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I. CONSTRUCTION OF THE METRIC
Solving for the vector field

The theory considered in [1] is

Shulk = o €2 f d*az\/=g (R— — (8x) +— coshx) - f d45r3\/_( 3e3XF2 - %vefo) , (1)
which we can further truncate for our purposes to
Stk = 52 f d4x\/_(R+ il —27TE2U(Z)F,WFW). )
In the presence of a point charge, the full action becomes
S = Sputh + Q f Azt (3)

Assume that the point charge is located at (z,z,y) = (2,,0,0), where z and y (or the polar r and 6) parametrise the
flat boundary space. By assuming the background

ds® = g1 (2)dt* + g..(2)d2” + gou(2) (dxz + dyQ) ’ )

and the electrostatic field with A, = A, =0, the Maxwell’s equations give

az( v At)w 2 (92.+02) 4 = Q3(: - 5,)5()3(0) (5)

To find the solution for the vector field we follow [1] and use the WKB approximation

Pk s 1
Ai(z,z,y) = f (27r)26 exp{X(W0+/\W1+...)}7 (6)
0, = A0, (7)
with A «< 1. The solution is
- dzk —ik-2 klv(z —|klv(z
Ai(z,2,y) = C(2) e (27‘1’)26 : (Ckelk‘ ¢ )+dke Ikl ))7 (8)

where

g.”l’{L’ gZZ
(=02, y=2z, v= [ A, ©)
gtt Jzx

The momentum-dependent constants can be fixed by matching the near-boundary and near-horizon geometries, as
was done in [1].
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Solving for the metric backreaction

The Einstein’s equation derived from is
1 1
R, - igWR +Agu = /{ia (FWFVP - ZQWFPUFPU) , (10)

where A = -3/¢* and the four-dimensional Newton’s constant is x3 = 47¢3. We will set £ = 1.
In solving for A;, the background was considered as fixed. Hence, we can state that A; is of order e, where € « 1.
Now, to look for a backreaction of the metric to A;, we assume that the metric can be written as

ds® = - (gtt + 62htt) dt® + (gzz + 62]7,22) dz% + 2% h,, dzdr + (gm + thTT) dr? +r? (gm + €2h99) de?. (11)

The metric will be rotationally symmetric around the point charge’s spatial origin at » = 0. As a further simplification,
we introduce a WKB parameter for slowly varying spatial dependence of the metric, alongside slowly varying radial
bulk dependence,

0. = A0, Or = por, (12)

with A, u < 1. Next, we expand the Einstein’s equation to orders {O(e?), O(\°), O(u?)}, {O(e?), O(N\), O(u)} and
{0(€%), O(N?), O(u®)}, [i.e. this is the same as setting p = A and expanding to O()\?)], giving us a very simple

solution
2
tt = GQK4Z [gxz (82At)2 + 9zz (87’At)2:| ) (13)
2
K
hzz = 6 19 [gmz (azAt)Q —gzz (8TAt)2:| ’ (14)
gttgma:
her = ”4" 7 (0:40) (9,41 (15)
l€ o
hrr = _6 ’ I:gwm (azAt)Z ~Gzz (87“‘475)2] ’ (16)
gtt9zz
2
h99 == ad I:gmac (azAt)2 * 92z (arAt)Q:I ’ (17)
69ttgzz

where the four-dimensional Newton’s constant naturally suppresses the h,, terms in comparison to g, .
What will be more useful for future is to solve for the metric in Cartesian form, which gives us

ds? = - (gtt + ezhtt) dt* + (gzz + ezhzz) dz? + (gm + ezhm) da? + (gM + 62hyy) dy?

126 h,pdzdz + 26, dzdy + 26 hy, dzdy, (18)
with
2
Ko 2 2 2
o = o[22 (040" + (0,40°) + a2 (0:40)°] (19)
2
_ kio 2 2\ 2
has = =g [9:- (92407 + (0,40)°) - 920 (2:41)°). (20)
2
_ Kjo 2 2\ 2
hos = S ongon [9:2 ((0:40)° = (9,40)%) = g2 (9:4)°] 2D
IQQO'
yy = 69;1952 [gzz ((8yAt)2 - (8.LAt)2) ~—Yzx (azAt)2:| ’ (22)
2
hew = 2499 4,0, A, (23)
391t
2
hay = 429, 4,0, Ay, (24)
3gtt
hay = WPy A0y Ay (25)

391t



A charge near AdS infinity

All bulk geometries of (present) interest are asymptotically AdS with g = g.. = gur = 1/2%. For simplicity, we will
consider o(z) = 0. The relevant black hole solution in such as setup (with the scalar x = 0) is the AdS-RNy black
hole. An electric charge placed far from the horizon, 2z, < z; then induces an electric field with an approximate form
of an electric charge in pure AdS,

