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A Monte Carlo simulation is performed to calculate a probability of the difference between the
average value in some random sample and the average over the total set. Method of analysis of
the nature of the peculiarities in the probability distribution functions is suggested. The method
consists in comparison of the probability distribution functions for the percentage and the number
of voters for Mr. Lukashenko in each polling station.
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In any election process, as a rule, complaints to the election procedure arise
from the losing party. The election of the president in Belarus is not an exception
and has led to a serious split in society due to different opinions on this issue.
Statistical analysis is an additional tool for analyzing the reliability of elections,
although it cannot provide a completely definite answer about fairness of the
election result, because statistical methods operate only with the probabilities of
various statements. Currently, 1310 of the 5767 protocols of precinct election
commissions (PECs) are available in the open access [1]. It seems interesting, how
reliable the election result declared as the victory of Mr. Lukashenko with a result
about 80% is. Below we will focus an attention on two arrays of numbers: the
number N, of voters at some polling station and the number of voters for Mr.

Lukashenko M, at the same polling station [2]. These numbers could be considered

as the random variables giving possibility to calculate the following average values
1 1310 1 1310
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N=——>N, M=—->M,,
13104 13104
where the first value is the average number of voters in some polling station and
the second value is the average number of voters for Mr. Lukashenko. The
percentage of those who voted for Mr. Lukashenko is defined as
Z:M/N:Biomi/lsszizo.az, (2)
I.e. it turns out to be at a 60% level. According to official result from the analysis
of the total number of 5767 PEC protocols, the percentage of voters for Mr.
Lukashenko is about 80%. Thus, the result obtained from a random sample of
approximately Y4 of all PEC protocols differs more than 15% from the official



2

value. We have estimated the probability of such event by the Monte Carlo
method. For this purpose, we randomly select % protocols from the existing sample
of 1310 protocols and calculate the average. This procedure has been repeated until
appearing of a result that differs from 1 more than +0.15. Computer simulation
shows that with more than a million random samples, such a result does not
appear. This indicates that the probability of such an event is less than 10°°. In fact,
this probability is even less, because a fourth part of the 5767 protocols has to been
chosen, rather than that from 1310. This tiny probability simply indicates the fact,
that a sufficiently large random sample must reflect the full picture accurately.
Let us now perform a more detailed analysis of the sets N, and M.. One could
introduce the following random variable

A =M IN;, (3)
representing the percentage of those who voted for Mr. Lukashenko at each polling
station and consider the distribution of the probability density [3] of this value. The
distribution smoothed with the Gaussian kernel is shown in Fig. 1. As it is known,
the probability density [3] characterizes the probability of obtaining a in a certain

b
interval 1e[a,b] as P :J.p(/l)d/l. For example, the probability of obtaining a value

at some polling station 0.6 <A <0.8 equals the area under the graph curve from 0.6
to 0.8 and takes the numerical value P =0.43.

Fig. 1 The probability density function p(1) of the percentage of the voters for Mr.
Lukashenko.
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As one could see from Fig.1, the probability density differs considerably from the
normal (Gaussian) distribution which is usually observed in the elections. Of
course, this fact itself does not tell anything, since there are elections with strong
deviations from the normal distribution. However, it is interesting that an
additional maximum 80% has been appeared besides to the expected maximum
near 60% . To analyze this phenomenon, let us to construct a distribution of another
quantity, namely, the number of voters who voted for Mr. Lukashenko at each
polling station, by considering the normalized random quantity

v,=M,/N. 4)
Since the number of voters is different in the different polling stations, the
distribution p(v) should be broader than p(2), but still retains its key points. The
distribution p(v) is shown in Fig.2

Fig. 2 The probability density function p(v) of the number of the voters for Mr.
Lukashenko normalized by the mean number of voters according to (4).

As one could see from Fig. 2, the peak at 0.6 remains, although
somewhat shifted, while the peak at 0.8 has been disappeared traceless.
One the possible hypothesis is that the correlation in distribution p(1) arose
due to artificial trimming of the percentage of those who voted for
Lukashenko to 80% in some polling stations. Of course, it is only one of the
possible explanations why the peak at 80% is in the distribution p(1) of the
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probability density of percentage, but not in the probability density p(v) of
the number of voters who voted for Mr. Lukashenko.

As a result, we note the following features of the statistical analysis:

1) the average percentage of those who voted for Mr. Lukashenko in
the available sample of 1310 protocols is about 60%, which is very different
from the official 80% percentage. The probability of such an event is tiny.

2) The distribution of the percentage of those who voted for Mr.
Lukashenko in some polling station is very different from the normal
(Gaussian distribution). It has a maximum of about 60% and an additional
peak of about 80%.

