ {m -1, m, m +1} ( m ∈ ℕ ) .

Where

( 18 - 41 ) N (m) :=  { τn : n ∈ ℕ, τn > 0, η (ⅈ τn) = 0, ⅈ τn ∈ V (m) } ( m ∈ ℕ ) .

The second topic: concerning the relation between the imaginary parts of non-trivial zeros of the zeta function 

and those of the eta function, I noticed that it is neither too close nor too far away in the observational range. 

The following relations between ρm and τm would be true in a narrow domain:

( 18 - 42 ) τm < ρm+1 < τm+3 ( m ∈ ℕ ) .

( 18 - 43 ) ρm < τm+2 < ρm+3 ( m ∈ ℕ ) .

Fourth Conjecture

The following equation is defined to describe the fourth conjecture:

( 18 - 44 ) λ (θ) := ζ (θ) +η (θ) ( θ ∈ ℂ \ {1} ) .

And the habitable zone is defined.

( 18 - 45 ) Habitable zone := { θ ∈ ℂ : 0 < Re (θ) < 1 / 2 } .

The explicit formula for the lambda function is given as follows:

( 18 - 46 ) λ (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

∞

σ-θ (p) p
θ

2 θ (θ -1) +2 (7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -4 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .

The rule in subsection 6-3 (using the character k instead of λ) is applied to the above equation.

( 18 - 47 ) λk (θ) = 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

k

σ-θ (p) p
θ

2 θ (θ -1) +2 (7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -4 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1}, k ∈ ℕ ) .

I define that the positive imaginary part of the m-th non-trivial zero of the lambda function, which is the 

number allocated in the order that is closer to the real axis, is αm. Under this assumption,

( 18 - 48 ) λ (um ±ⅈ αm) := 0 ( um, αm ∈ , m ∈ ℕ ) .

Here the real part of the m-th non-trivial zero of the lambda function is um. 

The fourth conjecture is that: all non-trivial zeros of the lambda function would be present in the habitable 

zone.

The following function is defined for drawing a graph that just shows the lambda function’s non-trivial zeros:

( 18 - 49 ) λ
~

k (θ) := 2 π
θ

2

(1 -θ)Γ 1 +
θ
2

∑
P=1

k

σ-θ (p) p
θ

2 θ (θ -1) +2 (7 -θ) (2 π p)2K θ
2
(2 π p)

+ (θ -1) -4 (2 π p)2 (2 π p)K 2-θ
2

(2 π p) ( θ ∈ ℂ \ {1} ) .
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3 D graph of Re λ
~

8 (x +ⅈ y) , Zero, and 4 Im λ
~

8 (x +ⅈ y) ,

x ∈ [0, 1 / 2], y ∈ [8, 40], Viewpoint → Above

Re λ
~

8 (x +ⅈ y)

Zero

4 Im λ
~

8 (x +ⅈ y)

Fig. 18-7

The non-trivial zeros of the lambda function are the cross points of three colors.

The coefficient number 4 is used in front of the imaginary part to emphasize the non-trivial zeros.

Here are the details.

( 18 - 50 ) u1 +ⅈ α1 ≃ 0.36360066983 +ⅈ 12.970445119,

u2 +ⅈ α2 ≃ 0.23314410196 +ⅈ 20.645405240,

u3 +ⅈ α3 ≃ 0.16959589417 +ⅈ 25.432819891,

u4 +ⅈ α4 ≃ 0.41836013776 +ⅈ 29.250622535,

u5 +ⅈ α5 ≃ 0.17066664686 +ⅈ 32.737058741,

u6 +ⅈ α6 ≃ 0.23291116250 +ⅈ 36.864192387 .

Calculation errors of non-trivial zeros in the lambda function are shown as follows:

( 18 - 51 ) λ8 
36 360 066 983

100 000 000 000
+ⅈ 12 970 445 119

1 000 000 000
 ≃ 4.41687 × 10-10 .

( 18 - 52 ) λ8 
23 314 410 196

100 000 000 000
+ⅈ 20 645 405 240

1 000 000 000
 ≃ 8.02663 × 10-7 .

( 18 - 53 ) λ9 
16 959 589 417

100 000 000 000
+ⅈ 25 432 819 891

1 000 000 000
 ≃ 9.03159 × 10-9 .

( 18 - 54 ) λ9 
41 836 013 776

100 000 000 000
+ⅈ 29 250 622 535

1 000 000 000
 ≃ 1.31080 × 10-8 .

( 18 - 55 ) λ9 
17 066 664 686

100 000 000 000
+ⅈ 32 737 058 741

1 000 000 000
 ≃ 5.91107 × 10-8 .
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( 18 - 56 ) λ11 
23 291 116 250

100 000 000 000
+ⅈ 36 864 192 387

1 000 000 000
 ≃ 6.99155 × 10-10 .

Fifth Conjecture

This is a conjecture regarding diverging series that diverge slower than the reciprocal series of the 

Pythagorean primes.

Remember that the sum of three squares can be used to express the square in non-Pythagorean primes except 

prime 2.

Consider adding the constraint that the sum of two from the smallest of the three squares is a prime number.

The following simultaneous Diophantine equations describe this:

( 18 - 57 )
ri

2
= x2 + y2 +z2 ( x, y, z, i ∈ ℕ, x ≤ y ≤ z ) ,

σ0 x2 + y2 = 2 ( x, y ∈ ℕ, x < y ) .

Some non-Pythagorean primes have unique solutions, and all verified solutions are of this form.

( 18 - 58 ) ri
2
= ki

2 + li
2 +(ri -1)2  ∃ki,

∃li ∈ ℕ, i = 1, 2, 4, 6, · · ·, 174 491  .

Since primes except even prime 2, represented by the sum of two squares are limited to Pythagorean primes, 

let it be the j-th Pythagorean prime qj. Furthermore, I assume that there are infinitely many solutions with this 

form.

( 18 - 59 ) ri
2
= qj +(ri -1)2 ( (i, j) = (1, 1), (2, 2), (4, 5), (6, 8), · · · ) .

Since the square of ri is canceled on both sides,

( 18 - 60 ) 2 ri -1 = qj ( (i, j) = (1, 1), (2, 2), (4, 5), (6, 8), · · · ) .

I obtain a rare relation between the non-Pythagorean primes and Pythagorean primes by adding only one 

condition.

After this, the rare relationship is shown in two graphs.

Graph of the points (2 ri -1,qj) with the line y = x, x∈[0,500]

100 200 300 400 500

100

200

300

400

500

Fig. 18-8

The dot on the graph indicates the point (2 ri - 1,qj) is on the line y = x.

Here are the details.

( 18 - 61 ) q1 = 5 = 2 × 3 -1 = 2 r1 -1,

q2 = 13 = 2 × 7 -1 = 2 r2 -1,

q5 = 37 = 2 × 19 -1 = 2 r4 -1,

q8 = 61 = 2 × 31 -1 = 2 r6 -1,
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q17 = 157 = 2 × 79 -1 = 2 r12 -1,

q27 = 277 = 2 × 139 -1 = 2 r18 -1,

q37 = 397 = 2 × 199 -1 = 2 r24 -1,

q40 = 421 = 2 × 211 -1 = 2 r25 -1 .