1 1
At:q(\/(z—zp)2+x2+y2_\/(Z+Zp)2+x2+y2)' (26)

[Precise value of ¢ to be fixed later] Near the boundary, for z  z, < 25, the metric becomes

de? = — (f() (a2 +y)h(z,:v,y))dt2+( 1 _(x2+y2)h(z,x,y))d22

22f(2) f(2)?
1 (x2_y2)h(zax7y) 2 1 (y2—$2)h(2,.’1},y) 2 Qxyh(z,x,y)
+ (z? + ) )dx e ) dy” + 27]”(2) dxdy, (27)
with
hzay) = o’ : - : 2 (28)
6 ((z=z)2 + a2 +y)™? (2 +2)? + a2 +y2)"
and the AdS-RN,4 emblackening factor
_ z\3 9 z\*
1@ =1-2(2) + @ (2) - (29)

Now, the point charge correction to the background can be re-summed into the emblackening factor, giving

2 _ fT(Z,(E,y) 2 2 (x2—y2)h(z,a?,y) 2
ds® = - s dt” + 22]‘7(2 . y)dz +(22+ ) dzx
) ( L )dy2 S F (30)
with
2
- 1 z 3 9 z 4 miaqzzﬁ 9 N2 4 1 B 1
fzzy) =1 M(Zh) +QBH(Zh) G (z%+y )(Zh) ((z-2p)2+22+92)"° ((2+2)2 +22 +y2)"?

(31)

The full metric for a charge in a black brane geometry

The next step is to find the metric backreaction to the point charge in the full black brane geometry with the metric
stated in Eq. (4). It was found in [1] that the vector field in such a geometry is

Agi)(% k) = C(z) M4 (c](::)eﬁc\v(z) N dl(::)e—w-c\v(z))’ (32)

where (+) stands for the quantities in the region of 0 < z < z, and (-) stands for the z, < z < zj, region, with

o= ["an /), 0O = [T anAG). (33)



Let us begin by evaluating the vector field in the (+) region, where

A0 _ Q 27 » oo ik cosd sinh (km;;) - k‘vgr)) sinh (kv(+) (z)) (34)
tT 1/4 174 0 0 € : (+)
(2m)2¢," " CYA(2) ksinh (kvh )
Performing first the integral over 6, we get the expression
oo sinh (ko™ kv(+) sinh (kv(*)(2)
A — [ dkkdoChr) (i, Jsinh ), (35)
(2m)¢p" ¢4 (2) JO ksinh (kv}(:))

which is in fact the Hankel transform of sinh (kv,(;) - k:vz(f)) sinh (kv(+)(z)) /ksinh (kv}(:)). In order to perform the

integral transform, we assume that e **» <« 1 and expand the integrand in this quantity, finding

A = 1/4Q [ dkkJO(kr)[ B0 =00 @) _ k(v 00 @) _ > mims Ze"“(mh +m1”(+)+"’2”<+)(Z))]7
27T< C1/4(Z) Qk miy,ma2= =+1
(36)
which leads to,
A}E‘*’) — - 4Q /oodkkJO(kr) — [e—k(v}(:)—'u(”(z)+2nv}(l+)) _e—k:(vl(f)ﬂ)(*)(z)+2nv}(l+))
4n G, (2)
+k(v§f)+v(+)(z)—2(n+1)v}(l+)) + e+k(v1(f)—v(+)(z)—2(n+1)v£+)):| . (37)

By noting that all exponential functions have the form e *® with a > 0, we can find the full expression for the vector
field in the region of 0 < z < 2,

A§+) i 1 B 1

1/4 1/4 2 2
Am G CA(2) \/(v,(f) v (2) + 2nv,(l+)) + 22 + 92 \/(UI(,Jr) +v(H)(2) + 2nv§b+)) +x2 +y?

- ! : ! . (38)

2 2
\/(vz(;r) +v)(2) = 2(n + 1)1)}(:)) +ax2+y? \/(vz(,+) v (2) -2(n+ l)v,(:)) +a2+y?

Next we solve for the vector field in the 2z, < z < 25, region where

2 o —kv (" ., sinh kol - kv(+)
Ag_): 1% / dG[ diketkreos0€ | kv _ ( r ) sinh(kv(_)(z)) (39)
(2m)2¢, " (HA(=) YO 0 k sinh (k:v,(j))
Q had g kJO(kT) —-k((2n+1 v(+) m v(+) m 'u(f) z
S ian 2 mlm?[ ST (Greiem e emar062) (40)
QTI'CP C / (Z) n=0mj,mo==%1 0
Q 3 1
S 41)
/4 14 a Z, mims > (
Am Gy (MA(2) n=0mma=s1 \/((Qn + D)ol +myol + mzv(‘)(z)) + 22 + 12
- 1/4Q1/4 it 5 (42)
Am Gy CHA(2) me0m, p=a1 \/(v(‘)(z) +myus + (20 + mpol )) + 22 + g2
Q = m,