3) The additional peak at 80% disappears completely if one considers
a distribution not of the percentage, but of the number of people who voted
for Mr. Lukashenko at each polling station. One of the hypotheses of this
phenomenon may be the artificial equalization of the percentage of those
who voted for Mr. Lukashenko to 80% in some polling stations, which,
however, turned out to be insufficient to bring the average from 60% to the
official value 80%.

As for the official result, of course, it could be considered that Mr.
Lukashenko win 80% of the votes, while in a random sample of 1310 there
were about 60%, but the probability of such an event is less than one part in
million.
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Brirmoaneno mogeaunposanne metogoM MonTe-Kapao BepOosATHOCTY IOAYYUTh OTANYNE
CpegHero 3HayeHUs B HEKOTOPOM CAy4ailHOV BBIOOpPKe OT IIOAHOIO CpeAHero.
IIpeaaoxxen MeTos aHaAM3a IPUYMH BO3HUMKHOBEHMS OCOOEHHOCTeN B (PYHKIIUN
IIA0OTHOCTM paclpejeAeHus, COCTOSAIIMII B cpaBHeHMM (QYHKUMII pacrIpejeaeHunin
IIpOLIEHTa U 4YMCAa IIPOrOAOCOBAaBIIMX Ha KaXXAOM YydyacTKe 3a ONIpeaeAeHHOIO
KaHAMAATa.

KuroueBble cioBa: ciryuaiinas BeIOOpKa, cpejiHee 3HaueHue, GopMa QyHKIUI pacnpeaesieHus,
BbIOOPHI B benapycu, MmareMaTnyeckoe MoIeIMpOBaHUE

. .Y MTHOBEHHO OT COHMa
Kanxac BoccTan ®eCcTopuI, BEPXOBHHI NTUIETANATEJb.
Mynpuli, Bemajl OH BCe, YTO MMHYJIO, YUTO €CTb ¥ uTo Oyzmer,

T'omep, “Vnnana”

B mporecce mo0ObIX BBHIOOPOB, Kak MPaBUIO, BO3HUKAIOT T€ WM HHBIE
MPETEeH3UN K BRIOOPHOM MPOLIEype CO CTOPOHBI MPOUTPABIIEH CTOPOHBI. BEIOOPHI
npe3uieHTa B benapycu B 3TOM CMBICIIE HE SIBISIFOTCS HCKJIIOUEHHUEM M MIPUBENHU K
CepbEe3HOMY pPAcKoNly OOIIeCTBa W3-3a PA3MMYHBIX MHEHHHA 1O 3TOMY IOBOAY.
CraTUCTHUYECKHI aHaNIM3 SBISETCS JONOJHUTEIBHBIM HHCTPYMEHTOM aHajau3a
JIOCTOBEPHOCTH BBIOOPOB, XOTSI M HE MOXET JaTh IMOJHOCTBHIO OMPEICICHHOTO
OTBETa Ha BOINPOC O CHPaBEVIMBOCTU pe3yjbTaTa BHIOOPOB, MOCKOJBKY
CTaTHUCTUYECKUE METOIbl ONEPUPYIOT C TOJBKO BEPOATHOCTSIMHU Pa3IUIHBIX
yTBepKIeHui. B HacTosimee BpeMsi 1OCTymHBI B OTKpbITON newatn 1310 uz 5767
00IIIero KOJIMYeCTBa MPOTOKOJIOB YYacTKOBBIX BhIOOpHBIX Komuccuit (YUK) [1].
[IpencraBisieTcsi WHTEPECHBIM, HACKOJIBKO JOCTOBEPEH pEe3yJbTaT BbIOOPOB,
oO0BsBICHHBIN Kak nodexaa r-Ha JlykameHko ¢ pesynbraroMm nopsaka 80%. Jlanee
MBI CKOHIEHTPUpPYEM BHHMaHHWE Ha JBYX MAacCHUBaX YHCEN: KOJUYECTBO



rOJIOCOBABIIMX HA KAXKJIOM i-TOM y4acTKe N, ¥ KOJIMYECTBO I'OJIOCOBABIIUX M, 3a
r-na Jlykamenko Ha 3ToMm ke ydactke [2]. Kak M, Tak N, MOXHO paccMaTpuBaTh

KakK CﬂyqaﬁHBIG BCJIMYUHBI 1 BEIYUCIUTD CICAYIOINC CPCAHUC 3HAYCHUA
1 1310 _ 1 1310

N=—""3N, M=—>M, (1)
1310 4 1310 4

r7ie IepBas BEJIMYMHA MPEJCTABISET COOOW CpelHEee YHUCIO TOJOCOBABIIMX Ha
HEKOTOPOM YYacTKe, a BTOpasi BeJIMYMHA MpeACTaBIseT coOOM cpeaHee 4YHCIIOo
rojiocoBaBmux 3a r-ua Jlykamenko. IIpoueHT rogocoBaBmmx 3a r-Ha JlykameHko