Graph of the points (2 ri -1,qj) with the line y = x, x∈[10000000,10010000]

1.0000×107

1.0002×107

1.0004×107

1.0006×107

1.0008×107

1.0010×107

Fig. 18-9

There is no regularity in distribution even for very high numbers.

On the contrary, adjacent non-Pythagorean primes are found.

Here are the details.

( 18 - 62 ) q332 228 = 10 001 701 = 2 × 5 000 851 -1 = 2 r174 346 -1,

q332 245 = 10 002 133 = 2 × 5 001 067 -1 = 2 r174 354 -1,

q332 293 = 10 003 957 = 2 × 5 001 979 -1 = 2 r174 390 -1,

q332 319 = 10 005 013 = 2 × 5 002 507 -1 = 2 r174 403 -1,

q332 327 = 10 005 277 = 2 × 5 002 639 -1 = 2 r174 407 -1,

q332 372 = 10 006 741 = 2 × 5 003 371 -1 = 2 r174 434 -1,

q332 384 = 10 007 077 = 2 × 5 003 539 -1 = 2 r174 442 -1,

q332 392 = 10 007 317 = 2 × 5 003 659 -1 = 2 r174 445 -1,

q332 394 = 10 007 341 = 2 × 5 003 671 -1 = 2 r174 446 -1,

q332 402 = 10 007 653 = 2 × 5 003 827 -1 = 2 r174 453 -1,

q332 451 = 10 009 477 = 2 × 5 004 739 -1 = 2 r174 481 -1,

q332 462 = 10 009 981 = 2 × 5 004 991 -1 = 2 r174 491 -1 .

Up to 10010000, there are 28202 conditional Pythagorean primes, but 56089 Sophie Germain primes. Here, 

Sophie Germain prime is a prime number that is prime again by adding 1 to it’s double.

It is unknown whether there are infinitely many Sophie Germain primes “[9].”

Let now define the m-th conditional Pythagorean prime as twice the m-th conditional non-Pythagorean prime 

minus 1. They are denoted as qm -hat and rm -hat, respectively.

Under the premise, there are infinitely many pairs of qm -hat and rm -hat.

( 18 - 63 ) qm = 2 rm -1 ( m ∈ ℕ ) .
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Let Sq (m) be the reciprocal sum up to the m-th conditional Pythagorean prime.

( 18 - 64 ) Sq (m) := ∑
i=1

m

q i
-1

= 1
5
+

1
13

+
1

37
+

1
61

+
1

157
+

1
277

+
1

397
+ · · · + qm

-1
.

Similarly, let Sr (m) be the reciprocal sum up to the m-th conditional non-Pythagorean prime.

( 18 - 65 ) Sr (m) := ∑
i=1

m

ri
-1

= 1
3
+

1
7
+

1
19

+
1

31
+

1
79

+
1

139
+

1
199

+ · · ·+rm
-1

.

The following inequality holds for any positive integer:

( 18 - 66 ) Sr (m) > Sq (m) ( m ∈ ℕ ) .

The following reciprocal series of conditional Pythagorean primes would be a divergent series “[11]”:

( 18 - 67 )
1
5
+

1
13

+
1

37
+

1
61

+
1

157
+

1
277

+
1

397
+ · · · +qm

-1
+ · · · = +∞ .

The following reciprocal series of conditional non-Pythagorean primes would also be a divergent series: 

( 18 - 68 )
1
3
+

1
7
+

1
19

+
1

31
+

1
79

+
1

139
+

1
199

+ · · · +rm
-1

+ · · · = +∞ .

19. Additional knowledge

19-1. Proof of the absolute convergence of the integral

          ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ )

At first, the function of three real variables is defined as follows:  

( 19 - 1 ) u (x, t, α) := xt -1 ⅇ
- x2 +

α2

x2
( x , α > 0, t ∈  ) .

The variable x integrates the above function into the open interval (0, ∞).

( 19 - 2 ) ∫0

∞
u (x, t, α) ⅆx = ∫0

∞
xt -1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, t ∈  ) .

The left-sided limit of the integrand is zero as follows:

( 19 - 3 ) 
x→+0

u (x, t, α) = 
x→+0

ⅇ-x
2 · 
x→+0

xt -1 ⅇ
-
α2

x2

= 
y→∞

y1 -t ⅇ-α
2 y2

= 0 (α > 0, t ∈  ) .

The right-sided limit of the integrand is also zero, as follows:

( 19 - 4 ) 
x→∞

u (x, t, α) = 
x→∞

ⅇ
-
α2

x2 · 
x→∞

xt -1 ⅇ-x
2

= 
y→+0

ⅇ-α
2 y2

· 
x→∞

xt -1 ⅇ-x
2
= 0 (α > 0 , t ∈  ) .

The integrand is partially differentiated by the variable x. 

( 19 - 5 )
∂
∂x
u (x, t, α) = (t -1) xt -2 -2 xt +2α2 xt -4 ⅇ

- x2 +
α2

x2
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= - 2 x4 +(1 - t) x2 -2α2 xt -4 ⅇ
- x2 +

α2

x2
( x , α > 0, t ∈  ) .

And I assume that the integrand’s differentiation is zero at x = β (β > 0).

( 19 - 6 )
∂
∂x
u (x, t, α)

x=β
= 0 ( x , α, β > 0, t ∈  ) .

The dependent variable β is then determined as the solution of the following quartic equation:

( 19 - 7 ) 2 β4 +(1 - t) β2 -2α2 = 0 (α, β > 0, t ∈  ) .

The quartic equation is defined as the quadratic equation of the variable β2. Based on the formula for solving 

the quadratic equations,

( 19 - 8 ) β2 =
-(1 -t)+ (1 -t)2 +16α2

4
(α > 0, t ∈  ) .

The quartic equation has the unique solution β in the open interval (0,∞).  

( 19 - 9 ) β = 1
2

(1 - t)2 +16α2
-(1 - t) > 0 (α > 0, t ∈  ) .

Table of the increase and decrease for the integrand 

x


+0 ······· β ······· ∞

∂
∂x
u (x, t, α)



+ 0 -

u (x, t, α)


0 ↗ maximum ↘ 0

Fig. 19-1

The open interval of the improper integral is divided into two semi-open intervals on the right side of equation 

(19-2) as follows:

( 19 - 10 ) ∫0

∞
u (x, t, α) ⅆx = ∫0

1
xt -1 ⅇ

- x2 +
α2

x2
ⅆx +∫1

∞
xt -1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, t ∈  ) .

For the second term of the right side, I perform the variable transformation x = y-1.

