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Abstract

This paper presents new insights towards proving the Collatz conjecture.

Introduction
The Collatz function is defined as:

3N+1, if n is odd
CIN)=4 N o
-, if nis even
2
The Collatz conjecture :

Take any positive number N. If N is odd, multiply it by three and add one. If N is even, divide it
by two. Repeatedly do this to form a sequence. The Collatz conjecture says that this sequence
always ends in 1.

All sequences finally end in the closed loop:

To prove the Collatz conjecture, one has to show that:
1. The sequence will not diverge to infinity.

2. The sequence will not enter some closed loop other than the 4- 2- 1- 4 loop.



Intuitive explanation on why the Collatz sequence cannot diverge to infinity

Let the starting number be N.

N —> 3N+1 —> (3N+1)/2 —> (9N+5)2 —> ON+5 — >

! !

(3N+1)/4 (3N+1)/4

We can see that no successive Collatz operations can be odd operations, whereas multiple
successive even operations can occur before an odd operation. This is because any even number
can have 2" as a factor. Therefore, after every odd Collatz operation there are one or more even
operations. This shows that the Collatz number going to infinity is impossible and in fact, in the
long run the sequence necessarily converges and descends.

As the starting number is made larger and larger, the probability that many more even
operations occur before an odd operation increases. This leads to the conclusion that the
probability that the next number being greater than the current number during any Collatz
operation necessarily approaches zero as the starting number approaches infinity.

Allim (Probability that C(N+1) >C(N)) =0

where N is the starting number or any number in the sequence.
Non- existence of closed loop other than 4-2-1-4 loop

Next we present a new approach to disprove non-existence of any other closed loop other than
the 4-2-1-4 loop as follows.

We start with an odd integer, 2N + 1, where N is an integer greater than or equal to zero. Since it
is odd, we multiply it by 3 and add 1. To form a loop, successive Collatz operations (divide by 2)
on the result must give the original integer, i.e.



3(2N+1)+1 = 6N+4
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Since the right hand side is always a positive integer that is a power of two, the left hand side
must also be an integer (not a fraction) and a power of two for both sides to be equal. This is
possible only if N = 0.

= N=0
Since N = 0, our starting odd number 2N+1 will be:

= 2N+1=2+0+1=1

Thus we have proved that no other closed loop exists other than the 4-2-1-4 loop.

A rigorous proof of non-existence of closed loop other than the 4-2-1-4 loop

The above proof of non-existence of closed loop other than 4-2-1-4 is only meant to show the
approach to be used and obviously is far from complete and therefore not rigorous. Next we
present a new approach towards a rigorous proof that no other closed loop can exist.

We consider two cases: the Collatz sequence starting number is:

1) Odd

2) Even

Odd starting number

Re-writing the Collatz function:

3N+1, if n is odd

C(IN)={ N o
> if nis even
as
aN+1, if n is odd
C(N) =
bN, if nis even
where

=3 db—1
a=3 an =3



Case 1: Starting number N is odd

We assume that the initial Collatz number is and odd number that successively results in an odd
number after multiplying it by three and adding one, and then dividing the result by two. Note
that multiplying an odd number by three and adding one always gives an even number.

N—> aN+1 —> abN+b % a’bN + ab+1—> a’b’N +ab’+ b 04

\Leven \Leven

ab’N + b? a’b®N + ab’+ b?

> a’b’N+a’b’+ab+l ——> 2°b°N +a’b’+ab’ +b % a’b®N + a’b3+ a’b? +ab+l ———>

\l/ even

a’b’N + a’b*+ ab® +b?

dd
LS %N+ 2t albi rabith ——> 2N + a’b+ a’h?® +albi+ab+l

\L even

a’b’N + a’b’+ a’b* +ab’+b?

2°b°N + a’b%+ %’ +a’b*+ab+h 299 s

\L even

a’b®N + a’b%+ a’b® +a’b*+ab’+b?



From the above, the last Collatz number is:
a®b®N + a*h® + a®b* + a?b® + ab? + b
We can generalize this as follows:
C(x) = a*b*N + a* 'b*+ a*2p* 1 + a*3b* 2+.. .+ a®b*+a’b® +ab*+ b
We can see that the part:
(a*'b* + a*2b*" !t + a*3p* 2+ .. .+ ab* + a’h? +ab?)
is a geometric sequence with ratio r = ab and first term ab? .

1—(ab)*

(a*b* + a*2p* 1 + a*3b*2+.. .+ a®b* + a®b3 + ab? ) = ab? T—ab

Therefore, the x™ number will be:

_ x—1
a*b*N + abz% 4D (1)

Case 2: Starting number N is even

In this case we assume that the starting number is an even number that successively results in an
even number after dividing the result by two.

eve even even bSN even

Ne—> b — s N 2 gy 28 iy

\LO o l/odd \L odd \Lodd \Lodd

abN+1 ab’N+1 ab®N+1 ab*N+1 ab*N+1

The y*™ number will be:

C(N) = BIN e e (2)




We can reach any number along the Collatz sequence by combining equations (1) and (2).