OIIPCACIIACTCA KaK
1310 1310

A=M/N=>M;/> N, ~062 (2)
i i

u okasbiBaeTcsa Ha ypoBHe 600%. CormacHo oduIMaIbHBIMU pe3yJibTaTaM U3
aHaJln3a moJHOro yucia 5767 npotokonoB YUK koianuecTBo roslocoBaBIInX 3a TI-
Ha Jlykamienko cocrtaBisieTr okoio 80%. Takum 00pa3oMm, Modydaercsi, 4YTO
cilydaiiHas BbIOOpKa mNpuMepHO Y4 Bcex mnpoTtokoioB YUK paer pesynbrar
oTnuyaromuica Oonee yem Ha 15%. OueHUM BEPOSITHOCTh TAKOTO COOBITHS
MetogoM Monrte-Kapno. Jlns stoii menu ciydailHbIM 00pa3oM BbIOepeM Vi
MPOTOKOJIOB M3 uMerolieiicss BoiOopkr B 1310 mpoTOKOIOB M BRIUMCINM CpEITHEE.
HNannyro mpouenypy OydaemM  TMOBTOpATH A0  TOSBIEHUS — pe3yJbTara,
oTIMYaroIerocs or A =0.6Ha mmoc MuHyc 0.15. KommnboTepHOe MOIeTMpOBAHIE
MOKa3bIBA€T, YTO NpU NpOBeJeHUU Oojiee 4YeM MWIIMOHA BBIOOPOK TaKoOM
pe3ynbTaT HE MOSBISETCA. DTO YKA3bIBAET, YTO BEPOSATHOCTh TAKOTO COOBITHS
MeHblIe 10°. Ha camom Jene BEpOATHOCTH €Ie MEHbIIIE, MOCKOJIbKY CJEeI0BaI0
OBl BBIOMpATh YETBEPTYIO YacTh U3 5767 mpotokomnoB a He u3 1310. [lomyuennas
Masiasi BEpPOSTHOCTh MPOCTO YKa3bIBa€T Ha TOT (PAaKT, YTO AOCTATOYHO OoJbllIas
cily4aifHasi BBIOOpKA JTOJKHA OOBEKTUBHO OTPAXKATh MOITHYIO KapTHHY.

Brimonaum Teneps Oosiee neTanbHbIN aHaiIM3 MHOXECTB M, u N, . MoxkHO

BBECTH CJICIYIOIIYIO CIyYaliHYIO BETHUUHY

4 =M./IN, 3)
NPEJCTABISIONIYI0 COOON MPOIEHT MPOT0JIOCOBABIIMX 3a T-Ha JlykamieHko Ha
KOKIOM YY9acTKE M PACCMOTPETh pacHpeleiCHUE TUIOTHOCTH BEPOSITHOCTH p(A)
nanHou BenuuuHbl [3]. CriuaxeHHoe ¢ moMolbio ['ayccoBa siipa pacnpe/eicHue
nokazaHo Ha Puc. 1. Kak u3BeCTHO, MIOTHOCTh BeposTHOCTH [3] XapakTepusyer

BEPOSATHOCTHL P IOJIYYUTh 3HAYECHUE BEIMYUHBI B HEKOTOPOM HMHTEpBaie [a,b] Kak
b
P= J' p(A)dA. Hanpumep, BepOSTHOCTh IOJY4YUTh HAa KaKOM-HHUOYIb OJHOM

a



n30UpaTeIbHOM ydacTKe 3HaueHue 0.6<A1<0.8 paBHO IUIOMIAAA TOJI KPUBOU
rpaduka ot 0.6 10 0.8 u YMCIECHHO paBHA P =0.43.
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Puc. 1 dynkuus p(1) pacripedeaeHnst INIOTHOCTH BEPOSTHOCTU IPOLIEHTA TOJI0COBABIIMX
3a r-Ha JlykaieHko.

Kak BugHo u3 Puc.l, mIoTHOCTH BEPOSATHOCTH p(A) Jalieka OT HOPMaJIbHOTO
(FayccoBa) pacnpeneneHus, KOTOpoe OOBIYHO HaOIIOJAETCs Ha BBIOOpax.
Pasymeercs, cam mno cebe 3TOT (aKT HU O YEM HE TOBOPHUT, MOCKOJBKY
BCTPEYAIOTCS  BBIOOPHI C  CHJIBHBIMA  OTKJIIOHEHHUSMH OT  HOPMAaJbHOTO
pactipenenenusi. WHTepecHbIM 374€Ch SBISIETCS TO, YTO KpPOME OXKHUJAEMOI0
MaKkCMMyMa Ha A ~0.6, UMEETCA TaKXe MakKCUMyM Ha A~0.8. i aHanusa 3Toro
ABJIEHUS TOCTPOMM pACHpENEIeHUE APYrou CIydYalHOW BEJIWYMHBL: YHCIA
n3bupareneii M, ToJocoBaBImIMX 3a T-Ha JlykalieHKO Ha KaXIOM YdYacTKe
paccMaTpuBasi HOPMUPOBAHHYIO CITyYailHYIO BETUUHHY