( 19 - 11 ) ∫1

∞
xt -1 ⅇ

- x2 +
α2

x2
ⅆx =

∫1

0
1
y

t -1

ⅇ
-

1
y2

+α2 y2
-y-2 ⅆy = ∫0

1
y-1 -t ⅇ

-
1
y2

+α2 y2
ⅆy (α > 0, t ∈  ) .

The following inequality is obtained by applying the Schwarz’s inequality to the equation (19-10):

( 19 - 12 ) ∫0

∞
u (x, t, α) ⅆx ≤

∫0

1
xt -1 ⅇ

- x2 +
α2

x2
ⅆx +∫0

1
y-1 -t ⅇ

-
1
y2

+α2 y2
ⅆy (α > 0, t ∈  ) .

The function of three real variables v (x, t, α) is defined as the integrand of the result of equation (19-11) for 

convenience.

( 19 - 13 ) v (x, t, α) := x-1 -t ⅇ
- 1
x2

+α2x2
( x , α > 0, t ∈  ) .

Hereafter, I will find the upper limit of the improper integral of the function u (x, t, α).

I begin by considering the two-dimensional α - t phase space.
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 begin by considering  phase space.

The boundary curve divides the space’s right-half-plane into two regions.

To generate the curve’s representation, 1 is substituted for β on the left side of equation (19-8).

The result is

( 19 - 14 ) t = 3 -2α2 (α > 0 ) .

Of course, the value of β is equal to 1 throughout the boundary curve.

Under the condition of 0 < β ≤ 1,

( 19 - 15 ) t ≤ 3 -2α2 (α > 0 ) .

The improper integral’s upper limit is calculated as the sum of two square areas.

( 19 - 16 ) ∫0

∞
u (x, t, α) ⅆx ≤ 1 ·u (β, t, α) +1 · v (1, t, α) =

βt -1 ⅇ
- β2 +

α2

β2
+ⅇ-(α

2 +1)  α > 0, t ≤ 3 -2α2  .

Under the condition of β > 1 i.e.,

( 19 - 17 ) t > 3 -2α2 (α > 0 ) .

The upper limit of the improper integral is also calculated as the sum of two square areas.

( 19 - 18 ) ∫0

∞
u (x, t, α) ⅆx ≤ 1 ·u (1, t, α) +1 · v  1

β
, t, α =

ⅇ-(α
2 +1) + 1

β

-1 -t

ⅇ
- β2 +

α2

β2 = βt +1 ⅇ
- β2 +

α2

β2
+ⅇ-(α

2 +1)  α > 0, t > 3 -2α2  .

The results of equations (19-16) and (19-18) show that the improper integral absolutely converges.

Finally, I expand the domain of definition of the variable t from a real number to a complex number.

To clearly express this, I change the character from t to θ.

Herein, I take the absolute value of the improper integral.

( 19 - 19 ) ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx ≤ ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx =

∫0

∞
x-1+Re (θ) ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ ) .

The right side in inequality (19-19) is the same to substituting the real value Re (θ) for t in the equation 

(19-2).

Therefore, the proof of the assertion in the title of this subsection is complete.

19-2. Proof of the recurrence formula for the integral

        ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ )

I apply the integration by parts to the integral excluding the case when θ = 0 as follows:

( 19 - 20 ) ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx = ∫0

∞
x
θ

θ

′
ⅇ
- x2 +

α2

x2
ⅆx

= x
θ

θ
ⅇ
- x2 +

α2

x2

0

∞
-∫0

∞
xθ
θ

-2 x +
2α2

x3
ⅇ
- x2 +

α2

x2
ⅆx
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= 2
θ ∫0

∞
xθ+1 ⅇ

- x2 +
α2

x2
ⅆx -

2α2

θ ∫0

∞
xθ-3 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ \ {0} ) .

Thus, the integral of the second term on the right side of the result is written as follows:

( 19 - 21 ) ∫0

∞
xθ-3 ⅇ

- x2 +
α2

x2
ⅆx =

1
α2 ∫0

∞
xθ+1 ⅇ

- x2 +
α2

x2
ⅆx -

θ
2 ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ \ {0} ) .

In case of θ = 0, I perform the variable transformation x = y-1 for the left side of the above equation.

( 19 - 22 ) ∫0

∞
x-3 ⅇ

- x2 +
α2

x2
ⅆx =

∫∞
0
 1
y

-3
ⅇ
-

1
y2

+α2 y2
- y-2 ⅆ y = ∫0

∞
y ⅇ

-
1
y2

+α2 y2

ⅆ y (α > 0 ) .

I perform the variable transformation y = x / α, one more time. 

( 19 - 23 ) ∫0

∞
y ⅇ

-
1
y2

+α2 y2

ⅆ y =

∫0

∞
x
α
ⅇ
- x2 +

α2

x2 1
α
ⅆx = 1

α2 ∫0

∞
x ⅇ

- x2 +
α2

x2
ⅆx (α > 0 ) .

For the right side of equation (19-21), 0 is substituted directly for θ and the result is the same to the above 

result.

Thus, I can include the condition θ = 0 for the equation (19-21).

( 19 - 24 ) ∫0

∞
xθ-3 ⅇ

- x2 +
α2

x2
ⅆx =

1
α2 ∫0

∞
xθ+1 ⅇ

- x2 +
α2

x2
ⅆx -

θ
2 ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ ) .

The integral of the first term on the right side of equation (19-24) is written as follows:

( 19 - 25 ) ∫0

∞
xθ+1 ⅇ

- x2 +
α2

x2
ⅆx =

α2 ∫0

∞
xθ-3 ⅇ

- x2 +
α2

x2
ⅆx +

θ
2 ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ ) .

For equation (19-25), 0 is substituted for α.

And for the integral of the left side, I perform the variable transformation x = y1/2.

( 19 - 26 ) ∫0

∞
xθ+1 ⅇ-x2 ⅆx = ∫0

∞
y
θ+1

2 ⅇ-y 1
2
y
-

1
2 ⅆ y = 1

2 ∫0

∞
y
θ

2 ⅇ-y ⅆ y = 1
2
Γ 1 +

θ
2
 ( θ ∈ ℂ ) .

For equation (19-25), 0 is also substituted for α.

And for the integral of the right side, I perform the variable transformation x = y1/2.
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( 19 - 27 )
θ
2 ∫0

∞
xθ-1 ⅇ-x2 ⅆx =

θ
2 ∫0

∞
y
θ-1

2 ⅇ-y 1
2
y
-

1
2 ⅆ y = θ

4 ∫0

∞
y
θ

2
-1
ⅇ-y ⅆ y = θ

4
Γ θ

2
 = 1

2
Γ 1 +

θ
2
 ( θ ∈ ℂ ) .

Both sides of the equation (19-25) are the same when α = 0 and the results have same poles at even numbers 

of -2 or less. As a result, the integral’s recurrence formula is as follows:

( 19 - 28 ) ∫0

∞
xθ+1 ⅇ

- x2 +
α2

x2
ⅆx =

α2 ∫0

∞
xθ-3 ⅇ

- x2 +
α2

x2
ⅆx +

θ
2 ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ ) ∨

(α = 0, θ ∈ ℂ \ {-2 n : n ∈ ℕ} ) .

