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Abstract

I try to show that the entropy of an isolated-reversible quantum
system is an invariant of motion. The first step for a verification of the
theoretical hypothesis is to obtain the combined entropy of the gauge
bosons and of the particles, then I try to write the wave function of
the photon (of which I provide the simplest quantum solutions).

The energy and entropy (for reversible processes, or time reversal sym-
metry) of an isolated classical system is conserved.

I think that this is true for an isolated-reversible quantum system.
The Von Neumann quantum entropy is:

S(t) = −Tr [ρ̂(t) ln(ρ̂(t))] = −Tr
[
Û ρ̂ Û † ln

(
Û ρ̂ Û †

)]
=

= −Tr
[
Û ρ̂ Û †

∑
n

(−1)n−1

n

(
Û ρ̂ Û † − Û Û †

)n]
= −Tr

[∑
n

(−1)n−1

n
Û ρ̂ (ρ̂− 1)n Û †

]
=

= −Tr
[∑

n
(−1)n−1

n
ρ̂0 (ρ̂0 − 1)n

]
= −Tr [ρ̂0 ln(ρ̂0)] = S(t0)

so that the entropy of an isolated-reversible system, with the unitary trans-

formation Û(Ĥ) = e−i
Ĥ
~ t, is conserved1; this is true for each analytic function

f(t) = Tr [f(ρ̂(t))], so that there is an infinity of invariants of motion2.

∗Title-author-abstract added by the author as arxiv’s constraint on replacement
1This is a simple generalization of the work of Ansari, Steensel and Nazarov
2particle dynamics can only occur due to variations in the force field (variation of the

wave function of the boson, in phase, amplitude or spatial extension): the motion of the
particles produces observables in the fields, the variation of the fields induces observables
in the motion of particles

1



If there is a variation of the measured quantum entropy, then there must
be unobserved particles that hold the total value: the gauge bosons.

For example the black hole emits gauge bosons (Hawking radiations,
gravitons) that contain information on the evolution of the black hole.

This is true for the Universe, that contain itself, so that the entropy of
the Universe, with the gauge bosons, could be an invariant.

The simplest gauge boson is the photon, but it is necessary a quantum
equation for the photon to evaluate the entropy from a wave function.

I write the photon quantum equation deriving it from the Lagrangian3

of the electromagnetic field

F µν = ∂µAν − ∂νAµ =


0 −Ex −Ey −Ez
Ex 0 −Bz By

Ey Bz 0 −Bz

Ez −By Bz 0


L = − 1

16π
FαβFαβ = − 1

16π
gγαgδβ

(
∂γAδ − ∂δAγ

) (
∂αAβ − ∂βAα

)
pµ = ∂L

∂∂0Aµ
= −F0µ

4π

EEE = −4πppp = 4πi~∇∇∇AAA
H = ∂0Al

∂L
∂∂0Al

− L = − 1
4π
F 0µ∂0Aµ + 1

16π
FαβFαβ = EEE2

8π
+ BBB2

8π

this result4 permit to write the photon quantum equation:

i~∂tΨ(Aµ) = −2π~2∆AAAΨ(Aµ) +
∇∇∇×AAA

8π
Ψ(Aµ) = −2π~2∆AAAΨ(Aµ) +

BBB2

8π
Ψ(Aµ)

I write three solution of this equation, to verify the exactness of the equation.

3I use the book Classical Electodynamics of Jackson
4The step-by-step calculus in The classical theory of field of Landau and Lifshitz



The first wave function is for a constant electric field5:

Aµ = (−Ex, 0, 0, 0)
BBB = 0
EEE = x̂xxE
i~∂tΨ = −2π~2∆AAAΨ

Ψ = e−i
W
~ tψ

Wψ = −2π~2∆AAAψ

Ψ = 1√
2π~e

i
~(ppp·AAA−2πppp2t)

∆AAAΨ− B2

16π2~2 Ψ + i
2π~∂tΨ = 0

∆AAAΨ∗ − B2

16π2~2 Ψ∗ − i
h
∂tΨ

∗ = 0
Ψ∗∆AΨ−Ψ∆AΨ∗ + i

h
Ψ∗∂tΨ + i

h
Ψ∂tΨ

∗ = 0
∇∇∇AAA · JJJ + ∂t(Ψ

∗Ψ) = 0
JJJ = −ih (Ψ∗∇∇∇AAAΨ−Ψ∇∇∇AAAΨ∗)
EEE = Ψ∗(−i~∇∇∇AAA)Φ = ppp

h

Ψ = 1√
2π~e

2πi(EEE·AAA−2πhEEE2t)

JJJ = 4πEEE

there is a constant probability current in the direction of the electric field.
The second wave function is for a constant magnetic field:

Aµ = (0, 0, By, 0)
BBB = (B, 0, 0)
EEE = 0

i~∂tΨ = −2π~2∆AAAΨ + B2

8π
Ψ

Ψ = e−i
W
~ tψ

−2π~2∆Aψ + (B
2

8π
−W )ψ = 0

Ψ = 1√
2π~e

i
~

(
ppp·AAA−2πppp2t+BBB2

8π
t
)

EEE = −i~Ψ∗∇∇∇AAAΨ = ppp
h

Ψ = 1√
2π~e

i
~

(
hEEE·AAA−2πh2EEE2t+BBB2

8π
t
)

= 1√
2π~e

i
~
BBB2

8π
t

JJJ = 0

there is not a flow of probability in a constant magnetic field.

5the phase of the wave function could be measured to verify the theory



The third wave function is for a circular polarized photon:

Aµ = (0, 0, A sin(kx− ωt), A cos(kx− ωt))
BBB =∇∇∇×AAA = ω

c
A (0, sin(kx− ωt), cos(kx− ωt))

EEE = −∇∇∇φ− 1
c
∂AAA
∂t

= ω
c
A (0, cos(kx− ωt),− sin(kx− ωt))

EEE2 = BBB2 = ω2

c2
A2

i~∂tΨ = −2π~2∆AAAΨ + ω2

8πc2
A2Ψ

Ψ = e−i
W
c~ tψ

W
c
ψ = −2π~2∆AAAψ + ω2

8πc2
A2ψ

∆AAAψ + W
2π~2cψ −

ω2

16π2~2c2A
2ψ = 0

ξξξ = αAAA

α2∆ξξξψ +
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W
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2
)
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√
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∆ξξξψ +
(
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hν
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)
ψ = 0
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(
nx + ny + 1

2

)
Ψ
(
Wnx,ny

)
= e−
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2
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∏
j

(
α
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µ) =

= e−
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2
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= (−1)nye−
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2
−iW~c t α3/2

π3/22nx+ny+nznx!ny !nz !
Hny(αA sin(kx− ωt))Hnz(αA cos(kx− ωt))

this is a three-dimensional quantum harmonic oscillator for a photon6,7.
The photon wave function is a Aµ function, then:

Ψ(Aµ) =
∑

n0,n1,n2,n3

an0,n1,n2,n3A
n0
0 A

n1
1 A

n2
2 A

n3
3 = b0 + cµA

µ + · · ·

so that the interaction in the quantum equations must contain8 the product
of vector potential and particle wave function9,10.

6nx = ny for the quantum number, and the vector potential
7the exponent−iWc~ t is used to obtain the harmonic oscillator, it is a temporary solution,

until the problem can be solved more correctly
8to the first order of approximation
9this approximation is also true for probability

10the photon wave function seem to be present in the gauge covariant derivative, if
eΨ∗

γψe = ec∗µA
µψe = −ieAµψe with b0 = 0 and cµ = −i