v.=M,/N . (4)
[TockonbKy Ha pa3HbIX Y4YacTKaX 4YHUCJIO MPOroJIOCOBABIIUX PA3IMYHO, TO
pacripeneneHue  p(v) JTODKHO OBITH Oojiee pa3sMBITBIM, YeM po(A) OJIHAKO
COXpaHsTh €ro KJII04YeBble MOMEHTHI. Pactipenenenne p(v) npuBeneHo Ha Puc. 2
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Puc. 2 Oynkuus p(v) pacnpedeaeHns MIOTHOCTH BEPOSTHOCTU YHCIIA IOJIOCOBABIIUX 3
r-Ha JIyKkameHKo HOpMUPOBAHHOT'O HA CPE/IHEE YUCIIO MOJ0COBABIIMX Ha y4acTKe, M. (4).

Kaxk BugHo u3 Puc. 2 , nuk Ha 0.6 ocrancs, XOTs HECKOJIbKO CMECTHUJICSA, B TO
BpeMs kak nuk Ha 0.8 Geccrnenno ucyes. OqHa U3 BO3MOXKHBIX THIIOTE3 COCTOUT B
TOM, YTO KOppEJsiusa B pacnpeicieHuu p(A) BO3HHUKIA H3-32 UCKYCCTBEHHOTO
MOJApPaBHUBAHUS HA HEKOTOPBIX y4acCTKaX UMEHHO MPOIEHTa MPOr0JI0COBABIINX 32
Jlykamenko k 80. Pazymeetcsi, MOKHO MpUymMaTh U Ipyrue 0ObSICHEHUS, TOYEMY
nuk Ha 80 ecTh B pacmpencliecHnn o(A) TJIOTHOCTH BEPOSTHOCTH IPOIICHTA, HO
OTCYTCTBYET B IUIOTHOCTH BEPOSITHOCTH p(v) 4YHCIIa U30UpaTesield roJ0COBaBIINX
3a r-Ha JlykameHko.

B pesyaprate OTMETHM = CIEAYIONIME OCOOCHHOCTH MPOBEICHHOTO
CTATUCTUYECKOTO aHAJIN3a:

1) cpemHuii TPOIEHT MPOrOJOCOBABIIMX 3a T-Ha JIyKalieHKO B BBIOOPKE
noctynHeix 1310 mporokonoB mnopsiaka 60%, 4YTO CHIBHO OTIAMYAETCAd OT
opurmanbHeix 80% TPOIEHTOB. BepoATHOCTH TaKOro COOBITHS COCTABIISIET
MeHbIe 10°°

2) PacnipenenieHre MpoIeHTa MPOroJioCOBaBIINX 3a T'-Ha JIyKaleHKo 1o ydyacTKam
CWJIBLHO oOTaM4aeTcs oT HopManbHoro (I"ayccoBa pacnpeneneHus), HMeeET
MaKCUMyM npuMepHo Ha 60% U TOMOTHUTENBbHBIN UK NpUMEPHO Ha 80%.

3) JIOMOJHMTENBbHBIM MUK TOJHOCTBIO HCYE3aeT, €eClId paccMaTpuBaTh
pacrpesiefieHre He MPOIEHTa, a YKClia NPOoroJocoBaBIIMX 3a r-Ha JIykaleHko Ha
KakI0oM ydacTke. OnHOW W3 THUNOTE3 JaHHOTO SBJICHUS MOXET ObITh
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HCKYCCTBEHHOE MOJIpaBHUBAHUE MPOLIEHTA MPOr0JIOCOBABIIMX 3a r-Ha JIykameHko
kK 80% Ha HEKOTOpPhIX YyYacTKaX, KOTOpOe, TE€M HE MEHee, O0Ka3ajJoch
HEJIOCTATOYHBIM, YTOOBI MPHUOJU3UTH cpefHee 3HadeHwe (T.e. okosno 60%) mo
UCCIIeyeMOol BEIOOpKE K 0pUITMaIbHO 00BsiBIeHHOMY 3HadeHuI0 80%.

Urto kacaeTcsi opuIManbHOrO pe3yabTaTa, TO, pa3yMeeTcsl, MOKHO CUUTATh,
yto r-H Jlykamenko neictButenbHO Habpan 80% rojocoB, B TO Bpems, Kak B
ciyvaitHoit BeIOOpKe W3 1310 okazanochk okosio 60%, HO BEpPOSITHOCTH TAKOTO
COOBITHSI MEHBIIIE OTHOW MIJITHOHHOM.
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