To check if other loops exist, we shall consider two cases and develop separate general equations
for each:

1. Collatz sequence starting with odd number and ending in odd number

2. Collatz sequence starting with even number and ending in even number

Collatz sequence starting with odd number and ending in odd number

Any number in the sequence can be expressed as:
C(N)=

1— (ab)*1 1— (ab)*?*"1
L + b) bt a*?p*? + ab2¥

x1px1 2
((((a*™b** N + ab 1—ab 1= ab

+ b)b¥? a®3p*3

1— (ab)*31 1— (ab)**+ 1
ZL + b) bY3 aX¥4p*t 4+ asz

+ab 1—ab 1—ab

+ b )by4 abexS

1— (ab)*>1
2
+ ab 1= db + b RN )

This can be generalized as:

C(N) =

1— (ab)*1~1 1— (ab)*?*1
1= (@)™ + b) b¥* a*?b*? + ab? (ab)

x1px1 2 I A
(((... (a**b** N + ab 1—ab 1—ab

+ b)b¥? a®3p*3

1— (ab)*31 1— (ab)** 1
2# + b) bY3 a*4pxt + asz

+ab 1—ab 1—ab

+ b )b a*Sh*S + . ..

,1— (ab)™ 1

ym xXnjpxn
.+ b)bY"™ a*b* + ab 1—ab

+ b e (4)




Rearranging equation (3)

C (N) — (ab)x1+x2+x3+x4+x5 by1+y2+y3+y4 N +

1-1
abZ % (ab)x2+x3+x4+x5by1+y2+y3+y4 +
1 — (ab )*?71 1— (ab)*3-1
2 - X3+x4+X5 y2+y3+y4 2 X445 y3 4y
ab (@b b +ab? T (ah) I 4
1—(ab)**! 1— (ab)*>1
2 ~ 7 x51y4 2
ab 1—ab (ab)™b + ab 1—ab

b (ab )x2+x3+.x4+x5 by1+y2+y3+y4- + b (ab )x3+x4+x5 by2+y3+y4 +

b (ab)****>p¥3+¥%+ 4+ b (ab)*> b¥* + b ... (5)
This can be generalized as:

I (N) — (ab)x1+x2+. .. txn by1+y2+. .. tym N +

1-1
abz%(ab)x2+x3+. . .+xnby1+y2+ ..o tym +
2-1
abz%(ab)xﬁxﬂ. o AXNpY2HY3H L AYm
—a
3-1
abz%(ab)x4+x5+. . .+xnby3+y4+. .Aym + .. 4+

abz 1— (ab )(xn—l)—l
1—ab

,1- (ab )1
1—ab

(ab)**b¥™ + ab

b (ab )x2+x3+. . txn by1+y2+. . tym +b (ab )x3+x4+. .txn by2+y3+. . tym +

+ b(ab)™ b’ + b ... (6)



Collatz sequence starting with even number and ending in even number

Any number in the sequence can be expressed as:

1— (ab)-1 1— (ab)
((((a*'b* N + ab? ———2—— + b)bY2a*2h*2 + ab?———>—— + b)b"*a™p* +
1—ab 1—ab
1— (ab)*31 1 — (ab)**1
abz% + b ) bY* b + abz% + DYDY %)
OR
1— (ab )t 1— (ab )21
((@B* NDY! + ab? ———— 4 B)bY2a*?h*? + ab?———2—— + b)bY3a*3h=3 +
1—ab 1—ab
1— (ab)*31 1 — (ab)**+1
Sl G M R 7SRV R S €k Gl A S @)

1—ab 1—ab

Equation (7) can be generalized as:

CIN) =
1—(ab x1-1 1—(ab x2—1
(- ((a**b*r Nb* + abz% + b)bY2a*?p*? + abz% + b)b¥3a*3p*3 +
1—(ab x3-1 1—(ab xn—1
abzﬁ + b ) bY*a**b**+. . .+b)bY™ 1@ p* + abz% + b)Y ... (9)
Equation (7.1) can be generalized as:
CN) =
1—(ab)*1 1—(ab)*?*1
((..((a**b*r Np¥1 + abzl(——a)b + b)b¥2a*?p*? + abzl(——a)b + b)bY3a*3p*3 +
21— (ab)*~1 V4 x4 1 x4 ym ,xnpxn 21— (ab)™!
abﬁ+b)b a**b**+. . .+b)bY™a*"b + abW+b e e (10)