19-3. Representations for the integrals  

∫0

∞
x2 p ⅇ

- x2 +
α2

x2
ⅆx (α > 0, p = -1 ) ∨ (α ≥ 0, p = 0, 1, 2, · · · ) . 

When p = 0,

I consider the integral

∫0

∞
x0 ⅇ

- x2 +
α2

x2
ⅆx (α ≥ 0 ) .

At first, I show the equation of definition of the function J (α) for preparation “[10].”

( 19 - 29 ) J (α) := ∫0

∞
ⅇ
-x -

α
x

2

ⅆx (α ∈  ) .

The function J (α) is also written as follows: 

( 19 - 30 ) J (α) = ⅇ2α ∫0

∞
ⅇ
- x2 +

α2

x2
ⅆx > 0 (α ∈  ) .

The value of J (0) is given follows: 

( 19 - 31 ) J (0) = ∫0

∞
ⅇ-x2 ⅆx = π

2
( Gaussian integral ) .

The value of left-sided limit of J (α) is given as follows: 

( 19 - 32 ) 
α→-∞

J (α) = 
α→-∞

ⅇ2α · 
α→-∞∫0

∞
ⅇ
- x2 +

α2

x2
ⅆx ≤ 

α→-∞
ⅇ2α ·∫0

∞
ⅇ-x2 ⅆx = 0 .

Assuming that the function J (α) has uniform convergence, the differentiation of J (α) is carried out for the 

integrand as partial differentiation.

( 19 - 33 )
d

dα
J (α) = ∫0

∞
∂
∂α

ⅇ
-x -

α
x

2

ⅆx = ∫0

∞
-2 x -

α
x
 - 1
x
 ⅇ

-x -
α
x

2

ⅆx (α ∈  ) .

Therefore

( 19 - 34 )
d

dα
J (α) = 2 ∫0

∞
ⅇ
-x -

α
x

2

ⅆx -2α ∫0

∞
ⅇ
-

1
y
-αy

2

ⅆ y (α ∈  ) .
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When α < 0, the differentiation of J (α) takes positive value as follows:

( 19 - 35 )
d

dα
J (α) =

2 ∫0

∞
ⅇ
-x -

α
x

2

ⅆx -2α ∫0

∞
ⅇ
--α
x

+x
2

-ⅆx
α
 = 4 ∫0

∞
ⅇ
-x -

α
x

2

ⅆx > 0 (α < 0 ) .

The right-sided limit of the differentiation of J (α) in the neighborhood of α = 0 takes the fixed value as 

follows:

( 19 - 36 )
d

dα
J (α) 

α=-0
= 4 ∫0

∞
ⅇ-x2 ⅆx = 4 · π

2
= 2 π .

When α > 0, the differentiation of J (α) takes zero as follows:

( 19 - 37 )
d

dα
J (α) = 2 ∫0

∞
ⅇ
-x -

α
x

2

ⅆx -2α ∫0

∞
ⅇ
-α
x

-x
2

ⅆx
α

= 0 (α > 0 ) .

The left-sided limit of the differentiation of J (α) in the neighborhood of α = 0 takes zero as follows:

( 19 - 38 )
d

dα
J (α)

α=+0
= 0 .

Therefore, when α ≥ 0, the function J (α) takes the constant as follows:

( 19 - 39 ) J (α) = Constant = J (0) = π
2

(α ≥ 0 ) .

Table shows the increase and decrease in the function J (α)

α


-∞ ······· 0 ······· ∞

d
dα

J (α)


+ discontinuous 0

J (α)


0 ↗ π
2

⟶ π
2

Fig. 19-2

By referring to the equation (19-30),

( 19 - 40 ) J (α) = ⅇ2α ∫0

∞
ⅇ
- x2 +

α2

x2
ⅆx = π

2
(α ≥ 0 ) .

Both the central and right sides are multiplied by ⅇ-2α to obtain the formula in the case of p = 0.

( 19 - 41 ) ∫0

∞
x0 ⅇ

- x2 +
α2

x2
ⅆx = π

2
ⅇ-2α (α ≥ 0 ) .

I show another proof of the above formula that makes no assumptions. If α > 0,

For the right side of equation (19-30), I perform the variable transformation x = (α y)1/2.

( 19 - 42 ) J (α) = ⅇ2α ∫0

∞
ⅇ
-α y + 1

y α 1
2
y
-

1
2 ⅆ y =

α ⅇ2α · 1
2 ∫0

∞
y

1
2
-1
ⅇ
-

2α
2

y + 1
y ⅆ y = α ⅇ2αK 1

2
(2α) (α > 0 ) .

Now, recall the formula for the modified Bessel function of the second kind at the index ν = ±1 /2.

( 19 - 43 ) K ±
1
2
(Z) = π

2 Z
ⅇ-Z ( Z ∈ ℂ ) .
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The formula (19-43) is introduced into the result of equation (19-42) to obtain the result as follows:

( 19 - 44 ) J (α) = α ⅇ2α · π
2 (2α)

ⅇ-2α = π
2

(α > 0 ) .

In case of α < 0,

For the right side of equation (19-30), I perform the variable transformation x = (-α y)1/2. 

( 19 - 45 ) J (α) = ⅇ2α ∫0

∞
ⅇ
α y + 1

y -α 1
2
y
-

1
2 ⅆ y =

-α ⅇ2α · 1
2 ∫0

∞
y

1
2
-1
ⅇ
-
(-2α)

2
y + 1
y ⅆ y = -α ⅇ2αK 1

2
(-2α) (α < 0 ) .

The formula (19-43) is introduced into the result of equation (19-45) to obtain the result as follows:

( 19 - 46 ) J (α) = -α ⅇ2α · π
2 (-2α)

ⅇ2α = π
2

ⅇ4α (α < 0 ) .

Because equations (19-44) and (19-46) show that the function J (a) is continuous in the neighborhood of zero,

( 19 - 47 ) J (α) = π
2

(α ≥ 0 ) .

The above result is the same to that of the equation (19-40). Therefore, another proof of the formula (19-41) is 

completed.

When p = -1,

I consider the integral

 ∫0

∞
x-2 ⅇ

- x2 +
α2

x2
ⅆx (α > 0 ) .

For this integral, I perform the variable transformation x = α / y. 

( 19 - 48 ) ∫0

∞
x-2 ⅇ

- x2 +
α2

x2
ⅆx =

∫∞
0
α
y

-2
ⅇ
-
α2

y2
+y2

-α y-2 ⅆ y = 1
α ∫0

∞
ⅇ
- y2 +

α2

y2 ⅆ y (α > 0 ) .

Therefore

( 19 - 49 ) ∫0

∞
x-2 ⅇ

- x2 +
α2

x2
ⅆx = π

2α
ⅇ-2α (α > 0 ) .