; (43)

- 1/4 114 — . 2
Am Gy CMA(2) n=0myi=s \/ (v (2) = mpuf? = 2mmi? = (g + 1) 0f) 4 22 4 2



where we have used the identity v(*)(z) + v()(2) = v}(:r) in going to the last line. Hence, we find

AE,) B Q 1 B 1

- 1/4 Z 2
Am(p" (M4 (2) =0 \/(v(+)(z) )4 2nv(+)) + a2 +y2 \/(v;()+) +0)(2) + 2nv§b+)) + 22 +y2

- ! . ! . (44)

2 2
\/(vl(f) +v)(2) = 2(n+ 1)1)}(:)) + 22 + 92 \/(v(+)(z) - UI()+) -2(n + 1)v,(l+)) + 22 +92

By comparing Eqgs. (37) and (44) we see that the expression differ only in the signs in front of the difference
v (2) - vl(,+). This comes from the fact that v(*) < UI()+) in the (+) region and v(*) > v,(,+) in the (-) region. Clearly
both results match at z = z,. By defining all quantities with the index (+) as ones without any (+) index, i.e.

v(z) =M (2) = foz g ‘ zzziz:;7 vp =v(2p), vy, = v(2p), (45)

we can write the final expression for the vector field valid throughout the entire bulk geometry, 0 < z < z, as

Q i 1 ~ 1
1
47{;/ (M4(z) =0 \/(|vp—v(z)|+2nvh)2+ac2+y2 \/(vp+v(z)+2m)h)2+352+y2

At(z,x,y) =

1 1
- +
\/(vp +0(2) = 2(n+ 1)) + 22 + 12 \/(|vp —v(2)|=2(n+ 1wy + 22 + 12

(46)

As a further check on this result, we see that by taking the limit of vy, - oo, only the first two terms at n = 0 can

contribute. Hence, we recover the pure AdS result.

Multiple charges

We are interested in introducing multiple charges into the black brane geometry. Since Maxwell’s equations are
linear, we can simply add the various vector fields corresponding to a set of N point charges of charge ; placed at

(z1,21,91), ... (2n, 2N, yn). Similarly, we define v, ; = v(2;). The total vector field is then
1 ad 1
Ai(z,2,y) = 1/4 Z 1/4
O 21 | Vi = o)+ 2n08) + (5= 2)” + (i - )’
B 1 B 1
V@i +0() +200) + (i =2) + (i =)/ (i +0(2) = 200+ Don)’ + (@i = 2)* + (i - )’
1

¢<|vm—v —2(n+ )vn)? + (25 - 2)% + (i - y)°

The final result for the metric, including the leading-order WKB backreaction, is then, as above,

d82 == (gtt + htt) dt2 + (gzz + hzz) dZQ + (g:ﬂ:v + h:v:c) d372 + (g:vw + hyy) dy2 + Qha:ydxdf% (48)



with
2
hyg = (;‘”"4" (2.4 + (9,4)°], (49)
2
hee =~ 202 [0, A0)° + (9,A40)°]. (50)
JttJxx
2
has = % [(0.40)° - (9,4,)%], (51)
2
_ ky0 2 2
Py = o[ @00 = (0:40)7], (52)
KJQO'
Ry = ﬁazAtayAt. (53)

II. CHARGE DIFFUSION IN THE PRESENCE OF A SINGLE CHARGE

In this section we compute the charge diffusion in the background geometry with a single charge. The vector field,
as a result of a single charge, is

Q i 1 ~ 1
47TC;/4<1/4(,2) n=0 \/(|vp —v(z)|+ anh)2 42 \/(vp Fo(z) + vah)2 2

Ai(z,r) =

1 1

- + (54)
V(o +0(z) =2+ Do) 412 \/(lo - v(2)] - 2(n + 1)v)? + 72
or in terms of the Fourier space momentum,
Q > S [k (lop—v(2)l#2n0m) _ (v +o(z)+2n0n)
At — [ dk?Jo(k’l") e |vp—v(2)|+2nvpy) _ e~k (vptu(z)+2nvy
47TC;/4<1/4(Z) 0 nZ:=O|:
_€+k(vp+v(z)—2(n+1)'uh) 4 e+k(|vp—v(z)|—2(n+1)vh,)] ) (55)
The metric has the form
ds® = = (g + hae) dt* + (gaz + hoz) d2? + 2hdzdr + (Gug + her) A2 + 172 (gaa + hog) d6?, (56)
where h,, are all proportional to O(A3), hence Py o< €2. We will use
f(z) 1 1
= s vz = s rx T o - 57
gt 2 g 21(2) g 22 (57)

To find non-trivial effects of h,, on charge diffusion, we need to use the following scaling of the perturbations of the
vector field,