Rearranging equation (7):

C (N) — (ab)x1+x2+x3+x4 by1+y2+y3+y4+y5 N +

abZ%(ab)x2+x3+x4by2+y3+y4+y5 +
1—(ab )x2—1 1— (ab )x3—1
2. 7 00 x3+x4},y3+y4+y5 2= \*vJ X471 y4+y5
bty @ + ab®—————(ab)*b +
1 — (ab)**1
aszbyS +

1—ab
b (ab )x2+x3+.x4 by2+y3+y4+y5 + b (ab )x3+x4 by3+y4+y5 +
b (ab)* bY**¥S + bb¥5 .. ... (11)

This can be generalized as:

I (N) — (ab)x1+x2+. .. txn by1+y2+. +ym N +

1-1
abz %(ab)adﬂﬁh . +xnby2+y3+. ctymo
2-1
ab? 1 —1(ab )Z (@b)¥3+x4+. AXNpYIEYA+. Aym g
—a

b (ab )xn bym—1+ym +

,1—(ab)ym1

b
@ 1—ab

by +
b (ab )x2+x3+. +xn by2+y3+. +ym + b (Clb )x3+x4+. +xn by3+y4+. +ym +

+ b (ab) ™ pym-ltym 4 ppym (12)
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Test of closed loop
A closed loop is formed if :
C(N)= N

where C(N) is as expressed in equation (4), (9), or (10), or their rearranged forms and
checking the above equality for each.

After substituting a = 3 and b =% in the above equations, a valid value of N cannot be
obtained for any values of x’s and y’s except for those corresponding to the 1-4-2-1 loop,
if there are no loops other than 1-4-2-1 loop.

Re-writing equation (6) below:

I (N) — (ab)x1+x2+. . txn by1+y2+. . tym N +

1-1
abz%(ab)x2+x3+. . .+xnby1+y2+ .. ym +
—a
2-1
abz%(ab)xﬁxﬂ. o AXNpY2HY3H L AYm
—a
3-1
abz%(ab)x4+x5+. . .+xnby3+y4+. .Aym + .. 4+

abz 1-— (ab )(xn—l)—l
1—ab

,1—(ab yxn-1
1—ab

(ab)**b¥™ + ab

b (ab )x2+x3+. . txn by1+y2+. . tym +b (ab )x3+x4+. .txn by2+y3+. . tym 4+ ...

. 4+ b(ab)™b’™ + b

11



Rearranging:

C (N) — (ab)x1+x2+. CAXM pylEy2+. o 4ymo N L

(abz%bczl_l_'_b) (ab)¥2+¥3+. . Hxnpyl+yzt . 4ym g
(ab? % + b) (ab)¥3*+x4+. .. AXNpY2EYIE L Aym |
(abz%lz:z_l_l_b) (ab)*¥4+xS+. . Axnpy3tyat. . dymo
(ab® — (C;b_):z_l)_l +b) (ab)*"b’™ + ab"’¥ba);m_1 + b e (1)

Let us test it for x, = y; = 1, which is the case of the 1-4-2-1 loop:
C(N)= (ab)'b® N + 2b
C(N) =N
= (ab)'b' N 4+ 2b=N
3,1, 1
= (D (G N+ 20)=N
> -N + 1=N

> N=4

Thus we have reduced the Collatz conjecture to the problem of whether C(N) = N in the
above equations, for some positive integer N. We need to show that C(N) = N only for
the 1-4-2-1 loop, i.e. if no other loops exist (which is the more likely case).



C(N)=N
Inserting C(N) from equation (11) :

N =

1 — (ab)x1+x2+. . txn by1+y2+. . Aym

x1— bz 1_(ab)(xn—1)—1

2 1-(ab) ' x2+x3+ +xn }yl+y2+ +ym xXnjHym 21—(ab ot
(ab? =22 1b) (ab) S AMpYLEYZE . dymy 4 (g " 4b) (@) + bt 4 p

1-ab

We have thus reduced the problem to whether a positive integer exists that satisfies the
above equation. It should be possible to deduce from the above equation that no positive
integer N exists that satisfies the above equation. Note that the equation we have used
here is for sequences that start with odd number and ‘end’ in odd number. We need to do
the same for the two equations (7) and (8) corresponding to sequences that begin with
even number and ‘end’ in even number.

Conclusion

Proving the Collatz conjecture requires proving that:

1. The sequence will not diverge to infinity

2. There are no other closed loops other than the 1-4-2-1 loop.
We have presented an intuitive proof of the first. For the second, we have developed
equations for C(N) and reduced the Collatz conjecture to a problem of whether C(N) =N,
for some positive integer N.

Thanks to Almighty God Jesus Christ and His Mother Our Lady Saint Virgin Mary
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