When p = 1,

For the recurrence formula (19-28), 1 is substituted for θ.

( 19 - 50 ) ∫0

∞
x2 ⅇ

- x2 +
α2

x2
ⅆx = α2 ∫0

∞
x-2 ⅇ

- x2 +
α2

x2
ⅆx +

1
2 ∫0

∞
x0 ⅇ

- x2 +
α2

x2
ⅆx

= (2α)2
4

· π
2α

ⅇ-2α +
1
2
· π

2
ⅇ-2α = 1

4
((2α) +1) π ⅇ-2α (α ≥ 0 ) .

When p = 2,

For the recurrence formula (14-28), 3 is substituted for θ.

( 19 - 51 ) ∫0

∞
x4 ⅇ

- x2 +
α2

x2
ⅆx = α2 ∫0

∞
x0 ⅇ

- x2 +
α2

x2
ⅆx +

3
2 ∫0

∞
x2 ⅇ

- x2 +
α2

x2
ⅆx
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= (2α)2
4

· π
2

ⅇ-2α +
3
2
· (2α)+1

4
π ⅇ-2α = 1

8
(2α)2 +3 (2α) +3 π ⅇ-2α (α ≥ 0 ) .

19-4. General representation for the integrals

∫0

∞
x2 k ⅇ

- x2 +
α2

x2
ⅆx (α ≥ 0, k ∈ ℕ )

Hereafter, I will use mathematical induction to find the general representation for the integrals. First, in order 

to prove, I prepared the following equation that I had found in advance:

( 19 - 52 ) ∫0

∞
x2 k ⅇ

- x2 +
α2

x2
ⅆx = 1

2k+1 ∑
μ=0

k

ak,μ (2α)μ π ⅇ-2α (α ≥ 0, k ∈ ℕ ) .

Where

( 19 - 53 ) ak,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) !
( k ∈ ℕ, μ = 0, 1, · · ·, k ) .

When k = 1,

For equation (19-52), 1 is substituted for k.

( 19 - 54 ) ∫0

∞
x2 ⅇ

- x2 +
α2

x2
ⅆx =

1
22 ∑

μ=0

1
(2 -μ) !

21 -μ μ ! (1 -μ) !
(2α)μ π ⅇ-2α = 1

4
((2α) +1) π ⅇ-2α (α ≥ 0 ) .

The results of equations (19-50) and (19-54) are the same, so in the case of k = 1, equation (19-52) is correct.

When k = 2,

For equation (19-52), 2 is substituted for k.

( 19 - 55 ) ∫0

∞
x4 ⅇ

- x2 +
α2

x2
ⅆx =

1
23 ∑

μ=0

2
(4 -μ) !

22 -μ μ ! (2 -μ) !
(2α)μ π ⅇ-2α = 1

8
(2α)2 +3 (2α) +3 π ⅇ-2α (α ≥ 0 ) .

The results of equations (19-51) and (19-55) are the same, so in case of k = 2, equation (19-52) is correct.

When k = m, I assume that equation (19-52) is correct. The following equation holds under the assumption:

( 19 - 56 ) ∫0

∞
x2 m ⅇ

- x2 +
α2

x2
ⅆx =

1
2m+1 ∑

μ=0

m
(2 m -μ) !

2m -μ μ ! (m -μ) !
(2α)μ π ⅇ-2α (α ≥ 0, m ∈ ℕ ) .

When k = m + 1, I assume that equation (19-52) is also correct. The following equation holds under the 

assumption:

( 19 - 57 ) ∫0

∞
x2 (m+1) ⅇ

- x2 +
α2

x2
ⅆx =

1
2m+2 ∑

μ=0

m+1
(2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) !
(2α)μ π ⅇ-2α (α ≥ 0, m ∈ ℕ ) .
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When k = m + 2, I apply the recurrence formula (19-28) to the integral. 

( 19 - 58 ) ∫0

∞
x2 (m+2) ⅇ

- x2 +
α2

x2
ⅆx =

α2 ∫0

∞
x2 m ⅇ

- x2 +
α2

x2
ⅆx +

2 m +3
2 ∫0

∞
x2 (m+1) ⅇ

- x2 +
α2

x2
ⅆx

= (2α)2
4

· 1
2m+1 ∑

μ=0

m
(2 m -μ) !

2m -μ μ ! (m -μ) !
(2α)μ π ⅇ-2α

+
2 m +3

2
· 1

2m+2 ∑
μ=0

m+1
(2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) !
(2α)μ π ⅇ-2α

= 1
2m+3 ∑

μ=2

m+2
(2 m +2 -μ) !

2m +2 -μ (μ -2) ! (m +2 -μ) !
(2α)μ

+ (2 m +3) ∑
μ=0

m+1
(2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) !
(2α)μ π ⅇ-2α (α ≥ 0, m ∈ ℕ ) .

The coefficient of the highest degree of the polynomial of the variable (2 α) in the sum is simplified as follows:

( 19 - 59 )
(2 m +2 -μ) !

2m +2 -μ (μ -2) ! (m +2 -μ) ! μ=m+2
= m !

20 m ! 0 !
= 1 ( m ∈ ℕ ) .

This polynomial is called the monic polynomial since it is unity.

The coefficient of the first degree of the polynomial is simplified as follows:

( 19 - 60 ) (2 m +3) (2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) ! μ=1
= (2 m +3) (2 m +1) !

2m m !
= (2 m +3) !! ( m ∈ ℕ ) .

The constant term of the polynomial is simplified as follows:

( 19 - 61 ) (2 m +3) (2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) ! μ=0
= (2 m +3) (2 m +2) !

2m+1 (m +1) !
= (2 m +3) !! ( m ∈ ℕ ) .

Thus, the first-degree coefficient and the constant term are the same.

The above results are introduced into the result of equation (19-58) to obtain the general term.

( 19 - 62 ) ∫0

∞
x2 (m+2) ⅇ

- x2 +
α2

x2
ⅆx = 1

2m+3
(2α)m+2 + ∑

μ=2

m+1
(2 m +2 -μ) !

2m +2 -μ (μ -2) ! (m +2 -μ) !

+ (2 m +3) (2 m +2 -μ) !

2m +1 -μ μ ! (m +1 -μ) !
(2α)μ + (2 m +3) !! (2α) + (2 m +3) !! π ⅇ-2α

= 1
2m+3

(2α)m+2 + ∑
μ=2

m+1
μ (μ -1)

2m +2 -μ μ ! (m +2 -μ) !
+

2 (m +2 -μ) (2 m +3)
2m +2 -μ μ ! (m +2 -μ) !

(2 m +2 -μ) ! (2α)μ

+ (2 m +3) !! (2α) + (2 m +3) !! π ⅇ-2α

= 1
2m+3

(2α)m+2 + ∑
μ=2

m+1
(2 m +4 -μ) !

2m +2 -μ μ ! (m +2 -μ) !
(2α)μ

+ (2 m +3) !! (2α) + (2 m +3) !! π ⅇ-2α (α ≥ 0 , m ∈ ℕ ) .