€A, - €A, + e3aﬂ, (58)

where we will use the radial gauge, a, = 0. Note also that A; = 0 and only A; # 0. We can then use the Maxwell’s
equation

v, =0, (59)
expanded to O(A\?) in the WKB expansion, with u = A to find the fluctuation equations for a; and a,.,
1
rf*d2a; +rf0}a; + [,00 ~r 00,0, ~ forar = Sriozt (9,40 [(9,40)" + f (9:40)°], (60)

ropd.as — fO, (rd.a,) =0, (61)
i0ra; — 02a, + f20%a, + f0.f0.a, = 0. (62)



Now, this is a coupled set of non-homogeneous differential equations. To find the solution, let us write
ar = e Iy (kr)ay(2) + oy (t, 2, 1), (63)
Ay = efith1(k7’)ar(Z) +O[r(t,Z7T)7 (64)

where a; and a, will solve the homogeneous part of the linear differential equations. Furthermore, we can define a

gauge-invariant variable
Z = ka; —iwa,, (65)

which enables us to rewrite the homogeneous part of the system in terms of a single differential equation

w20, f w2k f
FE_emn e

The solution has a standard hydrodynamic expansion in w and k2 and a diffusive quasi-normal mode in the longitudinal

027 + Z. (66)

direction outwards from the point charge at r = 0.

Let us now move on to finding the solutions for the non-homogeneous a; and «, functions. By looking at equation
(60), we can first analyse the time dependence of a; and «,.. Since the right-hand-side has no time dependence, it is
clear that oy cannot be time-dependent unless it exactly satisfies 7 f20%ay + rf0%ay; + fOrc; = 0. Let us assume that
oy does indeed satisfy this equation. We then have to solve

1
~rfOidar— [ = grioz" (00 Ar) [(0:40)% + £ (8:40)%], (67)
which could be done with «; linear in ¢. Eq. (61) would the imply that
tB(z)
=, 68
) (69)

which is inconsistent with Eq. (60) because this solution makes the left-hand-side vanish identically. This contradiction
leads us to conclude that a; has no time dependence.
Now, let us assume that «, has non-trivial time dependence. Then, according to Eq. (60), it must be true that

atar (Ta'r) = 07 (69)
which can be solved by
B(t,2)
r= —". 70
: (70)

This expression also automatically satisfies Eq. (61). The remaining equation, Eq. (62) becomes

J2O2B+ f0.f0.8 - 078 =0, (71)
which implies that 8(t,z) = e"“ty(z2), i.e.
0, w?
2y + ff 0.y + F7 =0. (72)

The function v has a hydrodynamical expansion in w and we can impose in-falling boundary conditions on its near-
horizon behaviour. Hence,

—iwt

e Py —iw /2
o (t,z,r)=C, (1——) [1+m71(z)+(9(w2)], (73)
T Zh

where to = w/27T. Of course, Eq. (72) is exactly the same as Eq. (66) with k = 0. The main difference is the 1/r
dependence of «,.. We also note that C,. is an arbitrary constant, so we could just set C. = 0.
What remains to be solved is a very complicated differential equation

r 2020 +rf0%as + fOray = %,24 (8, Ay) [(87.At)2 +f (azAtf] . (74)

By examining the right-hand-side, we see that it vanishes at z = 0 but it has a sharp peak at r =0 and z = z,, i.e. at
the point charge. If we keep C,. # 0 then a, diverges at r = 0.



IIT. SOME IDENTITIES OF POTENTIAL USE

We can expand the “bracketed” part of the integrand in a Taylor series in small k, finding

Q

At:47r<;/4<1/4(z)/o dkaJO(kr)[(W‘“(z)"”P‘“(Z))(|“p‘”(z)|+””+”(z)'th)m(k)]’ "

and finally
o {mv(z) (on —vp) fo7 dk (K2 +...) Jo(kr), 0<v(2) <y, -
m% (v = v(2)) [~ dk (K* +...) Jo(kr), v, <v(2) < vy
For convenience, we define
AtsAt(z)[Owdk(k2+...)J0(kr), (77)
which gives
0, Ar = —A(2) fow dk (k* + ) Jy (kr). (78)

Now, an inspection of plots (and eventually a more rigorous argument) shows that the dominant part of the A;
integral comes from the small k region. Similarly, this is the case for 0,A4; unless v(z) is close to v,. Let as assume
that v(z) is not close to v,. It is then reasonable to introduce a small dimensionless cut-off kr < A « 1, so that

A A3 A AS
A o nn A
A useful combination is then
2,6 2410

96 1008



IV. NOTES

The spectrum has to be discrete in order for the system to localise.

[1] D. Anninos, T. Anous, F. Denef, and L. Peeters, (2013), arXiv:1309.0146 [hep-th].
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