Knot, refractive index and phase singularity
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We treat the geometrical optics as an Abelian U(1) local gauge theory the same as the Abelian U (1) Maxwell’s
gauge theory. We propose there exists a knot in a 3-dimensional Euclidean (flat) space of the geometrical
optics (the eikonal equation) as a consequence there exists a knot in the Maxwell’s theory in a vacuum. We
formulate the Chern-Simons integral using an eikonal. We obtain the relation between the knot (the geometric
optical helicity, an integer number) and the refractive index. We propose that the nature of the singularities of
the phase is determined by the fact that the gauge potential is a smooth single-valued function of its variables.
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In our previous work', in the case of the 3-dimensional
space, we obtain the Abelian Chern-Simons integral ex-
pressed in the refractive index related to the geometric
optical helicity, hgo, as follow
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where we replaced the electromagnetic helicity to the
geometric optical helicity or the geometric optical knot.
Both, hem and hg,, are integer numbers.

Eq.(1) shows explicitly the relation between the geo-
metric optical knot and the refractive index. The refrac-
tive index is typically supplied as known input, given, and
we seek the solution, the phase, 11~. It means that the
geometric optical knot as an integer restricts the choice
of the value of refractive index, so it makes the phase be-
comes singular. This phase singularity” where the phase
is undefined” is the geometric optical knot solution. In
our case, the geometric optical knot could exist in the
weak field only.

In this article, we would like to explore deeper the
meaning of the geometric optical knot as an integer re-
stricts the choice of the value of the refractive index and
how the restricted value of the real scalar function of the
refractive index could give rise to the phase singularity.
We propose that the nature of the singularities of the
phase is determined by the fact that the gauge potential
is a smooth single-valued function of its variables.

Let us discuss some basic concepts. Wavefronts are
defined as the contour surfaces of phase’. We see from
eq.(1), the phase is
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where the related gauge potential can be written as
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@, is the amplitude. The most important features of
wavefronts are their singularities, which correspond to
singularities of the phase function, ¥ (7,¢)".

Inspired by Berry”, we consider that the nature of the
singularities of the phase is determined by the fact that
the gauge potential is a smooth single-valued function of
its variables.

Single-valuedness of the gauge potential (due to the
integer value of the geometic optical helicity) implies that
during a circuit C' in space-time, the phase may change
by 2mm, where m is an integer. Suppose m is not zero,
and let C' be shrunk to a small loop in such a way that m
does not change. Then C encloses a singularity, because
the phase is varying infinitely fast™.

The smoothness of the gauge potential now implies
that this (the phase is varying infinitely fast) can hap-
pen only when the gauge potential is so weak, /_l’# — 0.

These phase singularities are lines in space, or points
in the plane”.

The work is still in progress.
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