Therefore
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( 19 - 63 ) ∫0

∞
x2 (m+2) ⅇ

- x2 +
α2

x2
ⅆx = 1

2m+3
(2α)m+2 + ∑

μ=2

m+1

am+2,μ (2α)μ

+ (2 m +3) !! (2α) + (2 m +3) !! π ⅇ-2α (α ≥ 0 , m ∈ ℕ ) .

For the coefficient of the general term of the polynomial, m + 2 is substituted for μ.

( 19 - 64 ) am+2,m+2 =
(2 m +4 -μ) !

2m +2 -μ μ ! (m +2 -μ) ! μ=m+2
= (m +2) !

20 (m +2) ! 0 !
= 1 ( m ∈ ℕ ) .

Also, 1 is instituted for μ.

( 19 - 65 ) am+2,1 =
(2 m +4 -μ) !

2m +2 -μ μ ! (m +2 -μ) ! μ=1
= (2 m +3) !

2m+1 (m +1) !
= (2 m +3) !! ( m ∈ ℕ ) .

And also, 0 is instituted for μ.

( 19 - 66 ) am+2,0 =
(2 m +4 -μ) !

2m +2 -μ μ ! (m +2 -μ) ! μ=0
= (2 m +4) !

2m+2 (m +2) !
= (2 m +3) !! ( m ∈ ℕ ) .

The results of equations (19-64), (19-65), and (19-66) are the same to that of equation (19-63), so in the case 

of k = m + 2, equation (19-52) is also correct.

( 19 - 67 ) ∫0

∞
x2 (m+2) ⅇ

- x2 +
α2

x2
ⅆx = 1

2m+3 ∑
μ=0

m+2

am+2,μ (2α)μ π ⅇ-2α (α ≥ 0, m ∈ ℕ ) .

Where

( 19 - 68 ) am+2,μ =
(2 m +4 -μ) !

2m +2 -μ μ ! (m +2 -μ) !
( m ∈ ℕ, μ = 0, 1, 2, · · ·, m +2 ) .

I can obtain the general representation for the integrals as a result of mathematical induction. At this stage, the 

proof is complete. Therefore, the following equation holds true:

( 19 - 69 ) ∫0

∞
x2 k ⅇ

- x2 +
α2

x2
ⅆx = 1

2k+1 ∑
μ=0

k
(2 k -μ) !

2k -μ μ ! (k -μ) !
(2α)μ π ⅇ-2α (α ≥ 0, k ∈ ℕ ) .

Finally, the general representation for the integrals is given by using the coefficients.    

( 19 - 70 ) ∫0

∞
x2 k ⅇ

- x2 +
α2

x2
ⅆx = 1

2k+1 ∑
μ=0

k

ak,μ (2α)μ π ⅇ-2α (α ≥ 0, k ∈ ℕ ) .

Where

( 19 - 71 ) ak,μ =
(2 k -μ) !

2k -μ μ ! (k -μ) !
( k ∈ ℕ, μ = 0, 1, 2, · · ·, k ) .

And the coefficients deserving special mention are shown as follows:

( 19 - 72 ) ak,k = 1 ( k ∈ ℕ ) .

( 19 - 73 ) ak,1 = ak,0 = (2 k -1) !! ( k ∈ ℕ ) .
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Table of the coefficients ak,μ

Fig. 19-3

19-5. Relation between the modified Bessel function of the second kind and the integral

∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ )

For the integral in the subtitle, the variable transformation

x = α y (α, y > 0 )

is performed.

( 19 - 74 ) ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx = ∫0

∞
 α y 

θ-1
ⅇ
-αy + α

2

α y  α
2
y
-

1
2 ⅆ y

= α
θ

2 · 1
2 ∫0

∞
y
θ

2
-1
ⅇ
-2α

2
y + 1
y ⅆ y = α

θ

2 K θ
2
(2α) (α > 0, θ ∈ ℂ ) .

Therefore

( 19 - 75 ) K θ
2
(2α) = α

-
θ

2 ∫0

∞
xθ-1 ⅇ

- x2 +
α2

x2
ⅆx (α > 0, θ ∈ ℂ ) .

Thus, when α is a positive real number, the above modified Bessel function of the second kind absolutely 

converges.

19-6. Laurent series expansions of the infinite series  

∑
n=1

∞

nk ⅇ-2 n x ( x > 0, k ∈ ℕ )

The hyperbolic cotangent of the real variable x is a convergent function in the intervals of -π < x < 0 and 0 < x 

< π.

And it has the Laurent series expansion described by the Bernoulli numbers “[12].”

( 19 - 76 ) Coth (x) = 1
x

+ ∑
μ=1

∞ 22 μ B2 μ

(2 μ) !
x2 μ-1 ( 0 < x < π ) .

The infinite series,
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∑
n=1

∞

ⅇ-2 n x

can be written using the hyperbolic cotangent of the positive variable x as follows:

( 19 - 77 ) ∑
n=1

∞

ⅇ-2 n x = ⅇ-2 x

1 -ⅇ-2 x = ⅇ-x

ⅇx -ⅇ-x
= cosh (x)-sinh (x)

2 sinh (x)
= 1

2
(coth (x) -1) ( x > 0 ) .

By combining the above two equations,

( 19 - 78 ) ∑
n=1

∞

ⅇ-2 n x = 1
2

1
x

- 1 + ∑
μ=1

∞ 22 μ B2 μ

(2 μ) !
x2 μ-1 ( 0 < x < π ) .

For the right side of equation (19-78), I show several terms of the series in order.

( 19 - 79 ) ∑
n=1

∞

ⅇ-2 n x =

1
2
x-1

- 1 +
x
3

-
x3

45
+

2 x5

945
-
x7

4725
+

2 x9

93 555
+ ∑
μ=6

∞ 22 μ B2 μ

(2 μ) !
x2 μ-1 ( 0 < x < π ) .

The infinite series,

∑
n=1

∞

nk ⅇ-2 n x ( x > 0, k ∈ ℕ )

has a recurrent formula based on differentiation.

( 19 - 80 ) ∑
n=1

∞

nk ⅇ-2 n x = -
1
2

d
dx ∑n=1

∞

nk-1 ⅇ-2 n x ( x > 0, k ∈ ℕ ) .

When k = 1,

( 19 - 81 ) ∑
n=1

∞

n ⅇ-2 n x = -
1
2

d
dx ∑n=1

∞

ⅇ-2 n x = -
1
2

d
dx

1
2

1
x

- 1 + ∑
μ=1

∞ 22 μ B2 μ

(2 μ) !
x2 μ-1

= -
1
4

-
1
x2

+ ∑
μ=1

∞

(2 μ -1)
22 μ B2 μ

(2 μ) !
x2 μ-2

= 1
4

1
x2

-(2 μ -1)
22 μ B2 μ

(2 μ) !
x2 μ-2 

μ=1
- ∑
μ=2

∞

(2 μ -1)
22 μ B2 μ

(2 μ) !
x2 μ-2

= 1
4

1
x2

-
1
3
- ∑
μ=1

∞

(2 μ +1)
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ ( 0 < x < π ) .

Therefore

( 19 - 82 ) ∑
n=1

∞

n ⅇ-2 n x =

1
4
x-2

-
1
3
+
x2

15
-

2 x4

189
+
x6

675
-

2 x8

10 395
- ∑
μ=5

∞

(2 μ +1)
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ ( 0 < x < π ) .

The following Pochhammer symbol will be used for convenience hereafter “[2]”:

( 19 - 83 ) (a)k := a × (a +1) × · · · × (a +k -1) ( k ∈ ℕ ) .

When k = 2,
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( 19 - 84 ) ∑
n=1

∞

n2 ⅇ-2 n x =

-
1
2

d
dx ∑n=1

∞

nⅇ-2 n x = -
1
8

-
2
x3

- ∑
μ=1

∞

(2 μ) (2 μ +1)
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ-1

= 1
4

1
x3

+
1
2 ∑μ=1

∞

(2 μ)2
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ-1 ( 0 < x < π ) .

Therefore

( 19 - 85 ) ∑
n=1

∞

n2 ⅇ-2 n x =

1
4
x-3

+ 0 -
x
15

+
4 x3

189
-
x5

225
+

8 x7

10 395
+

1
2 ∑μ=5

∞

(2 μ)2
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ-1 ( 0 < x < π ) .

When k = 3,

( 19 - 86 ) ∑
n=1

∞

n3 ⅇ-2 n x = -
1
8

-
3
x4

+
1
2 ∑μ=1

∞

(2 μ -1)3
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ-2

= 3
8

1
x4

-
1

3 !
(2 μ -1)3

22μ+2 B2 μ+2

(2 μ +2) !
x2μ-2

μ=1
-

1
3 !
∑
μ=2

∞

(2 μ -1)3
22 μ+2 B2 μ+2

(2 μ +2) !
x2 μ-2

= 3
8

1
x4

+
1

45
-

1
3 !
∑
μ=1

∞

(2 μ +1)3
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ ( 0 < x < π ) .

Therefore

( 19 - 87 ) ∑
n=1

∞

n3 ⅇ-2 n x =

3
8
x-4

+
1

45
-

4 x2

189
+
x4

135
-

8 x6

4455
-

1
3 !
∑
μ=4

∞

(2 μ +1)3
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ ( 0 < x < π ) .

When k = 4,

( 19 - 88 ) ∑
n=1

∞

n4 ⅇ-2 n x = -
3

16
-

4
x5

-
1

3 !
∑
μ=1

∞

(2 μ)4
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-1

= 3
4

1
x5

+
1

4 !
∑
μ=1

∞

(2 μ)4
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-1 ( 0 < x < π ) .

Therefore

( 19 - 89 ) ∑
n=1

∞

n4 ⅇ-2 n x =

3
4
x-5

+ 0 +
2 x
189

-
x3

135
+

4 x5

1485
+

1
4 !
∑
μ=4

∞

(2 μ)4
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-1 ( 0 < x < π ) .

When k = 5,

( 19 - 90 ) ∑
n=1

∞

n5 ⅇ-2 n x = -
3
8

-
5
x6

+
1

4 !
∑
μ=1

∞

(2 μ -1)5
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-2

= 15
8

1
x6

-
1

5 !
(2 μ -1)5

22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-2

μ=1
-

1
5 !
∑
μ=2

∞

(2 μ -1)5
22 μ+4 B2 μ+4

(2 μ +4) !
x2 μ-2
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= 15
8

1
x6

-
2

945
-

1
5 !
∑
μ=1

∞

(2 μ +1)5
22 μ+6 B2 μ+6

(2 μ +6) !
x2 μ ( 0 < x < π ) .

Therefore

( 19 - 91 ) ∑
n=1

∞

n5 ⅇ-2 n x =

15
8
x-6

-
2

945
+
x2

225
-

4 x4

1485
-

1
5 !
∑
μ=3

∞

(2 μ +1)5
22 μ+6 B2 μ+6

(2 μ +6) !
x2 μ ( 0 < x < π ) .

19-7. Formulae using the hyperbolic functions for the infinite series

∑
n=1

∞

nk ⅇ-2 n x ( x > 0, k ∈ ℕ )

When k = 1, taking derivative and multiplying by -1/2 for the result of equation (19-77),

( 19 - 92 ) ∑
n=1

∞

n ⅇ-2 n x = -
1
2

d
dx

 cosh (x)
2 sinh (x)

-
1
2
 = -

1
4

sinh2 (x)-cosh2 (x)
sinh2 (x)

= 1
4 sinh2 (x)

( x> 0 ) .

When k = 2, in the same way, 

( 19 - 93 ) ∑
n=1

∞

n2 ⅇ-2 n x = -
1
2

d
dx

1
4 sinh2 (x)

= -
1
8

-2 sinh (x) cosh (x)
sinh4 (x)

= coth (x)
4 sinh2 (x)

( x> 0 ) .

When k = 3,

( 19 - 94 ) ∑
n=1

∞

n3 ⅇ-2 n x = -
1
2

d
dx

cosh (x)
4 sinh3 (x)

= -
1
8

sinh4 (x)-3 cosh2 (x) sinh2 (x)
sinh6 (x)

= 1
8

3 cosh2 (x)-sinh2 (x)
sinh4 (x)

= 1
8

3 sinh2 (x)+1-sinh2 (x)

sinh4 (x)
= 1

8
2 sinh2 (x)+3

sinh4 (x)
( x > 0 ) .

Therefore

( 19 - 95 ) ∑
n=1

∞

n3 ⅇ-2 n x = 3
8

2
3
+

1
sinh2 (x)

1
sinh2 (x)

( x > 0 ) .

When k = 4, I apply the same operations to the result of equation (19-94),

( 19 - 96 ) ∑
n=1

∞

n4 ⅇ-2 n x = -
1
2

d
dx

1
8

2 sinh2 (x)+3
sinh4 (x)

= -
1

16
4 sinh5 (x) cosh (x)-4 2 sinh2 (x)+3 sinh3 (x) cosh (x)

sinh8 (x)

= 1
4
2 sinh2 (x)+3cosh (x)- sinh2 (x) cosh (x)

sinh5 (x)
= 1

4
sinh2 (x)+3cosh (x)

sinh5 (x)
( x > 0 ) .

Therefore

( 19 - 97 ) ∑
n=1

∞

n4 ⅇ-2 n x = 3
4

1
3
+

1
sinh2 (x)

coth (x)
sinh2 (x)

( x > 0 ) .

Hereafter, I show some results in order.

( 19 - 98 ) ∑
n=1

∞

n5 ⅇ-2 n x = 15
8

2
15

+
1

sinh2 (x)
+

1
sinh4 (x)

1
sinh2 (x)

( x > 0 ) .
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( 19 - 99 ) ∑
n=1

∞

n6 ⅇ-2 n x = 45
8

2
45

+
2

3 sinh2 (x)
+

1
sinh4 (x)

coth (x)
sinh2 (x)

( x > 0 ) .

( 19 - 100 ) ∑
n=1

∞

n7 ⅇ-2 n x = 315
16

4
315

+
2

5 sinh2 (x)
+

4
3 sinh4 (x)

+
1

sinh6 (x)
1

sinh2 (x)
( x > 0 ) .

( 19 - 101 ) ∑
n=1

∞

n8 ⅇ-2 n x = 315
4

1
315

+
1

5 sinh2 (x)
+

1
sinh4 (x)

+
1

sinh6 (x)
coth (x)
sinh2 (x)

( x > 0 ) .

( 19 - 102 ) ∑
n=1

∞

n9 ⅇ-2 n x =

2835
8

2
2835

+
17

189 sinh2 (x)
+

7
9 sinh4 (x)

+
5

3 sinh6 (x)
+

1
sinh8 (x)

1
sinh2 (x)

( x > 0 ) .

20. Conclusion

I obtained three types of general representations for the zeta function for any odd number of either 3 or 7, or 

more; one has the leading term, while the others do not.

Unfortunately, because the general representations lack essential information on the zeta function at these 

points, finding exact values (closed representations) such as

ζ (2) = π2  6       

would be extremely difficult.

I discovered that some infinite series represented using the divisor sigma function give transcendental numbers 

with fixed values. The Riemann hypothesis was proved by applying reduction to absurdity using the representa-

tion containing the leading term of the zeta function for any complex number. In addition, I obtained the new 

explicit formulae for the zeta and the Riemann Xi functions. And the Riemann hypothesis was again proved 

using the deductive method. I believe that the Riemann hypothesis is a symmetry problem unrelated to prime 

numbers. Moreover, the Hadamard product representation for the zeta function for any integer of 2 or more 

was obtained.

Furthermore, I confirmed the explicit formulae for each of the Riemann-Siegel Ζ (t) and the Riemann-Siegel 

theta functions.

Conversely, I obtained a new function, named the Chi function, for the left side of the origin symmetric 

functional equation that includes corrective terms. The Chi function is similar to the Riemann Xi function and 

exhibits origin symmetry. Furthermore, I obtained a new function, the eta function, which is similar to the zeta 

function. The eta function’s pole and trivial zeros are the same as those of the zeta function. Furthermore, the 

Chi and the eta functions have the same non-trivial zeros on the imaginary axis. Here, the imaginary axis 

corresponds to the critical line of the eta function. And I proposed a generalized Riemann hypothesis for the 

eta function that states that all non-trivial zeros lie on the imaginary axis. Since I was able to discover the 

explicit formulae for the eta and the Chi functions, the deductive method was used to prove the generalized 

Riemann hypothesis for the eta function. In addition, I discovered that an infinite series represented using the 

divisor sigma function gives the algebraic number 0 anywhere in the whole complex pane. I also found an 

infinite series of the same form which gives the algebraic number 1/4, albeit only one.  

The following are the new core conjectures:

1. Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 would be generated as the main 

spectrum using information on the imaginary parts of the non-trivial zeros of the eta function.

2. Almost half of the imaginary parts of the non-trivial zeros of the modified eta function η (2 θ) would be 

generated as a spectrum from prime number information.

3. A spectrum based on all odd primes would generate almost half of the imaginary parts of the non-trivial 
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 spectrum  primes  generate  imaginary parts

zeros of the eta function η (θ).

4. Twice the imaginary part of any non-trivial zero of the zeta function would belong to the subset of imagi-

nary parts of the non-trivial zeros of the eta function. It supports the existence of an infinite number of non-

trivial zeros of the eta function.

5. I could predict that the number of non-trivial zeros of the eta function within a certain distance ρm (the 

positive imaginary part of the m-th non-trivial zero of the zeta function) from the origin would be m-1, m, or 

m+1 on the imaginary axis.

6. Considering where the non-trivial zeros of the sum function of the zeta and eta functions lie, they would all 

be in the habitable zone 0<Re(θ)<1/2.     

7. There is a reciprocal series of the conditional Pythagorean primes (twice the conditional non-Pythagorean 

primes minus 1 are Pythagorean primes), it would diverge slower than the reciprocal series of the Pythagorean 

primes.

However, those were found using the functions defined as analogies in previous studies of the zeta function. I 

could not provide any mathematical evidence for these. Hence, the knowledge obtained in subsection 16-4 

remains within the anticipated range. Moreover, studies on Dirichlet series representation and Euler product 

representation for the eta function have not yet started.

I hope you will be able to solve the new problems someday!

When interpreting that the functional equation (2-2) stipulates the relation between whole positive real number 

and all squares of natural numbers, I must conclude that the essence of the numbers is condensed here.

By the way, the security of the current information society depends on the difficulty of factorizing the product 

of two huge prime numbers. In contrast, we know some people believe that when the Riemann hypothesis is 

solved, safety will be violated. Because the explicit formula for the zeta function has the same difficulty, I 

believe the safety will be maintained in the future as well.    

21. Thanks

21-1. Letter to Professor Hardy “[18]”

Dear Professor G. H. Hardy,

I’m delighted to inform you that you and I have proved the Riemann hypothesis, which was proposed by 

Bernhard Riemann himself in 1859. You demonstrated (together with Professor J. E. Littlewood) in 1914 that 

there are an infinite number of non-trivial zeros of the Riemann zeta function ζ (S) on the critical line.

Recently, I was able to demonstrate that the non-trivial zeros of the zeta function don’t lie off the critical line. 

Combining these two results, we arrived at the conclusion that all non-trivial zeros of the zeta function lie on 

the critical line. Problems with symmetry in general, not just prime numbers, were raised by the Riemann 

hypothesis. I want to sincerely commend you for your great achievement.

I sincerely appreciate you, Hardy-san.

From future Japan 106 years after your time, on 30 Apr, 2020.

Hideharu Maki · · · was born on 30 Jun, 1959.

21-2. To those who supported and encouraged me

Many people gave me words of support and encouragement as I was writing this article. I would like to 

express my gratitude. further, please allow me to introduce the following people:
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express my gratitude.  please  following people:

Kenta Iijima, Shigeko Iijima, Yoichi Okuno, Yukiharu Okumura, Hiroshi Kamide, Kunihiko Saito, Norio 

Sasaki, Yukiko Shimoda, Toshiyuki Sugio, Erdenebat Bayarbat, Toshi Furuta (Yu-Min), Kyoko Matsumoto, 

Nobuko Watanuki, and Noriyoshi Yamazaki (in the order of the Kana syllabary, without title of honor) and I 

express my thank you to all for giving me your words of support. Above all, I want to express my heartfelt 

appreciation to my parents. Moreover, I want to express my gratitude, especially for giving me the opportunity 

to attend university for four years.
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